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Switching design for the robust stability of nonlinear uncertain 
stochastic switched discrete-time systems with interval time- varying 

delay 

G. Rajchakit 
Major of Mathematics, Faculty of Science 
Maejo University, Chiangmai 50290, Thailand 
Corresponding author: griengkrai@yahoo.com 

Abstract 

This paper is concerned with robust stability of nonlinear uncertain stochastic switched discrete 
time-delay systems with interval time-varying delay. The system to be considered is subject to interval 
time- varying delays, which allows the delay to be a fast time- varying function and the lower bound is not 
restricted to zero. Based on the discrete Lyapunov functional, a switching rule for the robust stability for 
the nonlinear uncertain stochastic switched discrete time-delay system with interval time-varying delay 
is designed via linear matrix inequalities. 

Keywords. Switching design, nonlinear uncertain stochastic switched discrete system, time-varying delay, 
robust stability, Lyapunov function, linear matrix inequality. 

1 Introduction 

Time delay is often a source of instability and poor performance, and is encountered in various engineering 
systems, such as chemical processes and long transmission lines in pneumatic systems. Time-delay systems 
have received much attention in recent years, and various topics concerning time-delay systems have been 
addressed; see, e.g., [1-10]. and the references cited therein. As an important class of hybrid systems, 
switched systems arise in many practical processes that cannot be described by exclusively continuous or 
exclusively discrete models, such as manufacturing, communication networks, automotive engineering control 
and chemical processes (see, e.g., [1-3] and the references therein). On the other hand, time-delay phenomena 
are very common in practical systems. A switched system with time-delay individual subsystems is called a 
switched time-delay system; in particular, when the subsystems are linear, it is then called a switched time- 
delay linear system. During the last decades, the stability analysis of switched linear continuous/discrete 
time-delay systems has attracted a lot of attention [4-8]. The main approach for stability analysis relies on 
the use of Lyapunov- Krasovskii functionals and linear matrix inequlity (LMI) approach for constructing a 
common Lyapunov function [9-11]. Although many important results have been obtained for switched linear 
continuous-time systems, there are few results concerning the stability of switched linear discrete systems 
with time-varying delays (see, e.g., [1-3] and the references therein). It was shown in [5, 7, 12] that when 
all subsystems are asymptotically stable, the switching system is asymptotically stable under an arbitrary 
switching rule. The asymptotic stability for switching linear discrete time-delay systems has been studied 
in [13], but the result was limited to constant delays. In [14], a class of switching signals has been identified 
for the considered switched discrete-time delay systems to be stable under the average dwell time scheme. 
To the best of the author's knowledge, the stability for linear discrete-time systems with both time-varying 
delays and nonlinear uncertain stochastic discrete switch system has not been fully investigated (see, e.g., 
[14-20] and the references therein), which are important in both theories and applications. This motivates 
our research. 
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This paper studies robust stability problem for nonlinear uncertain stochastic switched discrete-time 
delay systems with interval time-varying delays. Specifically, our goal is to develop a constructive way to 
design switching rule to robustly stable of the nonlinear uncertain stochastic switched discrete-time delay 
systems with interval time-varying delay. By using improved Lyapunov-Krasovskii functional combined 
with LMIs technique, we propose new criteria for the robust stability of the nonlinear uncertain stochastic 
switched discrete-time delay system with interval time-varying delay. Compared to the existing results, our 
result has its own advantages. First, the time delay is assumed to be a time-varying function belonging to 
a given interval, which means that the lower and upper bounds for the time-varying delay are available, the 
delay function is bounded but not restricted to zero. Second, the approach allows us to design the switching 
rule for robust stability in terms of LMIs. 

The paper is organized as follows: Section 2 presents definitions and some well-known technical proposi- 
tions needed for the proof of the main results. Switching rule for the robust stability is presented in Section 
3. 



2 Preliminaries 

The following notations will be used throughout this paper. R + denotes the set of all real non-negative 
numbers; R n denotes the n-dimensional space with the scalar product of two vectors (x,y) or x T y; R nxr 
denotes the space of all matrices of (n x r)— dimension. N + denotes the set of all non-negative integers; A T 
denotes the transpose of A; a matrix A is symmetric if A = A T . 

Matrix A is semi-positive definite (A > 0) if (Ax,x) > 0, for all x G R n ;A is positive definite (A > 0) 
if (Ax,x) > for all x ^ 0; A > B means A — B > 0. X(A) denotes the set of all eigenvalues of A; 
Amin(^4) = min{i?eA : A G \(A)}. 

Consider a nonlinear uncertain stochastic switched discrete-time delay systems with interval time- varying 
delay of the form 

x(k + 1) = {Ay + AAy{k))x{k) + {B 7 + AB 7 (fc))a;(fc - d{k)) + f{k, x{k - d(k))) 

+ a{x{k),x{k-d{k)),k)uj{k), k G N + , x{k)=v k , k = -d 2 , -d 2 + 1, 0, 

where x(k) G R n is the state, 7(.) : R n — > Af :~ {1,2, . . . , N} is the switching rule, which is a function 
depending on the state at each time and will be designed. A switching function is a rule which determines a 
switching sequence for a given switching system. Moreover, "f{x{k)) = i implies that the system realization 
is chosen as the i th system, i = 1, 2, N. It is seen that the system (2.1) can be viewed as an autonomous 
switched system in which the effective subsystem changes when the state x{k) hits predefined boundaries. 
Ai, Bi, i = 1,2, N are given constant matrices. 

The nonlinear perturbations f(k,x{k — d{k))) satisfies the following condition 

f T (k, x{k - d{k)))f{k, x(k - d(k))) < f3 2 x T (k - d{k))x{k - d(k)), (2.2) 

where (3 is positive constant. For simplicity, we denote f{k, x{k — d(k)) by /, respectively. 
The time- varying uncertain matrices AA^k) and ABi{k) are defined by: 

AAi{k) = E ia F ia {k)H ia , AB t (k) = E tb F lb {k)H lb , 

where E ia ,E ib ,H ia ,H ib are known constant real matrices with appropriate dimensions. 
Fia{k) , F ib {k) are unknown uncertain matrices satisfying 

Fl{k)F ia {k)<I, Fl{k)F ib {k)<I, k -0,1,2,..., (2.3) 

where / is the identity matrix of appropriate dimention, uj{k) is a scalar Wiener process (Brownian Motion) 
on (O, T, V) with 

E[u{k)]=0, E[u; 2 (k)] = l, E[uj{i)uj{j)]=Q{i^j), (2.4) 
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and a: R n x R n x R — > R n is the continuous function, and is assumed to satisfy that 

a T (x(k), x(k - d(k)), k)a(x(k),x(k - d(k)),k) < Pl x T (k)x(k) + p 2 x T (k - d{k))x{k - d(k), 
x(k),x(k-d{k) e R n , 

where p\ > and p2 > are known constant scalars. The time-varying function d(k) : N + — > N + satisfies 
the following condition: 

< di < d(fc) < d 2 , Vfc e 

Remark 2.1. It is worth noting that the time delay is a time- varying function belonging to a given interval, 
in which the lower bound of delay is not restricted to zero. 

Definition 2.1. The nonlinear uncertain stochastic switched system with interval time- varying delay (2.1) is 
robustly stable in the mean square if there exists a positive definite scalar function V(k, x(k) : R n x R n — > R 
and a switching rule 7(.) such that 

E[AV(k, x(k))] = E[V(k + 1, x(k + 1)) - V(k, x(k))} < 0, 

along any trajectory of solution of the system (2.1) for all uncertainties which satisfy (2.3). 

Definition 2.2. The system of matrices {Ji},i — 1,2, ... ,N, is said to be strictly complete if for every 
x £ R n \{0} there is i G {1, 2, . . . , N} such that x T Jix < 0. 

It is easy to see that the system { Ji} is strictly complete if and only if 

N 
i=l 

where 

a t = {x e R n : x T JiX < 0},i = 1,2,..., N. 

Proposition 2.1. [22] The system {Ji},i — 1,2, ...,7V, is strictly complete if there exist Si > 0,i = 
1, 2, . . . , N, J2^! Si>0 such that 

N 

i=i 

If N = 2 then the above condition is also necessary for the strict completeness. 

Proposition 2.2. (Cauchy inequality) For any symmetric positive definite marix N <E M nxn and a,b G R n 
we have 

±a T b < a T Na + b T N- 1 b. 

Proposition 2.3. [23] let E, H and F be any constant matrices of appropriate dimensions and F T F < I. 
For any e > 0, we have 

EFH + H T F T E T < eEE T + e^^H. 
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3 Main results 

Let us set 



Wi(S u S 2 ,P,Q) = 

Win = Q-P, 
W a2 = Si-StAi, 
W a3 = -SiB h 
W lU = -S 1 - S 2 A t 





w ll2 


w il3 


W il4 


* 


w l22 


w i23 


w i2i 


* 


* 


w i33 


w i3A 




* 


* 


w ii4 



(3.1) 



W i22 = P + S 1 + St + S^E^Si + Hf a H ia , 
W l23 = -SxBi, 

w i24 = s 2 -s 1 , 

W i33 = —Q + S 2 E ib Ef b S 2 + Hf a H ta + Hf b H lb + p 2 I, 
Wi 3 4 = —S 2 Bi, 

Wi44 = —S 2 — S 2 + Hj a H ia + Hf b H ib , 

MSi, S 2 ,Q) = (da - di)Q - S\Ai - Ajsf + SiE ia Ej a Sl 

+ SiE ib E ib S l + S 2 E ia E ia S 2 + H ia H ia + pil, 
a, = {x G R n : x T J l (S 1 ,S 2 ,Q)x <0},i = 1,2, ...,7V, 

i-1 

ai = aii, oii = o-i \ I) ctj, i = 2,3,...,N. 
The main result of this paper is summarized in the following theorem. 

Theorem 3.1. The nonlinear uncertain stochastic switched system with interval time-varying delay (2.1) is 
robustly stable if there exist symmetric positive definite matrices P > 0,Q > and matrices Si, S 2 satisfying 
the following conditions: 

(i) BSi > 0,i = 1, 2, . . . , N, Eti ^ > : £ti * 4 (Si, S 2 , Q) < 0. 

(ii) Wi(Si,S 2 ,P,Q) <0, i = l,2,...,JV. 

The switching rule is chosen as -f(x(k)) — i, whenever x(k) G on. 

Proof. Consider the following Lyapunov-Krasovskii functional for any ith system (2.1) 

V(k) = Vi(k) + V 2 (k) + V 3 (k), 

where 

fc-i 

Vi(k) =x T (k)Px(k), V 2 (k)= x T {i)Qx{i), 

i—k—d{k) 

-di+l k-1 



We can verify that 



3 = -d 2 + 2 l=k+j + l 

\iMk)\\ 2 <v(k). 



(3.2) 
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Let us set £(k) = [x(k) x(k + 1) x(k - d(k)) fo(k, x(k - d(k))) Lo{k)] T and 



/o 












(p 








°\ 





p 








, G = 


I 


I 


























I 





\o 








( V 




\o 








V 



// = 



Then, the difference of V\{k) along the solution of the system (2.1) and taking the mathematical expectation, 
we obtained 

E[AVi(k)} = E[x T {k + l)Px(k + 1) - x T (k)Px(k)] 

/0.5x{k)\ 





= E[e\k)Hak)-2e(k)G T 



V o J 



because of 



£ T (k)H£(k) = x(k + l)Px(k + 1), 



2£ T (fc)G T 
Using the expression of system (2.1) 



f0.bx(k)\ 



V o J 



x T (k)Px(k). 



= -S lX (k + 1) + S 1 (A i + E la F la (k)H la )x(k) + S 1 (B l + E lb F lb (k)H tb )x(k - d(k)) + SJ 
+ Siaiv(k), 

= -S 2 x(k + 1) + S 2 (A t + E ia F ia {k)H ia )x(k) + S 2 (Bi + E lb F lb {k)H tb )x{k - d(k)) + S 2 f 
+ S 2 cru)(k), 

= -a T x(k + 1) + g t {A 1 + E la F la {k)H la )x{k) + a T (B l + E ib F ib (k)H ib )x(k - d(k)) + a T f 
+ cr T au;(k), 



we have 
E[-2e(k)G T 

( 



0.5x(k) 



\ 



[S lX (k + 1) + S^Ai + E ia F ia {k)H ia )x{k) + S^Bi + E lb F lb {k)H lb )x{k - d(k)) + S x f 

+Siau(k)] 

[S 2 x(k + 1) + S 2 (Ai + E la F la {k)H la )x(k) + S 2 (Bi + E lb F lb {k)H lb )x{k - d{k)) + S 2 f 

+ S 2 (7Uj(k)} 

[-a T x(k + 1) + ^{A, + E la F la {k)H la )x{k) + a T (B{ + E lb F lb {k)H lb )x{k - d{k)) + a T f 
\ +(T T au(k)} J 



(3.3) 



= E[-e(k)G T 



/ 0.5/ 

S\Ai + SiE ia F ia {k)H ia 
S 2 A t + S 2 E ia F ia (k)H ia 
\a T A l + a T E ta F la (k)H il 



^ 

-S\ S\Bi + SiEi b Fi b {k)Hi b Si Si<r 

-S 2 S 2 Bi + S 2 Ei b Fi b (k)Hi b S 2 S 2 <r 

-a T o T B t + a T E a F tb {k)H tb a T a T aJ 
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( 0.5/ \ T 

SxAi + S^F^Hia -Si Srfi + SrfibFibWHfb Si Skt 

S 2 Ai + S 2 Ei a Fi a (k)Hi a — S2 S2-E?j + S 2 Ei b Fi b {k)Hi b S2 S2<7 

Vtr T .4 < + <r T f; io F io (A;)H io -ct t a T B t + a T E tb F lb {k)H lb a T a T a j 



G£(k)]. 



Therefore, from (3.3) it follows that 

£[AVi(fc)] - S[x T (fc)[-P - SiA, - S x E ia F ia {k)R ia - AfSf - Hj a Fl{k)E ia Sl]x{k) 
+ 2a; T (fc)[S 1 - SiAj - S^F^HMk + 1) 
+ 2x T {k)[-S 1 B l - SrfibFibWHnMk - d(fc)) 
+ 2x T {k)[-S 1 - S 2 A t - S 2 E ia F ia {k)H ta ]f(k : x(k - d(k))) 
+ 2x T {k)[-S l n - a T A; L - a T ' E la F la (k)H la ]uj(k) 
+ x(k + 1) [P + Si + Sf]z(fc + 1) 
+ 2a;(fc + - S^F^H^xik - d(k)) 

+ 2x{k + l)[S 2 -S 1 ]f(k,x(k-d{k))) 
+ 2x(k + l)[a T - Si<r]w(fc) 

+ 2z T (fc - d(fc))[-S 3 B l - S 2 E ib F ib {k)H ib ]f(k,x(k - d(k))) 
+ 2x T (k - d(k))[-a T B t - c7 T E lh F lh (k)H lb }cj(k) 
+ f(k, x(k - d(fc))) T [-S 2 - S 2 T ]/(fc, - d(fc))) 
+ 2/(fc, x(k - d{k))) T {k)[-S 2 a - <r T ]uj(k) 
+ oj T (k)[-a T <r}uj(k)}. 

By asumption (2.4), we have 

E[AV!(k)] = E[x T (k)[-P - - S 1 E ia F ta (k)H ia - Afsf - Hj a Fl{k)E ia Sl]x{k) 

+ 2x T {k)[S 1 - SiA, - SiEiaFiaWHiJxik + 1) 

+ 2x T {k)[-S 1 B l - S^F^H^xik ~ d{k)) 

+ 2x T (k)[-S 1 - S 2 A t - S 2 E ia F ia (k)H ia ]f(k,x(k - d(k))) 

+ x(k + 1)[P + Si + Sf]x(k + 1) 

+ 2x(k + - SrfibFaWHaWk - d(k)) 

+ 2x(k + 1) [S 2 - Si]/(fc, x(k - d(k))) 

+ 2x T (k - d(k))[-S 2 Bi - S 2 E lb F lb {k)H lb ]f(k, x(k - d{k))) 
+ f(k, x(k - d(k))) T [-S 2 - S 2 T ]/(fc, x(k - d(k))) 
+ oj T (k)[-cr T <T}Lu(k)}. 

Applying Propositon 2.2, Propositon 2.3, condition (2.3) and asumption (2.5), the following estimations hold 

-SiE ia F ia {k)H ia - Hj a F? a (k)Ej a £>i < SiE ta Ej a Sl + Hj a H ia , 
-2x T (fc)S 1 S w F w (fc)i/ wa; (fc + 1) < x T {k)S 1 E la Ej a Slx{k) + x(k + l) T Hj a H ia x{k + 1), 
^{^S^F^H^xik - d{k)) < x T (k)S 1 E lb Ef b Sfx{k) + x(k - d(k)) T Hf b H lb x(k - d{k)), 
-2x T (k)S 2 E la F ta (k)R la f < x T (k)S 2 E la Ef a S^x(k) + f T Hj a H la f, 
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-2x(k - d(k)) T (k)S 2 E lb F lb (k)H lb f < x(k - d(k)) T {k)S 2 E lb Ej b Slx{k - d(k)) + f T Hf b H lb f, 
-2x T (k + l)Si£^ 6 (fc)I^(fc - d(k)) < x T (k + VStEibE&SZxik + 1) + x(k - d(k)) T Hj b H tb x{k - d{k)), 
-<r T (x(k), x(k - d(k)), k)a(x(k),x(k - d(k)),k) < Pl x T (k)x(k) + p 2 x T (k - d(k))x(k - d(k). 

Therefore, we have 

£7[AVi(fc)] < E[x T {k)[-P - SiAi - AfS{ + S 1 E ia Ef a Sf + S 1 E ib Ej b Sl 
+ S 2 E ta Ej a S^ + Hj a H ia + Pl I]x(k) 
+ 2x T {k)[S 1 - Si^]x(fc + 1) 
+ 2x T (k)[-S 1 B l ]x(k-d(k)) 
+ 2x T (k)[-S 1 - S 2 Ai]f(k,x(k - d(k))) 

+ x(k + 1)[P + S 1 + Sf + S^ElSl + Hj a H ia ]x{k + 1) (3.4) 

+ 2x{k + l)[-SiBi]x{k - d{k)) 

+ 2x(k + 1)[S 2 - x(k - d{k))) 

+ x T (k - d(k))[S 2 E ib Ef b Si + Hj a H la + Hj b H lb + p 2 I]x(k - d(k)) 
+ 2x T (k - d(k))[-S 3 Bi]f(k, x(k - d(ife))) 

+ f(k, x(k - d(k))) T [-S 2 - Si + HgH ia + Hf b H lb ]I{k, x(k - d(k)))}. 
The difference of V 2 (k) is given by 

fc fe-1 

E[AV 2 (k)]=E[ Y x T {i)Qx{i)- Y x T (t)Qx(t)} 

i=fe+l_d(fc+l) i=k-d(k) 
k—d\ 

= E[ Y x T (i)Qx(i)+x T (k)Qx(k)~x T (k~d(k))Qx(k-d(k)) (3.5) 

t=fe+l-d(fe+l) 

fe-1 fe-1 

+ Yl x T (i)Qx(i)- Y x T {i)Qx(i)]. 

i=fe+l-di i=fe+l-d(fe) 

Since d{k) > d± we have 

fe-i fe-i 

Y x T (i)Qx(i) - Y x T (i)Qx(i) < 0, 

i=fe+l-di j=fe+l-d(fe) 

and hence from (3.5) we have 

k— d\ 

E[AV 2 (k)}<E[ Y x T (i)Qx(i)+x T {k)Qx(k)-x T (k-d(k))Qx(k-d(k))}. (3.6) 

i=k+\-d(k+l) 
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The difference of V 3 (k) is given by 



E[AV 3 (k)]=E[ £ x T {l)Qx{l)- £ ]T x T {l)Qx{l)] 

j=-d 2 +2l=k+j j=-d 2 +2l=k+j+l 
-di+1 fc-1 

= £[ E [ E * T (0QaK0 + * T (*)Q(O*(*) 

j = -d 2 +2 Z=fc+j 

fc-1 

- x T (l)Qx(l)-x T (k + j-l)Qx(k + j-l)}} 

l=k+j 
-di+1 

= E[ {x T (k)Qx(k)~x T (k+j-l)Qx(k + 3-l)}} 

j=-d 2 +2 

k — di 

= E[(d 2 - d^^Qxik) - Yl x T (j)Qx(j)}. 

j=k+l-d 2 

Since d(k) < d 2 , and 

k — di k — di 

Y x T (i)Qx(i) - Y x T (i)Qx(i) < 0, 

i=fc=l-d(fc+l) i=fc+l-d 2 

we obtain from (3.6) and (3.7) that 

E[AV 2 (k) + AV 3 (k)} < E[(d 2 -d x + l)x T (k)Qx(k) - x T (k - d(k))Qx(k - d(k))]. 
Therefore, combining the inequalities (3.4), (3.8) gives 

E[AV(k)] < £7[a; r (fc) Jj(Si, 5 2) Q)x(k) + ^ T (k)W l (S 1 ,S 2 ,P, Q)^(k)}, 



where 





w il2 


Wis 






w i22 


w i23 


w i2i 


* 


* 


w i33 


w i3i 




* 


* 





■4>(k) = [x(k) x(k + 1) x(k - d(k)) f(k, x(k - d(k)))} T , 
W<(5i, S 2 ,P,Q) 

W in =Q-P, 
W ll2 = S 1 - S.A, 
W ll3 = -SiBi, 
W il4 = -S 1 -S 2 A i , 
Wm = -Si - S 2 Ai, 

W l22 = P + S 1 + Sf + SiEaEfiS/f + Hj a H ta , 
W l23 = -Si Si, 

W i24 = S 2 -S 1 , 

W i33 = -Q + S 2 E ib E ib S 2 + H ia H ia + H ib H ib + p 2 I, 
W l3A = -S 2 B t , 

Wi44 = —S 2 — + Hj a H ia + Hj b H ib , 

Ji(S\,S 2 , Q) = (d 2 — d\)Q — S\Ai — AjSf + 2S\E ia Ej a Si + S\E ib Ej b Si 
+ S 2 E ia Ej a S 2 + Hj a H ia + pil. 



(3.7) 



(3.8) 
(3.9) 
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Therefore, we finally obtain from (3.9) and the condition (ii) that 

E[AV(k)} < E[x T {k)J l {S 1 ,S 2 ,Q)x{k)] 1 Vi = 1, 2, N,k = 0,1,2,.... 

We now apply the condition (i) and Proposition 2.1., the system Ji(S\, S 2 , Q) is strictly complete, and the 
sets Qj and on by ( 3.1) are well defined such that 

N 

\Ja i = R n \{0}, 
i=i 

N 

(J a, = R n \{0}, ainaj = <D,i^j. 
»=i 

Therefore, for any x(k) G R n ,k = 1,2,..., there exists i G {1, 2, . . . , TV} such that x(k) e on. By choosing 
switching rule as r y(x(k)) = i whenever x(k) e 6ti, from the condition (3.9) we have 

E[AV(k)} < E[x T (k)J t (S 1 ,S 2 , Q)x(k)} < 0, k = 1, 2, 

which, combining the condition (3.2), and Definition 2.1., concludes the proof of the theorem in the mean 
square. 

Remark 3.1. Note that the results proposed in [5, 7, 12] for switching systems to be asymptotically stable 
under an arbitrary switching rule. The asymptotic stability for switching linear discrete time-delay systems 
studied in [13] was limited to constant delays. In [21], a class of switching signals has been identified for the 
considered switched discrete-time delay systems to be stable under the averaged well time scheme. 

4 Conclusion 

This paper has proposed a switching design for the robust stability of nonlinear uncertain stochastic switched 
discrete time-delay systems with interval time-varying delays. Based on the discrete Lyapunov functional, 
a switching rule for the robust stability for the nonlinear uncertain stochastic switched discrete time-delay 
system with interval time-varying delay is designed via linear matrix inequalities. 

Acknowledgments. This work was supported by the Thai Research Fund Grant, the Higher Education 
Commission and Faculty of Science, Maejo University, Thailand. 
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Abstract 

This paper is concerned with robust stabilization of switched discrete time-delay systems with convex 
polytopic uncertainties. The system to be considered is subject to interval time-varying delays, which 
allows the delay to be a fast time-varying function and the lower bound is not restricted to zero. Based 
on the discrete Lyapunov functional, a switching rule for the robust stabilization for the system with 
convex polytopic uncertainties is designed via linear matrix inequalities. 

Keywords. Switching design, convex polytopic uncertainties, discrete system, robust stabilization, Lya- 
punov function, linear matrix inequality. 
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1 Introduction 

In many physical phenomena and practical applications, such as autonomous transmission systems, com- 
puter disc drivers, room temperature control, power electronics, chaos generators (see, e.g., [1-3] and the 
references therein), they are governed by more than one dynamical systems (differential or difference equa- 
tions) governed by switching laws to determine which subsystem will be activated on a certain time interval. 
Such systems are called switched systems. On the other hand, time-delay phenomena are very common in 
practical systems. A switched system with time-delay individual subsystems is called a switched time-delay 
system; in particular, when the subsystems are linear, it is then called a switched time-delay linear system. 
During the last decades, the stability analysis of switched linear continuous/discrete time-delay systems has 
attracted a lot of attention [4-7]. The main approach for stability analysis relies on the use of Lyapunov- 
Krasovskii functionals and linear matrix inequlity (LMI) approach for constructing a common Lyapunov 
function [8-10]. Although many important results have been obtained for switched linear continuous-time 
systems, there are few results concerning the stability of switched linear discrete systems with time-varying 
delays. It was shown in [5, 7, 11] that when all subsystems are asymptotically stable, the switching system 
is asymptotically stable under an arbitrary switching rule. The asymptotic stability for switching linear 
discrete time-delay systems has been studied in [12], but the result was limited to constant delays. In [14], 
a class of switching signals has been identified for the considered switched discrete-time delay systems to be 
stable under the average dwell time scheme. To the best of our knowledge, the stabilization of discrete-time 
systems with both convex polytopic uncertainties and switch system, non-differentiable time-varying delays 
has not been fully studied yet (see, e.g., [1, 4-27] and the references therein), which are important in both 
theories and applications. This motivates our research. 

This paper studies robust stabilization problem for switched linear discrete systems with convex polytopic 
uncertainties with interval time-varying delays. Specifically our goal is to develop a constructive way to 
design switching rule to robust stabilization the system. By using improved Lyapunov-Krasovskii functionals 
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combined with LMIs technique, we propose new criteria for the robust stabilization of the system. Compared 
to the existing results, our result has its own advantages. First, the time delay is assumed to be a time- varying 
function belonging to a given interval, which means that the lower and upper bounds for the time-varying 
delay are available, the delay function is bounded but not restricted to zero. Second, the approach allows us 
to design the switching rule for robust stabilization in terms of of LMIs. 

The paper is organized as follows: Section 2 presents definitions and some well-known technical propo- 
sitions needed for the proof of the main results. Switching rule for the robust stabilization is presented in 
Section 3. 



2 Preliminaries 

The following notations will be used throughout this paper. R + denotes the set of all real non-negative 
numbers; R n denotes the n-dimensional space with the scalar product of two vectors (x,y) or x T y; R nxr 
denotes the space of all matrices of (n x r)— dimension. A T denotes the transpose of A; a matrix A is 
symmetric if A — A T . 

Matrix A is semi-positive definite (A > 0) if (Ax,x) > 0, for all x G R n ;A is positive definite (A > 0) 
if (Ax,x) > for all x ^ 0; A > B means A — B > 0. X(A) denotes the set of all eigenvalues of A; 
Amin(-4) = min{i?eA : A G X(A)}. 

Consider a linear switched control discrete-time systems with convex polytopic uncertainties with interval 
time- varying delay of the form 

x(k + 1) = A 7{xm (()x(k) + B j{x{k)) (()u(k), k = 0,1,2,... 
x(k)=Vh, k = -d 2 , -d 2 + 1, ...,0, 

where x(k) G R n is the state, u(k) G R m , m < n, is the control input, 7(.) : R n — > TV := {1, 2, . . . , N} is the 
switching rule, which is a function depending on the state at each time and will be designed. A switching 
function is a rule which determines a switching sequence for a given switching system. 
We consider a delayed feedback control law 

u(k) = C l{x(k)) (C)x(k - d(k)), k = -h 2 , 0, (2.2) 

and C 7 ( x (fc))(C) is the controller gain to be determined. Moreover, j(x(k)) = i implies that the system 
realization is chosen as the i th system, i = 1,2, N. It is seen that the system (2.1) can be viewed as an 
autonomous switched system in which the effective subsystem changes when the state x{k) hits predefined 
boundaries. Ai{Q), B»(C), Ci((),i = 1, 2, N are given constant matrices. The system matrices are subjected 
to uncertainties and belong to the polytope f2 given by 

N N 

n = {[A l ,B l , C^C) := Q^ij^ij^n), = !. > 0}, 

where Aij,Bij,Cij, i,j = 1,2,..., N, are given constant matrices with appropriate dimensions. The time- 
varying function d(k) satisfies the following condition: 

< di < d(k) < d 2 , Vfc = 0,l,2,.... 

Remark 2.1. It is worth noting that the time delay is a time- varying function belonging to a given interval, 
in which the lower bound of delay is not restricted to zero. 

Applying the feedback controller (2.2) to the system (2.1), the closed-loop discrete time-delay system is 

x{k + l) = A i {C)x{k)+B i (C)C i (C)x{k-d{k)), k = 0,1,2,... (2.3) 
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Definition 2.1. The system (2.1) is robustly stablilizable if there exist a switching function 7(.) and a 
delayed feedback control (2.2) such that the zero solution of the system (2.3) is asymptotically stable for all 
uncertainties in O. 

Definition 2.2. The system of matrices {Ji},i = 1,2, . . . , N, is said to be strictly complete if for every 
x e R n \{0} there is i G {1, 2, . . . , N} such that x T JiX < 0. 

It is easy to see that the system { Jj} is strictly complete if and only if 

N 



U at = R n \{0}, 



i=l 

where 

a t = {x e R n : x T JiX < 0},i = 1,2, ...,N. 

Proposition 2.1. [28] The system {Ji},i — 1,2, ...,7V, is strictly complete if there exist Si > 0,i = 
1,2,... ,N, Si>0 such that 

N 

j2SiJi<o. 

i=l 

If N = 2 then the above condition is also necessary for the strict completeness. 

Proposition 2.2. For real numbers Q >0,j — 1,2, ...,N , Y^j=iCj = 1; the following inequality hold 

N N-l N 

(*-i)Etf- 2 E E oo>o. 
j=i j=i i=j+i 

Proof. The proof is followed from the completing the square: 

N N-l N N-l N 

(*-i)Etf- 2 E Eoo = E E(o-o) 2 >o. 

j=l j=l l=j+l 3=1 l=j+l 



3 Main results 

Let us set 



\x k \\ = sup \\x{k + s) 

se[-d 2 ,o] 



Qj Pj Pj AfjRj RjBi 3 Cij 

Wijj ■:/'. Q.I,': ( Rj -PjMj Pj + R j + Rj R ) /'./',, 

' C ij B ij R j ~ C Ij B Ij R j ~Qj 

Qj ~ Pj Pj ~ Af t Rj —RjBuCii^ 

Wiji{P, Q,R)= \ Rj -R^Aa Pj + Rj + Rj -RjB a C a 

- C Ii B ii Pj ~ C Ii B Ii R j - Qj 

Qi — Pi Rj — AjRi —Rj BijCij 

W U j (P, Q,R)= [Ri- RfA t3 P1 + R1 + Rj ~RjB lJ C lJ 

~ c Ij B Ij R i ~ c Tj B TjPi ~Qi 

N N N 

n=[o o o ] , p(q = Yl CjPj, Qio = E c-Qi. p(o = E A i = wn 

j=i j =i j =i 
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(3.1) 



Jijj(R, Q) := (d 2 — d\)Qj — A^Rj — Rj Ay, 
J ijt (R, Q) := (da - d^Qj - A&R, - RjA u , 
Juj(R, Q) := (d 2 - d 1 )Q l - AjjRt - Rj A,^, 

x T J in {R, Q)x < 0, }, i = l, 2, ...,N,j = 1, 2, N, 
x T J l3 i(R, Q)x < 0, }, i = 1, 2, N,j = l,2,...,N-l;l = j + 1, AT, 
x T J Uj {R, Q)x < 0, }, i = 1, 2, JV, j = 1, 2, .... JV - 1; / = j + 1, AT, 

i-l 

i = a w \ U "w' » = 2, 3, . . . ,iV, j = 1, 2, . . . , AT, 

i=l 
i-l 

= a WJ \ (J Oijj, * = 2, 3, . . . , N,j = 1, 2, iV - 1; I = j + 1, TV, 

i=l 
i-l 

= auj \ |J Oiij, i = 2,3,..., N,j = 1,2, N - 1; I = j + 1, N. 
»=i 

The main result of this paper is summarized in the following theorem. 

Theorem 3.1. The switched control system with convex polytopic uncertainties (2.1) is stabilizable by the 
delayed feedback control (2.2) if there exist symmetric matrices Pi > 0,Qi > 0,1Z > 0, i = 1,2..., N and 
matrix R i7 i = 1,2..., N satisfying the following conditions 

(i) 3Si > 0, Eti ^ > : E^Ii kJijj < 0, and J ijd +K<0, i = 1,2, . . . ,N, 
j = l,2,...,N. 



a ijj 


={x G R 




={x G R 


Ctijt 


={x e R 






aiji 


=Ot\jU 




=OL\lj, 



(ii) 3Si > 0, J2iLi Si> : Y,iLii S i J iji + ^iJiij] < 0, and J l3 i + J aj - < 0, 

i = l,2,. ..,7V, j = l,2,...,AT-l, /=j + l,...,iV. 



(Hi) Wijj +TZ<0, i = l,2,...,N, j = l,2,...,N. 

(ivjWiji+Waj-j^TKO, i = l,2,...,N, j = l,2,...,N-l; l=j + l,...,N. 



The switching rule is chosen as -f(x(k)) = i, whenever x(k) G ay/. 

Proof. Consider the following Lyapunov-Krasovskii functional for any ith system (2.1) 

V(k) = V 1 (k) + V 2 (k) + V 3 (k), 

where 

fe-i 

V 1 (k)=x T (k)P(()x(k), v 2 (k)= J2 x T {i)Q(Qx(i), 

i—k—d{k) 

Uk)= £ E * T (0Q(CM0, 

j=-d 2 +2l=k+j+l 
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p 






-( 


Vo 





0/ 





We can verify that 

Xi\\x(k)\\ 2 <V(k). (3.2) 
Let us set £(fc) = [x{k) x(k + 1) x(k — d(k))] T , and 

fP(0 ON 

U(C) i2(C) o 

V Oy 

Then, the difference of Vi(fc) along the solution of the system is given by 

AVi(fc) = x T (k + l)P(Qx(k + 1) - x T {k)P(()x(k) 

/0.5z(fc)\ / 33 a 
= e T (^(C)C(fc)-2e T (fc)G T (C) I 1 

because of 

e(k)H({)Z(k) = x(k + l)P(()x(k + 1). 
Using the expression of system (2.3) 

= -x(k + 1) + Ai(Qx{k) + Bi(QCi{Qx{k - d{k)), 

we have 

/ 0.5a;(fc) \ 

-2£ T (fc)G T (C) f -x(k + 1) + ^(C)x(fc) + Bi(QCi{Qx(k - d(k)) 1 £(fc) 

/0.5J \ /0.5J A,(C) T 0\ 

= -C T (fc)G T (C) MO -I BiiQCiit) £(k) ~e(k) -/ G(C)ak). 

\ o o o y V o (s 4 (0a(C)) T 0/ 

Therefore, from (3.3) it follows that 

A^(fc) = e T (fc)^(P(C), Q(C), i?(C))C(fc), (3.4) 

where 

/0 0\ /0.5J 

m(P(C),Q(C),^(C))= P(C) -G^(C) Ui(C) Bi(C)Ci(C) 
\0 0/ \ 

/0.5J Af(C) 0\ 

- -/ G(C). 

V (^(C)G,(C)) T oj 

The difference of V2 (k) is given by 

fe fe-i 
AU 2 (fc)= ^ x T (*)Q(C)xW- ^ a: r (i)Q(C)a;(i) 

^=fc+l_d(fe+l) i=k-d(k) 
k — d\ 

x T (i)Q(()x(i)+x T (k)Q(()x(k)-x T (k-d(k))Q(()x(k-d(k)) (3.5) 

i=fc+l-d(fc+l) 

fe-1 fe-1 

+ ]T x T (i)Q(()x(i)- E * T (0Q(O*(i)- 

j=fc+l-di i=fe+l-d(fe) 
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Since d(k) > d\ we have 

fe-i fe-i 

E x T (i)Q(()x(i)- E * T «0(CM*)<o, 

i=k+l-d 1 i=fe+l-d(fe) 

and hence from (3.5) we have 

fe-di 

AV 2 (k)< x T {i)Q(()x(i)+x T (k)Q(()x(k)-x T (k-d{k))Q(()x(k-d(kj). (3.6) 

i=fc+l-d(fc+l) 

The difference of Vs(k) is given by 

= E E * t «o(cmo -EE * t (oq(cmo 

j=-d 2 +2l=k+j j=-d 2 +2l=k+j+l 

= E I E x T (l)Q(Qx(l) + x T (k)Q(C)(^)x(k) 

j = -d 2 +2 l = k+j 
fe-1 

- E * T (0Q(CM0 - x T (k + 3 - 1)Q(CM* + J - 1)1 (3-7) 

-di+l 

= E [x T (k)Q(Ox(k)-x T (k + j-l)Q(C)x(k + j-l)} 

j=-d 2 +2 

k — di 

= (da - di)a; r (fc)Q(CM*0 - E ^O'MCMj)- 

j=fc+l-d 2 

Since d(fc) < g?2, and 

k — d\ k — di 

E z T «Q(C)z«- E * T «0(CM*)<o, 

i=fc=l-d(fc+l) i=fe+l-d2 

we obtain from (3.6) and (3.7) that 

AV 2 (k) + AV 3 (k) < (d 2 - di + l)a; T (fc)0(C)x(fc) - .x T (fc - d(k))Q(Qx(k - d(k)). (3.8) 
Therefore, combining the inequalities (3.4), (3.8) gives 

AV(k) < x T (k)J l (R((), Q(C))x(k) + £ T ( WOP(C), 0(0, R(()m), (3.9) 

where 

/ o(c) -p(o ^(0-^(0^0 -i? T (c)i? 4 (oa(c) N 

Wi(P(C), 0(0, i?(0) = R(0 R T (0MC) P(0 + R(0 + R T (0 ^R T (C)B l (()c l (0 

\-CT(QBT(QR(Q -Cf(C)Sf(C)i?(C) -0(0 

and 

MR(0, 0(0) - {da - di)Q(C) - ^(C)fl(O - ^ T (C)^(C). 

Let us denote 

Oj — -Pj — -^ijRj ~RjBijCij^ 

Wijj (P, Q,R)= \ Rj - T R T jAij Pj + Rj + Rj -RjB^Q 
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Qj ~ B j Rj ~ AfiRj —RJBuCu ■ 
W l3l {P, Q 1 R)=\ Rj - R T L A a Pj + Rj + Rj -RjBaCa 



- c Ti B ii R j - c Ii B Ii R j - Qj 

Qi — Pi R[ — AfjRi —Rj BijCij 
Wuj(P,Q,R) — \ Ri — Rj Aij Pi + Ri + Rj —Rj BijCij i 
-Cr jB f jRl -CTBTR, -Qi 

Jijj(R, Q) := (d 2 — d\)Qj — A^Rj — Rj A^, 

Jiji(R, Q) := (d 2 - di)Qj - AlRj - RjA u , 

Juj{R, Q) := (d 2 - d^Qi - AfjRi - RjA t] , 

{AjR)ji := AlRj + A^Ri , (R T A l ) jl = RjA u + Rj A l0 , 

(R T B i C l )ji = R T jB a C l i + Rj B^Cij, (Cj Bj R)ji = C^B^Rj + Cj^Bj^Ri, 

Pji = + Qji = Qj + Qii Rji ~ R j + Ri- 

From the convex combination of the expression of P(Q,Q((),R((),A(Q,B((),C((), we have 

JV 



Qj R j RJ ~~ AjjRj RT BijCij 
Wi(P(C), Q(C), R(0) = E £ I R > R i A v p i + R i + R J - R j B ij°ij 



j =1 \- c ij B ij R j ~ c ij B ij R j -Qj 

N-i n /Q 3 -P 3 +Qi-Pi Rl-{AjR)ji -(R T B l C l ) J i\ 

+ ^ X! QCi \ R 3 i - {R T Ai) J i Pji + Rji+Rj -{R T BiCi)ji\ 
i=i'=i+i V -{Cl B lR)ji -{CfBjR) jl -Q jt J 

JV N-1 N 

= E CiM' iii (P, Q,R)+Y1 E 00 Wiji (P, Q, R) + W Uj (P, Q, R)\ . 
j=i j=i i=j+i 

N 

■WO. Q(0) = E - d ^Q> - A l R i - R J A v 

3 = 1 

N-1 N 

+ E E ock* - rfi)Q,7 - (4^)* - c^)* 

J=l l=j+l 
N N-1 N 

= E CpijjiQ, R) + E E GC/fe(Q. P) + ^-(Q, R)l 
j=i j=i i=j+i 



Then the conditions (i)-(iv) give 

Wi(p(o,Q(o,R(o) < - Y,c-^+ ^E E oc^<o, 



jv ^ W -1 w 



N ^ w- 1 w 



j I (]?(o,Q(0)<-^^+ — ^ e w*<o, 

because of Proposition 2.2: 

AT TV — 1 JV JV-1 JV 

(^-i)Ecl-2E Eoo = E E(o-o) 2 >o. 

j=i j=i ;=j+i j=i i=j+i 
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Therefore, we finally obtain from (3.9) and the condition (iii), (iv) that 

AV(k) < x T (k) Ji(R(Q, Q(0)x{k), Vi = 1, 2, N, k = 0, 1, 2, .... 

We now apply the condition (i), (ii), and Proposition 2.1., the system Ji(R(Q,Q(Q) is strictly complete, 
and the sets a^i and a^i by ( 3.1) arc well defined such that 

AT 

|J^=i?"\{0}, 

i=l 

N 

(J Oiji = R n \{0}, aiji n a t ji = Q,i^t. 

Therefore, for any x(k) £ R n , k = 0, 1, 2, there exists i 6 {1,2,..., N} such that x(k) £ oiiji- By choosing 
switching rule as r ){x{k)) = i whenever x(k) € ciiji, from the condition (3.9) we have 

AV(k) < x T (k)J l {R{C),Q(())x{k) < 0, k = 1, 2, 

which, combining the condition (3.2) and the Lyapunov stability theorem [29], concludes the proof of the 
theorem. 

Remark 3.1. Note that theresult sproposed in [4,5,6] for switching systems to be asymptotically sta- 
ble under an arbitrary switching rule. The asymptotic stability for switching linear discrete time-delay 
systems studied in [9] was limited to constant delays. In [10], a class of switching signals has been identified 
for the considered switched discrete-time delay systems to be stable under the averaged well time scheme. 

4 Conclusion 

This paper has proposed a switching design for the robust stabilization of switched linear discrete-time sys- 
tems with convex polytopic uncertainties with interval time-varying delays. Based on the discrete Lyapunov 
functional, a switching rule for the robust stabilization for the system with convex polytopic uncertainties 
is designed via linear matrix inequalities. 
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Abstract 

A new preconditioner for the numerical solution of block two-by-two symmetric indefi- 
nite matrices is presented in this paper. The proposed preconditioner is constructed as the 
product of two fairly simple preconditioncrs: one is the famous block Jacobi preconditioner, 
and the other is the popular constraint preconditioner. Here, we call it the product precon- 
ditioner. Results concerning the eigenvalue distribution and form of the eigenvectors of the 
product preconditioned matrix are analyzed. Numerical experiments are used to illustrate 
the efficiency of the proposed product preconditioner. 

Key words: Product preconditioner; Symmetric indefinite matrices; Krylov subspace 
method 
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1 Introduction 

Recently, a large amount of work has been devoted to the problem of solving linear systems in 
saddle point form. Here, our concern is to construct a new preconditioner for the numerical 
solution of block two-by-two symmetric indefinite matrices whose (1,1) and (2,2) block are 
nonsingular. Often this kind of linear systems in saddle point form is likely to generate from a 
wide range of applications, such as the Helmholtz equation 

f Au+(2tt) 2 u = f(x,y), (z,y)€fiU3#, 

\ u = 0, (x,y) G a(fiU»+), 1 ' 

with radiation boundary condition 

du 

lim r(— -iI-ku) = 0, (2) 

r— >oo Of] 

where Q = [0, 1] x [—1, 0] is a unit square domain, Sft^ denotes the upper half-space and i is the 
imaginary unit in (2), see [1, 2] for details. 
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By using a finite difference discretization to the Helmholtz equation (1) on the uniform grid 
of we obtain the linear system in saddle point form 

M^)C)-(J)-* 

where A G R nxn and C G R m >< m are nonsingular, B G R nxm , u = [x T ,y T ] T G R n+m and 
b = [/ T ,5 T ] T G R n+m , with x, f G M ra and y,g € W 71 , are the unknown and given right-hand 
side vectors, respectively. Then the coefficient matrix A G R( ra+m ) x (™+ m ) i s a nonsingular, 
symmetric and possibly indefinite matrix, and our main aim is to solve the linear system (3) of 
n + m linear equations with n + m unknowns. 

Iterative procedure is a convenient numerical solution method for computing the linear sys- 
tem (3). Often we have Uzawa's algorithms [3, 4] and multigrid methods [5, 6]. In particular, 
Krylov subspace methods have become more and more popular for solving the linear system (3), 
such as the conjugate gradient (CG) and biconjugate gradient stabilized (Bi-CGSTAB) methods, 
minimal residual method (MINRES), generalized minimal residual (GMRES) and quasi- minimal 
residual (QMR) methods which have been considered in [7-14]. 

However, these iterative methods are all likely to suffer from slow convergence for some 
large linear systems which come from many practical applications like the computational fluid 
dynamics and structural mechanics. Thus it is necessary to use the idea of preconditioning 
such that the preconditioned matrix has a tightly clustered eigenvalues, see [1, 15-22] and the 
references therein. 

More precisely, we see that a kind of triangular preconditioner has been proposed by Elman 
and Silvester [14] and Elman [23] when the (2,2) block matrix C = 0. These triangular pre- 
conditioned were extended by Kay, Loghin and Wathen [24], Cao [25] and Simoncini [26] to 
the case where C is symmetric positive or negative semidefinite. In addition, Keller, Gould and 
Wathen [18] presented a constraint preconditioner for the case C = 0, in which they discussed 
the eigenvalue distribution and form of the eigenvectors of the constraint preconditioned matrix 
and its minimal polynomial. Thereafter, Dollar and Wathen [19] and Dollar [22] studied an ap- 
proximation factorization constraint preconditioner by combining with the conjugate gradient 
method, and extended the idea of [18] by allowing the matrix C to be symmetric and positive 
semidefinite. Furthermore, we found block diagonal, triangular and constraint preconditioners 
had been discussed by Siefert and De Sturler [17], Murphy, Golub and Wathen [15], De Sturler 
and Liesen [16], and Cao [20, 21] for the numerical solution of nonsymmetric or generalized 
saddle point problems. More preconditioning techniques for solving the linear system in saddle 
point form can be found in an excellent survey written by Benzi, Golub and Liesen [1]. 

In this paper, we are concerned with investigating a new preconditioner for the symmetric 
indefinite linear system (3). The proposed preconditioner is constructed as the product of two 
fairly simple preconditioners: one is the famous block Jacobi preconditioner, and the other is 
the popular constraint preconditioner [22]. We call it the product preconditioner. The idea used 
to develop the product preconditioner can trace back to [27]. Benzi has used the idea in [27] to 
solve Markov chain problems, see [28, 29]. Results concerning the eigenvalue distribution and 
form of the eigenvectors of the product preconditioned matrix are given in this paper. Numerical 
experiments with preconditioned GMRES method [30] on certain problem serve to illustrate the 
efficiency and stability of the proposed product preconditioner. 

The remainder of this paper is organized as follows. In Section 2, we first briefly introduce 
the background material on stationary iterations and matrix splittings, and then construct the 
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product preconditioner. In Section 3, we analyze the eigensolution distribution of the product 
preconditioned matrix. Numerical experiments with various preconditioned GMRES methods 
are presented in Section 4. Finally, conclusions are made in Section 5. 

2 Background and product preconditioner 

In this section, we first briefly introduce the background material on stationary iterations and 
matrix splittings from [27, 28, 31], and then construct the product preconditioner. 

2.1 Stationary iterations and matrix splittings 

Consider the solution of a large sparse linear system of the form Au = b, where A is a square 
and nonsingular, symmetric indefinite matrix, and b is the given right-hand vector. Stationary 
iterative method is likely to be an attractive method by using a splitting of the coefficient matrix 
A, denoted as 

A = M-N, 

where M is a nonsingular matrix. Then the splitting gives rise to the stationary iterative method 

u k+1 = Tu k + c, k = Q, 1, (4) 

where T = M~ 1 N is called the iterative matrix, c = M~ 1 b, and uq is a given initial guess. It 
is well known that the iterative method (4) converges for any initial guess uq if and only if its 
spectral radius p(T) < 1 [31]. 

Recently, Benzi and Szyld have defined a related approach by the alternating iterations 

i Uk+1/2= nX NlUk + M \X * = 0,1,-, (5) 
\ u k+1 = M 2 l N 2 u k+l/2 + M 2 \ y ' 

in an excellent paper [27], where A = Mi — N± = M 2 — N 2 are splittings of A, both M\ and M 2 
matrices are nonsingular, and uq is defined as above. Not only the existence and uniqueness of 
splittings for stationary iterative methods with applications to alternating methods were proved, 
but also the convergence theory of some alternating iterations were analyzed in [27]. In addition, 
Benzi and Szyld have constructed a splitting A = M — N based on the nonsingular matrix M\ 
and M 2 . The splitting is given by (see Eq. (10) in [27]) 

M" 1 = M 2 -1 (Mi + M 2 - A)M{\ (6) 

Evidently, the matrix M\ + M 2 — A must be nonsingular for (6) to be well defined. 

2.2 Product preconditioner 

Now, we construct the product preconditioner as the multiplication of two fairly simple precon- 
ditioners from the derivation of the alternating iterations in [27]. The first preconditioner is the 
famous block Jacobi preconditioner 
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Note that M b j is nonsingular since both A and C are invertible. 

The second preconditioner is the popular nonsingular constraint preconditioner 

Msc = ( Sr B ri ) (8) 



Z? T -C t 

discussed in [22], where G € R nxn is an approximation of A, but is not equal to A. In practice, 
G is often taken to be the diagonal matrix formed with the diagonal entries of A, i.e., G = 
diag(diag( J 4)). Note that the Schur complement matrices — (C+B T A~ 1 B) and — (C+B' r G~ 1 B) 
are nonsingular since matrix A in (3) and M sc in (8) are nonsingular (proof can be found in 
[20]). 

According to the alternating iterations (5) and equation (6), the product preconditioner M ps 
is given by 

M; s 1 = M; c \M b3 +M sc -A)M b 1 , (9) 

where the matrix 

M bj + M sc -A=(^q ° c 
is invertible. Hence, M~J- is well defined. From equation (9), we have the product preconditioner 

M ps = M bj (M bj + M sc - A)- l M sc =[ b t -C J' (10) 

Also, we can rewrite 

(A AG~ X B \ _( I 0\( A AG l B 

m ps-\ b t _ c J ~ I b t a -i / Mo -{C + B^G^B) 



then, we have 



M _1 = 

±v± ps 



A- 1 - G- X B[C + B T G- 1 B)- 1 B T A- 1 G~ 1 B(C + B^G^B 
(C + B T G- 1 B)- 1 B T A- 1 -(C + B T G- 1 B)- 1 



-i 



Finally, the product preconditioned matrix M p J-A can be expressed as 



! / I A^B-G^B(C + B^G^B)-\C + B^A-^B) > 
M ps A - ( Q {c + b t g -i b) -i (c + b t a -i b) J • (II) 



3 Properties of the preconditioned matrix M ps A 

In this section, we focus on analyzing the eigenvalue distribution and form of the eigenvectors 
of the product preconditioned matrix M~^A. 

3.1 Eigenvalue distribution 

In this section, we consider the eigenvalue distribution of the product preconditioned matrix 
M~^A. It is well known that the convergence of an iterative method has close relation to the 
distribution of the eigenvalues of the coefficient matrix for symmetric matrix systems. Hence, 
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a desired eigenvalue distribution is wished to obtain by the applications of preconditioning 
techniques. We prove a result of this type as follows. 

Theorem 1 . Let A G R( n+m ) x ( n + m ) defined in (3) be a nonsingular and symmetric indefinite 
matrix. Preconditioning A by the product preconditioner 

f A AG- l B 

m ps -y B T _ c 

where G G M nxn is an approximation of A, G / A, A G M raxra and C G W nxm are nonsingular, 
B G M nxm . Then the product preconditioned matrix M~^A has 

• an eigenvalue at 1 with multiplicity n; 

• m eigenvalues which are defined by the generalized eigenvalue problem (C + £? T A~ l B)y = 
X(C + B T G- l B)y. 

Proof. Suppose A is the eigenvalue of M~^A, and [x T ,y T ] T / is the corresponding 
eigenvector. Besides, from (11), we have the preconditioned matrix 



M~ A 



I A~ l B - G _1 B(C + B T G^ 1 B)- 1 (C + B T A~ 1 B) 



p s ^ \0 {C + B' v G- 1 B)- 1 {C + B rv A- l B) 

where A~ X B - G~ l B(C + B r G~ 1 B)- 1 (C + B T A~ 1 B) is irrelevant to the results in Theorem 
1. Hence, by making use of the related knowledge in linear algebra, we obtain the results in 
Theorem 1 immediately. □ 

3.2 Eigenvector distribution 

To our knowledge, the termination of a Krylov subspace method is not only related to the dis- 
tribution of eigenvalues of the preconditioned matrix, but also to the number of corresponding 
linearly independent eigenvectors. Hence, for completeness of this paper, we establish the rela- 
tionship between eigenvalues and eigenvectors of the preconditioned matrix M~ s l A and discuss 
its eigenvector distribution. The following analysis is similar to the discussions in [4, 18, 22]. 
We start this part from the generalized eigenvalue problem 

where A is the eigenvalue of M~ s l A, and [x T ,y T ] T / is the corresponding eigenvector. By 
calculations, we obtain 

Ax + By = XAx + XAG~ l By (13) 

and 

B T x -Cy = X{B T x - Cy). (14) 

From (14), we obtain (1 — X)(B T x — Cy) = 0. Hence, either A = 1 or B T x — Cy = holds true. 
In the former case, we have 

By = AG~ l By. (15) 

Evidently, equation (15) is satisfied by y = 0, and thus there are n linearly independent eigen- 
vectors of the form (x T ,0 T ) T associated with the unit eigenvalue. On the other hand, there 
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may exist y ^ which satisfies (15). Then, without loss of generality, we suppose that there are 
i (0 < i < m) linearly independent eigenvectors of the form [x T ,y T ] T , where the components y 
result from the eigenvalue problem By = AG" 1 By. 

Now, suppose A ^ 1, then we have B T x — Cy = 0, which implies y = C~ 1 B T x since C is 
nonsingular. Substituting this into equation (13), we get the generalized eigenvalue problem 



(A + BC^B^x = X(A + AG^BC^B 1 



)x, 



(16) 



where x is impossible to be equal to a zero vector. Since if x = 0, then we have y = 0, 
which is conflict with the known condition [x T ,y T ] T ^ 0. Therefore, we suppose there exist 
j (0 < j < n) linearly independent eigenvectors of the form [x T ,y T ] T , where components x arise 
from the eigenvalue problem (16) with y = C~ 1 B T x. 

We conclude this subsection with the following theorem. 

Theorem 2. Let A G R( n + m ) x i n + m ) defined in (3) be a nonsingular and symmetric indefinite 
matrix. Preconditioning A by the product preconditioner 



ps 



A AG- l B 
B T -C 



where G G R nxn is an approximation of A, G / A, A G R nxn and C G R mxm are nonsingular, 
B G M raxm . Then the product preconditioned matrix M~^A has n + m eigenvalues as given in 
Theorem 1 and n + i + j linearly independent eigenvectors. There are 



• n eigenvectors of the form [x , ] that correspond to case A = 1; 

• 3 i (0 < i < m) eigenvectors of the form [x T ,?/ T ] T , where the components y construct a 
basis of the generalized eigenvalue problem By = AG" 1 By and A = 1; 

• 3 j (0 < j < n) eigenvectors of the form [x T , y T ] T that correspond to case A / 1. 

Proof. According to the analysis above, we have obtained the specific form of the eigenvec- 
tors of the preconditioned matrix M~^A. Now, our aim is to prove that the n + i+j eigenvectors 
are linearly independent, that is, we need to show that 





x 



(2) 
i 

X 2 ) 



,(2) 



,(2) 





(3) 

V a j J 



w 



(17) 



implies that the vectors aS > (k = 1, 2, 3) are zero vectors. Multiplying (17) by the preconditioned 
matrix M~J-A, and recalling that the first matrix in (17) arises from the case A& = 1 (k = 
1, • • • , n), the second matrix from the case A^ = 1 (k = 1, ■ ■ ■ , i), where the components y are 
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basis vectors of the generalized eigenvalue problem By = XAG 1 By, and the last matrix from 
the case Xk ^ 1 (k = 1, ■ ■ ■ We have 



+ 



T (i) 

Xn 



T (3) 
x l 
(3) 



T (3) 
(3) 

y) 



+ 



(2) 
.(2) 



(2) 
,(2) 



,(2) 



V vi ■■■ y 

( X?a? \ ( () N 



a. 



(2) 



A (3) fl (3) 



(18) 



Subtracting (17) from (18), we obtain 



x 



(3) 
1 
(3) 

y\ 



T (3) 
3 

(3) 

y) 



( {xf - l)a< 3 > \ 



\ 



(3) 

Since the components xl (k = 1, ■ ■ ■ , j) are linearly independent eigenvectors which arise 
from the generalized eigenvalue problem (16) and y^ = C~ 1 B T x^ (k = l, -- , j). Thus we 
have 

(A fc -1)4 3) =0, k = l,---,j. 

(3) 

As a result of the eigenvalues A& (k = 1, • • • , j) are nonunit. We obtain — (k = 1, • • ■ , j). 
In addition, we know the components yj^ (k = 1, ■ ■ ■ , i) are basis vectors of the equation 
-By = AG~ 1 By, which implies that yjf 1 (k = 1,- ■ ■ ,«) are linearly independent. Thus we have 



,(2) 



(fc = 



Therefore, substituting a k 
equation (17) simplifies to 



(2) 



(jfe = 1, ■ ■ • ,i) and 4 3) = (fe = 1, • • • , j) into (17), then 



x 



(i) 



a? \ 



a (1) 



W 



Clearly, aj^ = (fc = 1, • • • , n) follows from the linear independence of (k = 1, • • ■ , n). 
Summarizing the discussions above, we obtain a™ =0 (fc = 1,2,3). □ 



4 Numerical experiments 

In this section, we report on numerical results obtained with a Matlab 7. 0.1 implementation 
on a Window-XP with 2.93GHz 64-bit processor and 2GB memory. The main goal is to test 
the product preconditioner (PS) defined in (10) and to compare it with the block diagonal 
preconditioner (BD) 



Mbd ~ ( O -{C + B^G^B) ) ' 



(19) 
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presented in [16, 17, 24, 25], the block triangular preconditioner (BT) 

Mbt= ( O -{C + B^G-'B) )' (20) 

considered in [11, 16, 23-26] and the constraint (SC) preconditioners given in (8) by the com- 
puting time (CPU), iteration step (IT) and relative residual error (RES). 

There are various strategies to choose G in PS, SC, BD and BT preconditioners. In our 
computations, we not only take G to be the diagonal matrix formed with the diagonal entries 
of A, i.e., G = diag(diag(yl)), but also to be the tridiagonal matrix of the (1,1) block matrix of 
A, that is, G = tridiag(A). As a representative iterative solver we used GMRES [30] with the 
right preconditioning in our experiments. All iterations are started from the zero vector, and 
terminated when RES = \\b - Au|| 2 /||6||2 < 10~ 9 . 

The test problem is the Helmholtz equation (1), together with radiation boundary condition 
(2), see [2, 9] for details. By using a finite difference discretization to equation (1) on the uniform 
grid of f2, we obtain the nonsingular and symmetric indefinite linear system (3), where A G M nxn 
and C G ]]j mxm are nonsingular, B G M nxm . To be more precise, we have matrix 

A = K <g> I + I <8> K + I <g> D, B = -(I ®e n ), C = I - hT, 

with K = tridiag(-l,2, -1) G W xp , D = -4n 2 h 2 I, I G W x p an identity matrix, e n = 
[0,0, ••• ,0, 1] T G W, h = l/(p+ 1), and T G W xp a Toeplitz matrix which results from 
the generating function f(0) = 2\9\ (6 2 — 1). Hence, we have n = p 2 , m = p, and the order of the 
coefficient matrix A is n + m. Moreover, we choose the right-hand vector b = [/ T ,g ,T ] T G M. n+m 
such that the exact solution of system (3) is [x T , y T ] T = [1, 1, • • • , 1] T , and GMRES(50) with at 
most 50 restarts is used in our experiments thus the number 2500 in Table 1 and Table 2 means 
that the corresponding preconditioned GMRES method does not converge in 2500 iterations. 



h 


1/32 


1/48 


1/64 


1/80 


1/90 


n + m 


992 


2256 


4032 


6320 


8010 


BD 


IT 


123 


325 


794 


530 


1108 


CPU 


0.4530 


2.5470 


10.7350 


12.6410 


33.2660 


RES 


8.4763e-10 


9.7414e-10 


9.7214e-10 


9.9784e-10 


9.9993e-10 


BT 


IT 


98 


165 


554 


785 


731 


CPU 


0.3440 


1.3750 


7.7040 


18.0790 


22.9220 


RES 


6.9060e-10 


9.6006e-10 


9.6952e-10 


9.8453e-10 


9.9223e-10 


SC 


IT 


98 


217 


341 


850 


976 


CPU 


0.3280 


1.5930 


4.4210 


17.6250 


27.5470 


RES 


7.4747e-10 


9.4590e-10 


9.7868e-10 


9.9417e-10 


9.9499e-10 


PS 


IT 


8 


9 


10 


10 


10 


CPU 


0.1250 


0.4530 


1.2650 


2.7180 


4.0620 


RES 


9.2136e-10 


4.2030e-10 


9.2256e-ll 


1.5617e-10 


1.9037e-10 



Table 1: IT, CPU and RES of the BD, BT, SC and PS preconditioned GMRES methods for 
this Helmholtz equation when G = tridiag(^4). 
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h 


1 /QO 
1 / oz 


1 //IS 


1 / 04 


i /en 


i /on 
i / yu 


n + m 


QQ9 

yyz 


ZZDO 


A P1Q9 


DoZU 


oUlU 


BD 


IT 


ZOl 


615 


1085 


131o 


2500 


CPU 


D A99D 
U.4ZZU 


z.uozu 


O.oOyu 


1 1 .DODU 


98 71 on 
zo. / lyu 


RES 


8.7031e-10 


9.9129e-10 


9.9364e-10 


9.9653e-10 


8.1554e-09 


BT 


IT 


211 


603 


969 


2003 


1403 


CPU 


0.3280 


2.0160 


5.2500 


18.4530 


16.2660 


RES 


9.5016e-10 


9.7251e-10 


9.9961e-10 


9.9769e-10 


9.9885e-10 


SC 


IT 


200 


410 


1115 


1025 


1470 


CPU 


0.3430 


1.3900 


6.3750 


9.5320 


18.0310 


RES 


9.8438e-10 


9.6321e-10 


9.9669e-10 


9.9912e-10 


9.9463e-10 


PS 


IT 


9 


9 


10 


10 


10 


CPU 


0.0780 


0.1720 


0.3430 


0.5320 


0.7190 


RES 


6.2956e-ll 


6.5957e-10 


1.2888e-10 


2.1624e-10 


2.6212e-10 



Table 2: IT, CPU and RES of the BD, BT, SC and PS preconditioned GMRES methods for 
this Helmholtz equation when G = diag(diag(^4)). 




(inj»i (it Hi- lin» * -v-ianO- r»*l i l- 



Figure 1: Comparisons of the eigenvalue distribution of the BD, BT, SC and PS preconditioned matrices 
for this Helmholtz equation when G — tridiag(A) and n + m — 992. 
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BD BT 




order of the linear system (3) real axis 

Figure 2: Comparisons of the eigenvalue distribution of the BD, BT, SC and PS preconditioned matrices 
for this Helmholtz equation when G = diag(diag(A)) and n + m = 992. 

Table 1 supplies the IT, CPU and RES of the BD, BT, SC and PS preconditioned GMRES 
methods for this Helmholtz equation when G = tridiag(-A). As we have seen from Table 1, the 
PS preconditioned GMRES method has given the best iteration counts. For the BD, BT and 
SC preconditioned GMRES methods, their iteration counts have been reduced by around 96%. 
In terms of the computing time, the PS preconditioned GMRES method costs much less than 
these of the BD, BT and SC preconditioned GMRES methods. In addition, the precision of the 
relative residual error for the PS preconditioned GMRES method is higher than these of the 
BD, BT and SC preconditioned GMRES methods, except for the case that n + m = 992. 

Table 2 provides the IT, CPU and RES of the BD, BT, SC and PS preconditioned GMRES 
methods for this Helmholtz equation when G = diag(diag(j4)). From Table 2, it is not difficult 
to find that, for this approximate (1,1) block matrix G, all the iteration counts, computing time 
and the relative residual error of the PS preconditioned GMRES method are better than these 
of the BD, BT and SC preconditioned GMRES methods. 

Both the numerical results in Table 1 and Table 2 have shown that the PS preconditioned 
GMRES method is superior to the BD, BT and SC preconditioned GMRES methods in obtain- 
ing a considerable reduction of iteration counts. These results have confirmed our theoretical 
analysis in previous sections. That is, the convergence of a Krylov subspace method under 
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preconditioning has relation to the spectral properties of the preconditioned matrix. 

For obtaining an intuitive comparison, Figure 1 and Figure 2 have plotted the eigenvalue 
distribution of the BD, BT, SC and PS preconditioned matrices for G = tridiag(-A) and G = 
diag(diag(^4)) with the chosen order of the nonsingular and symmetric indefinite linear system 
(3) is 992, respectively. 

5 Conclusions 

We have proposed and investigated a new preconditioner for the numerical solution of block two- 
by-two symmetric indefinite matrices whose (1,1) and (2,2) blocks are nonsingular. As we have 
seen in this paper, the proposed preconditioner is constructed as the product of two fairly simple 
preconditioners: one is the famous block Jacobi preconditioner, and the other is the popular 
constraint preconditioner. Here, we call it the product preconditioner, and denote it as PS 
preconditioner. Results concerning the eigenvalue distribution and form of the eigenvectors of 
the preconditioned matrix M~^A are discussed in Section 3, respectively. Numerical experiments 
with preconditioned GMRES method on the problem (1) are used to illustrate the efficiency and 
stability of the proposed product preconditioner. Moreover, we have confirmed our theoretical 
analysis by comparing the IT, CPU and RES of the BD, BT, SC and PS preconditioned GMRES 
methods in Table 1 and Table 2. 
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HYERS-ULAM STABILITY OF A GENERAL DIAGONAL SYMMETRIC 

FUNCTIONAL EQUATION 

CHOONKIL PARK AND HAMID REZAEF 



Abstract. Using the direct method and the fixed point method, we prove the Hyers-Ulam 
stability for the symmetric functional equation f(<pi(x, y, z)) = f2(f{x),f(y),f(z)) in Ba- 
nach spaces. As a consequence, we obtain some stability results in the sense of Hyers-Ulam- 
Rassias. 

1. Introduction 

The stability theory of functional equations originated from the well-known Ulam's problem 
[15], concerning the stability of homomorphisms in metric groups. Hyers [7] gave a first 
affirmative partial answer to the question of Ulam for Banach spaces. Let X\ and X 2 be 
Banach spaces. Assume that / : X\ — > X<i satisfies 

\\f( X + y)-f( X )-f(y)\\<e 

for all x, y G X\ and some e > 0. Then there exists a unique additive mapping T : X\ — > X<i 
such that || fix) — T[x)\ < e for all x G X\. Hyers' Theorem was generalized by Aoki [1] for 
additive mappings and by Th.M. Rassias [14] for linear mappings, considering the Cauchy 
difference to be unbounded. 

Theorem 1.1. ([14]) Let X\ he a normed space and X2 a Banach space. Let f : X\ — > X2 

satisfy the inequality 

|| /(a; + y) - _ /(J,)]! < 0(|| X ||P + \\y\\P) (1.1) 

for all x,y £ X\, where 9 > and p £ [0, 1). Then there exists a unique additive mapping 
A:Xi^X 2 such that \\f{x) - A{x)\\ < ^\\x\\ p for all x G X\. 

A generalization of the Th.M. Rassias theorem was obtained by Gavruta [6] by replacing 
the unbounded Cauchy difference by a general control function in the spirit of the Th.M. 
Rassias' approach. J.M. Rassias [13] followed the innovative approach of the Th.M. Rassias 
Theorem [14] in which he replaced the factor ||x|| p + ||y|| p by ||a;|| ^ '||^/|| <^ for p, q £ M with 
p + q = 1. The stability problems of several functional equations have been extensively 
investigated by a number of authors and there are many interesting results concerning this 
problem (see [3, 5, 8, 9]). 

In this paper, we introduce the following functional equation 

f( Vl (x,y,z)) = P2(/(z), /(*/), /(*)). (1.2) 

MSC(2010): Primary: 39B12; 39B52; Secondary: 47H10; 39B72. 
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Using the direct method and the fixed point method, we prove the Hyers-Ulam stability of 
the functional equation (1.2) in Banach spaces. 

2. Hyers-Ulam stability of (1.2): direct method 

In this section, we prove the Hyers-Ulam stability of the functional equation (1.2), where 
(fi : Xi x Xi x Xi — > Xi, i = 1, 2, are mappings such that 

y>i((pi{x, x, x), cpi(y, y, y)) = (pi{ipi(x, y, z), pi(x, y, z),ipi(x, y, z)). (2.1) 

Let us call such mappings diagonal symmetric on Xj. For example 

(1) Let X be a vector space, and p: XxXxX^-Xbea function that 

p(Xx,Xy,Xz) = Xp(x,y,z) (x,y,z€X) 
for every scalar A and <p{x, x, x) = ax for some scalar a, then p is diagonal symmetric on X. 

(2) Let X be a vector space, and p: XxXxX^-X defined by ip(x, y, z) = ax + by+cz+d, 
where a,b,c,d are scalars and x,y,z G X. Then it is easy to check that ip is diagonal 
symmetric. 

Theorem 2.1. Assume that X\ is a normed space and X2 is a Banach space and that 
pi,P2 are continuous diagonal symmetric mappings on Xi,X 2 , respectively. Put Ti(x) := 
Pi(x, x, x) for i = 1, 2 and suppose that T 2 is an invertible bounded linear operator on Xi- Let 
(3 : X± x X± x X\ — > [0, +00) be a function with this property that there exists some < A < 1 
such that 

WT^WPiTiX^y^z) < \p(x,y,z) 
for all x, y, z 6 X\. If f : X\ — > X2 is a mapping satisfying 

Wf&^x^z)) - p 2 (f(x),f(y),f(z))\\ < 0(x,y,z) (2.2) 

for all x, y, z G X±, then there exists a unique mapping A : X\ — > X2 such that 

\\f\x)-A{x)\\< ^y^ X \ (2.3) 
Afaix, y, z)) = p 2 (A(x), A(y),A(z)) (2.4) 

for all x, y, z £ X±. 

Proof. Letting z = y = x (2.2), we get 

||/Ti(x)-T 2 /(x)|| <P{x,x) 
for all x G X\. It follows from (2.1) that 

Pi(TiX, Tiy, Tiz) = Ti(<pi(x, y, z)) (2.5) 
for all x,y,z € X { and i = 1, 2. Let q n (x) := T^ n f{T[ l x) for all n > 1 and all x G X\. Then 
||9n + i0c)-g„(a0|| = \\T 2 n - x f{T^x)-T^f{T?x)\\ 

< iir^nii/r^rfx)-^/^)!! 



< WT^r+^lfx^x) < \\T^\\\ n p(x,x,x). 
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Here, in the last inequality, the contractive property of (3 is used. Hence 

\\q n+ i(x) - q n (x)\\ < ||r 2 _1 ||A n /3(x,x,x), 

and so the sequence {q n (x)} is a Cauchy sequence for each x. Since X 2 is complete, there 
exists a limit mapping A(x) : = hin^^oo q n (x). Now by induction on n, we prove that 

n-l 

\\q n {x) - /(*) || < WTfWix^x) (2.6) 
for all n G N and all x £ X 1 . Fix x £ X 1 . Note that 

iigi(x)-/(x)ii = w^mw-fww 

< W^WWmixV-TtifixM < \\T^\\P(x,x,x). 
Now suppose (2.6) holds for a fixed n. Then 

\\q n +i(x) - f(x)\\ < \\q n +i(x) - q n {x)\\ + \\q n {x) - f{x)\\ 

< \\T 2 1 \\X n ^(x,x) + ^||T 2 - 1 ||AV3(x,x,x) 

i=0 

n 

= ^IIT^ 1 11^/3^, x,x). 

i=0 

Letting n — > +00 in (2.6), we get 

M(x)-/(x)»< n^y^^) 

for all x £ X\. 

Now we prove that A satisfies (2.4). Replacing x,y,z in (2.2) with T"x, T"y, Tf z, respec- 
tively, we get 

WfMT^T^T^-MfiT^JiT^J^zM (2.7) 

</3(T?x,T?y,T?z). 

It follows from (2.5) that 

Vl (Tf x, T?y, T?z) = Tf(^ (x, y, z)) (2.8) 

for all x,y, z £ X±, and 

<P2(T?x,1?y,T?z) = T?(<p2(x,y,z)) 

for all x,y,z £ X2. Replacing x,y,z by T 2 ~™x, T 2 ~™y, Tfz, respectively, in the last above 
relation, we get 

V32 (x,y,z) = r 2 n (^(r 2 -"x,r 2 -"y,r 2 -™z)) 

and then replacing x, y, z by /(T^x), f(T™y), f{T±z), respectively, we get 

<^/(Tfx),/(Tfy),/(^ 

By the definition of q n , we obtain 

<p 2 (f(T?x)J(T?y)J(T?z))=V?(ip 2 (<ln(x),q n (y),q n (z))). (2.9) 
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It follows from (2.7), (2.8) and (2.9) that 

\\q n (<Pi(x,y,z)) - <P2(qn(x),q n {y),qn(z))\\ 

= \\ T 2 n f( T i l fi( x ^y^ z )) - ( P2(qn{x),q n (y),qn(z))\\ 

< ||r 2 - 1 |n|/(r 1 > 1 (x,y,^)-r 2 > 2 (g n (x), fe (y),g„(z))|| 

= WT^nfMT^T^Tfz)) -ip 2 (f(T?x)J(T?y)J(T?z))\\ 

< WT^p^x^y^z) 

< \ n (3(x,x,x). 

Therefore, 

\\q n (ipi{x,y,z)) - <P2(qn(x),q n (y),qn(z))\\ < X n /3(x,x,x) 

for all x,y £ Xi and all n G N. Applying the continuity of if, considering < A < 1, and 
letting n — > +oo in the last inequality, we obtain (2.4). 

Now we prove that A is a unique mapping satisfying (2.3) and (2.4). Assume that there 
exists another mapping A' : X — > X satisfying (2.3) and (2.4). Letting y = x in (2.4), we get 
AT x (x) = T 2 A(x) and A'T^x) = T 2 A'(x) and more generally 

AT?(x) = T r 2 l A{x) and A'T[ l {x) = T?A'(x). 

Hence 

A(x) = T 2 n A{T?{x)) and A'(x) = T 2 n A'{T?{x)) 
for all x G X and n G N. By the triangle inequality, (2.3) and (2.10), we obtain 

\\A{x)-A\x)\\ = \\T 2 n A(T?x)-T 2 n A'(T?x)\\ 

< HT^ 1 || n || A(T{V) - A!(T?x)\\ 

< \\T 2 'T{\\A{T?x) - f(T?x)\\ + \\f(T?x) - A'{T?x)\\) 

< u T -u ]n( jT 2 l \\P{T?x,T?x) . 

< P 2 II V 1-A ) 

< ^-in ATiYPjT^Tfx) , 

< IK !_ A J 

< II !_ A 

for all x£li and all n G N. Letting n — >■ +oo, we get A{x) = A'(x) for all x G Xi. □ 

The proof of the following theorem is similar and we omit it: 

Theorem 2.2. Assume that X\ is a normed space and X 2 is a Banach space and that tpi, <p 2 
are continuous diagonal symmetric mappings onX\,X 2 , respectively. PutTi(x) := <fi(x, x, x) 
for i = 1 , 2 and suppose that T 2 is a bounded linear operator on X 2 and T\ is invertible on 
X\. Let (3 : X\ x X\ x X\ — > [0, +oo) be a function with this property that there exists some 
< A < 1 such that 

\\T 2 \\p{T^x,T^y,T^z) < \fi(x,y,z) 
for all x, y, z G X\. If f : X\ — ^ X 2 is a mapping satisfying 



\\f{<Pi{x,y,z)) - <p 2 (f(x) 4 J{y)J(z))\\ < P{x,y,z) 
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for all x, y, z G X\, then there exists a unique mapping A : X\ — > X2 such that 

\\f(x)-A(x)\\< ^Mw) 
A( Vl (x,y,z)) = <p 2 {A(x),A(y),A{z)) 

for all x, y, z G X±. 

Corollary 2.3. Assume that X\ is a normed space and X2 is a Banach space and that ip\, (p 2 
are continuous diagonal symmetric mappings onX\,X 2 , respectively. PutTi(x) := <pi(x,x,x) 
for i = 1, 2 and suppose that T2 is an invertible bounded linear operator on X 2 . Let f : X\ — > 
X2 be a mapping for which there exist some 61,62 > 0, and p > such that 

||/(^i (x, y, z)) - Mf(x), f(y), m)\\ < <MIMI P + bir + Ikin + UM p/3 \\y\\ p/3 \\4 p/3 ) 

for all x,y,z G X\. If ||T 2 _1 || ||Ti|| p < 1, then there exists a unique mapping A : X\ — > X2 
such that 

11m- M^nT ^;^ - 

A(^i(x,y,z)) = <p 2 (A(x),A(y),A(z)) 

for all x, y, z G X\. 
Proof. Let 

0(x, y, z) := d^Wxf + \\yf + \W) + 6 2 {\\x\\^\\y\\^\\z\\^) 
for x,y e Xi, and A := \\T 2 l \\ \\T X \\ p . Then 

WT^WftT^Tw) < \P(x,y,z) 

for all x,y,z € X\. This completes the proof. □ 



Consider the following choices of (p\,(p2,Ti and T 2 : 
(1) <pi(x,y,z) = (p2(x,y,z) = x+ v +z and T\{x) = T 2 (x) 



3x . 

2 ' 



(2) tpi(x,y,z) = xyz, (p 2 {x,y,z) = x + y + z,Ti(x) = x 3 and T 2 (x) = 3x; 
to deduce the following corollary: 

Corollary 2.4. The following functional equations has Hyers-Ulam stability in the sense of 
Theorem 2.1 and 2.2: 

(i) 2f( x+ v +z ) = f(x) + f(y) + f(z), f : X\ — > X2 where X\ is a vector space and X2 is a 
Banach space. 

(ii) f(xyz) = f(x) + f(y) + f{z), f : X\ — > X 2 where X\ is any abelian semigroup and X2 
is a Banach space. 

Let A be a C*-algebra and a G A a self-adjoint element, i.e., a = a* . Then a is said to 
be positive if it is of the form a = bb* for some a G A. The set of positive elements of A is 
denoted by A + . 

Note that A + is a closed convex cone (see [4]). 

It is well-known that for a positive element a and a positive integer n there exists a unique 
positive element x G A + such that a = x n .^We denote x by \fa. Then the functional 
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equation (1.1) is Hyers-Ulam stable in the sense of Theorem 2.1 and 2.2 when the mapping 
ip : A + x A + x A + — > A + is one of the following choices: 

(1) <p(x, y, z) = \] ax 2 + by 2 + cz 2 where a + b + c > 1, 

(2) <p(x,y,z) = tyx n + y n + z n , 

3. Hyers-Ulam stability of (1.2): fixed point method 

We now introduce one of the fundamental results of the fixed point theory. 
For a nonempty set X, we introduce the definition of the generalized metric on X. A 
function d : X x X — > [0, oo] is called a generalized metric on X if and only if d satisfies 

• d(x, y) = if and only if x = y, 

• d(x, y) = d(y, x) for all x,y £ X, 

• d(x,z) < d(x,y) + d(y,z), 

for all x,y, z G X. 

Using the fixed point method, we prove the Hyers-Ulam stability of the functional equation 
(1.2) in Banach spaces. 

Theorem 3.1. ([10]) Let (X,d) be a generalized complete metric space. Assume that A : 
X — > X is a strictly contractive operator with the Lipschitz constant L < 1, i.e., 

d(Ag,Ah) < Ld{g,h) 

for all g,h G X . If there exists a nonnegative integer no such that d(A n ° +1 f, A™ /) < +oo for 
some f 6 X , then the following statements are true: 

(1) The sequence {A n f} converges to a fixed point A of A; 

(2) A is the unique fixed point of A in X* = {g £ X : d(A n °f\g) < +oo}; 

(3) IfgeX*, then 

d(g,A) < ^-jd{Ag,g). 

Radu [12] proved the Hyers-Ulam stability of the additive Cauchy equation (1.1) by using 
fixed point method (see [2]). 

In the following, Theorem 2.1 is proved by the fixed point method. 

Theorem 3.2. Let X±, X2, (fi, y>2, Ti, T2, /3 be given as in Theorem 2.1. If f : X\ — > X2 is a 
mapping satisfying (2.2), then there exists a unique mapping A : X\ — > X2 satisfying (2.3) 
and ATi(x) = T2A{x) for all x G X±. 

Proof. Letting y = x in (2.2), we get 

\\fT 1 (x)-T 2 f(x)\\<P(x,x,x) 

for all x £ X\. Consider the set X :={/:/: X\ — > X2 is a function } and define the 
generalized metric on X by 

d(g,h) = inf G (0, +00) : \\g(x) - h(x)\\ < fi(3(x,x) for all x G X{\. 
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where, as usual, inf = +oo. It is easy to show that (X,d) is complete (see [11]). Now we 
consider the linear mapping A : X — > X such that 

Ag(x) = T^g(T lX ) 

for all x G X\. For given g,h G X, 

\\Ag(x)-Af(x)\\ = \\T 2 ' l g{T lX ) -T^h^x^ < WT^W^x^x^x) < Xf3(x,x,x) 
for all x G X\. By the definition of d, 

d(Af,Ag)<Xd(f,g). 

Note that 

\\f(x)-Af(x)\\ = \\f(x)-T^f(T lX )\\ 

< iir-^iiiT!/^)-/^)!! < ht- 1 !!^^^) 

for all x G X\, and so d(Af,f) < ||T 2 -1 || < +oo. By the preceding theorem, there exists a 
mapping A : X\ — > X 2 satisfying the following conditions: 

(1) A is a fixed point of A, i.e., T~ x AT X = AA = A whence A{Ti{x)) = T 2 (A(x)) for all 
x G X\. Moreover, A is a unique fixed point of A in the set X* := {g G X : d(f,g) < +co} 
which implies that 

\\f(x)-A(x)\\<np(x,x,x). 



(2) d(A n f, A) -»• as n +oo, i.e., A(x) = lim n T^ n f(T^x). 

(3) By (3) of the preceding theorem, we conclude that 

d(f,A) < Y^d(f,Af) < y^W^'I 

and so 

\\f(x) - A(x)\\ < igr^Jfe^) , 

as desired. In order to prove that A satisfies (2.4), we can proceed exactly as in the proof of 
Theorem 2.2 to show that A : X\ — > X 2 is indeed a mapping satisfying (2.4). □ 
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GENERAL DECAY OF SOLUTIONS FOR A SINGULAR NONLOCAL 
VISCOELASTIC PROBLEM WITH NONLINEAR DAMPING AND SOURCE 

YUN SUN, GANG LI, AND WENJUN LIU 

Abstract. This paper deals with a singular nonlocal viscoelastic problem with nonlinear damp- 
ing and source terms. We establish a general decay rate result without imposing any restrictive 
growth assumption on the damping term. 



1. Introduction 

In this paper, we investigate the following one-dimensional viscoelastic equation 

1 /"* 1 

u tt (xu x ) x + / g(t- s)-(xu x (x,s)) x ds + h(u t ) = b\u\ p ~ 2 u, x G (0,£),t G (0, oo), 

X Jq X 

u(£, t)=0, [ xu(x, t)dx = t G [0, oo), 

Jo 

u(x, 0) = uo(x), ih(x, 0) = ui(x), xg[0,£], 

where t < oo, b > 0, p > 2, g and h are specific functions which will be given later. 

This type of evolution problems are generally encountered when the data on the boundary 
can not be measured directly, but their average values are known. For the case of singular type, 
we can refer to [8, 9, 10, 11, 14] for the existence, uniqueness and blow-up results. Here, it 
is worth mentioning that many results concerning decay have been extensively studied for the 
case of classical conditions. Under the condition —£ig(t) < g'{t) < —&g(t), the exponential 
or polynomial decay results were obtained in [3, 4, 5, 6]. Later, some authors relaxed these 
conditions by considering only g'(t) < —£g(t) or g'(t) < —£,g r (t) , for all t > and some £ > 
(see [1, 2, 15]). In [12, 13], the condition has been replaced by g'(t) < —£(t)g(t), where £(i) is a 
positive function. This allows the authors to obtain general rates of decay than just exponential 
or polynomial type. 

Motivated by [11, 13], we study problem (1.1) in this paper and intend to establish a general 
decay result under certain conditions, without imposing any restrictive growth assumption on 
the damping term. The paper is organized as follows. In Section 2 we present some assumptions 
and known results needed for our work. Section 3 is devoted to the proof of some lemmas and 
the decay result: Theorem 2.4 . 

2. Preliminaries and main result 

In this section we first introduce some functional spaces and present some assumptions and 
known results which will be used throughout this paper, and then state our main result. 

Let L x = L x (0, €) be the weighted Banach space equipped with the norm \\u\\ p = ^ x|u| p dx^ P 
In particular, when p = 2, we denote H = L x (0,£) to be the weighted Hilbert space of square 
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integrable functions having the finite norm ||u||h = ^ J*q xu 2 dx^ 5 . We take V = V^'^O,^) 

i 

to be the weighted Hilbert space equipped with the norm \\u\\v = + H^ll//) 2 j an d 

V = {v £V such that v(£) = 0}. 

For the functionals g and h we give the following assumptions as in [13]: 

(HI) g(t) : R + ->• M+ is a C 1 function such that 

/•oo 

g(0) > 0, 1 - / g(s)ds = I > 0, 
J o 

and there exists a nondecreasing differentiable function £(t) such that 

/•+oo 

g'(t) <-£(t)g(t), t>0 and / f (t)d* = oo 

JO 

(H2) h : M. i— > R is a nondecreasing C° function such that there exists a strictly increasing 
function ho G C 1 ([0, +oo)), with ho(0) = 0, and positive constants ci,C2, and e such that 

MM) < \K*)\ < K \s), V|a|<€, (2.1) 
ci|s| < |/i(s)| < c 2 |s|, V|a|>e. (2.2) 

Remark 1. Hypothesis (H2) implies that sh(s) > 0, for all s ^ 0. 

Lemma 2.1. ([11]) For any v in Vq, we have 

/ x(v(x)) 2 dx < C* / x(v x (x)) dx. 
Jo Jo 



Lemma 2.2. ([11]) For any v in Vq, 2 < p < 4, we /lave 

x(t>(x)) p dx < C p ||u x |Ih, 

/o 

where C p is a constant depending on p only. 



f 

Jo 



Lemma 2.3. ([11, Theorem 2.3]) Suppose that 2 < p < 3 and (HI) and (H2) hold. Then for 
any uq in Vq and u\ in H , problem (1.1) has a unique local solution 

u e C(0,U;V o ) nC^O, *«,;#) 

/or > smaZZ enough. 

Now we introduce the functionals for I(t) and E'(t): 

ft f£ fl 

I(t) := I{u(t)) = (l- J g(s)ds^j J xu 2 x dx + {g o u x )(t) - b J x\u(t)\ p dx, (2.3) 
E(t) :=E(u(t)) = ^(l- J* g(s)ds) J* xu 2 x dx + l -{g o u x ){t) 

hi 4 i r e 

--J x\u(t)\ p dx+ -J xu 2 t dx, (2.4) 



'0 

where 



(gou x )(t)= / xg(t- s)\u x (x,t) - u x (x,s)\ 2 dsdx. 
Jo Jo 

Remark 2. Multiplying Eq. (1.1) by xu t and integrating over (0,£), we can easily get 

1 1 r e r e 

E'(t) = -{g 1 o Ux ){t) - -g(t) J xu 2 x (x,t)dx - J xu t h{u t )dx < 0, Vt>0. (2.5) 
Our main result of this paper reads as follows. 
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Theorem 2.4. Suppose that (HI) and (H2) hold, 2 < p < 3, if (uo,«i) EVqxH such that 

P =b ^{j^2jl E{U0 > Ul) ) 2 <h / ^°) >0 - ^ 
Then, there exists a constant C > such that, fort large, the solution of (1.1) satisfies 

E(t) < C (hq 1 ^ -^J— ^ where H (s) = sh (s). (2.7) 

Moreover, if we define J(s) = which is strictly increasing with J(0) = ; then we can 

improve (2.7) to the following estimate: 

E(t) < C (V (-=^—- )) ■ (2.8) 



s 



For the proof of the above theorem, we use the following lemma. 

Lemma 2.5. ([7]) Let E : M + — > M + be a nonincreasing function and a : M + — > R + be a 
strictly increasing C 1 function, with a(t) — > +oo as t — > +oo. Assume that there exist p, q > 
and c > swc/j i/iat 

a'(t)E(t) 1+p dt < cE(s) 1+p + 1 < S < +oo. 

T/ten i/tere exist positive constants k and uj such that 

E(t) < /wT w<T W V t > 1, ifp = q = 



f 



£(*)< w Vt>l,i/p>0. 

3. General decay of solutions 

In this section we prove our main result. For this purpose we establish several lemmas. 

Lemma 3.1. ([11, Lemma 4.1 and Lemma 4.2]) Under the assumptions of Theorem 2.4, 
we conclude that I(u(t)) > 0, V t > and the solution is global and bounded. Furthermore, the 
following inequality holds 

I J" xu 2 x dx < (^2) E ( n o, V* > 0. (3.1) 

Lemma 3.2. For a// u G Vb, t/iere exists C* > smc/j t/iai 

J o x U 9(t ~ s)(u(t) - u(s))ds) dx < (1 - /)C*( 5 o u x )(i). 

Proof. Using Cauchy-Schwarz's inequality, (HI) and Lemma 2.1, we can easily obtain the 
result. 

We define the following functionals 

CW-NiEW + NzKW + xit), (3.2) 

where 

K{t) := — I xut I g(t — s)(u(t) — u(s))dsdx, 
Jo Jo 

X(t) := [ xuu t dx, 
Jo 

Ni and N2 are positive constants to be chosen later. 
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Lemma 3.3. Suppose that (HI) holds and p > 2. Let u be the solution of problem (1.1). 
Then there exist positive constants a±,a 2 > such that 



ai E(t) < C(t) < a 2 E(t). 
Proof. Straightforward computations, Young's inequality and Lemma 3.2 lead to 



(3.3) 



C(t)< 



2 



, Ni N 2 1 
xu T dx + ( — + — + - 



+ ^(1-Z)C* (^o« x )(t)-— ijf x\u\Pdx 

<ct\ ^y xu 2 dx + y xufdx + (g o u x )(t) — - J x\u\ p dx^J , 

for some a\ > 0. On the other hand, 

1/^1 

£(*) >-(iVi/-C*) / xu^dx + -(JVi - iV 2 - 1) / xu^dx 

+ -[Nx- N 2 (l - l)a\ (g o ^)(t) / x|u| p dx. 

2 V Jo 



xu 2 dx 



(3.4) 



Choose A^2 > 1 and then take Aq satisfying 



A"i miix{Q-,N 2 + l,N 2 (l-l)C*}. 



(3.5) 



(3.6) 



Then we completes the proof. 



Lemma 3.4. Suppose that (HI) and (H2) hold and p > 2, let (uo,ui) G Vb x H be given. If 
u is the solution of (1.1), i/ien we /taue 

x'(t) < ~o / xu 2 x dx+ j xu 2 dx + C(gou x )(t) + C xh 2 (u t )dx + b x|u| p dx. (3.7) 
2 Jo Jo Jo Jo 

Proof. By exploiting problem (1.1) and integrating by parts, we get 

x'(t)= / xufdx — / xu^dx + I / g(s)ds I / xtt^dx 
Jo Jo \Jo J Jo 

+ / xu x j g(t — s) (u x (s) — u x (t)) dsdx — I xuh(ut)dx + b / x|u| p dx. (3.8) 
Jo Jo " Jo Jo 

Using Young's and Poincare's inequalities and Lemma 3.2, we obtain 

/ xu x I g(t - s) (u x (s) - u x (t)) dsdx 
Jo Jo 

<8 y xu 2 dx + ^ y x ^ g(t — s)(u x (s) — u x (t))ds^ dx 



f e C 
<8 J xu 2 x dx+ — (go u x )(t), 



(3.9) 



,4 rt If 1 f l 1 f £ 

— / xuh(ut)dx < 5 I xu 2 dx -\ / xh 2 (ut)dx < 5C* / xu 2 dx -\ / xh 2 (ut)dx. (3.10) 

Jo Jo 4(5 Jo Jo ^ Jo 

Combining (3.8)-(3.10), and choosing 8 small enough such that 8 < 2 (i+c ) , then (3.7) is ob- 
tained. 
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Lemma 3.5. Under the assumptions (HI) and (H2), suppose 2 < p < 3, then the functional 
K satisfies, along the solution, the estimate 

rt \ rl / A/2 \ rl 



K'it) < - 9(s)ds -5^J q xu 2 t dx +(s + ^J o xu 2 x dx +(c + j^(go u x )(t) 



(3.11) 



C r 
- -r{g o Ux )(t) + C xh 2 (u t )dx, V < 6 < 1. 
<5 Jo 

Proof. By direct computations and (1.1), we get 
K'(t) = ^1 - J g{s)ds S j j xu x j g(t - s) (u x (t) - u x (s)) dsdx 

pi / pt \ 2 p I pt 

+ / x \ g{t — s) (u x (t) — u x (s)) ds \ dx — xut / g'(t — s)(u(t) — u(s))dsdx 

— I / g(s)ds J / xufdx + / xh(ut) I g(t — s)(u(t) — u(s))dsdx 
\Jq J Jo Jo Jo 

-b [ x\u\ p ~ 2 u [ g(t-s)(u(t)-u(s))dsdx. (3.12) 
Jo Jo 

By Young's inequality and Lemma 3.2, we have 

ft \ rl rt 



1- J g{s)ds S j j xu x j g(t - s) (u x (t) - u x (s)) dsdx < 5 J xu 2 dx + y (g o u x )(t), (3.13) 
J x(J 9(t ~ s) (u x (t) - u x (s)) ds^j dx < C(g o u x )(t), (3.14) 

rl rt rl (j 

— I xu t I g' \t — s)(u(t) — u{s))dsdx < S / xufdx -(</ o u x )(t), 

Jo Jo Jo ° 

rl rt rl 

I xh(u t ) I g(t - s)(u(t) - u(s))dsdx < C / xh 2 (u t )dx + C(g o u x )(t), 
Jo Jo Jo 

As for the sixth term, using Lemma 2.2, (2.6) and (3.1), we get 

— hi x\u\ p ~ 2 u I g(t — s)(u(t) — u(s))dsdx 
Jo Jo 

<bd x\u\ 2p ~ 2 dx + ^{g o Ux )(t) < b5C p xu 2 x dx^j xu 2 x dx^j + ^(gou x )(t) 



(3.15) 
(3.16) 



<b5C„ 



2pE(u ,ui) 
(p - 2)1 



IP- 2 / rl 



xu 2 dx ) < 



6f 
bC, 



xuldx + ^(g°u x )(t). 



v Jo 



25 



(3.17) 



Combining (3.12)-(3.17), the assertion of the lemma is established. 
Now select N±, N 2 large so that (3.3) remains valid and 



^ 2(1+0)- Set 90 - 



f Q to g(s)ds for some fixed to > 0. By combining (2.5), (3.2), (3.7) and (3.11), we take S 



4 M 1+ 4) 



and obtain, for all t > to, 



C'(t)<- l -J xu 2 x dx-[N 2go -^ 



-hi: 



xufdx + 



' 4 ^i(i+4) 



+ C\ (go Ux )(t) 



ACNl 



+ \- 2 n 1 



+ 4) 



{g o Ux ){t) + {CN 2 + C) j xh 2 (u t )dx + b x\u\ p dx. 

Jo Jo 
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At this point, since N2 large enough, so we can have k := A^go — | — 1 > 0, then N\ large 

enough so that (3.6) remains valid and ^iVi j > 0. Thus, using (HI), it turns out 

that 

C'(i)<-- xuldx-k xu\dx + C(g o u x )(t) + C / xh 2 (u t )dx + b x\u\ p dx, 
4 Jo Jo Jo Jo 

which implies 

r e 

E(t) <-m£'(t) + C(go Ux )(t) + C xh 2 {u t )dx, V t > t . (3.18) 

Jo 

Proof of Theorem 2.4. (Sketch) Define <f>(t) = 1 + /* x^ryds, V t > 1 and <r(t) = 

^/ *^(s)ds^, for V t > t\ > to- Then continue as that of [13, Theorem 3.5] we can com- 
plete the proof. 
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Measuring fuzziness of generalized fuzzy rough 
sets induced by pseudo-operations 

Zhan-hong Shi 1 ' 2 '*, Zeng-tai Gong 2 '* 
1. College of Science, Gansu Agricultural University, Lanzhou 730070, P.R. China 
2. College of Mathematics and Statistics, Northwest Normal University, Lanzhou 730070, P.R. China 

Abstract: Rough sets is a new mathematical tool to handle imprecision, vagueness and uncertainty in 
data analysis. But, in Pawlak's rough set model, equivalence relation is a key and primitive notion and 
this equivalence relation seems to be a very stringent condition that limited the application domain of 
the rough sets. Various fuzzy generalizations of rough approximations have been made over the years. 
In this paper, we consider pseudo-operation of the following form: x © y = g^ 1 ^^) + g(y)), where g is a 
positive strictly monotone generating function and g^ 1 is its pseudo-inverse. Using this type of pseudo- 
operation, the pseudo-generalized fuzzy rough sets are presented and some properties of the pseudo fuzzy 
rough approximation operators are investigated. Moreover, we define a measure of fuzziness based on 
pseudo- generalized fuzzy rough sets with the new pseudo-lower and pseudo-upper approximations. 
Keywords: Fuzzy sets; Rough sets; Pseudo-operations; Approximation operators 

1. Introduction 

The theory of rough set was originally proposed by Pawlak [1] as a mathematical approach to 
handle imprecision, vagueness and uncertainty in data analysis. By using the concepts of lower 
and upper approximations in rough set theory, knowledge hidden in information systems may be 
unraveled and expressed in the form of decision rules. However, in Pawlak's rough set model, 
an equivalence relation is a key and primitive notion. This equivalence relation, however, seems 
to be a very stringent condition that may limit the application domain of the rough set model. 
Generalizations of rough set theory were considered by scholars in order to deal with complex 
practical problems [2-7]. 

There are at least two approaches for the development of definitions of lower and upper ap- 
proximation operators, namely, the constructive and axiomatic approaches. In the constructive 
approach, some authors have extended equivalence relation to tolerance relations [8], similarity 
relations [9], ordinary binary relations [7,10], and others [11-13]. Meanwhile, some authors have 
relaxed the partition of universe to the covering and obtain the covering-based rough sets [4,14- 
20]. In addition, generalizations of rough sets to the fuzzy environment have also been made 
[2,5,21-26]. By introducing the lower and upper approximations in fuzzy set theory, Dubois and 

* Corresponding author. E-mail Address: szh780323@163.com (Z.H. Shi); zt-gong@163.com (Z.T. Gong) 
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Prade [27] formulated rough fuzzy sets and fuzzy rough sets, they constructed a pair of lower and 
upper approximation operators for fuzzy sets with respect to fuzzy similarity relation by using the 
t-norm Min and its dual conorm Max. By using a residual implication (for short, R-implication) 
to define the lower approximation operator, Morsi and Yakout [28] generalized the fuzzy rough 
sets in the sense of Dubois and Prade. Later, Radzikowska and Kerre [29] proposed a more general 
approach to the fuzzification of a rough set. This approach is based on a border implication X 
(not necessarily a R-implication) and a triangular norm T. Recently, Mi et al. [30] presented the 
generalized fuzzy rough sets determined by a triangular norm, Ouyang et al. [31] discussed fuzzy 
rough sets based on tolerance relations. 

In the axiomatic approaches, a set of axioms is used to characterize the approximations. Lin 
and Liu [32] proposed six axioms on a pair of abstract operators on the power set of universe in the 
framework of topological spaces. Under these axioms, there exists an equivalence relation such that 
the lower and upper approximations are the same as the abstract operators. The most important 
axiomatic studies for crisp rough sets were made by Yao [7,10,33]. Recently, the research of the 
axiomatic approach has also been extended to approximation operators in the fuzzy environment 
[28,30,34-37]. 

In some problems with uncertainty in the theory of probabilistic metric spaces, fuzzy logics 
and fuzzy measures, the pseudo-operations such as pseudo-additions and pseudo-multiplications 
are used [38-40]. Pseudo-analysis [38-47] has been applied in different fields, e.g., measure theory, 
integration, convolution, Laplace transform, optimization, nonlinear differential and difference 
equations, economics, game theory, etc. Interestingly, by using the Aczel's theorem [48], the 
pseudo-additions and pseudo-multiplications could be transferred into the corresponding results of 
reals such as the addition operator and multiplication operator. This can bring us the convenience 
of calculation. 

We note that there are some literatures about pseudo integrals [7,8,10,25,35], but little liter- 
atures about rough set model based on pseudo-operations. The main purpose of this paper is 
to present a general framework for the study of fuzzy rough approximation operators based on 
pseudo-operations. By using the pseudo-operations, the pseudo-lower and pseudo-upper approx- 
imation operators are defined. Meanwhile, some properties of the proposed pseudo fuzzy rough 
approximation operators are investigated. Connections between the new and the existing fuzzy 
rough approximation operators are also discussed. Compared with the previous rough set models 
based on triangular norms [28-30,37], the pseudo-generalized fuzzy rough set proposed in this 
paper has its advantage to calculate its lower and upper approximations conveniently. 

The remainder of this paper is organized as follows. In section 2, we recall some basic concepts 
of fuzzy sets, fuzzy relation, rough sets and pseudo-operations. In section 3, the pseudo-generalized 
fuzzy rough sets are presented. Some properties of the proposed pseudo fuzzy rough approximation 
operators are also investigated in this section. In section 4, the fuzziness of pseudo-generalized 
fuzzy rough sets is given. Section 5 presents conclusions. 

2. Preliminaries 

2.1 Fuzzy sets 
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Let U be a universe. Fuzzy set A is a mapping from U into the unit interval [0, 1]: 

A: 17 -[0,1], 

where for each x G U, we call A(x) the membership degree of x in A If [/ = {x!,x 2 , • • • 

n 

then the fuzzy set A on U can be expressed by A(xj)/xj. Additionally, the fuzzy power set, 

i=i 

i.e., the set of all fuzzy sets in the universe U is denoted by J-{U) [49]. 
For fuzzy sets A, B e F(U), 
ACB^ A(x) < B(x); 

(A H B)(x) = A(x) A B(x) = min{A(x), B(x)}; 
(A U B)(x) = A(x) V B(x) = m&x{A(x), B(x)}; 
(~ A)(x) = 1 — A(x), where ~ A is the complement of A. 

2.2 Fuzzy relation 

Let U and W be two nonempty sets. The Cartesian product of U and W is denoted by U x W. 
A fuzzy relation R from U to is a fuzzy subset of U x W, i.e., i? G x W), and R(x,y) is 
called the degree of relation between x and y. In particular, if U — W, we call R a fuzzy relation 
on U . Usually, a fuzzy relation can be expressed by a fuzzy matrix. 

2.3 Rough sets 

In traditional Pawlak rough set theory, the pair (U, R) is called an approximation space (it is 
also called Pawlak approximation space), where U is a finite and non-empty set called the universe 
and R is an equivalence relation on U, i.e., R is reflexive, symmetrical and transitive. The relation 
R decomposes the set U into a disjoint class in such a way that two elements x and y are in the 
same class iff (x, y) G R. Suppose R is an equivalence relation on U . With respect to R, we can 
define an equivalence class of an element x in U as follows: 

[x]r = {y\(x,y) G R}. 

The quotient set of U by the relation R is denoted by U/R, and 

U/R= {X 1 , X 2 , • • • , X m }. 

where (i — 1, 2, • • • , m) is an equivalence class of R. 

Given an arbitrary set X C U, it may not be possible to describe X precisely in the approxima- 
tion space (U, R). One may characterize X by a pair of lower and upper approximations defined 
as follows: 

RX = {xe U\[x\ R CX} = U{Y G U/R\Y C X}; 

rx = {x g E%] fl nx ^ 0} = u{r g u/R\Ynx ^ <f>}. 

The pair (RX, RX) is referred to as a rough set of X. 

2.4 Pseudo-operations 

Throughout this paper, we only consider the case of pseudo-addition and present the fuzzy 
generalized rough sets using pseudo-addition. For the case of pseudo-multiplication, the discussion 
can be given similarly. 
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Definition 2.1 An operation © : [0, oo] 2 — > [0, oo] is called a pseudo-addition if it satisfies the 
following axioms: 

(1) Associativity: a © (b © c) = (a © b) © c for all a, 6, c G [0, oo]. 

(2) Monotonicity: a © 6 < c © <i whenever < a < c < oo, < b < d < oo. 

(3) is neutral element: a©0 = 0©a = a for all a G [0, oo]. 

(4) Continuity: for any sequences (a n ) n6 7v, (b n ) neN in [0,0©]^ such that lim a n = a and 

n— too 

lim 6 n = 6 it holds lim a„ © b n = a © 6. 

(5) Commutativity: a © b = b © a for all a, 6 G [0, oo]. 

Lemma 2.1 (Aczel's theorem) Let g be a positive strictly monotone function defined on [a, b] C 
(— oo, +00) such that G Ran(g). The generalized generated pseudo-addition © and the general- 
ized generated pseudo-multiplication are given by 

x®y = g~ 1 (g(x)+g(y)), 

xQy = g~ 1 (g(x)g(y)), 

where g~ l is pseudo-inverse function for function g: g^ 1 (y) = sup{x G [a,5]|g(:r) < y} if g is a 
non-decreasing function and g~ 1 (y) = sup{x G [a, 5]|g(:r) > y} if g is a non-increasing function. 
Example 2.2 Suppose that = 1 — x (x G [0, 1]), then its pseudo-inverse is 



1 - x, x G [0, 1], 
0, x G [1, +00). 



And x Q)y = g^ 1 (g(x) + = max{0, x + y — 1}, this is Lukasiewicz t-norm. 



3. Construction of pseudo fuzzy rough approximation operators 

Definition 3.1 Let U and W be two nonempty sets, R a fuzzy relation from U to W, then 
(U, W : R) is called a fuzzy approximation space, g : [0, 1] — > [0, +00) is a strictly decreasing 
function such that g(l) = and g(x) + g(y) G Ran(g) U [g(0 + ), +00) for all (x, y) G [0, l] 2 . Then 
for any A G F(W), the pseudo-lower approximation R^A) and the pseudo-upper approximation 
R®(A) of A are defined as follows, respectively: 

R 9 (A)(x) = /\ {1 - y) © (1 - A(y))} = /\ {1 - g-\g(R(x, y)) + g(l - A(y)))}, xeU; 

R & (A)(x)= \/ {R(x,y)@A(y)}= \J {g-\g(R(x,y)) + g(A(y)))},x G U. 

y&W y£W 

The pair (R_ e (A), R e (A)) is called a pseudo-generalized fuzzy rough set. R_ e and R e are re- 
ferred to as the pseudo-lower and pseudo-upper fuzzy rough approximation operators, respectively. 
Example 3.1 Suppose that (U, W, R) is a fuzzy approximation space, where U and W are two 
sets called object set and attribute set. Let U = {x\, X2, £3}, W = {ai, 02, 03, 04}. R G x W) 
is a fuzzy relation from U to W and i? can be seen in Table 2: 
For a fuzzy attribute set 

A = 0.8/ai + 0.3/a 2 + l/a 3 + 0.9/a 4 G ^(W), 
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Table 1: A fuzzy approximation space 





ai 


a 2 


a-3 


a 4 


X\ 


1 


0.4 





0.1 


X2 


0.3 


0.9 


0.7 


0.6 


X 3 


0.9 


0.2 


1 






if we take a strictly decreasing function as 

g(x) = 1 -x (x G [0,1]), 

then the pseudo-lower approximation R$(A) and the pseudo- upper approximation R®(A) of A 
can be computed as follows: 

R^A)^) = min{l-^- 1 (0 + 0.8),l-^- 1 (0.6 + 0.3),l-^ 1 (l + l),l-^ 1 (0.9 + 0.9)} = 0.8; 

R e (A)(x 2 ) = min-fl-^-^O. 7+0.8), 1-# _1 (0. 1 + 0.3), 1 — ^- 1 (0.3 + 1), l-g'^OA + O^)} = 0.4; 

R (B (A)(x 3 ) = min{l-^- 1 (0.1 + 0.8),l-^- 1 (0.8 + 0.3),l-^ 1 (0 + l),l-^ 1 (l + 0.9)} = 0.9; 

#©(A)(a;i) = max^-^O + 0.2), # _1 (0.6 + 0.7), g~\\ + 0),^ _1 (0.9 + 0.1)} = 0.8; 

R (B (A)(x 2 ) = max{^- 1 (0.7 + 0.2),^- 1 (0.1 + 0.7),5- 1 (0.3 + 0),^- 1 (0.4 + 0.1)} = 0.7; 

Rq(A)(x 3 ) = max^-^O.l + 0.2), ^(O.S + 0.7), ^(O + 0), g~\l + 0.1)} = 1. 
That is, 

Rq(A) = 0.8/xi + 0.4/x 2 + 0.9/x 3 , 

R e (A) = 0.8/xi + 0.7/x 2 + l/x 3 . 

Remark 3.1 If R is a crisp binary relation from U to W , then the pseudo fuzzy rough approxima- 
tion operators defined in Definition 3.1 are degenerated into the approximation operators defined 
in [36]. That is, for every A G F(W), x G U, 

Rq(A)(x) = sup{A(y)\y G R s (x)}, R e (A)(x) = m£{A(y)\y G R s (x)}, 

where R s (x) = {y G W\(x, y) G R}. 
In fact, 

Re(A)(x) 
= \/{9-\9(R{x,v))+9(A(y)))} 

= sup{( ? - 1 (( ? (l) + g(A(y)))\y G R s {x)} V sup^-^O) + g(A(y)))\y £ R s {x)} 
= sup{( ? - 1 (( ? (l) + g{A{y)))\y G R s (x)} 
= sup{g- 1 (0 + g(A(y)))\yeR s (x)} 
= sup{A(y)\y G R s (x)}, 
R e (A)(x) 

= /\{l-g-\g(R(x,y))+g(l-A(y)))} 

yew 

= mi{l-g-\g(l) + g(l-A(y)))\y G R s (x)} ^mi{l-g-\g(0) + g(l-A(y)))\y { R s (x)} 
= inf{l - ^(l) + g(l - A{y)))\y G R s (x)} 
= inf{l - g-^0 + g(l - A{y)))\y G R s (x)} 
= M{A(y)\yeR s (x)}. 

60 

SHI ETAL 56-66 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.1, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 
Z.H. Shi, Z.T. Gong: Measuring fuzziness of generalized fuzzy rough sets induced by pseudo-operations 



Remark 3.2 If R is a crisp binary relation on U and A is a crisp set on U, then the pseudo fuzzy 
rough approximation operators defined in Definition 3.1 are degenerated into the approximation 
operators defined in [7]. That is, for any A G P(U), x G U, 

R®(A) = {xe U\R s {x) ni^}, R e (A) = {x e U\R s {x) C A}. 

where R s (x) = {y G U\(x,y) G R}. 

In fact, by Remark 3.2, we know that if A G P(U) then for any x G U, 

x G ^Re(A) <^> R® ( A) (x) = 1 <^> 3 y G R s (x) such that = 1, i.e., y G A <^> i? s (x) nA^, 
x G Ee(^) ^ i?© 04)0*0 = 1 ^ = 1 for every y G R s (x), i.e., y G A <^> i? s (x) C A. 
Remark 3.3 If R is a crisp equivalence relation on U and A is a fuzzy set on U, then the 
pseudo fuzzy rough approximation operators defined in Definition 3.1 are degenerated into the 
approximation operators defined in [27]. That is, for every A G F{U), x G U, 

R®(A)(x) = sup{A{y)\y G [x] R }, E e (A)(x) = m£{A(y)\y G [x] R }. 

In fact, if R is a crisp equivalence relation on U, then R s (x) = [x] R . 
Remark 3.4 If R is a crisp equivalence relation on U and A is a crisp set on U, then the 
pseudo fuzzy rough approximation operators defined in Definition 3.1 are degenerated into the 
approximation operators defined in [1]. That is, for any A G P(U), x G U, 

R @ {A) = {xe U\[x] R nA^ 0}, R^A) = {xe U\[x] R C A}. 

( 0.8 0.9 0.6 \ 

Example 3.2 Let U = {xi,x 2 ,x 3 } be the universe of discourse, R = 0.7 0.9 0.1 be a 

v 0.8 0.2 0.8 i 

fuzzy relation on U . Suppose that A,B,C G ^F(U), and 

A = 0A/xi + 0.5/x 2 + 0.8/x 3 ; 

B = 0.6/xi + 0.7/x 2 + 0.2/x 3 ; 

C = 0.6/xi + 0.8/x 2 + 0.9/x 3 . 

Let g : [0, 1] — ■> [0, +oo) given by g(x) = 1 - x be a generating function for pseudo-addition ©, 
then we can compute that 

R e (A) = 0.6/xi + 0.6/x 2 + 0.6/x 3 ; 

R e (A) = 0.4/xi + 0.4/x 2 + 0.6/x 3 ; 

= 0.6/xi + 0.8/x 2 + 0.4/x 3 ; 

R(b(B) = 0.6/xi + 0.6/x 2 + 0.4/x 3 ; 

R e (C) = 0.9/xi + l/x 2 + 0.9/x 3 ; 

R e (C) = 0.7/xi + 0.7/x 2 + 0.7 /x 3 . 

From computation above, we can find A C C implies that Rq(A) C i? e (C) and i?©(A) C i? e (C). 
Furthermore, 

A n B = 0.4/xi + 0.5/x 2 + 0.2/x 3 , 
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A U B = 0.6/xi + 0.7/x 2 + 0.8/x 3 . 

And 

R e (A nB) = 0.6/xi + 0.6/x 2 + 0.4/x 3 
R®(A nB) = OA/xi + 0A/x 2 + 0.2/x 3 
R e (A UB) = 0.8/xi + 0.8/x 2 + 0.8/x 3 
R<s{A UB) = 0.6/xi + 0.6/x 2 + 0.6/x 3 . 

Thus, we notice that 

R e (AnB) = R (B (A)nR e (B), R e (A U B) = R e (A) U R e (B); 
R e (A UB)D Eq(A) U R e (B), R e (A n B) C i! e (A) n i! e (£). 

4. Measuring fuzziness of pseudo-generalized fuzzy rough sets 

Let (£/, W 7 , i?) be a fuzzy approximation space, where U and W are two nonempty sets, R is 
a fuzzy relation from U to W 7 . For any A e ^"(W), the pseudo-generalized fuzzy rough set of A 
is GS©C<4-)) -R©(^-))- Thus in the fuzzy approximation space (U, W,R), A is approximated by two 
fuzzy sets, one called the pseudo-lower approximation of A, and another called the pseudo-upper 
approximation of A. In this section, we suppose that U = W and give an approach to measuring 
the fuzziness of pseudo-generalized fuzzy rough sets. 

Definition 4.1 Let U be a universe of discourse, R be a fuzzy relation on U. For any x £ U and 
A E F(U), the degree of rough membership of x in A is defined by 



r(A)(x) = 



E ygt ,[fl(s,y)®A( y )] 



From Definition 4.1, we note that the fuzzy set A and fuzzy relation R on U can induce a new 
fuzzy set r(A) of U. 

Theorem 4.1 For any fuzzy sets A, B <E F(U), 

(1) if AC B, then r{A) C r(B); 

(2) r(A n B) C r(A) n r(S), r(A U 5) D r(A) U r(5). 
Proof 

(1) Since for any x E U, A(x) < B{x). By Definition 4.1, we have 

r{A){x) = Z^WJ) - = r(B)W ' 

So r(A) C r(S). 

(2) For any ^(^), we have An B C A and An B C B. It implies that 

r(ylnB)Cr(4 r{AnB)Cr(B). 

Thus, r(A H5)C r(A) n r(B). 

r(A U B) D r(A) U r(B) can be proved in a similar way. □ 
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Definition 4.2 Let U be a universe of discourse, R be a fuzzy relation on U, A e J~(U). The 
fuzziness of pseudo-generalized fuzzy rough set (R & (A), R e (A)) is defined by 



FR(A) = --L^r^)^) .\og 2 r(A)(x). 



X&J 

Example 4.1 (Continue the Example 3.2) 

/ 0.8 0.9 0.6 \ 

In Example 3.2, fuzzy relation R = 
as follows, respectively: 



0.7 0.9 0.1 
0.8 0.2 0.8 



, three fuzzy sets A,B,C are denoted 



A = 0.4/xi + 0.5/x 2 + 0.8/x 3 ; 
B = 0.6/xi + 0.7/x 2 + 0.2/0:3; 
C = 0.6/xi + 0.8/2:2 + 0.9/x 3 . 
Meanwhile, <7(x) = 1 — x (x e [0, 1]). Thus, we can compute that 

-1 (O.2 + 0.6) + g-\0.1 + 0.5) + g-\0A + 0.2) 



r(A)(xi) = 



0.8 + 0.9 + 0.6 



In a similar way, we get 



0.2 + 0.4 + 0.4 

0.8 + 0.9 + 0.6 
0.435. 



r(A)(x2) = AL±M±£. = , 294 , 

v A ; 0.7 + 0.9 + 0.1 

, 4W , 0.2 + + 0.6 

r M x 3 = = 0.444. 

V A 3; 0.8 + 0.2 + 0.8 



That is, 



r(A) = 0.435/x! + 0.294/x 2 + 0.444/x 3 . 
In addition, we can obtain that 

r(B) = 0.435/xi + 0.529/x 2 + 0.222/x 3 , 

r(C) = 0.783/x! + 0.588/x 2 + 0.555/x 3 , 
r(A HB) = 0.261/xi + 0.294/x 2 + 0.111/x 3 , 
r(A UB) = 0.609/x! + 0.529/x 2 + 0.555/x 3 . 
From computation above, we note that 

ACC^ r(A) C r(C), r(A n B) C r(A) n r(S) and r(A U B) D r(A) U r(S) hold. 
Furthermore, we have 

FR(A) = -^(0.435 x log 2 0.435 + 0.294 x log 2 0.294 + 0.444 x log 2 0.444) « 0.521; 
FR(B) = -J(0.435 x log 2 0.435 + 0.529 x log 2 0.529 + 0.222 x log 2 0.222) « 0.497; 
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FR(C) = --(0.783 x log 2 0.783 + 0.588 x log 2 0.588 + 0.555 x log 2 0.555) « 0.399; 
FR(A HB) = -^(0.261 x log 2 0.261 + 0.294 x log 2 0.294 + 0.111 x log 2 0.111) « 0.459; 

FR(A UB) = -^(0.609 x log 2 0.609 + 0.529 x log 2 0.529 + 0.555 x log 2 0.555) « 0.464. 

From the results of Example 4.1, we note that FR(A) > FR(C) whenever A C C, but for 
A n B C A, FR(A DB)< FR(A). 

It can be shown that for any A,B<E F(U), if A C S, Fi2(A) < or Fi2(A) > Fi2(S) 

does not hold. 

5. Conclusions 

At present, there are many researchers about pseudo- analysis. Pseudo-analysis has been ap- 
plied in different fields. It is interesting to combine pseudo-operations and rough set in order to 
expand the application domain of pseudo- analysis and rough set. In this paper, we presented a 
generalized fuzzy rough set model based on pseudo-operation, constructed pseudo fuzzy rough ap- 
proximation operations. Some properties of the proposed generalized fuzzy rough approximation 
operators also investigated. At the same time, the fuzziness of pseudo-generalized fuzzy rough 
sets is given. 
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Abstract 

This paper investigates the qualitative behavior of viral infection model with multitarget cells in vivo. 
The infection rate is given by Crowley-Martin functional response. By assuming that the virus attack n 
classes of uninfected target cells, we study a viral infection model of dimension 2n + 1 with distributed 
delay. To describe the latent period for the contacted target cells with viruses to begin producing viruses, 
two types of distributed delay are incorporated into the model. The basic reproduction number Rq of the 
model is defined which determines the dynamical behavior of the model. Utilizing Lyapunov functionals and 
LaSallc's invariance principle, we have proven that if i?o < 1 then the uninfected steady state is globally 
asymptotically stable, and if R > 1 then the infected steady state is globally asymptotically stable. 

Keywords: Viral infection; Global stability; Delay; Crowley-Martin functional response. 
AMS subject classifications. 92D25, 34D20, 34D23: 



1 Introduction 

Mathematical models have proven their importance in understanding the dynamical behaviors of various viruses 
such as human immunodeficiency virus (HIV), hepatitis B virus (HBV), hepatitis C virus (HCV), etc. [1]. The 
interatcion of the virus and target cells has been formulated as ordinary differential equations in several works 
(see e.g. [2], [3], [4], [12], [11], [5] and [6]). The basic mathematical model describing the dynamics of viral 
infection can be written in a general form as [6] : 

x = A — dx — h(x,v), (1) 
y = h(x,v)-5y, (2) 
v = ky — rv, (3) 

where x, y and v represent the populations of the uninfected target cells, infected cells and free virus particles, 
respectively. The uninfected cells are generated from sources within the body at rate A. The parameter d is the 
death rate constant of the uninfected target cells. Eq. (2) describes the population dynamics of the infected 
cells and shows that they die with rate constant 5. The virus particles are produced by the infected cells with 
rate constant k, and are cleared from plasma with rate constant r. The function h{x, v) represents the incidence 
rate of infection and it has been considered in the viral infection models by different forms: 

• Bilinear incidence rate [2], [3]: h(x,v) — f3xv. 

• Saturated incidence rate [30]: h(x,v) — 



l+bv ' 

• Holling type II functional response [34]: h(x,v) — f^ x ■ 



0xv 



l+ax+bv ' 



• Bcddington-DeAngelis infection rate [28]: h(x,v) 

• Crowley-Martin functional response [31], [32]: h(x,v) — ( 1+a ^ 1+bv ^ , where a, b > and j3 is the rate con- 
stant characterizing infections of the cells. The Crowley-Martin type of functional response was first introduced 
by Crowley and Martin [33]. 

Model (l)-(3) is based on the assumption that, once the virus contacts a target cell, the cell begins producing 
new virus particles. More realistic models incorporate the delay between the time of viral entry into the 
target cell and the time the production of new virus particles, modeled with discrete time delay or distributed 
time delay using functional differential equations. Many researchers have devoted their effort in developing 
various mathematical models of viral infections with discrete or distributed delays and studying their qualitative 
behaviors (see e.g. [8], [10], [9], [27], [29], [24], [26], [22], [21], [34]). 
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In the literature, most of the proposed mathematical models for viral infection assume that the virus has 
one class of target cells, (e.g. CD4+ T cells in case of HIV or hepatic cells in case of HCV and HBV) (see e.g. 
[2], [3] and the book Nowak and May [1]). In [7], [25], [13], [15], [18], [19], and [16], some HIV models with 
two classes of target cells, CD4 + T cells and macrophages have been proposed. The global stability of these 
models has been investigated in ([13], [15] and [16]). Because the interactions of some types of viruses in vivo 
is complex and is not known clearly, we would suppose that the virus may attack n classes of target cells where 
n > 1 [14], [17]. In [17], models with discrete-time delays and saturated incidence rate have been studied. Elaiw 
[14] studied a class of virus infection models with multitarget cells without time delay. 

The purpose of this paper is to propose a viral infection model with multitarget cells and Crowley-Martin 
functional response and investigate its qualitative behavior. We incorporate distributed delay into the model 
which represents an intracellular latent period for the contacted uninfected target cells with virus to begin 
producing new virus particles. The global stability of this model is established using Lyapunov functionals and 
LaSalle's invariance principle. We prove that the global dynamics of this model is determined by the basic 
reproduction number R . If i? < 1, then the uninfected steady state is globally asymptotically stable (GAS) 
and if Rq > 1, then the infected steady state exists and is GAS. 



2 Model with distributed time delays 

In this section we propose a virus dynamics model with multitarget cells and multiple distributed intracellular 
delays. 

■ (A - \ - A _ ftgjftM*) • _ , , A , 

xm-m a iXi (1 + aiXi[tm + hiV{t) y i-L,...,n W 

Ti 

Ut) =h[ fi(r)e- m ^ Xi( ? ~ ^ ~. T) (i dT-5 iyi (t), i = l,...,n (5) 

J (1 + aiXi(t - r))(l + biV{t - r)) 

o 

*(*) = / ^{r)e- n ^ Vl {t - r)dr - rv(t), (6) 

i=i { 

where Xi and t/j represent the populations of the uninfected target cells and infected cells of class i, respectively, 
v is the population of the virus particles. To account for the time lag between viral contacting a target cell and 
the production of new virus particles, two distributed intracellular delays are introduced. It is assumed that the 
target cells of class i are contacted by the virus particles at time t — r become infected cells at time t, where r 
is a random variable with a probability distribution fi(r) over the interval [0,r,] and Tj is limit superior of this 
delay. The factor e~ miT accounts for the loss of target cells during delay period where m, is positive constant. 
On the other hand, it is assumed that, a cell infected at time t — r starts to yield new infectious virus at time 
t where r is distributed according to a probability distribution gi(r) over the interval [0,/Xj] and /ii is limit 
superior of this delay. The factor e _ " iT account for the cells loss during this delay period where m is positive 
constant. All the other parameters of the model have the same biological meaning as given in model (l)-(3). 
The probability distribution functions /»(r) : [0,r,] — > R + and gi(r) : [0,/Zj] — > M+ are integral functions 

Ti Mi Ti jli 

with J fi(r)dT = J gi(r)dT = 1, % = l,...,n. Define Fj = J f l (r)e~' miT dT and Gi = J g t {T)e^ nil dr , m l > 0, 

oo^ o o 

rii > 0. It is clear that < Fi < 1 and 0<G,<1, i = 1, ...,n. 

The initial conditions for system (4)- (6) take the form 

x j( 9 ) = Vj(0) = <Pj+n(0), j = l,...,n, v{6) = (p 2 n+l(0), 

<Pj{0)>O, 9€[-£,0), ^(0)>0, j = l,...,2n + l, (7) 

where I = maxjri, r„, fj,i, fj, n }, ((fi(9), <P2(&), <fi2n+i(8)) € C and C = C([— £, 0], M^ n+1 ) is the Banach 
space of continuous functions mapping the interval [—£, 0] into By the fundamental theory of functional 

differential equations [20], system (4)-(6) has a unique solution satisfying initial conditions (7). 



2.1 Non- negativity and boundedness of solutions 

In the following, we establish the non-negativity and boundedness of solutions of (4)-(6) with initial conditions 
(7). Let x = (xi,x 2 , ■■■,x n ) T and y = (yi,y 2 , •■•,y™) T '■ 

Proposition 2. Let (x(£), y(i), v(t)) be any solution of (4)-(6) satisfying the initial conditions (7), then 
x(f),y(i) and v(t) are all non-negative for t > and ultimately bounded. 
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Proof. First, we prove that Xi(t) > 0, i = 1, ...,n, for all t > 0. Assume that lose its non-negativity 
on some local existence interval [0,w] for some constant u and let t\ € [0, co] be such that Xi(ti) — 0. From Eq. 
(4) we have Xi{ti) — Xi > 0. Hence Xi(t) < for some t £ (ti — £, ti), where e > is sufficiently small. This 
leads to a contradiction and hence Xi{t) > 0, for all t > 0. Further, from Eqs. (5) and (6) we have 



t 



W (t) = W (0)e-'** + A y e"^-") jh{r)e-^ 



(1 + a 4 Xi(?7 - t))(1 + M(?7 - r)) 
o o 



drdrj, 



n 1 w 
«(t) = v(0)e- rt + J2hj j gi^e-^yiiv - ^drdrj, 



confiming that > 0, i = 1, n, and > for all i € [0, £]. By a recursive argument, we obtain yi(t) > 0, 
i = 1, n, and > for all i > 0. 

Now we show the boundedness of the solutions of (4)-(6). Eqs. (4) imply that lim sup^^ Xi (t) < x® 7 

Ti 

where x® — Xi/di, and thus Xi(t) is ultimately bounded. If follows that J fi(T)e~ miT Xi(t — r)dr < Fix®. Let 

o 

Ti 

Xi(t) = J fi(T)e- miT Xi{t - r)dr + yi (t), i = l,...,n, then 
o 

Ut) = 1 h{r)e- m ^ (Xi - d iXi (t - r) - <— ^f'^f^l ^) dr 

J V {1 + aiXi(t - t))(1 + biv(t - T)) J 



+ f Mr)e-^ ~wi ( !w, SS dT «*) ^ FiXi - aiXi ^' 

J (1 + a iXi {t - t))(1 + biv(t - t)) 



Ti 

where o-j = minjrfj, Si}. Hence lim sup^^ (t) < L i7 where Li — XiFijui . Since J fi(T)e~ miT Xi(t — r)dr > 0, 

o 

we get limsupj^^ yi(t) < Li. On the other hand, 

Mi 

n ^ ft 

< klLl / ft( T ) e_ " lTdT -rv = ^2 kiLid - rv 

»=1 n i=l 



then limsup^^ < L* , where L* = ^ ■ Therefore, x(t),y(i) and are ultimately bounded. □ 

»=i 

2.2 Steady states 

System (4)-(6) has an uninfected steady state E = (x°,y°,u°), where x® — y® — 0, i — 1, ...,n and v° = 0. 
In addition to Eq, the system can has a positive infected steady state E\(x* , y* , v*). The coordinates of the 
infected steady state, if they exist, satisfy the equalities: 

X i = d i x* + —- \\ i = l,...,n, (8) 

(1 + aiX*)(l + biV*) 

n 

rv* =Y,Gik iy *. (10) 

i=i 

The basic reproduction number of system (4)-(6) is given by 

where Ri is the basic reproduction number for the dynamics of the interaction of the virus only with the target 
cells of class i. 

Lemma 1. If R > 1, then there exists a positive steady state E\. 
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Proof. To compute the steady states of model (4)-(6), we let the right-hand sides of Eqs. (4)-(6) equal 
zero, 

Xi-diXi-j— — r- = 0, i = l,...,n, (12) 

(1 + aiXi)(l + b t v) 

Fi(3iXiV . / 10 i 

tz— W-, , , r - Oiy t = 0, i = l,...,n, (13) 

(1 + a,iXi)(l + hv) 

n 

G l k l y l - rv = 0. (14) 

i=l 

Solving Eq. (12) with respect to Xi, we get Xi as a function of v as: 



+ _ a i x i (l + b i v)-(l + fav) + ^/[(l + fav)-a i x%l + b i v)Y + 4a iX 9(l + b iV ) 2 

Xi ~ 2a,(l + M) ' (15) 

ai x%l + b lV ) - (1 + fav) - ^ [(1 + fav) - a iX ?(l + b iV )] 2 + ioixjil + hv) 2 

Xl ~ 2a,(l + M) ' (16) 



where, fa = hi — 



+ 



It is clear that if v > then xj > and x i < 0. Let us choose Xi — xj . From Eqs. (12)-(14) we have 

S;, 



£k i FiG 1{Xi _ diXi) _ rv = o 



i=l 

Since Xi is a function of v, then we can define a function Si(i>) as: 



s i( v ) = X! klF ^ Gl {Xi - diXi) - rv = 0. 



i=l 1 

It is clear that when v = 0, then ir^ = x° and S'i(O) = and when v — v — FiG & ik ^ Xi > 0, then substituting 
it in Eq. (15) we obtain > and 

Si(v) = - 7 — x i < o. 

i=i ° l 



Since S'i(w) is continuous for all v > 0, we have that 

l—l y 



Therefore, if R > 1, then ££(0) > 0. It follows that there exists w* <G (0,u) such that Si(v*) = 0. From Eq. 
(15), we obtain x* > 0, i = 1, ...,n. Moreover, from Eq, (13) we get y* > 0, i = 1, ...,n. □ 

2.3 Global stability 

In this section, we prove the global stability of the uninfected and infected steady states of system (4)- (6) 
employing the method of Lyapunov functional which is used in [23] for SIR epidemic model with distributed 
delay. 

Next we shall use the following notation: z = z(t), for any z e {xi,y i7 v, i — 1, ...,n}. We also define a 
function H : (0, oo) — > [0, oo) as H(z) — z — 1 — Inz. It is clear that H(z) > for any z > and H has the 
global minimum -ff(l) = 0. 

Theorem 1. (i) If R < 1, then £ is GAS. 

(ii) If R > 1, then E 1 is GAS. 

Proof, (i) Define a Lyapunov functional W\ as: 



' H (^) + h yi+ mI 9i{T)e ~ niT I yi(t ~ e)ddd7 



1+CliX® \x° 

T 







(t-0))(l + &it;(t-0)) 
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The time derivative of W\ along the trajectories of (4)-(6) satisfies 



dW l y kjFjGj 



dt 



1 + a { x\ 



Mr)e 



Xi - diXi 



Xi (t-T)v(t-T) 



PiXiV 



(f + a,iXi)(l + biv) 



{l + ai Xi{t-T)){l + biV(t-T)) Fi 

Xi{t - r)v(t - t) 



XiV 



(f + a lXi )(l + b t v) (f + a,iXi(t - t))(1 + b iV {t - r)) 



dr 



Hi n Hi 

+ F~k J 9i(^~ niT (Vi ~ Vi(t ~ r))dr + £ h j g^e^ Vi {t - r)dr - 



rv 



E 

»=i 





kind 



S, 



A,- 



9 _ — _ 



PiXiV 



+ 



l+d,i?\ x° Xi/ (l + aix1)(l + aiXi)(l + biv) 
PiX% (3 i x l v 



+ 



(1 + ciixl) (1 + a iXi )(l + biv) (f + aiXi){\ + b^) 



— rv 



E 

»=i 



-A, 



XiX°(f + CLiXf) 



fiix\v 



kiFiGidi [xi x®^j 
5iXi(l + a t xf) + T 



E 



(f + aix°i) (f + b lV ) 
FiGikifcx^v 



rv 



" / kiFiGidi (xj - Xj) | rb^v 2 
2->\ 6iXi{l + diX°) l + b,v 



^ S ir (l + a t x°)(l + b iV ) 
(R -l)rv. 



— rv 



(18) 



If R < 1, then ^ < for all x i: v > 0. By Theorem 5.3.1 in [20], the solutions of system (4)-(6) limit to M, 
the largest invariant subset of { = 0}. Clearly, it follows from (18) that = if and only if Xi — xf and 
v — 0. Noting that M is invariant, for each element of M we have v = 0, then v = 0. From Eq. (6) we drive 

n Hi 

that = v — J 9i( T ) e ~ niT kiy.i(t — r)dr. This yields yi = and hence = if and only if Xi — x°, yi = 



i=l o 



and v = 0. From LaSalle's invariance principle, Eq is GAS. 
(ii) We construct the following Lyapunov functional 



^ 2 = E 



hF.G, 



5t 



:Q. + oiTi), , i 



+ 



+ 



PiX*V* 



Fi (l + aix*)(l + biv*) 



i ( u ,„... , u . x^t - e)v(t - 0)(1 + a iX *){l + hv*) 



5 iy * 

FiGi 



Hi T 

J 9i{r)e- n ^jH 



Vi{t-e) 



o o 
Differentiating with respect to time yields 



d6dr 



+ 



x*v*{l + a t x t (t - 0))(1 + b t v(t - 9)) 

v*H(^). 

\v* 1 



dddT 



dW 2 = kjFjGj 
dt 2^ 5 t 

I— I 



1 

F 



Vi 



x*(l + ajXj) 

Xl {l+CLiX*) 
XiV 



PiXiV 



(1 + a,jXi)(l + bjv) 
Xi(t - r)v(t - t) 



(l + a,iXi(t-T))(l + biv(t-T)) 
Xi(t - r)v(t - t) 



dr - Sijji 



(1 + a iXi )(l + hv) (1 + a lXl (t - t))(1 + b t v(t - t)) 
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+ - 



Xj(t - r)v(t - r)(l + gigiXl + bjv) 
(1 + diX*)(l + b lV *) " V^(! + - t))(1 + - t)) 



In 



ft 



KG, 



fli(r)e- n ' T yi-»i(t-r) + y;in 



dr 



\ 2 — 1 n 



e niT Vi{t - t)cLt — rv\. 



Collecting terms of (19) we obtain 



dW 2 
dt 



= E 



kiFiGi 



i=l 



x*(l + ajXj) 



PiVXi 



__ A 
(l + a 4 .x*)(l + M) F 4 

(1 + ai <)(l + &. 



f.f r ) e -™^ j>?Xi(t-rHt-T) * 

M ' Vi(l+ OiXiit-TMl + bMt-T)) ^ Fi Vi 



Xjjt - T)v(t - r)(l + Oj^Kj- + hv) 
Xiv(l + a i x l {t - r))(l + biv(t - r)) 



dr 



+ 



M. 



ffi (r)e-"^ln 



2/i 



dr 



rt; - ^- ^ fc, J gi(r)e niT yi(t - r)dr + rv* . 



Using the infected steady state conditions (8)-(10), we obtain 



<m 2 ki ' 1 (; 



dt 



i=i 

A 
f 2 



x i (l + a i x i )\ t Si t x { (1 + a^i) 8 t t v(l + biv) 

—— — {diXi - diXi) - —yi —— + — Vi 

Xi(l + aiX*)J Fi Xi(l + aiX*) F l v*(l + b l v) 

dr 



^ 7 M J s?t;* W (1 + a^t - r))(l + & jW (t - r)) 
o 

a; i (t-T)u(t-r)(l + a i a; i )(l + 6i?;) 



.Tiw(l + Oja;i(i - r))(l + b t v(t - r)) 



.M. 

FiG t 



,(r)e-"- T ln 



, 5» * v 



Fi F^ 



V* / fl^K 



.v*Vi{t-T) 
vy* 



dr 



= E 



i=l 



5i 



x _ <(l+_ffljgi) 

Xj(l + CliX*) 



(d iX * - dixi) + ^y* 



v t v(l + biV*) t l + b,v 



v* v*(l + biv) 1 + biV*^ 



1 * rr 

-Fi^ H 



x*(l + diXi) 

Xi(l + CLiX*) 



* TT 



1 + b { v 



Si 

~Ff' 



Sj 
FjGi 



l i 

J fi(r)e 



1 + biV 

Xj(t - T)v(t - r)y*(l + a t x*)(l + b lV *) 
x*v* yi (1 + aix.it - r))(l + b iV {t - r)) 

v*yi(t - t) 



dr 



dr 
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kiFiGi 



Sitfbi (v-v*f 



Xi{l + a iX *) F iV * (l + b iV )(l + biV*) Fj 



x*{\ + ajXj) 
Xi(l + aix\) 



Si * 



1 



1 + M* 



Xjif - T )v(t - T)y*(l + a iX *)(l + b lV *) 
x*v*yi (1 + aiXi(t - r))(l + b t v(t - r)) 



o 



vy* 



dT 



It is easy to see that if x*,y*,v* > 0, i = 1, ...,n, then < 0. By Theorem 5.3.1 in [20], the solutions of 
system (4)-(6) limit to M, the largest invariant subset of = 0}- It can be seen that = if and only 

if = x*, w = v* , and H = i.e. 



(1 + ^^(t - r))(l + 6iu(i - r)) uy* 



= 1 for all t € [0,4 



(20) 



If v — v* , then from Eq. (20) we have yi = y* , and hence equal to zero at E\. LaSalle's invariance principle 
implies global stability of Ei.D 



3 Conclusion 

In this paper, we have investigated mathematical model of virus dynamics with distributed delay. We have 
assumed that the virus attack n classes of target cells. The infection rate is given by Crowley-Martin functional 
response. By defining the delay-dependent basic reproduction number Rq, we have discussed the existence of the 
steady states. The global stability of the uninfected and infected steady states of the model has been established 
using suitable Lyapunov functionals and LaSalle's invariant principle. We have proven that, if i? < 1, then the 
uninfected steady state is GAS and if Rq > 1, then infected steady state is GAS. 
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The parameter reduction of soft sets and its 

algorithm * 

Zhaowen Li' 1 " Ninghua Gao* 
February 21, 2013 

Abstract: Soft set theory is a new mathematical tool to deal with uncer- 
tain problems. In this paper, we prove the fact that there exists a one-to-one 
correspondence between "the set of all soft sets" and "the set of all 2- value in- 
formation systems". Base on this fact, we investigate the parameter reduction 
of soft sets by means of the knowledge reduction in rough set theory and give 
an algorithm. Parameters of soft sets are classified and the core of soft sets are 
obtained. 

Keywords: Soft sets; Rough sets; Information systems; One-to-one corre- 
spondences; Parameter reductions; Cores. 

1 Introduction 

In 1999, Molodtsov [6] proposed soft set theory as a new mathematical tool for 
dealing with uncertainties which is free from the difficulties affecting existing 
method. As reported in [6, 7] , a wide range of applications of soft sets have been 
developed in many different fields, including the smoothness of functions, game 
theory operations research, Riemann integration, Perron integration, probabil- 
ity theory and measurement theory. 

Presently, works on theory of soft sets are progressing rapidly. Maji et al. 
[8, 9] further studied the theory of soft sets, used this theory to solve some 
decision making problems. Jiang et al. [4] extended soft sets with description 
logics. Ge et al. [3] discussed relationships between soft sets and topological 
spaces. 

Rough set theory was initiated by [10] for dealing with vagueness and gran- 
ularity in information systems. This theory handles the approximation of an 
arbitrary subset of a universe by two definable or observable subsets called lower 
and upper approximations. It has been successfully applied to machine learning, 
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intelligent information systems, inductive reasoning, pattern recognition, mere- 
ology, image processing, signal analysis, knowledge discovery, decision analysis, 
expert information systems and many other fields (see [11]). 

Soft set itself has classification ability. The parameter reduction of soft sets 
means reducing the number of parameters for a soft set to the minimum without 
distorting its original classification ability. Thus, the parameter reduction of soft 
sets is a very important problem in soft set theory. Maji et al. [9] introduce 
parameter reduction of soft sets. Unfortunately some errors in [9] were pointed 
out by Chen et al. [2]. They present a new definition of parameterization 
reduction in soft sets. In [5], Kong et al. pointed out some odd situations 
which may occur when method of reduction of parameters in case of soft sets 
given in [2] is applied. So they introduced the concept of reduction of normal 
parameters. 

In [1], it has been seen that there is a very close relationship between soft 
sets and rough sets. The purpose of this paper is to investigate further the 
parameter reduction of soft sets with the help of rough set theory. We prove 
the fact that there exists a one-to-one correspondence between "the set of all 
soft sets" and "the set of all 2- value information systems". Base on this fact, we 
can do consider the parameter reduction of soft sets by means of the knowledge 
reduction in rough set theory. 

2 Preliminaries 

2.1 Soft sets 

Definition 2.1 ([6]). Let U be an initial universe and let A be a set of pa- 
rameters. A pair (/, A) is called a soft set over U, if f is a mapping given by 
f : A — » 2 U where 2 U is the power set of U. We denote (/, ^1) by fA- 

In other words, a soft set over U is a parameterized family of subsets of the 
universe U. For e e A, /(e) may be considered as the set of e-approximate 
elements of the soft set f a ■ 

Example 2.2. Let U = {hi,h 2 ,h 3 ,h,4,,h^} be a universe consisting of five 
stores. Let A = {0,1,0,2,0,3,0,4, 

a^, ae,a^} be is a set of status of stores where a\, a 2 , a 3 , a 4 , 0,5, a$ and ay 
represent respectively the parameters "high empowerment of sales personnel" , 
"medium empowerment of sales personnel", "low empowerment of sales per- 
sonnel", "good perceived quality of merchandise", "average perceived quality of 
merchandise" , "high traffic location" and "low traffic location", respectively. We 
define fA as follows 

f(a 1 ) = {h 1 }, f(a 2 ) = {h 2 ,h 3 ,h 5 }, f(a 3 ) = {h 4 }, f{a 4 ) = {h 1 ,h 2 ,h 3 }, 
f(a 5 ) = {h 4 ,h 5 }, f(a 6 ) = {h\,h 2 ,h 3 }, f{a 7 ) = {h 4 ,h 5 }. 

Soft sets fA can be described as the following Table 1. Lf hi G f(cij), then 
hij = 1; otherwise hij = 0, where hij are the entries in Table 1. 

2 
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Tabic 1: Tabular representation of the soft set Ja 





ai 


a 2 


«3 


0.4 


a 5 


a 6 


a 7 


hi 


1 








1 





1 





h 2 





1 





1 





1 





h 3 





1 





1 





1 





hi 








1 





1 





1 


h 5 





1 








1 





1 



Definition 2.3. Let Ja be a soft set over U . /a is called non-trivial, if for any 
a G A, /(a) ^ and /(a) ^ U. 

In this paper, we only consider non-trivial soft sets. 
2.2 Information systems 

Definition 2.4 ([11, 12]). Let U be a finite set of objects and let A be a finite set 
of attributes. The pair (U, A, V, g) is called an information system ( a knowledge 
representation system ), if g is an information function from U x A to V = 
U V a where every V a = {g(x, a) : a G A and x <G U} is the values of the 

aeA 

attribute a. 

Definition 2.5. An information system (U,A,V,g) is called 2-value, if V = 
{0,1}. 

Example 2.6. Let U = {hi, h 2 ,h 3 , /14} be a universe consisting of four patients, 
and let A = {ai, a 2 , 03} be a set of attributes where a\, a 2 and 03 represent 
respectively the attributes "headache", " muscle pain" and "fever". 

Now, we consider an information system (U, A,V, g), which describes the " 
symptoms of patients". For instance, "g{hi,a\) — yes" means "hi suffers from 
headache" and its functional value is yes; "3(^3,02) = no "means "h 3 has no 
muscle pain" and its functional value is no; "g{h^,a 3 ) — no" means "h^ doesn't 
have a fever" and its functional value is no. 

We define 

g(hi,ai) =yes, g{hi,a 2 ) =yes, g(hi,a 3 ) =no; 
g(h 2 ,ai) =yes, g(h 2 ,a 2 ) =yes, g(h 2 ,a 3 ) =yes; 
g(h 3 ,ai) =yes, g(h 3 ,a 2 ) =yes, g(h 3 ,a 3 ) =no; 
g(h 4 ,ai)=no, g(h 4 ,a 2 ) =yes, g(h 4 ,a 3 ) =no. 

Let hij be the entries. Lf g(hi,aj) —yes, then hij — 1; if g(hi,aj) —no, 
then h^ — 0. A 2-value information system (U,A,V,g) can be described as the 
following Table 2. 

Ln Table 2, V ai = {0, 1}, V a2 = {0, 1}, V aa = {0, 1}, V = \J a eA V a = {0, 1}. 
Let (U, A, V, g) be an information system and let P C A. We denote 
ind(P) = {{x, y) G U x U : g(x, a) — g(y, a) for any a G P}. 

3 
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Table 2: The 2- value information system (U,A,V,g) 





ai 


ai 


03 


hi 


1 


1 





hi 


1 


1 


1 


h 3 


1 


1 





hi 





1 






Obviously, ind(P) is an equivalence relation on U, which is called the equiv- 
alence relation induced by P. Sometimes, we replace respectively ind(P) and 
U/ind(P) by P and U/P where 

U/ind(P) = {[x] ind(P) :xeU}. 

Specially, we replace ind({a}) by a for a e A. 

Theorem 2.7. Let S = /a be a soft set over U and let Is — (U,A 7 V,g s ) 
be a 2-value information system induced by S. Then for any a € A, U/a = 
{f(a),U - f(a)}. 

Proof. Since 

a = {0, y) eU xU : g 8 (x, a) = g s (y, a)}, 

g s (x, a) = g s (y, a) = 1 or g s (x, a) = g s (y, a) = 0. 

This implies that {x, y} C f(a) or {x, y} (Z U - f(a). Thus U/a = {f(a),U - 
f(a)}. □ 



2.3 The relationship between soft sets and information 

systems 

Definition 2.8. Let S = $a be a soft set over U. Then Is = (U,A,V,g s ) is 
called a 2-value information system induced by S where g s : U x A—tV . 
For any x G U and a G A, 

a fx a) - I 1; X G /(a) ' 

Definition 2.9. Let I = (U,A,V,g) be a 2-value information system. Then 
Si = (fj, A) is called a soft set over U induced by I where fj:A—* 2 U and for 
any x e U and a e A, fi(a) = {x e U : g(x, a) = 1}. 

Lemma 2.10. Let S = fA be a soft set over U, let Is = (U,A,V,g s ) be a 
2-value information system induced by S over U and let Sj s — (fi s , A) be a soft 
set over U induced by Is- Then S — S] s . 
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Proof. By Definition 2.9, for any a £ A, fi s (a) = {x £ U : g s (x, a) = 1}. 
By Definition 2.8, for any x £ U and a £ A, 



a(xa) = ( xG/(a) ' 



This implies that g s (x, a) = 1 x £ f(a). So, for Va; £ [7, a e A, /(a) = fi s (a). 
Hence = (fi s ,A). This implies that S — Si s . □ 

Lemma 2.11. Let I = (U,A,V,g) be a 2-value information system, Let Si = 
{fi,A ) be a soft set over U induced by I and let Ls r = (U, A, V,g SI ) be a 2-value 
information system induced by Sj . Then L = L Sl . 

Proof. By Definition 2.8, for any x £ U and a e A, 

a (x a) = l 1; xe '^( fl )' 
9si( ' ' 1 0, xtMa). 

For any x £ U and a £ A, by Definition 2.9, fi(a) = {x £ U : g(x,a) = 1}. 
Since I = (U, A, V, g) is a 2-value information system, g(x, a) — for x £ fi(a), 
This implies that 

1, x £ //(a), 
0, x £ //(a). 



So for any x £ U and a £ A, g 3I (x,a) — g(x,a). Hence g Sl = g. This implies 
that that I = I Sl . □ 

Theorem 2.12. Let 

£ = {5 : S = fA is a soft set over U} 

and 

T = {L : L = (U, A, V, g)isa2 — valueinformationsystem}. 
Then there exists a one-to-one correspondence between E and T. 
Proof. Two mappings F : S — > T and G : T — > E arc defined as follows: 

F(S) = I s for VS £ S; G(J) = S 1 / /or VI £ T. 

By Lemma 2.9, G o F — i^ where G o F is the composition of F and G, and 
is is the identity mapping on E. 

By Lemma 2.10, FoG — ir where Go F is the composition of G and F, and 
ip is the identity mapping on T. 

Hence F and G are both a one-to-one correspondence. This prove that there 
exists a one-to-one correspondence between E and T. □ 
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3 The parameter reduction of soft sets 

Soft sets and rough sets are two different concepts to deal with uncer- 
tainty. Both of these concepts help in decision-making problems. Soft set itself 
has classification ability. The parameter reduction of soft sets means reducing 
the number of parameters for a soft set to the minimum without distorting its 
original classification ability. Specific approach is first classifying the parame- 
ter according to the importance of parameters and then finding the minimum 
set of parameters (ic., the core for a soft set) without distorting the original 
classification ability of soft sets. 

Reduction of parameters of soft sets plays a vital role in decision-making 
problems. Reduction of parameters can save expensive tests and time. 

Since there exists a one-to-one correspondence between "the set of all soft 
sets" and "the set of all 2- value information systems" ( see Theorem 2.12 ), 
we can do the parameter reduction of soft sets with the help of the knowledge 
reduction in rough set theory. 

Definition 3.1. Let be a soft set over U. 

(1) A* C A is called a parameter reduction of fA (brief, a fA-parameter 
reduction), if ind(A) = ind(A*) and ind(A) ^ ind(B) for any B C A* . 

(2) The intersection set of all fA-parameter reductions is called the core of 
fA- We denote it by core(fA)- 

In this paper, we denote the set of all /^-parameter reductions by pr(fA). 

Proposition 3.2. Let fA be a soft set over U . Then pr(fA) ^ 0- 

Proof. (1) If ind(A) ^ ind(A — {a}) for any a £ A, then A itself is a 
parameter reduction. 

(2) If ind(A) — ind(A— {a}) for some a £ A, then we consider B x = A— {a}. 
If ind(A) ind(B\ — {6i}) for any b\ £ B\, B\ is a /^-parameter reduction. 
Otherwise, we consider B\ — {b{\ again and repeat the above mentioned process. 
Since A is a finite set, we can find a /^-parameter reduction. 

Thus, pr(f A ) + □ 

Definition 3.3. Let fA be a soft set over U and let pr(fA) = {Ci : 1 < i < n}. 

Then 

n 

(1) a £ A is called core, if a £ f] d — core(fA)- 

i=i 

n 

(2) a £ A is called relative indispensable, if a £ |J Cj — core(fA). 

i=l 

n 

(3) a £ A is called absolutely dispensable, if a £ A — [J Ci. 

i=i 

(4) a £ A is called dispensable, if a £ A — core(fA). 

Obviously, a £ A is dispensable if and only if a is relative indispensable or 
absolutely dispensable. 



G 



81 



LI ET AL 76-84 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.1, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



Definition 3.4. Let A, B C 2 U . A is called a refinement of B, if for any A G A, 

there exists B £ B such that A C B. We denote it by A < B. 

Lemma 3.5. Let R and p be two equivalence relations on U . Lf R C p, then 
U/R < VI p. 

Proof. Suppose that A G X/R. Since R is an equivalence relation on X, there 
exists such that A = [x]r. 

Suppose that y G [x]r. Then xRy. This implies that (x, y) G R. Since R C. p, 
(x,y) G p. This implies that y G [x] p . Then [x]r C [x] p . 

Pick B = [x] p . Then A C B and so X/i? < X/p. □ 

The following Theorem 3.6 and Corollary 3.7 give the parameter reduction 
of soft sets. 

Theorem 3.6. Let f A be a soft set over U. Then 
(!) \wUa)\ = 1 if and only if core{f A ) G pr(f A ). 

(2) a G core{f A ) if and only ifU/ind{A) ^ U/ind{A— {a}). 

(3) a G A is dispensable if and only if U/ind(A) = U /ind(A — {a}) . 

Proof. (1) Sufficiency. Let core(fA) G pr(f A ). Note that pr(f A ) — {Ci : 1 < 
i < n}. We only need to prove n = 1. 

1) Suppose n — 2. Then there are only two different /^-parameter reductions 
Ci and C2. 

a) If d C C 2 . Since C 2 G pr(/ A ), ind(4) 7^ ind{C{). Then Ci ^ pr(/ A ). 
This is a contradiction. 

b) If Ci C Ci. We can similarly prove that this implies a contradiction. 

c) If Ci ^ C 2 and C 2 ^ Ci. Obviously core(f A ) = C\nC 2 and core(f A ) C 
Ci. Since Ci G pr(f A ), ind(A) ^ ind{core{f A )). Then core{f A ) £pr(f A ). This 
is also a contradiction. 

2) Suppose n > 3. This is similar to the proof of 1). 
Thus \pr{f A )\ = 1. 

Necessity. This is obvious. 

(2) Sufficiency. Suppose that U/ind(A) ^ U/ind(A— {a}). We claim that 
a G Ci for any 1 < i < n. Otherwise, a £ Ci for some C, . This implies that 
U/ind(A) = U/ind(Ci ). Since ind(Ci ) D ind(A — {a}) D md(A), by Lemma 
3.5, U/ind{C io ) > U/ind(A-{a}) > U/ind(A). So U /ind(A) = U/ind(A-{a}), 
a contradiction. 

This implies that a G core(f A ). 

Necessity. Suppose that U/ind(A) — U/ind(A — {a}). Since pr(f A ) ^ 0, 
there exists B[ <Z A — {a} such that B[ G pr(f A ). So a ^ core(f A ). This is a 
contradiction. 

Thus U/ind{A) ^ U/ind{A - {a}). 

(3) Sufficiency. Suppose that U/ind(A) = U/ind(A — {a}). Since A — {a} is 
a finite set, there exists B 2 C A — {a} such that -B 2 G pr(f A ). So a ^ core(f A ). 
This implies that s£ A - core(f A ). 
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Thus a is a dispensable parameter. 

Necessity. Suppose that U/ind(A) ^ U/ind(A — {a}). Similar to the proof of 
(2), we have a E core(fA)- Then a £ A — core(f A )- Note that a is a dispensable 
parameter. Then a E A — core{f a). This implies a contradiction. 

Thus U/ind(A) = U/ind(A - {a}). □ 

Corollary 3.7. core(f A ) = {a E A : U/ind(A) ^ U/ind(A - {a})}. 

4 Algorithms 

Algorithms 4.1. Let /a be a soft set over U. The algorithm of parameter 
reduction is shown as follows: 

Input: A soft set 

Output: pr{fA) and core(fA). 

Step 1. Calculate U/ind(A) and U/ind(A — {a}) for any a E A; 
Step 2. // U/ind(A) ^ U/ind(A - {a}) for any a E A, then pr(f A ) = {A} 
and core{fA) = A; 

Step 3. // U/ind(A) = U/ind(A — {a}) for some a E A, then we consider 
B 1 = A - {a}. If U/ind{A) ^ U/ind{B 1 - {h}) for any bi E B\, then B 1 E 
pr(f A ); Otherwise, we consider B\ — {bi} again; 

Step 4. Output pr{f a) and core(j 'a). 

Example 4.2. Let U = {hi, h 2 , h 3 , h 4 , h 5 }, A = {ai, a 2 , a 3 , o 4 } and let fA be 
a soft set over U , defined as follows 

/(ai) = {hi, h 2 , h b }, f(a 2 ) = 0, /(a 3 ) = {h 3 }, f(a 4 ) = {h 3 , h 4 }. 

By Theorem 2.7, we have U /a± — {/(ai), U-f(ai)} — {{hi, h 2 , h 5 }, {h 3 , h 4 }}, 

C//a 2 = {f(a 2 ), U - f(a 2 )} = {{hi, h 2 , h 3 , h 4 , h 5 }}, 

£//a 3 = {/(o 3 ), U - f(a 3 )} = {{h 3 }, {hi,h 2 , h A , h 5 }}, 

U/a.4, = {f{a 4 ),U - f(a 4 )} = {{h 3 ,h 4 },{hi,h 2 ,h 5 }}. And 

U/A = {{hi,h 2 ,h 5 }, {h 3 }, {h 4 }}. U/ind{A-{ai}) = {{h u h 2 ,h 5 }, {h 3 }, {h 4 }} = 
U/ind(A). 

U/ind(A - {a 2 }) = {{hi,h 2 ,h 5 }, {h 3 }, {h 4 }} = U/ind(A). 
U/ind{A - {a 3 }) = {{hi,h 2 ,h 5 }, {h 3 , h 4 }} ? U/ind{A). 
U/ind(A - {o 4 }) - {{hi,h 2 ,h 5 }, {h 3 }, {h 4 }} = U/ind(A). 
This implies that 

U /ind({a 2 ,a 3 ,a 4 }) = U / ind({ai , a 3 , a 4 }) = U/ind({ai,a 2 ,a 3 }) = U/ind(A). 

Since U/ind({a 2 ,a 3 ,a 4 }) = U/ind({a 3 ,a 4 }), U/ind({a 3 ,a 4 }) 7^ U/ind({a 3 }) 
and U/ind({a 3 ,a 4 }) 7^ U/ind({a 4 }), {03,04} is a f A-parameter reduction. 

Since U/ind({ai,a 3 ,a 4 }) = U/ind({ai,a 3 }), U/ind({ai,a 3 }) 7^ U/ind({ai}) 
and U/ind({ai,a 3 }) 7^ U/ind({a 4 }), {01,03} also is a f A-parameter reduction. 

Obviously, 

pr(fA) = {{03,04}, {oi,o 3 }}, 
core(f A ) = {a 3 ,a 4 } n {01,03} = {a 3 }. 

8 
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Example 4.3. In Example 4-2, we have 

(1) 03 is core. (2) a\ and 04 are relative indispensable. 

(3) ci2 is absolutely dispensable. (4) a\, 02 and a± are dispensable. 
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FUNCTIONAL INEQUALITIES ASSOCIATED WITH BI-CAUCHY 
ADDITIVE FUNCTIONAL EQUATIONS 

GANG LU, CHOONKIL PARK, AND DONG YUN SHIN* 

Abstract. In this paper, we prove the Hyers-Ulam stability for the following functional 
inequalities: 

||/(a;i,3/i) + /(a;2,j/2) + /(a;3,j/3)|| < ||/(a;i + x 2 + x 3 ,yi + yi + y 3 )\\, (1) 

II t( \ i t( \ i ti mi s Ho j- ( Xl + x ' 2 + X3 2/i + fa +2/3 \ II 
\\f(xi,yi) + f(x2,y2) + f(x3,y3)\\ < \\2f ( , (2) 

\\f(x uyi ) + f(x2,V2) + 2f(x 3 ,y 3 )\\ < \\2f (*±±?1 + X3j y±±Ml + „ s j I (3) 
in Banach spaces. 



1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ulam [1] con- 
cerning the stability of group homomorphisms: Let (G\,*) be a group and let (G2,o,d) be a 
metric group with the metric d(-,-). Given e > 0, does there exist a 6(e) > such that if a 
mapping h : G\ — > G2 satisfies the inequality 

d(h(x * y), h(x) o h(y)) < 6 

for all x, y G G\, then there is a homomorphism H : G\ — > G2 with 

d(h(x),H(x)) < e 

for all x £ G\l If the answer is affirmative, we would say that the question of homomorphism 
H(x * y) = H(x) o H(y) is stable. The concept of stability for a functional equation arises 
when we replace the functional equation by an inequality which acts as a perturbation of the 
equation. Thus the stability question of functional equation is that how do the solutions of the 
inequality differ from those of the given functional equation? 

Hyers [2] gave a first affirmative answer to the question of Ulam for Banach spaces. Let X 
and Y be Banach spaces. Assume that / : X — > Y satisfies 

\\f( X + y)-f( X )-f(y)\\<e 

for all x, y G X and some e > 0. Then there exists a unique additive mapping T : X — > Y such 
that 

||/(x)-T(x)||<e 

for all x G X. 

Let X and Y be Banach spaces with norms || • || and || • |, respectively. Consider / : X — > Y 
to be a mapping such that f(tx) is continuous in t G 1Z for each fixed x G X. Th.M. Rassias 
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[3] introduced the following inequality, that we call Cauchy-Rassias inequality : Assume that 
there exist constants A > and p G [0, 1) such that 

\\f( X + y)-f( X )-f(y)\\<X(\\ X \\P +\\y\\P) 

for all x,y G A. Th.M. Rassias [3] showed that there exists a unique M-linear mapping T : 
A -)• Y such that 

9 A 

ll/(*)-n*)ll<2Z^IMI p 

for all x G X. Beginning around the year 1980 the topic of approximate homomorphisms, or 
the stability of the equation of homomorphism, was studied by a number of mathematicians. 
Gdvruta [4] generalized the Rassias' result. 

A square norm on an inner product space satisfies the important parallelogram equality 

||x + y|| 2 + ||a;-y|| 2 = 2||x|| 2 + 2||y|| 2 

The functional equation 

f(x + y) + f(x-y) = 2f(x) + 2f(y) 

is called a quadratic functional equation. In particular, every solution of the quadratic functional 
equation is said to be a quadratic mapping. A Hyers-Ulam stability problem for the quadratic 
functional equation was proved by Skof [5] for mappings / : X — > Y, where A is a normed space 
and Y is a Banach space. Cholewa [6] noticed that the theorem of Skof is still true if the relevant 
domain X is replace by an Abelian group. In [7], Czerwik proved the Hyers-Ulam stability 
of the quadratic functional equation. Borelli and Forti [8] generalized the stability result. 
The stability problems of several functional equations have been extensively investigated by a 
number of authors and there are many interesting results concerning this problem. A large list 
of references can be found in [9]-[28]. 

In this paper, let A be a vector space and Y a Banach space. A mapping / : X — > Y is 
called a Cauchy additive mapping if / satisfies the functional equation f(x + y) = f(x) + f(y). 
For a given mapping / : X x A — > Y, we define 

f(xi + x 2 ,yi + V2) = f(xi,yi) + f(x 2 , y-i) (1.1) 

for all (xi,yi), (x2, 2/2) G A x A. A mapping / : A x A — > Y is called a bi-Cauchy mapping if 
/ satisfies the functional equation (1.1). We investigate the functional inequalities (1), (2) and 
(3) and prove the Hyers-Ulam stability of the functional inequalities (1), (2) and (3). 

2. Hyers-Ulam stability of the functional inequality (1) 
Proposition 2.1. Let f : X x A — >■ Y be a mapping such that 

\\f(x uyi ) + /(z 2 ,y 2 ) + /(z3, 2/3) || < Wf(xi+X2 + x 3 , yi + y2 + y3)\\ (2.1) 
for all (xi, yi), (x2, J/2), (#3, 1/3) G A x A. Then the mapping f : X Y is bi-Cauchy additive. 
Proof. Letting (xi,yi) = (x 2 ,y 2 ) = ( x 3,2/3) = (0,0) in (2.1), we have 

||3/(0,0)|| < 11/(0,0)11 

and so /(0, 0) = 0. 

Letting x 1 = x, x 2 = -x, x 3 = 0,y 1 = y, y 2 = -y, y 3 = in (2.1), we get 

\\f(x,y) + f(-x,-y)\\ <0 

and so f(x, y) = — /(— x, —y) for all (x, y) G A x A. 
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Next, we show that / is a bi-Cauchy additive mapping. 

||/Oi,yi) + f(x2,V2) - f(xi + x 2 ,yi +2/2)|| 

= \\f{xi,y2) + f{x2,V2) + f(-xi -x 2 ,-yi -2/2)|| 

< 11/(0,0)11=0 

and so f(x 1 + x 2 , yi + y 2 ) = f{x 1 ,y 1 ) + f(x 2 ,y2) for all (si,2/i), {x 2 ,y 2 ) £ XxX, as desired. □ 
Theorem 2.2. Assume that a mapping f : X x X — > Y satisfies the inequality 

11/(^1,2/1) + f(X2,V2) + /(a?3, 2/3)|| 

< 11/ (#1 +x 2 + x 3 ,y 1 +2/2 + 2/3)11 +(f>((xi, 2/1), (#2,2/2), (z3,2/3)), 
where (p : (X x X) 3 — > [0, 00) satisfies 



(2.2) 



#1 2/1 \ 


/#2 


2/2 \ 


f#3 


2/3 


2J ' 2-?' / 


V2J 


2?'/ 


V2J 


2? 



00 



(2.3) 



for all (xi,2/i), (#2,2/2), (#3,2/3) G X x X. TTten i/iere existe a unique bi-Cauchy additive map- 
ping A : X x X — > Y such that 

\\A(x, y) - /(s, y)\\ < $ ((|, |) , (|, |) , (-s, -2/)) + 2/), (-*, -y), (0, 0)) (2.4) 

/or all (s, y) £ X x X. 

Proof. Letting x\ = X2 = #3 = and 2/1 = 2/2 = 2/3 = in (2.2), we get /(0, 0) = 0. 
Letting x\ = x 2 = x, 2/1 = 2/2 = 2/ and #3 = -2s, 2/3 = -22/ in (2.2), we get 

\\2f(x, y) + /(-2s, -2y)|| < <f>((x, y), (s, y), (-2s, -2y)) 

for all (s, 2/) G X x X. 

Letting x\ = 2s, S2 = —2s, S3 = and yi = 2y, y2 = — 2y, y 3 = in (2.2), we obtain 

||/(2a;, 2y) + /(-2s, -2y)|| < 0((2s, 0), (-2s, -2y), (0, 0)) 

for all (s, y) £ X x X. 
Thus 



/(•'"■ </) - 2/ ( -s, ^y 



< 



and so 



l J V2<'2< 



TO— 1 



2 m / 

s y 



x_ y_ 
2m ' 2 m 



- 23 ( ( 2J+1 ' 2J+ 1 ) ' ( 2J+ 1 ' 2J+ 1 ) ' ( 2> ' 23 ; ) ) 



+ K(i'27)'(-S'-i)^ o '°)): 



(2.5) 



x_ _y_ 

for all nonnegative integers m and / with m > I and all (s, y) £ X xX. It follows from (2.3) and 
(2.5) that the sequence {2 k f(^, j^)} is a Cauchy sequence for all (s,y) G X x X. Since Y is 
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complete, the sequence {2 k f(^, Jr)} converges. So we can define the mapping A : X x X Y 
by 



for all (x, y) G X x X. Moreover, letting / = and passing the limit m — > oo, we get (2.4). 
Now, we show that A(x, y) is a bi-Cauchy additive mapping. 
It follows from (2.2) and (2.3) that 



\\A(x,y) + A(-x, 
f 



= lim 2 k 

k— >oo 

< lim 2 k 

k^oo 

= 



x_ y_ 



f 



x 



+ / 

-x 



-x -y 
2 k ' 2 k 



4- u n — H + 

2fc ^ 2 k 2 k 2 k 



+ /(0,0) 
+ 



/a; y 



V2 fe 



' 2 fc ; ' 



-x -y 
2 fc ' 2 k 



,(0,0) 



and so A(x, y) = — A(— x, —y) for any (x, y) <E X x X. 



\\^{xi,yi) + A(x 2 ,y 2 ) - A{x! + x 2 ,y 1 + y 2 )\\ 

= \\A(x!, yi) + A(x 2 ,y 2 ) + A(-xi - x 2 , -y\ - y 2 ) 



lim 2 k 

k^oo 



J \2 k '2 k J J \2 k, 2 k J J 



-xi - x 2 -yi - y 2 



2 k 



< lim 2 k 



(xi X2 -xi - x 2 m m -yi - V2 

\ 2 k 2 k 2 k ' 2 k 2 k 2 k 



+ 



[xi yi\ [X2 m\ 
\2 k '2 k ) ' \2 k, 2 k ) ' 



-xi - x 2 -yi - y 2 



2 k 



2 k 







for all (xi,yi), (x 2 , y 2 ) G X x X. Thus the mapping A : X x X — > is bi-Cauchy additive. 

Next, we prove the uniqueness of A. Suppose that T : X x X — > Y is another additive 
mapping satisfying (2.4). We may obtain 



\\A(x,y)-T(x,y)\\ 



= lim 2 K 

k— >oo 

< lim 2 k 



x_ y_ 
2 fc' 2 k 
x_ y_ 
2 fc ' 2 k 



- T 



x_ y_ 
2 fc ' 2 k 



f(- ±) 
■i \2 k ' 2 k J 

+ lTj k \\ T (¥4)-f(¥4) 



< lim 2 

k— >oo 



+ 

= 



2&+1 ' 2 k+l 



\\2 k ' 



2 k ' 2 k 



2^+1 ' 2*^+1 
),(0,0)) 



x_ _y_ 
2 fc ' 2 k 



for all (x, y) G X x X. Thus we can conclude that A(x, y) = T(x, y) for all (x, y) G X x X. 
This complete the proof. □ 
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3. HYERS-ULAM STABILITY OF THE FUNCTIONAL INEQUALITY (2) 
Proposition 3.1. Let f : X x X — >■ Y be a mapping such that 

' X\ + x 2 + x 3 V1 + V2 + V3 



\\f(xi,yi) + f(x 2 ,y2) + f(x 3 ,y 3 )\\ < 



2/ 



(3.1) 



for all (xi, yi), (x2, y 2 ), (x 3l 2/3) £ X x X. Then the mapping f : X x X — ^ Y is bi-Cauchy 
additive. 

Proof. Letting x\ = x 2 = x 3 = 0, y\ = y 2 = y 3 = in (3.1), we get 

||3/(0,0)|| <||2/(0,0)||. 

So /(0,0) = 0. 

Letting x\ = x, y\ = y, x 2 = —x, y 2 = —y and x 3 = y 3 = in (3.1), we get 

\\f(x, y) + f(-x, -y) + /(0, 0) || < ||2/(0, 0) || = 

for all (x, y) G X x X. So /(— x, -y) = —f(x, y) for all (x, y) £ X x X. 
Letting X3 = —x\ — x 2 ,y 3 = —yi — y 2 in (3.1), we obtain 

\\f{xi,yi) + f{x 2 ,y 2 ) - f(xi + x 2 ,yi + y 2 )\\ 

= \\f(x uyi ) + f(x2,y2) + f(-xi-X2,-Vi-V2)\\ < ||2/(0,0)|| =0 
for all (xi,yi),(x 2 ,y 2 ) £ X x X. Thus 

f{xi,yi) + f{x 2 , y 2 ) = f{xi + x 2 , yi + y 2 ) 
for all (xi,yi), (x 2 ,y 2 ) G X x X, as desired. □ 

Theorem 3.2. Assume that a mapping f : X x X — > V satisfies the inequality 

'x 1 + x 2 + x 3 y\+y 2 + y 3 



2/ 



(3.2) 



||/0ci, yi) + /(x 2 , y 2 ) + /(x 3 , y 3 ) < 

+ (/>{{xi,yi), (x 2 ,y 2 ), {x 3 ,y 3 )) 
where (f) : (X x X) 3 — > [0, 00) satisfies 

00 

yi), (xa, 2/2), (x 3> w)) := E 2 ^ (©' |) . (I' |) > (I' I)) < 00 

j'=i 

/or a// (xi,yi), (x 2 ,y 2 ), (x 3 ,y 3 ) £ X x X. Then there exists a unique bi-Cauchy additive map- 
ping i:lxl->y such that 



x y 



2' 2 " 



x y 
2' 2 



, (-x, -y)) + ^((x, y), (-x, -y), (0, 0)) 



P(x,y)-/(x,y)|| <0 
for all (x, y) G X x X. 

Proof. Letting xi = x 2 = x 3 = and yi = y 2 = y 3 = in (3.2), we get /(0, 0) = 0. 
Letting x\ = x 2 = x, y\ = y 2 = y and x 3 = -2x, y 3 = —2y in (3.2), we get 

||2/(x, y) + /(-2x, -2y)\\ < <f>((x, y), (x, y), (-2s, -2y)) 

for all (x, y) £ X x X. 

Letting x\ = 2x, x 2 = — 2x, x 3 = and y\ = 2y, y 2 = —2y, y 3 = in (3.2), we obtain 

||/(2a;, 2y) + /(-2x, -2y)\\ < 0((2x, 0), (-2x, -2y), (0, 0)) 

for all (x, y) £ X x X. 
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Thus we get 



/(,<••//) - 2/ ( ^x,-y 



< 



1 1 



2 ' T 



1 1 



2 ' T 



x ' o y ) A t, x , o 2/ , {-x, -y) + </>((^, y), (-x, -y), (o, o)) 



for any (x, y) £ X x X. 

The rest of the proof is the same as in the proof of Theorem 2.2. 

4. HyERS-UlAM STABILITY OF THE FUNCTIONAL INEQUALITY (3) 
Proposition 4.1. Let f : X x X — >■ Y be a mapping such that 



□ 



\\f(x 1 ,y 1 ) + f(x 2 ,y 2 ) + 2f(x 3 ,y 3 )\\ < 



V 



xi + x 2 , yi + 2/2 , 

n 1" ^3, ~ V 2/3 



(4.1) 



/or a// (xi, yi), (X2, 2/2), (#3, 2/3) S -X" X X. Then the mapping f : X x X — ^ Y is bi-Cauchy 
additive. 

Proof. Letting x\ = x 2 = x 3 = 0, y\ = y 2 = 2/3 = in (4.1), we get 

||4/(0,0)|| <||2/(0,0)||. 

So/(0,0) = 0. 

Letting x\ = x,x 2 = — x, X3 = and y\ = y,y 2 = —y, 2/3 = in (4.1), we obtain 

\\f(x,y) + f(-x,-y) + 2/(0,0)|| < ||2/(0,0)|| = 

for all (x, y) £ X x X. Hence /(— x, —y) = —f(x, y) for all (x, y) G X x X. 
Letting x\ = -2x, x 2 = 0, x 3 = x and y 1 = -2y, y 2 = 0, y 3 = y in (4.1), we get 

||/(-2x, -2y) + /(0, 0) + 2f(x, y)\\ < ||2/(0, 0)|| = 

for all (x,y) e X x X. Hence f(2x,2y) = 2f(x,y) for all (x,y) £ X x X. 
Replacing X3 = — X1 + X2 and y 3 = — yi + y2 in (4.1), we have 

\\f{xi,yi) + f{x 2 ,y 2 ) - f{x 1 +x 2 ,y 1 +y 2 )\\ 

xi + x 2 yi + yi * 



f(x 1 ,y 1 ) + f(x 2 ,y 2 ) + 2f 

< P/(0,0)||=0 
for all (xi,yi),(x 2 ,y 2 ) e X x X. Thus 

f{x\,yi) + f(x 2 , 2/2) = /(xi + x 2 , yi + j/ 2 ) 
for all (xi,yi), (x 2 ,y 2 ) € X x X, as desired. 

Theorem 4.2. Assume that a mapping f : X x X Y satisfies the inequality 

2/ 



\\f(xi,yi) + f(x 2 , y 2 ) + 2/(x 3 , ys) < 
where (p : (X x X) 3 — > [0, 00) satisfies 

00 

4>{{x\,yi), (x 2 ,y 2 ), (x 3 ,y 3 )) := ^2 J c 

j'=i 



xi + x 2 , 2/1 + 2/2 , 
hx 3 , h2/3 

+ <K(xi,2/i), (x 2 ,2/2), (a:3,2/3)) 





2/1 \ 


/x 2 


2/2 \ 


p3 


2/3 


2i 


2?'/ 


V2-? 


2?'/ 


V2J 


2* 



< 00 



□ 



(4.2) 



(4.3) 



90 



LU ET AL 85-92 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.1, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 

BI-CAUCHY ADDITIVE FUNCTIONAL EQUATIONS 

for all (x±,yi), (x2,y 2 ), (^3,1/3) £ X x X. Then there exists a unique bi-Cauchy additive map- 
ping A : X x X ^-Y such that 

\\A(x,y)-f(x,y)\\ 

< 4> ((*, y), (0, 0), {~x-\^j ) + 4> (Q*, \y) , Qx, \y} , (-^x-^Jj 
for all (x, y) G X x X. 

Proof. It follows from (4.3) that ^((0,0), (0,0), (0,0)) = 0. Letting xi = x 2 = x 3 = and 
yi = V2 = 2/3 = in (4.2), we get ||4/(0,0)|| < ||2/(0,0)|| + ^((0,0), (0,0), (0,0)) = ||2/(0,0)||. 
So /(0,0) = 0. 

Letting x\ = 2x, x 2 = 0, X3 = — x and y\ = 2y, y 2 = 0, 2/3 = — y in (4.2), we get 

||/(2x, 2y) + /(0, 0) + 2f(-x, -y)\\ < <j>((2x, 2y), (0, 0), (-x, -y)) 

for all (x, y) G X x X. 

Letting x\ = x,x 2 = x, x 3 = -x and y x =y,y 2 = y, y 3 = -y in (4.2), we get 

\\2f(x, y) + 2f(-x, -y) \\ < </>((x, y), (x, y), (-x, -y)) 

for any (x, y) G X x X. 
Thus we get 

||/(2x, 2y) - 2/(x, y)\\ < </>((2x, 2y), (0, 0), (-x, -y)) + 0((x, y), (x, y), (-x, -y)) 
for all (x, y) £ X x X. So 

|/(x, y )-2/g,|)| 

< <f> ((x, y), (0, 0), (-ix, -^)) + ((^ ^) ' (2 s ' 2 y ) ' H*' _ 2 y )) 
for all (x, 5) £ I x I. 

The rest of the proof is the same as in the proof of Theorem 2.2. □ 
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Robust CVaR-based portfolio optimization under 
a genal affine data perturbation uncertainty set * 
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Abstract: Under a genal affine data perturbation uncertainty set, we pro- 
pose a computationally tractable robust optimization method for minimizing the 
CVaR of a portfolio. Using L\ norm, the robust counterpart problem can be a 
linear programming problem. Moreover, it is less conservative than the Quar- 
anta and Zaffaroni's method which is under box uncertainty set. We present 
some numerical experiments with real market data to illustrate the behavior of 
robust optimization model. 

Keywords: Conditional value at risk(CVaR), robust optimization, line pro- 
gramming(LP), second-order cone programming(SOCP). 



1. Introduction 

Portfolio selection optimization is one of the best known and most widely used 
methods in financial optimization. The mean-variance (MV) portfolio selection 
model, proposed by Markowitz [1], provides a fundamental basis for portfolio 
selection in both theoretical and practical applications. 

Since the middle of 1990s, Value-at-Risk (VaR, [2]), a new measure of down- 
side risk, has become popular in financial risk management. It has even been 
recommended as a standard on banking supervision by the Basel Committee. 
However, VaR has been criticized for its theoretical deficiency [3]. Condition- 
al value at risk(CVaR), defined as the mean of the tail distribution exceeding 
VaR, has attracted much attention in recent years. CVaR is known to have nice 
properties such as the coherence [3, 4] and the consistency with the second-order 
stochastic dominance [5]. Also, Rockafellar and Uryasev [6, 7] show that the 
minimization of CVaR results in a tractable optimization problem. 

"This work was supported by the Humanities and Social Sciences project of the Ministry of 
Education of China grandcd(12YJC790027), the NSF of China granted(11301041, 71171024), 
the Science and Technology Depart of Hunan Province project ( 2012FJ3006), and a Project 
Supported by Scientific Research Fund of Hunan Provincial Education Dcpartment(12K080). 

^The corresponding author: mailtowfh@126.com 
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However, as pointed out by Black and Litterman [8], in the classical mean- 
variance model, the portfolio decision is very sensitive to the mean and the 
covariance matrix, especially to the mean. Chopra and Ziemba [9] showed that 
small changes in the input parameters can result in large changes in the opti- 
mal portfolio allocation. Thus, the modeling risk arises due to the uncertainty 
of the underlying probability distribution. Being aware of the importance of 
robustness, researchers have paid increasing attention to the robust version of 
portfolio selection problems, for example, ( Lobo and Boyd [14], Goldfarb and 
Iyengar [15], El Ghaoui, Oks and Oustry [16], Zhu and Fukushima [17]). 

By utilizing the Soyster's approach [18], under the assumption that the ex- 
pected returns lie in a box uncertainty set, Quaranta and Zaffaroni [10] con- 
sidered robust optimization of conditional value at risk and portfolio selection 
problem. Although they succeeded in obtaining a linear robust copy of the bicri- 
teria minimization model proposed by Rockafellar and Uryasev, the associated 
consequences are that the resulting robust portfolios can be too conservative. 
Under the assumption that the expected returns lie in an ellipsoidal uncertainty 
set, An and Luo (2010) [11] considered robust optimization of conditional value 
at risk and portfolio selection problem. They showed that the robust optimiza- 
tion problem can be reformulated as a second order cone programming (SOCP), 
however, a practical drawback of such an approach, is that it leads to nonlinear, 
although convex, models, which are more demanding computationally than the 
earlier linear models by Quaranta and Zaffaroni [10]. 

In robust portfolio selection problems, one try to find portfolios with the 
worst-case return under a given uncertainty set, in which asset returns can be 
realized. A too large uncertainty set will lead to a too conservative robust port- 
folio. However, if the given uncertainty set is not large enough, the realized 
returns of resulting portfolios will be outside of the uncertainty set when an ex- 
treme event such as market crash or a large shock of asset returns occurs. Moti- 
vated by the works in [20], under an affine data perturbation uncertainty set, we 
provide a computationally tractable robust optimization method for minimiz- 
ing the CVaR of a portfolio which is less conservative than box uncertainty set. 
specifically the robust optimization problem retains its original structure, i.e., 
the robust counterpart problem is still a linear programming problem. 

The rest of this paper is organized as follows: In the next section, we intro- 
duce the concept of CVaR and the mean-CVaR portfolio optimization model. 
In Section 3, we review the main ideas behind the robust optimization method- 
ology, and present the computationally tractable robust optimization method 
for minimizing the CVaR of a portfolio. In Section 4, we report some numerical 
results to test the proposed methods. 

2. Conditional value-at-risk measure 

Conditional VaR (CVaR) is a popular example of such a coherent risk measure 
and is discussed in Rockafellar and Uryasev [6, 7]. The CVaR measure can be 
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written as 

CVaR fj (x) = (1 - /3)- 1 [ f(x,y)p(y)dy (2.1) 

Jf(X,y)>VaRp(X) 

where 

VaRp(x) = min{a e R : *(x,a) > /?} (2.2) 

and 

*(as,a) = / p(y)dy (2.3) 

Jf(x,y)<a 

is the probability of f(x,y) not exceeding a threshold a. 

In practice, the probability density function p(y) is often not available, or 
is very difficult to estimate. Instead, we might have T different scenarios Y = 
(j/d 2/2> • • • ) Vt) that are sampled from the probability distribution or that have 
been obtained from computer simulations. Evaluating the auxiliary function 
Fp(x,a) using the scenarios Y, we have 

T 

Fp{x, a) = a + (l- /3)- 1 £ tt, [/(*, y^) - a}+ (2.4) 

where y^-j denotes the jth sample (the subscript [j] is used to distinguish a 
vector from a scalar) generated by simple random sampling with respect to y 
according to its density function p(.), and T denotes the number of samples, 
where ttj are probabilities of scenarios yyy If nj is equal to T^ 1 for all j, then 
(2.4) reduces to 

1 T 

Obviously, F a (x,a) is convex and piecewise linear with respect to a. Further, 
F a (x, a) is convex for (x, a), if f(x, y) is convex (see Theorem 2 in [6]). 

Replacing [f(x,y^) — a] + by the auxiliary variables Zj along with appro- 
priate constraints, we obtain the equivalent optimization problem 



'j 



s.t. Zj >f{x,y m )-a, j = l,...,T (2.6) 

Zj >0 

Generally, the loss and return functions of portfolio allocation are chosen by: 

f(x, y) = -x T y, R p (x) = E p [x T y] - x T E p [y] = x T r (2.7) 

in which y is the vector of the assets' return, x T r is the mean return of the 
portfolio. 
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2.1. portfolio optimization with CVaR measure 

Portfolio optimization tries to find an optimal trade-off between the risk and 
the return according to the investor's preference. Thus, the portfolio selection 
problem using CVaR as a risk measure can be represented as 

min CVaRg(x) 
xex 

where X denotes the constraint on the portfolio position, which usually includes 
the budget constraint and no short sales constraint 

a: T l = l, x>0. (2.8) 

Let fj, be the worst-case minimum mean return required by the investor. 
From (2.7), this can be represented as 

min x T r > fj, (2-9) 

Hence, adding an auxiliary variable 9 € R, the mean-CVaR Portfolio opti- 
mization can be be written as the following linear program 



min 6 
s.t. 



a +Y(hw)^- e (2J0) 

Zj>-x T y U] -a, j = l,...,T (2.11) 

Zj > (2.12) 

x T r > ii (2.13) 

x T \ = 1, x>0. (2.14) 

The expected return r in constraint (2.9) is assumed to be exactly known. In 
fact, the expected assets' return r is uncertain. On the other hand, it is difficult 
to estimate the mean return vector, and the solution to the problem is sensitive 
to the mean return vector. One way to address this issue is to consider a robust 
version of the portfolio problem. More specifically, we propose the following 
robust version of the constraint on the expected portfolio return 

min x T r > fj, w . (2.15) 

where (j, w denotes the worst-case required expected return specified by the in- 
vestor. In next section, we will investigate a tractable robust formulation of the 
constraint on the expected return which belongs to a genal affine data pertur- 
bation uncertainty set. 



3. Robust portfolio optimization 

Robust optimization is emerging as a leading methodology to address optimiza- 
tion problems under uncertainty. In this section, we will discuss different robust 
optimization methods which can be applied to deal with the uncertain minimal 
constraint (2.15). 



96 



DAI ETAL 93-103 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.1, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



3.1. Genal Affine Data Perturbation uncertainty 

In this paper, We consider instead the following uncertainty set, suggested by 
Chen et al. (2007) [20] in the context of stochastic programming applications: 

JV 

V n = [r:r = r + ^ Ar jZj , z £ A a (z)}, (3.1) 

where 

A n (z) = \z : 3v, w £ Rl, z = v - w, \\P^v + Q^w\\ < o|, (3.2) 

and P = diag(pi, . . . ,Pn), Q = diag(gi, . . . , <zjv)- The parameters pj > and 
qj > are the "forward" and the "backward" deviations of random variable 
Zj , j — 1, . . . , N, respectively. 

For the stochastic linear constraint (2.15), the worst-case convex support 
of the uncertain parameter can be specified as follows, 

JV 

W= {r : 3z£ R N ,r = r° + ^ Ar J '%, -z < z < z } (3.3) 

Therefore, under affine data perturbation, the worse-case uncertainty set is a 
parallelotope in which the feasible solution is characterized by Soystcr [18], 
which, of course, is a very conservative. 

To derive a less conservative approximation, we need to choose the budget 
of uncertainty, f2, appropriately. The natural uncertainty set to consider is the 
intersection of a norm uncertainty set, Vq and the worst-case support set, W 
as follows. 

JV 

S n = {r:3z£R N ,r = r° + J2 ArJ ~ z j> z e A a (z), -z<z<z} (3.4) 

j=i 

As the budget of uncertainty Q increases, the norm uncertainty set, Vq expands 
radially from the point r° until it engulfs the set W. In this case, the uncertainty 
set Sq = W. Hence, for any choice of O, the uncertainty set Sq is always less 
conservative than the worst-case uncertainty set W. We call the uncertainty Sq 
as genal affine data perturbation uncertainty. 

We will show an equivalent formulation of the corresponding robust coun- 
terpart of (2.15) under the generalized uncertainty set, Sq. The dual norm ||w||* 
is defined as 

lldl* = max u'x (3.5) 

{||SB||<1} 
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Theorem 3.1 The robust counterpart of (2.15) in which Uq. = Sq is equivalent 
to 

( 3u, X,se R N , h e R 

— t'qX + Qh+ X'z + s'z < —/j, 

Nl* < ^ /OfiN 

u 3 > -pj(Ar' j x+ Xj - Sj ),Vj = {1, . . . , N} [6 -°> 
Uj > qj(Ar' j x+ Xj - Sj ),yj = {1, . . . ,N} 
u,X,s>0. 

Proof: From (2.15), we have 

max — x T r < — /j, (3.7) 

Under the condition Un = Sn, the robust counterpart of (3.7) is as follows, 

— r^x + max z 1 y < —fj, (3.8) 
{zeC} 

where 

C={{v,w): !|P _1 i; + Q _1 kj|| < fl, -z < z < z, v, w > o| 

and yj = — Ar- 7 x. Since Cis a compact convex set with nonempty interior, we 
can use strong duality to obtain the equivalent representation. Observe that 

max (v — w)'y 

{(v,w):\\P- 1 v+Q- 1 w\\<Q,-z<z<z,v,w>0} 

= min < maX (v — w)'y + J (z — v + w) + J (z + v — w) I 

r, s >o 1 {(„,„) : ||p-i„+ Q -i M ||<n,«,»>o} "■ j 

= min < TYICLX (y r ~\~ s) v (y T i_ f"s) w ~\~ r ~z ~\~ s z > 

r, 5 >o {(„,„) : ||p-i„+ Q -i m ||<n,„,„>o} " | 

= min < maX p(y — r + s) V — Q (» — r + ,) w + r I + s z > 

r,*>0| {(.,.):||.+.||<n,.,.>0} " 

= min f2||u||* + r'z + s'z 
r, s>0 ~~ 

where 

Uj = max{ P] { y] - rj + sj ), -qj(yj - rj + sj )} 

= max{—pj(Ar' x + rj — Sj),qj(Ar' x + rj — Sj)}. 

Hence the robust counterpart is the same as 

-r^x + Q\\u\\* +r'z+s'z< -fi (3.9) 

Adding an auxiliary variable h <G R, we can easily obtain the equivalent formu- 
lation of (3.9), that is (3.6). 
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The complete formulation and complexity class of the robust counterpart 
depends on the representation of the dual norm constraint, \\u\\* < h. In this 
paper, we select the l\ norm. So the ||m||* < his equivalent to 

Uj<h,Vj€N. (3.10) 

By (2.10)-(2.14) and (3.10), the robust portfolio selection problem can be 
written as the following linear programming problem with variables (x, z, u, A, s, v, 6, a, h) e 

R n x R T x R N x R N x R N x R N x Rx Rx R : 

min 9 

1 J 

zj > -x T y [i] - a, j = l,...,T 
x T l = 1, x > 

-r' x +Qh+ X'z+ s'z< -fx (3.11) 
Uj < h, Vj e N 

Uj > -pjiA^x + Xj - Sj ),\/j = {1, . . . , N} 
uj > q 3 (Ar' jX + A, - 8j ), Vj = {1, . . . , N} 
z, u, A, s > 0, v e R+,p € R+ 



4. Empirical Results 

In this section, we apply the robust portfolio optimization methods discussed 
in the previous sections to real market data and compare the behavior of the 
solutions obtained by the robust optimization technique. 

In all tables and figure, the methods have the following meanings: 

• "CVaR" stands for the initial CVaR method in [7]. 

• "BCVAR" stands for the robust mean-CVaR Portfolio optimization under 
box uncertainty set in [10]. 

• "ECVaR" stands for the robust mean-CVaR Portfolio optimization under 
ellipsoidal uncertainty set in [11]. 

• " ACVaR" stands for the robust mean-CVaR Portfolio optimization (3.11) 
under a genal affine data perturbation uncertainty set. 

We utilize MatLab7.0 for solving models CVaR, BCVAR, and ACVaR which 
are linear programming problems. The model ECVaR is an SOCP and solved 
by SeDuMil.02 [21]. 

We consider a portfolio of 10 small cap stocks from 5 different industry 
categories of the S&P 600 index(Table 2), and use historical returns from May, 
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1998 to June, 2006. There are a total of 2,000 observations for each stock. 

Table 2: List of Stocks and Corresponding Industries 



Industry discretionary 


Company name (ticker) 


Consumer discretionary 

Financials 

Industrials 

Information technology 
Healthcare 


Aztar Corp. (AZR), Hancock Fabrics Inc. (HKF) 

Downey S & L Assn. (DSL), HARB 

AAR Corp. (AIR), CDI Corp. (CDI) 

FEI Company (FEIC), Exar Corp. (EXAR) 

BioLase Technology (BLTI), BDR 



In our first experiment, using the data presented above, we generated the 
classical and robust efficient frontiers. The parameters for all optimization mod- 
els are set as follows: 



• For the CVaR formulation, mean return r is given by the sample mean. 

• For the BCVaR formulation, we assume that mean return r° is given by 
the sample mean, and that fi is determined by the standard deviation of 
the stock i' sample return. 

• According to the ECVaR formulation, we assume that mean return r° is 
given by the sample mean. For simplicity, the scaling matrix of the ellip- 
soid P is assumed to be a diagonal matrix pi, where p is a nonnegative 
parameter. 

• For the ACVaR formulation, we assume that mean return r° is given by 
the sample mean, and that Ar^ is determined by the standard deviation 
of the stock V sample return, and assume they are also stochastically 
independent (N=10). We set Q = 0.8 , z = z = 1 and pj = 1.5, qj = 2 in 
our Numerical experiments. 

3 
2.5 
2 



0.5 



"0 5 10 15 20 25 30 35 40 45 
Portflio CVaR 

Figure 1-portfolio efficient frontiers for the different optimization formulations 

with /3 = 1%. 




100 



DAI ETAL 93-103 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.1, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



As shown in Figure 1, it is apparent that ACVaR outperforms both ECVaR and 
BCVaR in terms of realized CVaR. As expected, CVaR is dominated by ACVaR. 
We also can see that the robust optimal portfolios are somewhat conservative 
in comparison to that of the CVaR model. But in the next experiment, we will 
see the robust optimal portfolios can result in more stable portfolio returns. 

In our second experiment, we study the cumulative portfolio wealth if a 
portfolio manager employs a simple buy-and-hold strategy. The entire data 
sequence is divided into investment periods of length T = 200 days. In all there 
are p = 10 time periods. For each period p, first, we consider moving windows 
of n = 10 days and compute the parameters for all optimization models as 
experiment 1. 

Once all the parameters are set, the portfolio x p CVaR ,x p BCVaR ,x p ECVaR , 
x p ACVaR for period p can be computed by solving the portfolio selection model C- 
VaR, BCVaR, ECVaR, and ACVaR respectively. The portfolio x p CVaRl x p BCVaR , 
x ECVaR' x \cvaR are ne ^ constant for the period p and then rebalanced to the 
portfolio x p c + y aR ,x p B + c VaR , x P EcvaW x A~cvaR for period p + 1. 

Let W CVaR, W BCVaR, W ECVaR, W ACVaR denote the wealth at the end of 

period p of an investor with initial wealth wq = 1 . Because these strategies 
require a block of data of length T — 200 to estimate all of parameters, the first 
investment period p — 1 starts from the time instant T + 1. Therefore, 10 time 
periods of length "T = 200" only have 9 investment periods. 



4.5 




Investment period 



Figure 2-The wealth resulting from the four strategies with window n = 10 at 

each investment period. 

It is clear that the wealth generated by the ACVaR model is much better than 
other models at the end of investment period. But in Figure 2 the wealth 
generated by the ACVaR model is a litter lower than other models at early 
investment periods. Therefore, it is not guaranteed that the ACVaR model 
always has an advantage of other three models. On the other hand, the optimal 
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portfolio allocation based on the ACVaR approach tends to result in stable 
returns, whereas, for example, the behavior of the optimal portfolio obtained 
with the CVaR approach is erratic. 

5. Conclusion 

under a genal affine data perturbation uncertainty set, we propose a compu- 
tationally tractable robust optimization method for minimizing the CVaR of a 
portfolio. The remarkable characteristic of the new method is that, using Li 
norm, the robust optimization model retains the complexity of original portfo- 
lio optimization problem, i.e., the robust counterpart problem is still a linear 
programming problem. This fact has important theoretical and practical impli- 
cations. Since the computational complexity of an LP is simplest in all of pro- 
gram problems, it follows that robust portfolio optimization is able to provide 
protection against parameter fluctuations at light computational cost. More- 
over, the LP problem is maybe the best known and the most frequently solved 
optimization problem in the real world. The numerical experiments presented 
in this paper suggest that the behavior of portfolios can be improved by using 
the robust CVaR model under a genal affine data perturbation uncertainty set. 
And the robustness is achieved at relatively high performance and low cost. 
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RANDOM DERIVATIONS ON RANDOM NORMED ALGEBRAS 



Fuzzy set theory is a powerful tool set for modeling uncertainty and vagueness in 
various problems arising in the field of science and engineering. It has also very useful 
applications in various fields, e.g., population dynamics [4], chaos control [13], computer 
programming [15], etc. Recently, the fuzzy topology has proved to be a very useful tool 
to deal with such situations where the use of classical theories breaks down. 

In the sequel, we adopt the usual terminology, notations and conventions of the theory 
of random normed spaces, as in [7, 25, 26, 31, 32]. Throughout this paper, A + is the space 
of distribution functions, that is, the space of all mappings F : R U {— oo, oo} — > [0, 1] 
such that F is left-continuous and non-decreasing on R, -F(O) = and F(+oo) = 1. D + is 
a subset of A + consisting of all functions F G A + for which /~F(+oo) = 1, where l~ f(x) 
denotes the left limit of the function / at the point x, that is, l~ f(x) = linu,^- f(t). 
The space A + is partially ordered by the usual point-wise ordering of functions, i.e., 
F < G if and only if F(t) < G(t) for all t in BL The maximal element for A + in this 
order is the distribution function e given by 



Definition 1.1. ([31]) A mapping T : [0,1] x [0,1] — > [0,1] is a continuous triangular 
norm (briefly, a continuous t-norm) if T satisfies the following conditions: 

(a) T is commutative and associative; 

(b) T is continuous; 

(c) T(a, 1) = a for all a G [0, 1]; 

(d) T(a, b) < T(c, d) whenever a < c and b < d for all a, b,c,d G [0, 1]. 

Typical examples of continuous t-norms are T P (a,b) = ab, T M (a,b) = min(a, b) and 
T L (a,b) = max(a + 6—1,0) (the Lukasiewicz t-norm). Recall (see [16, 17]) that if T 
is a t-norm and {x n } is a given sequence of numbers in [0,1], then T™ =1 Xi is defined 
recurrently by T} =1 Xi = x\ and T™ =l Xi = T(T"T l 1 Xj, x n ) for n > 2. T°^ n Xi is defined as 
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T™iX n+ i-i. It is known ([17]) that for the Lukasiewicz t-norm the following implication 
holds: 

oo 

Jim (TL^Xn+i-! = 1 2(1 - X n ) < OO. 

n=l 

Definition 1.2. ([32]) A random normed space (briefly, RN-space) is a triple (X, /i,T M ), 
where X is a vector space and \x is a mapping from X into D + such that the following 
conditions hold: 

(RNx) pL x (t) = e (t) for all t > if and only if x = 0; 
(-RjV 2 ) Hax(t) = Vzify for all x G X, a 7^ 0; 

(RN 3 ) /jL x+y (t + s) > T M (/j, x (t) : /jiy(s)) for all x,y £ X and all t, s > 0. 

Every normed space (X, || • ||) defines a random normed space (X, /i,T M ), where 

= TTJxJ 

for all t > 0. This space is called the induced random normed space. 
Definition 1.3. Let (X, /i, T) be an RN-space. 

(1) A sequence {x n } in X is said to be convergent to 1 in X if, for every e > and 
A > 0, there exists a positive integer N such that fi Xn - x (e) > 1 — A whenever n> N. 

(2) A sequence {x n } in X is called a Cauchy sequence if, for every e > and A > 0, 
there exists a positive integer N such that fi Xn - Xm {t) > 1 — A whenever n > m > N. 

(3) An RN-space (X, /i, T) is said to be complete if and only if every Cauchy sequence 
in X is convergent to a point in X. 

Theorem 1.4. ([31]) // (X,/i,T) is an RN-space and {x n } is a sequence such that 
x n — > x, then lim^oo /i Xn (t) = /i x (t) almost everywhere. 

Definition 1.5. A random normed algebra is a random normed space with algebraic 
structure such that (RN4) fi xy (ts) > /i x (t)fj, y (s) for all x, y e X and all t, s > 0. 

Example 1.6. Every normed algebra (X, ||.||) defines a random normed algebra (X, /i,T M ), 
where 

/or all t > 0. This space is called the induced random normed algebra. 

Definition 1.7. Let (X,/j,,Tm) be a random normed algebra. An IR-linear mapping 
/ : X — > X is called a random derivation if f(xy) = f(x)y + xf(y) for all x,y £ X. 

Let X be a set. A function d : X x X — >• [0, 00] is called a generalized metric on X if 
d satisfies 

(1) d(x, y) — if and only if a; = y; 

(2) d(x,y) = d(y,x) for all x, y G X; 

(3) d(a;, z) < rf(x, y) + d(y, z) for all x,y,z G X. 

We recall a fundamental result in fixed point theory. 

Theorem 1.8. ([6, 9]) Let (X, d) be a complete generalized metric space and let J : X — >■ 
I a strictly contractive mapping with Lipschitz constant L < 1 . T/ien /or eac/i gwen 
element x G X ; either 

d(J n x, J n+l x) = 00 
/or a// nonnegative integers n or there exists a positive integer n such that 
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(1) d(J n x, J n+l x) < oo, Wn > n ; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y G X \ d(J n °x, y) < oo}; 

(4) d(y, y*) < j^d(y, Jy) for allyeY. 

The stability problem of functional equations originated from a question of Ulam [33] 
concerning the stability of group homomorphisms. Hyers [18] gave a first affirmative 
partial answer to the question of Ulam for Banach spaces. Hyers' Theorem was gener- 
alized by Aoki [1] for additive mappings and by Th.M. Rassias [30] for linear mappings 
by considering an unbounded Cauchy difference. The paper of Th.M. Rassias [30] has 
provided a lot of influence in the development of what we call Hyers- Ulam stability of 
functional equations. A generalization of the Th.M. Rassias theorem was obtained by 
Gavruta [14] by replacing the unbounded Cauchy difference by a general control function 
in the spirit of Th.M. Rassias' approach. The stability problems of several functional 
equations have been extensively investigated by a number of authors and there are many 
interesting results concerning this problem (see [2, 3, 5, 8, 10, 11, 19, 21, 22, 23, 29]). 

In 1996, G. Isac and Th.M. Rassias [20] were the first to provide applications of 
stability theory of functional equations for the proof of new fixed point theorems with 
applications. By using fixed point methods, the stability problems of several functional 
equations have been extensively investigated by a number of authors (see [25, 27, 28]). 

The Hyers-Ulam stability of different functional equations in random normed and 
fuzzy normed spaces has been recently studied in [24, 26]. 

Using the fixed point method, we prove the Hyers-Ulam stability of random derivations 
in random normed algebras, associated with the Cauchy functional equation 



Throughout this paper, assume that (X, /x, Tm) is a complete random normed algebra. 

2. Hyers-Ulam stability of random derivations in random normed 

algebras 

Using the fixed point method, we prove the Hyers-Ulam stability of random derivations 
associated with the Cauchy functional equation. 

Theorem 2.1. Let ip : X 2 — > [0, oo) be a function such that there exists a constant 
< L < \ with 



f(x + y)=f(x) + f(y). 



<p(x,y) < -<p(2x,2y) 



for all x,y G X. Let f : X — > X be a mapping satisfying 



f 1 f(rx+ry)~rf(x)-rf(y) {t) > 



t 



(2.1) 



(J>f(xy)-f(x)y-xf(y) (t) > 



t + <p{x,y) 
t 



(2.2) 



t + ip(x,y) 



for all r G K, all x,y G X and all t > 0. Then 
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exists for each x G X and defines a random derivation D : X — > X such that 

(2 - 2L)t 

W " (2-2L)t + lAp(x,x) (2 ' 3) 

for all x G X and all t > 0. 

Proof. Letting y = x and r = 1 in (2.1), we get 

m/w-vw (*) > T^x) {2A) 

for all x G X and all t > 0. So 

t 2t 
"/(*>-V(S) (t) ^ t + v? (f,f) " 2t + L V (x,x) (2 ' 5) 

for all x G X and all t > 0. 
Consider the set 

S:={«?:X^X} 
and introduce the generalized metric on 5: 

d(g, h) = inf{z/ G R+ : /J, g(x) „ h{x) (vt) > - - * ^ , Va; G X, Vt > 0}, 

where, as usual, inf = +oo. It is easy to show that (S, d) is complete (see the proof of 
[26, Lemma 2.1]). 

Now we consider the linear mapping J : S — >■ S such that 

Jg(x) := 2g 

for all x £ X. 

Let g,h E S be given such that <i(g, /i) = e. Then 

. i 

fl>g(x)-h{x){£t) > — r 

i + (p{x,x) 

for all rr G X and allt > 0. Hence 

Vjg(x)-Jh(x)(Let) = ^2 9 (f)-2h(f) ( Le *) = (^e* 

Lt Lt 
> ^ r- > 2 



Lt 
2 



+ v(f>|) ¥ + f^M * + 

for all x G X and all t > 0. So d(g>, h) = e implies that d(Jg, Jh) < Le. This means that 

d(Jg, Jh) < Ld{g, h) 

for all g,h G S. 

It follows from (2.5) that 

^/w-2/(f) (2*) - tT^M 

for all x G X and all t > 0. So J/) < § . 



By Theorem 1.8, there exists a mapping D : X — > X satisfying the following: 
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(1) D is a fixed point of J, i.e., 



"(fH*>(*) (2.6) 

for all x G X. The mapping D is a unique fixed point of J in the set 

M = {g G S : d(f,g) < oo}. 

This implies that D is a unique mapping satisfying (2.6) such that there exists a v G 
(0, oo) satisfying 

for all x G X and all t > 0; 

(2) d(J n f, D) — > as n — >■ oo. This implies the equality 

lim 2 n / f — ^ = D(x) 

for all x G X; 

(3) d(f,D) < jzz<i(f, Jf), which implies the inequality 

d(f,D)< L 



2-2L 

This implies that the inequality (2.3) holds. 
By (2.1), 

^2»/(^ + £)-2»/(^)-2«/(£) ^ r^TTT 

for all x,y E X, all £ > and all nGN, So 



for all x,y E X, all t > and all n G N. Since lim,,.^ -» — — - = 1 for all x,y G X 
and all t > 0, 

fJ>D(x+y)-D(x)-D(y) (t) = 1 

for all x,y E X and all t > 0. Thus the mapping £> : X — >• X is Cauchy additive. 
Let y = in (2.1). By (2.1), 

for all r G K, all x G X, all t > and all n G N. So 

2 n 



^2-/(5»)-2-r/(^) (*)> ^ + ^ (X;0) 
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t 

for all r G R, all x G X, all t > and all n G N. Since lim^oo -j — ?w - - = 1 for all 
i£l and all £ > 0, 

f^H(rx)-rH(x) (t) = 1 

for all r G R, all x G X and all £ > 0. Thus the additive mapping D : X — > X is R-linear. 
By (2.2), 

/i 4"/(#-^)-2"/(^)-^-2«/(^) > "TV ^\ 

for all x,y £ X, all £ > and all n G N. So 

j_ 

t 

for all i.m G X, all £ > and all n G N. Since lim^oo -» — ^— — - = 1 for all x, y G X 
and all £ > 0, 

^D(xy)-D(x)y~xD(y) (t) = 1 

for all x,y G X and all £ > 0. Thus the mapping D : X — > X satisfies D{xy) = 
D(x)y + xD(y) for all x, y G X. 

Therefore, there exists a unique random derivation D : X — > X satisfying (2.3). □ 

Theorem 2.2. Let ip : X 2 — >• [0, oo) be a function such that there exists a constant 
< L < 1 wtt 

<p(x,y) < 2Ly? (|,|) 
/or a// x,y E X. Let / : X — > X fre a mapping satisfying (2.1) and (2.2). Taen 

Dfx) := lim — / (2 n x) 

ea;is£s /or eac/i x G X and defines a random derivation D : X — )■ X suc/i £aa£ 

(2 - 2L)£ 
(t) " (2 -2L)t + 

for all x G X and a// £ > 0. 

Proof. Let (S 1 , d) be the generalized metric space defined in the proof of Theorem 2.1. 
Consider the linear mapping J : 5 — >■ 5 such that 

d#(z) := ^o(2a:) 

for all x G X. 

It follows from (2.4) that 

0/(.H/(2x) Q*) ^ t + ^a;) 

for all x G X and all £ > 0. So d(g, Jg) <\. 

The rest of the proof is similar to the proof of Theorem 2.1. □ 
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A note on the g-extension of second kind Euler numbers and 

polynomials 

C. S. Ryoo 

Department of Mathematics, Hannam University, Daejeon 306-791, Korea 

Abstract : In this paper, by using the p-adic integral on Z p , we construct a new type of the 
(/-extension of the second kind Euler numbers E n>q and polynomials E n , q (x). From these numbers 
and polynomials, we establish some interesting identities and relations. By using the g-extension 
of the second kind Euler numbers E nig and polynomials E niQ (x), the g-Euler zeta function and 
Hurwitz-type (/-Euler zeta functions arc defined. 

Key words : the second kind Euler numbers and polynomials, the g-extension of the second kind 
Euler numbers and polynomials 

2000 Mathematics Subject Classification : 11B68, 11S40, 11S80 

1. Introduction 

Throughout this paper, we always make use of the following notations: N = {1, 2, 3, • • • } denotes 
the set of natural numbers, R denotes the set of real numbers, C denotes the set of complex numbers, 
Z p denotes the ring of p-adic rational integers, Q p denotes the field of p-adic rational numbers, and 
C p denotes the completion of algebraic closure of Q p . 

Let Up be the normalized exponential valuation of C p with \p\ p — p _1/ p(p) = p~ x . When one 
talks of g-extension, q is considered in many ways such as an indeterminate, a complex number 
q G C, or p-adic number q G C p . If q G C one normally assume that \q\ < 1. If q G C p , we normally 
assume that \q — l\ p < p^p^ so that q x = exp(:rlogg) for \x\ p < 1. Throughout this paper we use 
the notation: 

[x] q = cf. [1, 2, 3, 4, 5, 6] . 

For 

g G UD(Z p ) = {g\g : Z p — > C p is uniformly diffcrentiable function}, 
Kim[l, 2] defined the p-adic integral on Z p as follows: 

h(g) = [ g{x)d l i. 1 {x) = lim ^ g(x)(-l) x . (1.1) 

J£ p 0<x<p N 

From (1.1), we obtain 

n-l 

I-M = (-l)"/-i(ff) + 2 ^(-l)"" 1 -^), (sec [1-3]). (1.2) 

1=0 

where g n (x) — g(x + n). 

First, we introduce the second kind Euler numbers E n and polynomials E n (x)(see [4]). The 
second kind Euler numbers E n are defined by the generating function: 

n=0 
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We introduce the second kind Euler polynomials E n (x) as follows: 

o p t °° /« 

nx,t) = -^—e* t = Y,E n {x)-. (1.4) 

n=0 

2. g-extension of the second kind Euler numbers and polynomials 

In this section, we introduce the g-extension of the second kind Euler Euler numbers E ns and 
polynomials E n ^(x) and investigate their properties. Let Z + = N U {0}. 

For q e C p with |1 — q\ p < 1, g-extension of the second kind Euler numbers E n ^ q are defined by 

E n , q = f q x [2x + l] n q dv-i(x). (2.1) 

By using p-adic integral on Z p , we obtain, 

/ q x [2x + l) n q dii-i{x)= lim V q x [2x + l] n q {-l) x 

J £ p x=0 

oo 

= 2^(-l) m g m [2m + l]^. 
By (2.1), we have the following theorem. 



Theorem 1. For fceZ and q e C p with \q — l\ p < 1, we have 

OO 

= 2^(-l) m g m [2m+l]^. 



m=0 



We set 



71=0 



By using above equation and (2.2), we have 



n=0 n=0 \ v i 7 (=0 V 7 

oo 

= 2 ^2 (-l) m q m e^ 2m+1 ^ gt . 



1 \ t n 



+ q 2l+l J n \ 



(2.3) 



m=0 



Thus, g-extension of the second kind Euler numbers, E n _ q are defined by means of the generating 
function 

oo 

F q (t) = 2^2 (-l) m g m e [2m+11 «*. (2.4) 

m=0 

By using (2.1), we have 

00 4-n 00 r in /* 

E^.A = E/ ? x [2z + l]^-i(*)^= / ^e [2a;+11 ^-i^)- (2.5) 

n=0 n=0 *p 
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By (2.3), (2.5), we have 

r. OO 

/ q x e [2x+1] ^dfi- 1 (x) = 2 (-l) m q m e [2m+1] ^. 



Next, we introduce (/-extension of the second kind Euler polynomials £?„ ;9 (x). The g-extcnsion of 
the second kind Euler polynomials E n ^ q (x) are defined by 

E n>q (x)= f q v [x + 2y + l} q l d^ 1 (y). (2.6) 
By using p-adic integral, we obtain 

4 " (,| - l fe)SC) H) ' ,w ^ <2 ' 7) 



We set 

F q {t,x) = Y,En, q {x) l - v (2.8) 



ni 

n=0 



By using (2.7) and (2.8), we obtain 



oo n OO 

F q (t, X ) = E n , q {*)-, = 2 £ { - irq m e [2m+l +x]g t^ (2 Q) 



n! 

n— m— 



Since [x + 2y + 1] 9 = [x] 9 + q x [2y + l] q , we easily see that 

E n , q {x) = / q y [x + 2y + l] n q dii-i{y) 

=E(")wr , « srf ^.« (2.io) 



oo 



= 2^(-l)"Y"[* + 2m + l]£, 

with the usual convention of replacing {E q ) n by E n , q . 

By (1.3), (1.4), (2.3), and (2.10), we have the following remark. 

Remark 1. Note that 

(1) E niq (0) = E n , q , 

(2) If q 1, then £„ ;9 (x) = £„(x), £„, 9 = £„, 

(3) If q-> 1, then F 9 (x,i) =F(x,t), F q (t) = F(t). 

By (2.7), we obtain the following theorem. 
Theorem 2( Property of complement). 

E n , q -i(-x) = (-l) n q n+1 E n , q (x) 

By (2.7), we have the following distribution relation: 
Theorem 3. For any positive integer m(=odd), we have 

E n , q (x) = [m]J £(-l)V^ lfl » f 2a + x + 1 - m \ 

n V / 



a=0 
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By (1.2), (2.1), and (2.6), we easily see that 

n-l 

q n E miq (2n) + (-l)"" 1 ^ = 2 ^-l)"" 1 "^' [2Z + 1]J 

1=0 

Hence, we obtain the following theorem. 
Theorem 4. Let m € Z + . If n = (mod 2), then 

n-l 

q n E m , q (2n) - E m . q = 2£(-l)'+Y[2/ + 1]™. 

(=0 

If n = 1 (mod 2), then 

n-l 

q n E m . q (2n) + E m . q = 2^(-l)V [2/ + 1]™. 



(=0 



From (1.2), we note that 

2e t =q[ e? x+3 ^ t d f i- 1 {x)+ f e^+^d^x) 
Jz p Jz p 

£(«// [2x + 3] n q d^ 1 (x)+ f px + l^d^ix) 



n! 



n=0 

oo 

= E(^(2)+^, 9 ) ni . 

n=0 

Therefore, we obtain the following theorem. 
Theorem 5. For n € Z + , we have 

qE n ,q{2) + E niq = 2. 

By Theorem 5 and (2.10), we have the following corollary. 

Corollary 6. For n € Z + , we have 

q(q 2 E q + [2} q r + E n . q = 2, 
with the usual convention of replacing (E q ) n by -E„ >g . 

3. The analogue of the Euler zeta function 

By using g-extension of second kind Euler numbers and polynomials, g-Euler zeta function and 
Hurwitz g-Euler zeta functions are defined. These functions interpolate the g-extension of second 
kind Euler numbers E n ^ q , and polynomials E n , q (x), respectively. Let q be a complex number with 
\q\ < 1. From (2.4), we note that 



]k 



= 2]T(-l)V'[2m + l]J 

t=0 m =0 

= E k , q ,(keN). 
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and 

k / oo 



■■E k>g (x), forfceN. (3.3) 



By using the above equation, we are now ready to define g-Euler zeta functions. 
Definition 7. Let s e C with Res > 1. 

Note that C?( s ) is a meromorphic function on C. Note that, if q — > 1, then Cg( s ) = C( s ) which is the 
Euler zeta functions(see [6]). Relation between ( q (s) and E k: q is given by the following theorem. 

Theorem 8. For k e N, we have 

Cg(-fc) = £fc,g. 

Observe that ( q (s) function interpolates E k>q numbers at non-negative integers. By using (2.9), 
we note that 

jk 00 

-^F q (t, x) = 2 £ (-l) m q m [2x + 1 + m\\ (3.2) 

By (3.2) and (3.3), we are now ready to define the Hurwitz q-Euler zeta functions. 
Definition 9. Let s e C with Res > 1. 

°° (— El™rr" 

(,(s,x) = 2V r » T • ( 3 - 4 ) 

Note that £ q (s,x) is a meromorphic function on C. Obverse that, if q — >• 1, then £ g (s,x) = £(s,x) 
which is the Hurwitz Euler zeta functions(see [6]). Relation between £ q (s,x) and E k ^(x) is given 
by the following theorem. 

Theorem 10. For k £ N, we have 

Cq(-k,x) = E k , q {x). 

Observe that ( q (~k,x) function interpolates E k , q (x) numbers at non-negative integers. 
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SOME PROPERTIES OF BAZILEVIC FUNCTIONS RELATED 

WITH CONIC DOMAINS 

KHALIDA INAYAT NOOR, MOHSAN RAZA* AND KAMRAN YOUSAF 

Abstract. The aim of this paper is to study the Bazilevic functions associ- 
ated with conic domains. Some properties of analytic functions related with 
Bazilevic functions by using the concept of convolution are examined. We in- 
vestigate some results concerned with integral preserving property and radius 
problems which generalize the already proved results. 



I. Introduction 
Let A be the class of analytic functions 

oo 

F(z)=z + Y,a n z n , (1.1) 

n=2 

defined in the open unit disc E = {z : \z\ < 1}. For any two analytic functions 
/ and g with 

oo oo 

/ (z) = Y^ h nZ n and g (z) = ^c n z n , z G E, 

n=0 n=0 

the convolution (Hadamard product) is given by 

oo 

(/ * g) (z) = J2 bnCnZn ' zeE - 

n=0 

A function / G A is starlike univalent function of order p, if and only if 

Re47V > P, < p< 1, z e E. 
/(*) 

This class of functions is denoted by S* (p) . Kanas and Wisnowska [7] studied 
k — UCV, the class of k-uniformly convex and k — ST, the corresponding class 
of k-starlike functions. A function / e A is said to be in the class k — U CV of 
k-uniformly convex function, if 

^'yU}^'^- k> -°- zeK (i2) 

Similarly a function / G A is said to be in the class denoted by k — ST, if and 
only if 

Re{^)>A;l^-ll, A;>0, z G E. (1.3) 

* Corresponding author 
2010 Mathematics Subject Classification. 30C45, 30C50. 

Key words and phrases. Bazilevic functions, Convolution, Conic Domains. 
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Geometric interpretation. The function / G k — UCV and f E k — ST, if and 
only if z j,ff + 1 and , respectively, take all values in the conic domain Q k , 
which is included in the right half plane such that 

= { u + iv : u > kyj (u — l) 2 + v 2 }, 

with p(z) = z j l (z) + 1 or p(z) = Z jj^j~ and considering the functions which map E 
onto the conic domain Vt k such that 1 G Q k , we may rewrite the conditions (1.2) 
or (1.3) in the form 

p(z) -< q k (z). 

The domain Q k , P is such that 

= (1 -p)Slk + P, 0<p<l. 
The function q kp plays the role of extremal for these classes and is given by 

k — 0, 



1k,p{ Z ) 



1-2 ' 



1+ 27(W) 

-TT Z 



(log^ 2 



k = l, 



1 + 



2(1~P) 



sinh 2 [(I arccos fc) arctan /ly^] ; < /c < 1, 



;i-4) 



l + fc^srn 



2ii(t) 



v/t 



Vi-^ 2 v /l -( te ) : 



(i-p) 
k 2 -i ' 



where 



Hz 



, t G (0,1), z E E and £ is chosen such that k 



k > 1, 



with P(t) is Legendre's complete elliptic integral of the first kind and R'(t) is 
complementary integral of R(t). By virtue of (1.4) and the properties of the 
domains Q ktP , we have p -< q ktP implies 

k -\- p 

Rep(z) > Req k , p (z) > — - -. 

A function p, analytic in E with p(0) — 1, is said to be in the class k — P(p) C P, 
if it is subordinate to q k>p in E. That is p G k — P(p), if and only if p -< 
where is given by (1.4) and p(E) C qk, P {E). 

It is noted that — P(0) = P, the class of analytic functions with positive real 
part and p G — P(p) = P(p) implies that Rep(z) > p, z G E. 

Recently Noor [11] has extended the class k — P(p) and defined the following 
subclass of caratheodory class P. 

Definition 1.1. Let p be analytic in E with p(0) = 1. Then p G k — P m (p), if 
and only if 



p(z) 



m 1 . 



I'- [ "-) / ; j (■"-)■ / ; -'< -) e - P(p). 



for m > 2, < p < 1, fc G [0, oo), z E E. We note that fc - P 2 (p) = fc - P(p) 
and — P m (0) = P m , the well-known class defined in [12]. 
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Definition 1.2. [11] Let / G A Then f ek- UR m (p), < p < 1, k G [0, oo) 
and m > 2, if and only if 

zf (z) 

J ( z ) 

Noor called k — UR m (p), the class of functions of k-uniform bounded boundary 
rotation m with order p. It can easily be seen that — U R m (0) = R m , the class of 
functions of bounded boundary rotation. It is also noted that 1 — {7-R 2 (0) = U ST, 
the class of unifromly starlike functions. 

Now using the concepts of class k — P m and the class of uniformly starlike 
functions, we define the following: 

Definition 1.3. Let F G A, a, (5 G R, a > 0, / G UST. Then F G k - 
UB m (a, (5) , if and only if 

Remark 1.4. From (1.5) it can easily be seen that F E k — UB m (a, /3) can be 
represented by the following integral representation 



F(z) 



z 



hek-P m , f e UST, zeE. (1.6) 



We note that, with m = 2, k — 0, the class k — U B m (a, (5) reduces to the class of 
Bazilevic functions introduced in [3], where he showed that a Bazilevic function 
is univalent in E and has the integral representation given by (1.6) . 

For recent work of the above mentioned classes, we refer [1,2,6,9,13]. 
We need the following lemmas which will be used in our main results. 

2. Preliminary Results 

Lemma 2.1. Let g G UST. Then z {^f} , where a > also belongs to UST 
in E. 

Proof. Let 

c, w = * (^ 

Taking logarithmic differentiation of both sides we have 

zG 'i (g) ^g'(z) 
Gi {z) g {z) 

= ah (z) + (1 — a) . 

Since h G 1 — P, p (z) = 1 G 1 — P and 1 — P is convex set, see [11], therefore 
d (z) G 1 - P. I 

Remark 2.2. This result can easily be extended to the class A; — £/i? m using the 
fact that k — P m is convex set, see [11]. 
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Lemma 2.3. [15] Let f G C and g G S*. Then for any analytic function F with 
F(0) = 1 in E 

f *Fq 

J —° (E) C coF (E) , 
f*9 

where coF (E) denotes the convex hull of F(E) (the smallest convex set which 
contains F(E) ). 

Lemma 2.4. [10] Let u — ui + iu<i, v — v i + %v<i and ip (u, v) be a complex valued 
function satisfying the conditions: 

(i) ip (u,v) is continuous in a domain D C C 2 , 

(ii) (1, 0) G D and Reip (1, 0) > 0, 

(iii) Reip (i« 2 , v 1) < 0, whenever (iu2, v 1) G L* and n x < — | (1 + n 2 ,) . 

If h(z) = 1 + ciz + • • • is a function analytic in E such that (h(z), zh'(z)) G L> 
and i?e*0 (h(z), zh'(z)) > for z e E, then Reh(z) > in E. 

3. Main Results 

Theorem 3.1. Let a G R, a > and c G C, Rec > and Ze£ / G UST. Then 



9(z) 



z 

(c+l)z~ c Jt c ^f a (t)dt 



G UST, zeE. 



(3.1) 



Proof. We can write (3.1) by using convolution as 



g(z)=z 



(3.2) 



where (f) a+c (z) = J2n=i 
get 



a+c+n- 



jz n is convex in E, see [14]. Now from (3.2) , we 



zg 



< X fh (7)* 7 f /W V Z/ ' {2) 



Since, by Lemma 2.1, 2 {^f^ e ^ST C 5* §) C 5*, a+c (2) is convex, it 
follows from Lemma 2.3 that 



^ (E)ccoH(E), H(z) = jr^±. 



This proves that z -^- G 1 - P and thus g G UST. I 
Theorem 3.2. Let F e k - UB m (a, (3), G C. Tnen 



G(z) = z 



* 



2 



1 

a + i/3 



ek-UB m (a,P) (3.3) 
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Proof. Since F G k — UB m (a, (3) , there exists / G UST such that 

zF' (z) F a ^~ x (z) 



Define 



z*f a (z) 



g(z) = z 



ek- P m , z G E. 



f(z)Yj(z) 



(3.4) 



(3.5) 



z J z 

Then g G UST by Theorem 3.1. Therefore from (3.3) , (3.4) and (3.5) , it follows 
that 



zG\z)G a+ ^-\z) <p(z)*z(^f} — 



(z)F a +^- 1 (z) 



z'Pf a (z 



z^g a (z) 



(f>(z)*z(^ 
<P(z)*f 1 (z)H (z) 

where H = '^ff^ € k - P m , fl (z) = z G S*. Now using Lemma 

2.3, we obtain the desired result. | 

Applications of Theorem 2.3 

The class k — UB m (a,/3) is invariant under the following integral representation 



Fi{z) 



[a 



i 

Q+i/3 





where Rec > and F(z) G k — UB m (a, (3). In fact we can write 
F 1 (z) = z 



F( z )\ a+l P (j) a+i p +c (z) 
* 



z 



z 



1 

a + i/3 



and since (f) a+i p +c is convex in E, the result is immediate from Theorem 3.2. 

We note the following special cases, 
(i) For f3 — 0, a = 1, we have 



F 1 (z) = (1 + c)z- c / t c - L F(t)dt, Rec > 0, 



(3.6) 



and this is the generalized Bernadi integral operator [4]. When k = 0,m = 2, we 
have the result for the class K of close-to-convex functions [4]. 

(ii) In (3.6), by taking c = 1, we obtain Libera operator [8] and c = leads us to 
the well-known Alexander operator. 

(iii) When j3 = c = implies that 



[F 1 (z)] a = aJ (^j^j dt, a>0, 



(3.7) 



a generalized form of Alexander operator. 
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With m = 2, k = 0, we note that the class of Bazilevic functions of type a (see, 
[16]) is invariant under the integral operator defined in (3.6). 

Class B m (a,fi,i) 

We now deal the case k — 0, when F e A, a, (3 G R, a > 0, f £ S*. Then 
F G B m (a, /3,7), if and only if 

zF'(z)F a+ifi - l (z) n . . 

-wm e p -w- — ^ < 

Theorem 3.3. Let F G B m (a,/3,^f) and set 



G{z) 



z 



, c > 0. 



(3.8) 



h\ = Re — r ^ r , Ci = 'ct — + c + zp 1 



Then G G B m (a, (3, 71), where 

2-yd + c + ahi 

7i = 

2Ci + c + a/ii 9{ z ) 9{ z ) 

and g is integral representation of f G S* and is starlike. 
Proof. Since F G B m (a, (3, 7) so there exists / G S* such that 



Set 



where 



z^f a (z) 

zG'(z)G a+i ^- 1 (z 



9(z) 



z i > 3 g a (z) 
a + i(3 + c 



e P ro (7), z e E. 

= Kz), 



yC+l/3 



t C+l ^- l f a {t)dt 



G S* 



(3.9) 
(3.10) 
(3.11) 



by Theorem 3.1. Since q G S* we set = h o( z ) = hi + ih 2 , h G P in £. Now 
from (3.8) - (3.11) , we obtain after some computations 



h(z) + 



zh'(z) 



G P m {l). 



aho(z) + c + i/3 

Writing 

h(z) = (1 -n/i)p(z) +71. 
It follows from (3.12) that for i = 1,2, 

(1 - 7i)ft(*) + a ,7..T l)Vt( l + 7i - 7 K P. : G ./+ 



(3.12) 



a/i (z) + c + i/ 

We construct the functional ip(u,v) by taking w = Pi(z), v = zp'^z) as follows: 

(u, v) = (l- 7 i)« + , £ ~ 7l) ! 75 + (7i - 7). 

q/io(z) + c + zp 
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The first two conditions of Lemma 2.4 can easily be verified. We check condition 
(iii) as below: 

'1 - 7i)(c + ahi)v 



(71 - 7) + 



< (7i - 7) - 



\ah (z) + c + i/3\ 
{l- ll ){c + ah 1 ){l + u 2 2 ) 
2\ah (z) + c + i(3\ 2 



2(71 - 7)<?i ~ (1 ~ 7i)(c + afeiKl + up 
2d 

2( 7l - 7)d - (1 - 7l )(c + ah ± ) + ( 7l - l)(c + a/ii)^ 



2d 



2d : 



(3.13) 



where A = 2(71 — 7)6*1 — (1 — 71) (c + cn/ii) and 5 = (7! — l)(c + ahi). Since 
Ci = \ah (z) + c + if3\ 2 > and the right hand side of (3.13) is less than or equal 
to zero, if A < and B < 0. Now from 5 < 0, we have 71 < 1 and from A < 0, 
we obtain the value of 71 given by 

_ 27C1 + c + ah l 
71 ~ 2d + c + a/ii ' 

Thus all the conditions of Lemma 2.4 are satisfied and Pi £ P which mean 
hi G P (71) and hence h G P m (71) . This proves our result. | 

Theorem 3.4. Let G G B 2 (a,(3,0), where 



G(z) 



z 



1 

<y. + 1 b 



c > 0. 



T/ien F G B 2 (a, (3, 0), /or |z| < r and 

-(a+l)+y / c 2 +2a+l 



?~0 



1 

2 ' 



, c > a, 
c = a = 1. 



(3.14) 



Proof. Since G G B 2 (a, (3, 0), so there exists g <E S* such that 



zG"(z)G 



where 



<K*) = 



ft + jg + C [\c+i(3-lfa 



(t)dt 



G 5* 



by Theorem 3.1. Since g G S* we set = /i„(z) G P in £. Now from (3. 

(3.10) and (3.11) , we obtain after some computation 



zF'(z)F a+irj -\z) 
z^f a (z) 



= h(z) + 



zh'(z) 



ah (z) + c + i(3 
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This implies that 

„ zF'(z)F a+i ^~ 1 (z) „ f, zh'(z) ) 

z^f a (z) \ v 1 ah (z) + c + ip J 

> Re h(z) - 1 , . , — I . 

Using the well-known distortion results for class P, we have 

zF'(z)F a+i/3 ~ 1 (z) uf , f n 2r 1 1 

Since /i G P, we have 

|oj/io(^) + c + > Re {ah (z) + c + i/3} 

> a I] — - j +c 
\l + r) 



It follows easily that 



a(l -r) + c(l + r) 
1 +r 



Re a* 7 \ ^ Re { 1 



z i0fa( z } ~ W ^ (l_ r ){ a (l_ r ) + c (l + r )| 

j > + c)-2(q + l)r + (q-c)r 2 

W \ (l-r){a(l-r) + c(l + r)} 

Hence F G B^{a, (3,0), for |z| < r , where r is given in (3.14) . This completes 
the proof. | 

For a = 1 and (3 = 0, we have the result proved by Bernardi [5] for Bernardi 
operator. 

Corollary 3.5. Let G G K, where 

z 

G{z) = (1 + c) z~ c J t c - l F{t)dt. 



Then F <E K, for \z\ < r and 

Hi, c=l. 
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Some characterizations in some Mobius invariant 

spaces 



Abstract. We give two characterizations of the Mobius invariant Qk(p, q) spaces, one in terms of a double 
integral and the other in terms of the mean oscillation in the Bergman metric. Both characterizations avoid the 
use of derivatives. 



1 Introduction 

Let A = {z G (D : |z| < 1} be the unit disk of the complex plane (D. The Green's function in the unit disk A with 
singularity at a € A is given by g(z,a) = log ^ W , where <p a (z) = ■ F° r < r < 1, let A(a,r) = {z G A : 
\ip a {z)\ < r} be the pseudo-hyperbolic disk with the center a G A and radius r. Through this paper, we assume 
that K : [0, oo) — > [0, oo) is a right continuous and nondecreasing function. For < p < oo and — 2 < q < oo, we 
say that a function / analytic in A belongs to the space Qk(p, q) if 



where dA(z) is the Euclidean area element on A. It is clear that Qi{(p,q) is a Banach space with the norm 
11/11 = 1/(0)1 + \\f\\K, P ,q where p > 1. If q + 2 = p, Q K (p,q) is Mobius invariant, i.e., ||/ o <p a \\ = \\f\\ K ,p,q for all 
a G A. Now we consider some special cases. If p = 2, and q — 0, we obtain that Qk{p, q) = Qk (cf. [4, 9]). If 
K{t) — t s , then Qi{(p,q) = F(p,q,s) (cf. [11]) that F(p,q,s) is contained in i ^ L — Bloch space. 
The space Qk,o{p, q) consists of analytic function / in A with the property that 
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It can be checked that Qk,o{p, q) is a closed subspace in Qk(p, q). The following identity is easily verified: 

i i i m2 (i-|»l 2 )(i-|^l 2 ) n , ,2x, \\ 

1 - \<p a {z)\ = \i_az\ 2 = ^ 

For a G A, the substitution z = <^ a (w) results in the Jacobian change in measure given by dA(w) = \ip a (z)\ 2 dA{z). 
For a Lebesgue integrable or a non-negative Lebesgue measurable function ft on A we thus have the following 
change-of-variable formula: 

h{<pa(w))dA{w)= ( h(z)f^-^f-) dA(z) . 



A(0,r) J A(a,r) 



1- 2 



Note that ip a (tp a (z)) — z and thus tpa 1 (z) = ip a (z). For a, z G A and < r < 1, the pseudo-hyperbolic disk 
A(a,r) is defined by A(a, r) = {z G A : |y> a (z)| < r}. We will also need to use the so-called Berezin transform. 
More specifically, for any function / G L 1 (A,dA), we define a function Bf by 



zw 



2^2 

4~ 



Bf(z) = J J^ Wj A /(»•),/. !(„•). ■ A 



' A 

we call B/ the Berezin transform of /. By a change of variables, we can also write 

Bf(z)= / fo<p z (w)dA(w), zeA 

J A 

see [1, 2, 3, 6] and [12] for basic properties of the Berezin transform. 

If the function K is only defined on (0, 1], then we extend it to (0, oo) by setting K(t) = K(l) for t > 1. We can 
then define on auxiliary function as follows: 

Wk(s)= sup , 0<s<oo. 

o<t<i K (t) 

We further assume that K is continuous and nondecreasing on (0, 1] This ensures that the function <pK is contin- 
uous and nondecreasing on (0, oo). 

The following estimate is the key to the main results of this paper. 

Lemma 1.1 [10] Let K be any nonnegative and Lebesgue measurable function on (0, oo) and f(z) = K(l — \z\ 2 ). 
If 

then there exists a positive constant C such that Bf(z) < Cf(z) for all z G A. 

Hereafter, C stands for absolute constants, which may indicate different constants from one occurrence to the 
next. 

2 A double integral characterization in Qk(p,q) spaces 

In this section we characterize the space Qk(p, q) in terms of a double integral that does not involve the use of 
derivatives. We begin with the following estimate of Bloch type integrals. 

Theorem 2.1 Suppose that K(t) w t n K(t); < t < 1, n > 0. There exists a constant C > (independent of 
K) such that 



f 

Jo 



[ \f'(z)\ P (l - \z\ 2 ) p - 2 K(l - \z\ 2 )dA(z) < CI(.f) 

J A 



for all analytic functions f in A, where 



/( /»= / / if u (l-\z\ 2 Y~ 2 K(l-\z\ 2 )d(z)dA(w). 
aJa \1-zw\ 4 
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Proof. We write the double integral /(/) as an iterated integral 

m = I n ( V ifeP **w / ( , 1Hz|2)2 i/w-/wr^w 

u; i A (i-M 2 ) 4 - p w 7a |i-^i 4 ' ' 

Making a change of variables in the inner integral, we obtain 

/(/) = J A (f- 1 |jfi dA(Z) L - fWl'MW- (2) 

It is well known that 

f \g(w) - g(0)\ p dA(w) ~ f \g'(w)\ p (l - \w\ 2 fdA(w), (3) 

J A J A 

for analytic functions g in A. Applying (3) to the inner integral in (2) with the function g(w) = f(tp z (w)), we 
deduce that 

~ J (f-^ff-p ^) fj(f°v*yn p (i - H 2 ) p dA( W ). 

Therefore, by the chain rule and a change of variables, we get 

Hf) ~ J (l - \z\ 2 Y~ 2 K(l - \z\ 2 )dA(z)J \nw)\ p ^-J^ dA{w). (4) 
Fix any positive radius R. Then there exists a constant C > such that 

/(/) > c j (i - M 2 r 2 i,(i - \ z \ 2 )dA{ Z) [ irwr^&AM. 

JA JA(z,R) 1 zw \ 

It is well known that (see e.g [8]) 

(i-H 2 ) i i 

|i-^| 2 ~ (l-kl 2 ) " y/\A(z,R)\' 

for w € A(z, R). It is follows that there exists a positive constant C such that 

/(/) > C [ (1 - M 2 r 2 K(l - N 2 R4( Z ) 1 / \f'(w)\ P dA(w). 

J A \A(Z,R)\* Ja(z,R) 

Then, 

/(/) > C J\f{z)\ P {l - \z\ 2 r-' 2 K(l - \z\ 2 )dA(z). 
This complete the proof of the theorem. 

Theorem 2.2 Let p > 2. If the function K satisfies condition (1) and suppose that K(t) w t n K(t); < t < 
1, n > 0. TTien f/iere exists a constant C > sitc/i t/iat 

jf |/ # wr(i - kiy -2 ^(i - i^i 2 )^w > ci(f) 

for all analytic functions f in A, where 1(f) is as given in Lemma 2.1. 
Proof. By Fubini's theorem, we can rewrite (4) as 

nf) ~ fjfwl'i 1 - H 2 ) p - 2 dA( W ) J{i - | 2 | 2 r 2 iid^y_^ ( i _ \ z f )dA (z). 

~ / \f(w)\ P (l-\w\ 2 y- 2 dA( W ) f ^~J W J2 K(l-\z\ 2 )dA(z). (5) 

JA JA I 1 ZW \ 

The inner integral above is nothing but the Berezin transform of the function K(l — \z\ 2 ) at the point w. The 
desired estimate now follows from Lemma 2.1 
We can now prove the main result of this section 

3 
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Theorem 2.3 Suppose K satisfies condition (1) and satisfies all conditions of Theorems 2.1 and 2.2, then an 
analytic function f in A belongs to Qk{p,P — 2) if and only if 

j A j A ^l-ff ^ " l ^ |2 ) ? " 2 - Fr(1 ~ W 2 )) dA (z)dA(w) < oo. (6) 
Proof. / € Qk {p, p — 2) if and only if 

sup / \f (z)\ P (1 - \z\ 2 ) P ' 2 K(l - \^ a (z)\)dA(z) <oo. 

aSA J A 

By a change of variables, we have / G Qk(p,P — 2) if and only if 



sup / \{fo Va )'{z)\ P (l-\ Va {z)\ 2 ) p -' 2 K(l-\z\ 2 )dA{z) 

aeAJ A 

f f o ifi a in Theorems 2.1 and 2.2, we conclude that / G Qk(p,P — 2) iff 

sup / / J — — C 1 - ) ^(l-|z| )dA(«)dA(ti;)<oo. 

a£Aj A J A 1 2W I 



Changing variables and simplifying the result, we find that the double integral above is the same as 



m-f(w) 



V 



sup / / — y ; j _ J 7/ 1 (i - \z\ 2 y- 2 K(i - \<p a (z)\ 2 )dA(z)dA( W ) < 



«€A J A J A 



1 — zw\ 



Therefore, / G Qk(p,P — 2) iff the condition (6) holds. 

3 Bergman metric and Qk(p,q) spaces 

In this section we give two closely related characterizations of Qk{p,o) spaces, one in terms of the Berezin 
transform and the other in terms of certain class of analytic functions in Bergman metric. 
Given a function / G L P (A, dA) it is customary to write 

s(f)(z) = (B(\fn-\Bf(z)n*. 

It easy to check that 

(S(f)(z)Y =J\f° V*M - Bf(z)\"dA(w) 

= / \f(w)-Bf(z)\" ^-^ dA(w). 



\l-zw\ 4 

If the function / is analytic, then it is easy to see that Bf — f, so that 

(S(f)(z)Y = f \fo<p z (w)-f(z)\ p dA(w) 



We can now reformulate Theorem 3.1 as follows 

Theorem 3.1 If K satisfies condition (1), then an analytic function f in A belongs to Qk(p,P — 2) iff 

sup f (S(f)(z)r(l - \z\ 2 ) p - 2 K(l - \va{z)\ 2 )dr{z) < oo, (7) 

where 

dA{z) 



dr(z) 



(i-M 2 ) 2 

is the Mobius invariant measure on the unit disk. 
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Proof. From Theorem 3.1 

I p 



Uf)= I I (i-\A 2 ) q K{i-\ Va {z)\ 2 )dA{z)dA{ w ) 



1 A J A 



we rewrite it as an iterated integral 



f(z)-f(w) 



h(f) = J (1 - W 2 ) P ~V(1 - \Mz)\ 2 )dr(z) \f(z) - /( w) |'iL-^U_ dA(«,) 
According to the calculations preceding this theorem, we have 

I a (f)= [ {S{f)(z)r(l-\z\ 2 ) p - 2 K(l-\y a {z)\ 2 )d7 



2 



7T- 



This proves the desired result. 

Now, fix a positive radius i? and denote by 



A ^ z ) = mr! mi / /M<^M 

l-^^i rt J J A(z,R) 



the a verge of / over the Bergman metric ball D(z, R). For p > 1, we define 

i/H-AH(/)(2)r<M( W ) 



It is easy to verify that 



1 



= A a (|/|')(z) - \A R (f)(z)\*. 

Now, we prove the following theorem: 

Theorem 3.2 If K satisfies condition (1), then an analytic function f in A belongs to Qk(p,P — 2) if and only 
if 



sup / {S R {f){z)Y{l-\z\ 2 y- 2 K{l-\ Va {z)\ 2 )dr{z)<^, 

aeA J A 



(8) 

where R is any fixed positive radius. 

Proof. There exists a positive constant C which is depending on 7? only such that 

S R (f)(z)<C S(f)(z), 2 G A, 
where / is any function in L p (A,dA). Therefore, condition (6) implies condition (7). 

On the other hand, since D(0,R) is an Euclidean disk centered at the origin, we can find a positive constant C 
which is depending on R only such that 

\f'(0)\ p <c[ \f(w)-C\ p dA(w) 

JD(0,R) 

for all analytic / in A and all complex constants C. 
Replace / by / o ip z and replace C by A R (f)(z) then 

(1 - \z\ 2 r\f'(z)\ p < C [ |/o <p,( w ) - A R (f)(z)\ p dA(w) 

JD(0,R) 

5 
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Make an obvious change of variables on the right hand side, we obtain 

(1 - \z\ 2 r \f'(z)\ p < C [ \f(w) - A R (f)( Z )\ p ^ ~_ lzl l dA(w). 

JD{z,R) 1 ZW \ 

Since 

(i-N 2 ) 2 i i 



\l-zw\* (l-\z\ 2 ) 2 \D(z,R)\ 
for w £ A(z,R), we can find another positive constant C such that 

(i-\z\ 2 r\f'(z)\ p <c(s R if)(z)r, zeA 

It follows that for each a £ A that 
sup f \f'(z)\ p (l-\z\ 2 ) q K(l-\Mz)\ 2 )dA(z)<Csup f (S R (f)(z)r(l-\z\ 2 ) p - 2 K(l-\ Va (z)\ 2 )dr(z). 
This shows that the condition (7) implies / £ Qk(p,P— 2). 

Recall from [5] that a positive Borel measure /i on A is called a K-Carleson measure if 



sup / K[ — j-^— ^ )dfi(z) < oo, 

'S(I) 

where the supremum is taken over all sub-arcs / C dA. Here, for a sub-arcs / of dA, \I\ is the length of I and 
S(I) = {r£ : £ G 7, 1 — |7| < r < 1} is the corresponding Carlesson square. Also, A positive Borel measure fi on 
A is called a vanishing K— Carleson measure if 

Theorem 3.3 Suppose K satisfies the following two conditions: 

(a) There exists a constant C > such that K(2t) < CK(t) for all t > 0. 

(b) The auxiliary function (p k has the property that 



(fik(s)— < oo. 

Let n be a positive Borel measure on A. Then /i is a K-Carleson measure if and only if 



I 



ds 



sup / K(l — \<p a {z)\ )dn(z) < oo. 

ae/\J A 

Proof. Since Qk(p,<i) is defined by the condition 

(z) < oo, 



sup f \f'(z)\v(l-\z\ 2 ) q K(l-\ Va {z)\ 2 )dA{z 



we see that / G Qk{p, q) if and only if the measure (l — \z\ 2 ^ q \f' {z)\ p dA{z) is a K-Carleson measure. 
The following Corollary gives two analogous characterizations. 

Corollary 3.1 Suppose K satisfies condition (1) and conditions (a) and (b) in Theorem 3.3. Let R > be a 
fixed radius. Then the following conditions are equivalent for an analytic function f in A. 

(a) The function f belong to Qk{p,P — 2). 

(b) The measure dfi(z) — (S(f)(z)) p (l — \z\ 2 ) v ~ 2 dr(z) is a K-Carleson measure. 

(c) The measure dv(£) = (S R (f)(z)) p (1 — \z\ 2 ) p ~ 2 dr(z) is a K-Carleson measure. 
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Proof. This is a direct consequence of Theorems 3.1,3.2, and 3.3. 
The little-oh version of the above result can be stated as follows: 

Theorem 3.4 Suppose K satisfies condition (1) and R > is a fixed, then the following conditions are equivalent 
for all analytic functions f in A. 

(1) f eQ K ,o(p, P -2) 

(2) lim f [ ^.f (l-\z\y- 2 K{l-\ Va {z)\ 2 )dA{z)dA{w)=0 
W-* 1 JaJa 1 zw \ 

(3) lim f f (S(f)(z)y(l-\z\ 2 y- 2 K(l-\Mz)\ 2 )dT(z)=0 

\ z \— >1 ~ J A J A 

(4) lim f [ (S R (f)(z)r(l-\z\ 2 ) p - 2 K(l-\Mz)\ 2 )dT(z)=0. 
W^ 1 JaJa 
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Coefficient bounds for certain subclasses 
of close-to-convex functions of Janowski 

type 

Wasim Ul-Haq 1 '", Attiya Nazneen a , Muhammad Arif 1 , Nasir Rehman 6 



In this work, we aim to determine the coefficient estimates for functions 
in certain subclasses of close-to-convex functions of Janowski type and related 
functions of complex order, which are here defined by means of Cauchy-Euler 
type non-homogeneous differential equation. Several interesting consequences 
of our results are also observed. 
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1 Introduction 

We denote by A the class of functions f(z) which are analytic in the open unit 
disc E = {z : \z\ < 1} and of the form 
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Let S denote the class of all functions in A which are univalent. Also let S*, 
Cj, /C 7 and Q 7 be the subclasses of A consisting of all functions which are 
starlike, convex, close-to-convex and quasi convex of complex order 7 (7 7^ 0) 
respectively, for details see [3, 5, 7]. We note that for < 7 < 1, these classes 
coincide with the well known classes of starlike, convex and close-to-convex of 
order 1 — 7. Recently Altinta§ et al.[l] considered the following class of functions 
denoted by 5C(7, A, A, B) and defined as: 



sa .. a. , ! , , ■ , ; + I " « IT?" 6 *} • (2) 

7\ (1 - A)/(z) + \zf'(z) J 1 + Bz J 



where -1 < B < A < 1, < A < 1, 7 £ C - {0}. Note that the classes 
SC(1,0,A,B) = S*[A,B] and SC(1,1,A,B) = C[A,B] were introduced by 
Janowski [4] and are called classes of Janowski starlike and Janowski convex 
functions respectively. Also 

5C( 7 , 0, 1, -1) = s;,sc(j, 1, 1, -1) = c 7 . 

Throughout the entire paper onward we assume the restrictions — 1 < B < 
A < 1,0 < A < 1, 7 g C - {0} unless otherwise mentioned. Now we denote 
fCQi'y, A, A, B) be the class of functions f(z) £ A if there exist a function 
g{z) £ SC(1, A, A, B) such that 

1 f z[(l-X)f(z) + Xzf(z)}' \ 1 + Az 

7\ (1-X)g(z) + Xzg'(z) J ~" 1 + Bz' ^ ' 

As special choices we have the following relationships 

1CQ{1,0,A,B) = K[A,B], /CQ(1,1, A, B) = Q[A, B], see [Noor, [6]] 
£3(7,0,1,-1) = /C 7 , /CQ( 7 ,1,1,-1) = Q 7 . 

Motivated from the recent work of Srivastava et al. [9] and Altintas, et al. [2] the 
main purpose of our investigation is to derive coefficient estimates of a subfamily 
2?/C(7, A, A, B, m; /j.) of A, which consists of functions f(z) in A satisfying the 
following Cauchy Euler type non homogenous differential equation 

z m £^+ m C 1 (p+m-l)z™- 1 ^^ + ...^C m w]\^{^+j)=h{z)]\^{^+j + l), (3) 

where w = f(z), h(z) € KQ[^,\,A,B), \x G R-(-oo,-l], m £ N* = {2,3, •• •} 
for details we refer to [2, 8, 9, 10, 11]. The following result which is due to Alt- 
intas, et al. [2] is essential in deriving our main results. 
Lemma 1. [2]. Let f(z) £ SC(-y,X,A,B) and be of the form (1). Then 



< 





-2 
=0 


[• 2| 7 |(A-B)1 
J " r l-B 


(n- 


- I] 


![1 + A(n-1)] 



T , n £ N* 
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2 Coefficient Estimates for functions in the class 

KQ(<y,\,A,B) 

We first establish the below result for the functions in the class ICQ(j, A, A, B). 
Theorem 1. Let f(z) e /CQ(7, A, A, B) and be defined by (1). Then 



FT \j I 2 < A -,f> 1 TTn-fc- 2 2(A-B) 

|Qrl1 - n![l+A(n-l)] "+" n[l+A(n-l)] 1-B Z^fc = l 



(n-fc-l)l 



^J-, new*. (4) 



Proof. Since f(z) e JCQfr , \, A, B) , then there exists g(z) = z + Kz n 

n=2 

belonging to the class SC(1, A, A, B) such that 
i 1 /zF'(z) \ 1 + Az 

where B(z) = z + X)£L 2 ^« z ™ an d G(z) = z + B n z n , with 

A„ = [1 + A(n - l)]a n , B n = [l + A(n - l)]h„. 
Let ^ 

1+ 1 f^rv-l) =?W = 1 + Ev". forzEE, 

7 V g(z) y ^ 

Since q(z) -< ^{rgf , z e B, we find that by definition of subordination 

g(*)= ! + o W i!? ^(Q) = 0; K*)l<i- 



Therefore, we have 

| W (z)| 

which further implies that 



1 + 



A-Bq(z) 



< 1, g(z) = u + iu, 



2u(l — AB) > 1 — .A + (1 — B 2 )(u 2 + « )• 
Also, since |<z( 2; )| 2 > (^ e( J , ( 2: )) 2 ! we nave 

(1 - B 2 )u 2 - 2w(l - AS) + 1 - A 2 < i?eg(z) > 
From (6) and (7), we find that 

\cn\ < 2 ( I , new. 



1 - A 



Then from (6), we obtain 

nA„ = B n + 7 



1-B 



71-1 

n—k 

fc=l 



n > 2 



(5) 
(6) 



(7) 



(8) 
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Now using Lemma 1 together with (5) and (8), we have 



\AJ < 



n 



'. 2(A-B) 
J T 1-B 



+ 



2|7| A-B 



fi — JD X ^ 

1-B ^ 



n 



i-fc-2 
j=0 



'. 2Q4-B) 
T 1-B 



k=l 



(n-fc-1)! 



and hence from the relation between and f(z) as in (5), wc obtain the 

desired result. By assigning different specific values to the involved param- 
eters A,B, 7, A in Theorem 1, we deduce the following interesting results. 
Corollary 1. Let f(z) e JCQ(1,0,A,B) = K[A,B] and be defined by (1). Then 



k < 



n- 



■ 2(A-B) 
J ' 1-B 



2A-B<^ U^o k - 2 



j-i — a \ ^ 

1 - B ^ 



2(A-B) 



1-B 



fc=l 



(n-fc-1)! 



n£ JV*. 



Corollary 2. Le£ /(z) e ICQ(j, A, 1, — 1) and 6e defined by (1). TTien 

'^ [l + Afr-l)] [l + ("-Dl7l],n € ^. 

Corollary 3 [3]. Let f(z) e /CQ(7, 0, 1, -1) = £(7) and 6e denned &y (1). 
TTien 

|a„|<l + (n-l)| 7 |,ne7V*. 

Corollary 4 [5]. Le£ .f(z) e £Q(7, 1,1,-1) = 2(7) and 6e defined by (1). 
Then for neN*= {2,3,4,...}. 

n 

For 7 = 1 in Corollary 2 and Corollary 3, we obtain the well-known coefficient es- 
timates for close-to-convex and quasi convex functions. 
Corollary 5. Let f(z) e KQ{\ - a, A, 1 - 2/3,-1) and be defined by (1). 
TTien for n e N* 



U;Zo [3 + 2(1 - /?)] 2(1 - a)(l - g) ^ b' + 2(1 - /?)] 

|a "' - n![l + A(n-l)] n[l + A(n - 1)] ^ (n - fc - 1)1 



Corollary 6. Let / (z) e /CQ(1 - a, 0, 1, -1) = /C(l - a) and &e de/med by (1). 
T/ien 



|a„| <n(l-a) + a, n e N* = {2, 3, 4, . . .}. 

Corollary 7. Lei /(z) e /CQ(1 - a, 1, 1, -1) = Q(l - a) and 6e denned (1). 
L/ien 

\a n \ < 1 - a + -, n e N* = {2, 3,4, . . .}. 
n 
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3 Coefficient Estimates of the class BK.^, A, A, B] fi) 

The theorem below is our main coefficient estimates for functions in the class 
VJC(j, A, A, B, m; [i). 

Theorem 2. Let f{z) e VJC^, X, A, B,m; fi) and be defined by (1). Then 
for n€N*= {2,3,4,...} 



Kl< 



IK 



<c+j+l) 



„![l + ;\(n-l)] 



2|tI a-b y^™- 1 

1)] 1-B Z^fc = l 



a[l + A(n 



: nr=o 1< ^ + " ) 

Proof. Let = z + £~ =2 e ^2(7> A > z 9 )^ that 

_n;r 1 (M+.? + i) : 



(n-fc-l)l 



(9) 



b n , n e iV*, /i6E - (—oo, — 1]. 



Hence, by using Theorem 1, we immediately obtain the required inequality (9). 
Corollary 8. Let f(z) G T>JC(j, A, 1 — 2/3, — 1, 2; /x) and 6e defined by (1). T/ien 
/or ner={2,3,4,...} 



|o„|S („ + i +tI )(„ +M) 



n" 2 [3 + 2(l-/3)l TT" fc 2 [j + 2(l- 

„![l + A(„-l)] + 2^ fc = l (n-k-l)l 
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Five-order Extrapolation Algorithms for Laplace 
Equation with Linear Boundary Condition* 

Pan Cheng} Zhi lin, Peng Xie 
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Abstract 

Laplace equation with linear boundary condition will be converted into a bound- 
ary integral equation(BIE) with logarithmic singularity following potential theory. In 
this paper, a Sidi quadrature formula is introduced to approximate the logarithmic 
singularity integral operator with 0(fo 3 ) approximate accuracy order. A similar ap- 
proximate equation is also constructed for the logarithmic singular operator, which is 
based on coarse grid with mesh width 2h. So an extrapolation algorithm is applied 
to approximate the logarithmic operator and the accuracy order is improved to 0(/i 5 ). 
Moreover, the accuracy order is based on fine grid h. The convergence and stability 
are proved based on Anselone's collective compact and asymptotic compact theory. 
Furthermore, an asymptotic expansion with odd powers of the errors is presented with 
convergence rate 0(h 5 ). Using h 5 — Richardson extrapolation algorithms(EAs), not only 
the approximation accuracy order can be improved to 0(h 7 ), but also an a posteriori 
error estimate can be obtained for constructing a self-adaptive algorithm, numerical 
examples are shown to verify its efficiency. 

Keywords: boundary integral equation, Richardson extrapolation algorithm, Laplace 
equation, a posteriori error estimate 

2000 MSC: 65N25, 65N38 



1 Introduction 

Laplace equation with linear boundary condition is defined as follows: to find non-zero 
deformation u in the domain fi and on the boundary T satisfying 

Am = 0, in f2, 

m ~t \ , ti \ r ^ 
— = -cu(x) + f{x), on T, 

where O C R 2 is a bounded, simply connected domain with a smooth boundary T, d/{dn) 
is an normal outward derivative on T, c is a positive constant, and f(x) is a given function. 

By means of potential theory, Eq.(l) will be transformed into a boundary integral equa- 
tion(BIE) as follows! 1 ^ : 

k*(y,x)u(x)ds x = h*(y,x)—ds Xl yeT, (2) 



*Project is supported by the national natural science foundation of China (11271389), and is supported 
by natural science foundation project of CQ (CSTC2013JCYJA00017, CSTC2011AC6104) 
t Email-address: cheng_pass@sina.com(Pan Cheng) 
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where a(y) = 0(y)/(2ir) is related to the interior angle 9(y) of O at point y G F, in particular, 
when y is on a smooth part of the boundary F, a(y) = 1/2, and h* (y, x) is the fundamental 
solution: 



where \x — y\ is the distance between points x and y. 

The left terms in Eq.(2) are smooth integrals and the right hand side term is characterized 
as a logarithmic singularity. Various numerical methods have been proposed for dealing with 
the singularity, such as Galerkin methods in Stephan and Wendland' 4 !, Chandler' 5 !, Sloan 
and Spence' 6 !, and Amini and Nixon! 7 ', collocation methods in Elschner and Graham ' 8 1 
and Yan' 9 !, quadrature methods in Sidi and Israelii 10 ', Saranen' 11 ! , Huang and Liil 12,13 ! and 
combined Trefftz methods in Lit 14 ! . 

Extrapolation algorithms (EAs) based on asymptotic expansion about errors are effective 
parallel algorithms, which possesses high accuracy degree, good stability and almost optimal 
computational complexity. Cheng et al.' 15 ' 16 ' harnessed extrapolation algorithms to obtain 
high accuracy order for Steklov eigenvalue in Laplace equations with smoothed and polyg- 
onal boundary condition. Huang and Lii established extrapolation algorithms for solving 
the Steklov eigenvalue problems' 3 !, the Helmholtz equations' 17 ! and the Laplace equations' 18 ! 
with accuracy order 0(h 3 ). After the Extrapolation algorithms, the accuracy order of the 
approximate solution will be improved to 0(/i 5 ). 

A quadrature method' 19 ' 20 ! is presented for solving the boundary integral equation, in 
which the generation of the discrete matrixes does not require any calculations of singular 
integrals. The logarithmic integral kernel is approximated by extrapolation algorithms de- 
rived from Sidi's quadrature rule. An asymptotic expansion about the error is obtained with 
convergence rate 0(h 5 ). 

Note that the five order approximate solution is obtained directly and is based on fine 
grid h. Although there are some papers' 17 ^ 20 ' also obtain the same accuracy order, there 
are three main priority for our paper: firstly, those accuracy orders are based on fine grid; 
secondly, because the accuracy order is not derived from the extrapolation algorithms but 
from the directly calculation, so there are not any errors generated from the extrapolation 
algorithms; finally, when an linear equation with n order is solved, there are n approximate 
solutions Uh can be obtained on boundary T with accuracy order 0(/i 5 ), while not n/2 values 
from extrapolation method. 

This paper is organized as follows: In Section 2 a Sidi's quadrature method is recombined 
to approximate integral equations for solving the approximate solution; In Section 3 an 
asymptotically compact theory is provided for stability and convergence, and an asymptotic 
expansion for approximate solution is shown with convergence rate 0(h 5 ); In Section 4 the 
Richardson extrapolation algorithms are applied to improve the accuracy order to 0(h 7 ); In 
Section 5 numerical examples illustrate the calculate progress. 



2 Five order approximate methods 

Assume that T is a smooth closed curve described by a regular parameter mapping x(s) = 
(x!(s), x 2 {s)) : [0,2tt] -> T, satisfying |a;'(s)| 2 = \x[(s)\ 2 + |4(s)| 2 > 0. Let C 2m [0,27r] 
denote the set of 2m times differentiable periodic functions with the periodic 2ir and Xi(s) e 
C 2m [0, 2w],i= 1, 2. Define the following integral operators on C 2m [0, 2tt]: 



h*(y,x) 



-^\z-y 

dh*(y,x) 
dn 



{ 



(3) 



k*(y,x) 
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where u(t) = u(x 1 (t),x 2 {t)), k(t,s) = k*(x(t),x(s)) \x'(t)\ and h(t,s) = h*(x(t),x(s))\x'(t)\. 
Because 

h(t,s) = -^ln\x(t) - x(s)\\x'(t)\, 

so h(t,s) is a logarithmic weak singular kernel and k(t,s) is a smooth kernel. Then Eq.(2) 
is equivalent to 

(I - K)u - cHu = Hf (4) 

where I is an identity operator, and / = f(x(t)). 

Let h — 2n/n (n e N is supposed to be an even number and so n/2 <G N) be the mesh 
width and tj = Sj = jh, (j = 0, 1, . . . , n — 1) be the nodes. In order to approximate the 
integral operators K and H, a Lemma is obtained: 

Lemma 1;I 19 1 Consider the integral J Q 27r G{x)dx with integral kernel G(x). Assume that 
the functions g(x), g(x) are 2m times differentiable on [0, 2ir}. Also assume that the integral 
kernel G(x) are periodic function with period 2ir. Then the following conclusion can be 
drawn: 

(a) . IfG(x) =g(x)/(x-t)+g(x), and Q n [G] = h YJj=\, Xj ^t G ( x j)' then 

E n [G] = h[g(t)+9'(t)} + 0(h 2m ) as h — ► 0, 

where E n [G] = G(x)dx — Q n [G] in all cases; 

(b) . IfG(x) = g(x)(x - t) s +g(x) lS > -I, and Q n [G] = h^ =hx ^ t G(x 3 ) + hg(t) - 
K{-s)g(t)h s+1 , then 

E n [G] = -2 V C( 7'~^V 2M) W^ + * +1 + 0(h 2m ), as h^0: 
/i=i 

where s(t) is the Riemann zeta function. 

(c) . If G(x) = g(x)(x - t) s log \x - t\ + ~g{x), s > -I, and Q n [G] = h^ =l x ^ t G{ Xj ) + 
hg(t) + 2[C'(-s) - C(-s) log h]g(t)h s+1 , then 

S„[G] = -2^[C'(- S -2 M )-C(-.s-2 M )log/ l ]L^^+ s+1 + 0(/ l 2m ), as h ^ 0; 

Especially, when s = 0, then C'(0) = — (1/2) log(27r), and we have 



h 

Q„[G] = h G( Xj ) + hg(t) + log (— )g(t)h, 



then 



m—l 



J2ix)(f\ 

E n [G] = 2 ('(-^f-j^h 2 ^ 1 + 0(h 2m ), ash^O. 

Since K is a smooth integral operator with period 2ir, we obtain a high accuracy approx- 
imation when set g{x) = in case (a) of Lemma 1: 

n-l 

{K h u){s) = h^k{t j ,s)u{t j ), (5) 

3=0 

with the error estimate 

{Ku)( S )-(K h u)(s) = 0{h 2m ). (6) 
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For the logarithmic weak singular operator H, the continuous approximation of its kernel 
h n (t,r) is defined as: 

( h(t, s), \t — s\ > h, 

K{t,s) = \ fh , (7) 

In " ' 1 ' -' ■ 



\t-a\<h, 



so its approximation operator can be obtained when set g(x) = and s = in case (c) of 
Lemma 1: 

n-l 

(H h u)(s) =hJ2hn(t j ,s)u(t j ), (8) 

3=0 

which has the following error estimate: 

(Hu)(s) - (H h u)(s) = 2h*^u^ + 2 £ ^^u^{s)h^ + O(h^). 0) 

We can find that there is an asymptotic expansion with accuracy order 0(h 3 ) for the 
logarithmic singular operator. In order to improve the accuracy order from 0(h 3 ) to 0(h 5 ), 
a coarse grid 2h = 2ir/{n/2) = 4ir/n is obtained. The approximate operator based on coarse 
grid 2 ft, is shown as: 

n-1 

(H 2h u)(s) = 2h^2h n (t j ,s)u(t j )'d j , 
j=o 

where 

0, i is an odd number, 



1, j is an even number. 



The error estimate is: 



(Hu)(s) - (H 2h u)(s) = 2{2hf-%^-u^ 

+2 ]T -j^4r^\ S )(2h)^ +1 + 0((2h) 2m ). 

An extrapolation algorithm is used to counteract the item 0(h 3 ) in Eqs (9) and (10): 
(J h u)(s)=*(H h u)(s)-±(H 2h u)(s). 
The error for the approximate operator will be improved from 0(h 3 ) to 0(h 5 ): 

m—l 

(Hu)(s) - (J h u)(s) = ]T + 0(h 2m ), (11) 

where ?7 M is some coefficients combination of the item h 2fJl+1 . So the accuracy order is not 
only improved to 0(h 5 ), but also built on the fine grid h. 

Thus we obtain the numerical approximate equations of Eq.(4): 

(I - K h )u h - cJ h u h = J,J h , (12) 

where Kh and Jh are discrete matrices of order n corresponding to the operators K and H, 
respectively. 



142 



CHENG ETAL 139-148 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.1, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



CHENG ET AL. FIVE ORDER EXTRAPOLATION ALGORITHMS 



3 Asymptotical compact convergence 

According to the logarithmic capacity theory! 3 ! , the eigenvalues of K and Kh do not include 
1. Then the Eqs. (4) and (12) can be rewritten as follows: find u £ C[0, 2n] satisfying 

{I-L)u = <p, (13) 

and find uu satisfying 

{I - L h )u h = <p h , (14) 
where L = c(J- Jf)" 1 /?, L h = c(J- JO,)" 1 J h , cp = (I-K)- 1 Hf and <p h = (I — K fl )~ 1 J h f h . 

Theorem 1. The approximate operator sequence {Lh} is an asymptotical compact^ 21, 22 ^ 
sequence and convergent to L in C[0, 2n], i,e. 

L h % c L, (15) 

where ^4 means the asymptotically compact convergence. 

This proof can be obtained similarly as the proofs in the papers[15,16]. 

Corollary I 13, 15 1 1. Under the assumption of Theorem 1, we obtain 

\\{L h -L)L\\^Q 
\\{L h -L)L h \\ -X), ash-tO. 

4 Asymptotic expansions of the approximate solutions 

Theorem 2. Suppose u(s) e C^ 2m ^[0, 2tt], then we have the following asymptotic expansion 

ra— 1 

(L h - L)u(s) = Yl <Pj(s)h 2i+1 + 0{h 2m ), (16) 

where tpj (s) <G C i - 2m ^ 2 ^ , j = 2, . . . , m — 1, are functions independent of h. 
Proof. According to properties of the approximate operators, there is 

(Ku)( S )-(K h u)(s) = 0(h 2m ). (17) 

and 

ra— 1 

(Hu){s) - (J h u)(s) = Y, Vj(s)h 2j+1 + 0(h 2m ). (18) 

3 =2 

We consider the relationship between Lh and L: 

(L h - L)u = c(I - K h y 1 JhU - c(I - KY x Ju 

= c(I - Kh^Au - (I - KyiJhU + c(I - KY x J h u - (I - KY x 3u 

= c{(I - Kh)- 1 -(I- Ky^JhU + c(I - K)~\j h - H)u 

= c(I - K)- x (Kh - K)(I - tffc)- 1 JfcU + c(I - K)- x (J h - H)u 

Substituting the errors of Eqs. (19) and (20) into the above equation, and setting 
tpj(s) = c(I — K)^ 1 rjj(s), we complete the proof of Theorem 2. □ 
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Theorem 3. Suppose x(t), g(t) G C 2m [0,27r], Then there exists functions an G C 2m ~ 2 '[0, 
2ir], / — m independent of h, such that 



m— 1 



(u - Uh )\ t=t] = h 2l+1 ui\t=t 3 + 0(h 21 ) (19) 

1=2 

Proof. Because (I — K)~ x is exist, and Jh ^> H, so there is an asymptotic expansion for 
function ip: 

(tp - <p h )\ t=tj = h 5 uj 2 \ t=tj + h 7 L0 3 \ t=tj +... + 0(h 2m ), (20) 

where u>i G C 2m - 2 '[0, 2tt], I = 2,...,m- 1. 

Because u and Uh satisfy Eqs. (13) and (14) respectively we obtain 

(I - L h ){u h - u)\ t=t] 

= (I- L h )u h -(I- L)u + (J - L)u -(I- L h )u^ _ (21) 

= (<p h - p)\ t=t] + (L — L h )u\ t=tj = h 5 <f> 2 \t= tj +... + 0(h 2m ), 

where (pi = loi + iph J = 2, . . . ,m — 1. 
Define an auxiliary equation 

(I - L)uj t = <j> h J = 2,...,m-1, (22) 

and its approximate equation 

{I - L h )Q lh = <f> lh , Z = 2,...,m-1. (23) 

Substituting Eq. (25) into Eq. (23), we obtain 

m— 1 

(7 - L h )(u h - u - h 2L+1 Co lh )\ t=t] = 0(h 2m ). (24) 

1=2 

Noticing u lh G C 2m ~ 2Z [0, 2tt], we have 

{uj l -u nh ){t l ) = 0{h 2m - 21 ). (25) 
When substitute u)ih by oji and consider the asymptotic compact properties' 21 ^ we obtain 

m—l 

(u h -u-J2 h 2l+1 u>i) \ t=t] = 0(h 2m ), (26) 

1=2 

so the proof is completed. □ 

The asymptotic expansion in Eq. (21) implies that the Richardson extrapolation^ 23 ! can 
be applied to improve the accuracy order. A higher accuracy order 0(h 7 ) can be obtained 
by computing some approximation on F in parallel. It can be described as follows: 

Taking h and h/2 to solve Eq. (12) in parallel, we obtain that Uh(ti),Ui l / 2 (ti) are the 
solutions on F. According to the asymptotic expansion, we obtain 



1 

3 

and the error is \u* h (ti) — u(U)\ = 0(h 7 ) 



«h(*0 = 3i(32« h / 2 (ti) - (27) 
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Moreover, using \u* h (ti) — u(U)\ = 0(h 7 ), we obtain a posteriori error estimate 
\u(k) - U h/2 {ti)\ 

+ ^\Uh/2{U) - U h (U)\ 

< ^Uh/iitij-Uhit^ + Oih 7 ). 

Note that the upper limitation ^\u h / 2 (ti) — Uh{U)\ can be used to construct self-adaptive 
algorithms. 

5 Numerical examples 

In this section, we consider some computational aspects of the approximate equation and 
present two examples to illustrate the accelerated convergence of the extrapolation algo- 
rithms. 

Example l^ 24 !; Consider the boundary value problem satisfying 

(28) 




= -u(x) + f(x), on T, 
where f(x) — 1 and f2 is the region 

(t) 2 +(!) 2 <'' <»> 

with (a, b) = (1,2). The boundary T can be described as: x\ = cost, x 2 = 2 suit, < t < 2ir. 
So the analyzed solution will be obtained as u(x) = 1. 

This problem is calculated in paper [24] by Nystrom method. The results is listed in 
Table 1 and it shows that the convergent rate is three order. The denotes in Table 1 rep- 
resent the following means: U — 2i7r/10, with i = 1, . . . , 10; ej is the errors at t,; and 
rate = log 2 ^gi y . 



Table 1: Errors of the Nystrom solutions in paper [24 



u 


e t with h='j^ 


ej with h = 


rate 


e, with h = 'jfi 


rate 


0.628319 


0.121881E-02 


0.131313E-03 


3.21 


0.162984E-04 


3.01 


1.256637 


-0.241312E-02 


-0.350908E-03 


2.78 


-0.439971E-04 


3.00 


1.884956 


-0.241325E-02 


-0.350658E-03 


2.78 


-0.442431E-04 


2.99 


2.513274 


0.121870E-02 


0.131397E-03 


3.21 


0.162478E-04 


3.02 


3.141593 


0.163276E-02 


0.189617E-03 


3.11 


0.236295E-04 


3.00 


3.769911 


0.121862E-02 


0.132229E-03 


3.20 


0.171674E-04 


2.95 


4.398230 


-0.241311E-02 


-0.351662E-03 


2.78 


-0.435820E-04 


3.01 


5.026548 


-0.241343E-02 


-0.351146E-03 


2.78 


-0.437735E-04 


3.00 


5.654867 


0.121874E-02 


0.131003E-03 


3.22 


0.163326E-04 


3.00 


6.283185 


0.163256E-02 


0.189412E-03 


3.11 


0.236443E-04 


3.00 



We calculate the boundary numerical solutions Uh on F following Eq. (12). The boundary 
is divided into 5*2" with n = 0, 1, 2, . . . pieces For convenience, we introduce some denotes: 
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Figure 1: Boomerang-shaped domain for numerical example 2. 

e h (P) = \u h (P) - u(P)\ is the error of the displacement; r h (P) = \og 2 e h (P)/e h l 2 (P) is 
the error ratio; e h (P) = \u* h {P) — u(P)\ is the error after Richardson extrapolation, and 
p h (P) = ^i\u h / 2 (P) — u h (P)\ is a posteriori error estimate. 

Table 2 lists the approximate values of Uh(P) at points Pi — (acosO, fosinO), P2 = 
(acos(7r/5), 6sin(7r/5)) and P3 = (a cos(27r/5), 6sin(27r/5)). 



Table 2: The errors, errors ratio of e h , r h and a posteriori 
error estimate p , at points P — Pi, P 2 , P3. 



n 


5 


10 


20 


40 


80 


e h (Pi) 


2.043E-04 


6.117E-06 


1.848E-07 


5.634E-09 


1.728E-10 


r h {Pi) 




5.062 


5.049 


5.036 


5.027 


p h (Pi) 




6.133E-06 


1.852E-07 


5.634E-09 


1.727E-10 


e h (P 2 ) 


7.203E-04 


2.126E-05 


6.419E-07 


1.959E-08 


6.061Ee-10 


r h {P 2 ) 




5.102 


5.050 


5.034 


5.014 


p k (P2) 




2.226E-05 


6.428E-07 


1.966E-08 


6.061Ee-10 


e h (P 3 ) 


4.726E-04 


1.378E-05 


4.096E-07 


1.256E-08 


3.886E-10 


r h (P 3 ) 




5.100 


5.073 


5.028 


5.014 


p h (P 3 ) 




1.389E-05 


4.106E-07 


1.257E-08 


3.886E-10 



From Table 2, we can numerically see r h rss 5, that means the convergent rate is almost 
five order, which agrees with Theorem 3 very well. 

Table 3. the errors e h (9),e h (9) and errors ratio r h (0) when 61 = 0, 9 2 = 7r/5 on T. 



n 


5 


10 


20 


40 


80 


e h (9i) 


6.138E-4 


1.779E-5 


5.264E-7 


1.585E-8 


4.863E-10 


r h (9i) 




5.109 


5.079 


5.053 


5.027 


p\9i) 




1.791E-5 


5.288E-7 


1.585E-8 


4.854E-10 


e h {9 2 ) 


5.413E-4 


1.574E-5 


4.690E-7 


1.413E-8 


4.351E-10 


r h (9 2 ) 




5.104 


5.068 


5.052 


5.022 


P h {0 2 ) 




1.632E-5 


4.728E-7 


1.403E-8 


4.350E-10 



Example 2l 15 l : Consider another boundary value problem with a non-convex boomerang- 
shaped cross section boundary. Similar problem is discussed for Helohmotz equation with 
nonlinear boundary condition in the same domain in paper [15]. The boundary V is illus- 
trated in Fig.l and described by the parametric representation: 

x(t) = {x 1 {t),x 2 {t)) = (cosi + 0.65 cos 2t + 0.65, 1.5sint), < t < 2tt. 
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We set c = 2 and / = (1.5cosi + sinf + 1.3sin2t)/ v / «; + 2(cos(i) + 0.65cos(2t) + 1.5sin(t)) 
with w = (1.5cost) 2 + (sint+1.3sin2t) 2 . Then the analytic solution is u(t) — xi(t)+x 2 (t) = 
cos t + 0.65 cos 2t + 0.65 + 1.5 sin t, t e [0, 2tt]. 

In Table 3 we list some errors of the Uh(y) on T computed by formulae (14) and then the 
Uh at arbitrary point in ft can be obtained following Eq.(15). We also use the denotes as 
used in Table 1. Evidently, from Table 3, a similar conclusion can be obtained as example 1 
done. 

Conclusion 

Generally, there are three main advantages for the Sidi's quadrature method: 

(1) Evaluating each element of discretization matrices is very simple and straightforward, 
which does not require any singular integrals; 

(2) We can obtain a high accuracy order 0(h 5 ) and an asymptotic expansion of the errors 
with odd powers, which are based on fine grid h. Harnessing the Richardson extrapolation 
algorithms, a higher accuracy order 0(h 7 ) can be obtained. 

(3) The accuracy order 0{h b ) of the approximate solution is obtained directly, which avoid 
the errors derived from the extrapolation algorithms as some articles have done. 
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Abstract 

The concept of differential subordination was introduced in [3] by S.S. Miller and P.T. Mocanu and the 
concept of strong differential subordination was introduced in [f ] by J. A. Antonino and S. Romaguera. This 
last concept was applied in the special case of Briot-Bouquet strong differential subordination, fn [5] the 
authors have developed the general theory of strong differential subordinations following the general theory 
introduced in [3]. fn [6], the special case of first order linear strong differential subordinations was studied. 
Now, we study another special case, the first order nonlinear strong differential subordinations. 

Keywords: analytic function, differential subordination, strong subordination, first order linear, first order 
nonlinear. 

2000 Mathematical Subject Classification: 30C45, 34A30. 

1 Introduction 

Let fi = T~i{U) denote the class of functions analytic in U. For n a positive integer and a £ C, let 
H[a, n] = {/ £ H : f(z) = a + a n z n + a n+ iz n+1 + . . . , z £ U}. Let A be the class of functions / of the form 
f(z) = z + a 2 z 2 + a 3 z s + . . . , z £ U. 

In adition, we need the classes of convex, alpha-convex, close-to-convex and starlike (univalent) functions 
given respectively by K = {/ e A : Re zf"(z)/f{z) + 1 > 0}, M a = {/ £ A : /M^M -L , Re (1 - a) z -^- + 

a(l + Zfgf) > 0, z £ U}, C = {/ £ A : Re/' (z) > 0, z £ U}, and S* = {/ £ A : Re zf'(z)/f(z) > 0}. 

Definition 1.1 [1], [2], [3] Let H(z, £) be analytic inUxU and f(z) analytic and univalent in U. The function 
H(z,£) is strongly subordinate to f(z), written H(z,£) -<-< f(z) if for each £ £ U, H(z,^) is subordinate to 

m- 

Remark 1.1 (i) Since f{z) is analytic and univalent Definition 1.1 is equivalent to H(0,£) = /(0) and H(U x 
U) c f(U). 

(ii) If H(z,£) = H{z) then the strong subordination becomes the usual notion of subordination. 

Definition 1.2 [4], [5, Definition 2.2.b, p. 21] We denote by Q the set of functions q that are analytic and 
infective in U\ E(q), where E(q) = |^ £ dU ; lirn q(z) = oo| and are such that q'(C) ^ for ( £ dU \ E{q). 
The subclass of Q for which /(0) — a is denoted by Q(a). 

Definition 1.3 [5, Definition 4] Let Q be a set in C, q £ Q and n a positive integer. The class of admissible 
functions ip n [£l, q] consists of those functions tp : C 2 x U x U — > C that satisfy the admissibility condition: 

^(r,s;z,O0fi (A) 
whenever r = q(£), s = m(q'((), z£U,^£U,(£ dU \ E(f) and m > n > 1. 
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Remark 1.2 The function q(z) = Mj§^, with M > and \a\ < M, satisfies A = q(U) = U M = U(0,M), 
g(0) = a, E(q) = and q € Q. If a = 0, then (A) simplifies to 

xfj(Me ld ,Ke ie ;z,Z) (A') 
whenever K > nM , z eU, £ eU and Sel. 

Remark 1.3 The function q(z) = 9 ^ ! f with Re a > 0, satisfies q(U) = A, g(0) = a, E(q) = {1} and g G Q. 
If a = 1, i/ien (A) simplifies to 

^(pi,o-,z,o?n, (A") 

w/ien p, a e K, cr < -|(1 + p 2 ), z eU, £ eU and n > 1. 

Lemma 1.1 /$/, Lemma 2.2. d, p. 24] Let q £ Q(a), with q(0) — a and p(z) = a + a n z n + . . . analytic in U, 
with p(z) ^ a, n > 1. If p is not subordinate to q, then there exist points z = r e t6 ° € U and ( € dll \ E(q), 
and an m> n> 1 for which p(U ro ) C q(U) 

(i) p(z ) = g(Co) 

(ii) zop'(zo) = mC g'(Co)- 

Definition 1.4 [6] A strong differential subordination of the form A(z, £)zp'(z) + B(z,t;)p(z) -<-< h(z), z £ 
U, £ € U, where A(z , £) zp' (z) + B(z,£ l )p(z) is analytic in U for all £ £ U and h is an analytic and univalent 
function in U, is called first order linear strong differential subordination. 

2 Main results 

Definition 2.1 A strong differential subordination of the form 

A(z, £)zp\z) + B(z, 0p(z) + C(z, Op 2 (z) + D(z, £) « h(z), (1) 

where A(z,^)zp'(z) + B(z,£ > )p(z) + C(z,£)p 2 (z) + D(z,^) is analytic in U for all £ £ U and h is an analytic 
and univalent function in U, is called first order nonlinear strong differential subordination. 

Remark 2.1 IfC(z,£) = D(z,^) = then (1) becomes a linear strong differential subordination studied in [6]. 

Remark 2.2 If A(z,£) = A(z), B(z,£) = B(z), C(z,£) = C(z), D(z,£) = D(z) then (1) becomes a nonlinear 
differential subordination studied in [7]. 

Next, we find conditions for the functions p, A, B, C, D and h such that (1) holds. 

Theorem 2.1 Let p £ H[0, n], A, B,C : U xU -> C with 

R eJ 4(z,£)>0, Re[A(z,Z)+B(z,0]>l + M\C(z,0\ (2) 

and A(z, ^)zp'(z) + B(z, £)p{ z ) + C{z, £)p 2 (z) an analytic function in U for all £ £ U. Then 

A(z, t)zp'{z) + B(z, Op(z) + C(z, i)p 2 (z) « Mz (3) 

implies p(z) -< Mz, M > 0, z e U. 

Proof. Let i{){r, s; z, £) : C 2 x U x U — > C given by Definition 1.3. For r = p(z), s = zp'(z), z £ U we have 

V(r, s; z, = A(z, £) a + B(z, £)* + C(z, £)r 2 . (4) 

Then (3) becomes 

ip(r,s;z,£) -<-< Mz, zeU.ieU. (5) 
If we consider h(z) = Mz, M > then h(U) = U (0, M) and (5) is equivalent to 

il>(r,s;z,£) e U(0,M), zeU,£eU. (6) 

Suppose that p is not subordinated to h(z) = Mz. Then, from Lemma 1.1, we have that there exist z £ U, 
z = r e ld ", 6 eR and C e dU with |C | = 1, such that p(z ) = h(( ) = Me 100 , z p'(^o) = m( ti(( ) = Ke l6 ° , 
K > nM. 
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By replacing r with p(z ) = h(( ) = Me l6 ° and s with z p'(z ) = m( h'(( ) — Ke l6 ° in (4) and taking into 
account the conditions from (2), we have 

\i>(p{z ),z p'{z );z ,t)\ = \ip(Me ie °,Ke ie °;z ,0\ = \A{z ^)Ke ie " + B(z ,£)Me i9 ° + C(z , £)M 2 e 2 ^ | = 
\A(z ,OK+B(z ,OM+C(z ,OM 2 e 2l6 «\ > \A(z ,OK+B(z ,Z)M\-M 2 \C(z ,0\ > Re [A{z Q ^)K+B{z ,£)M]- 
M 2 \C(z ,Z)\ > KRe A(z ,0 + MRe B{z ,0 - M 2 \C(z ,£)\ > nMRe A(z ,0+MRe B(z , - M 2 \C(z , £)| 

> MRe [A(z ,0+B(z ,0]-M 2 \C(z ,0\>M 1 

which contradicts (6). This means the assumption made is false, hence p(z) -< Mz, M > 0, z £ U. m 

Example 2.1 Let A(z, £) = z + £ + 4, B(z, £) = 3z - 2£ + 12 - 8i, C(z, f ) = 2z - 3£ + 1 - V3i, M=\. Since 
z eU, £ eU, we have Re A(z,£) > 2, Re B(z,£)\ > 7, \C(z,£)\ < 16, Re [A(z, £) + B{z, £)] > 9. 

from Theorem 2.1, we obtain: If p £ [0, n], n € N, and (z + £ + A)zp'(z) + (3z - 2£ + 12 - 8i)p(z) + (2z - 
2£ + 1 — v / 3i)p 2 ( z ) * s a function of z, analytic in U for all £ £ [/, t/ien (z + £ + 4)zp'(z) + (3z — 2£ + 12 — 8i)p(z) 
+(2z - 3£ + i - v^p^z) -<-<§, z £ U, £ e £7, implies p(z) -< §, z eU. 

Theorem 2.2 Let p € [0,n], A, B,C, D : U xU ^ C with 

71 

Re A(z, > 0, Re C(z, £) > 0, -Re A(z, £) > Re L>(z, £) (7) 

and Im B(z, £) < 2y / [fRe A(z,£) + Re C(z,£)] [fRe A(z,f) - Re L>(z,£)]. 

If A(z, £)zp'(z) + B(z, £)p(z) + C(z, (,)p 2 {z) + D(z, £) is analytic in U for all^£U and satisfies the inequality 

Re [^.OVW+B^.OpW + ^O^W + ^O] >0 (8) 

iften Re p(z) > 0, z £ £/. 

Proof. Let ip(r, s;z,():C 2 x[/ x [/ — > C given by Definition 1.3. For r = p(z), s = zp'(z), z £ U we have 
iP(r, s; z, - A(z, 0* + B(z, £)r + C(z, £)r 2 + £>(z, £), z £ U, £ £ Z7. (9) 

Then (8) becomes 

Re ip(r,s;z,£) > 0, z£U,££U. (10) 
If we consider /i(z) = then /i([/) = {u> £ C; Re uj > 0} and (10) is equivalent to 

^{r,s;z,e)« zGt/, £ £ 77. (11) 

1 — 2 

Suppose that p is not subordinated to /i(z) = y±|. Then, from Lemma 1.1, we have that there exist z = r e l6 ° , 

6»o £ R and C € 9/7 such that p(z ) = MCo) = Ph P ^ K , Zop'(zo) = m( h'(( ) = a, a e K, <r < -f (1 + p 2 ). 

By replacing r with pi and s with cr in (9) and using the conditions given by (7) we obtain 
Re ip(p(z ),z p'(z );zo,0 = Re *P(Phv, z o,0 = Re [A(z Q ,£)o+B(z Q ,£)pi-p 2 C(z [h £ > )+D(z Q ,t,)) = crRe A(z ,0 _ 
plm B{z ,0-p 2 Re C(z ,0 + Re D(z ,0 > -f (l+ i o 2 )Re A(z ^)-plm B(z ^)-p 2 Re C{z ,0+Re D(z ,0 

> -p 2 [fRe A(z ,£)+Re C(z , 0] - P Im B(z , -f Re A(z ,£) + Re D(« ,0 < 0, 

which contradicts (10). This means the assumption made is false, hence p(z) -< jz^, z G [/, which is equivalent 
to Re p(z) > 0, z eU. m 

Theorem 2.3 Let p e H[l, n], A, B,C, D : U xU -»• C with 

Re A(z, > 0, Re C(z, £) > 0, ^Re A(z, > Re D(z, £) + 1 (12) 

and Im £) < 2^/ [fRe A(z, £)+Re C(z, 0] [fRe A{z, J) -Re D(z, £) - 1] . 

//j4(z,£)zp'(z)+i3(z,£)p(z) + C(2;,£)p 2 (z) + -D(z,£) is analytic in U for all £ € {/ and satisfies the nonlinear 
strong differential subordination 

A(z, Z)zp'(z) + B(z, Op(z) + C(z, Op 2 (z) + D(z, ^ z (13) 

thenp(z) -< Y^f , z £ U. 
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Proof. Let ip given by (9). For r = p(z), s = zp'(z), (13) becomes 



V>(r,s;2,0 «z, zeU, £eU. 



(14) 



If we consider h(z) = z, z 



£ U, then q(U) = U and from (14) we have 



ip(r, s; z, £) £ U, z 



(15) 



which is equivalent to 



— 1 < Re ip(r, s; z, 



0<i. z 



eU, £eu. 



(16) 



Suppose that p is not subordinated to q(z) = Then, from Lemma 1.1 we have that there exist 

z = r e l8 °, 9 eRand Co e dU, such that p(z ) = q(( ) = pi, z p'(z ) = mC q'(C ) = a, a £ R, a < -f (1+p 2 ). 
By replacing r with pi and s with a in (9) and using the conditions given by (12), we have: 
Re s; z , £) = Re <?; z , = Re [A(z , £)a + B(z , £)pi - C(zo, Op 2 + D(z Q , £)] = o~Re A(z Q ,£) - 
plm B(z ^)-p 2 Re C(zo,Z)+Re D(zo,£) < -f (l+p 2 )Re A(zo,Z)-phn B(z ,£) - P 2 Re C(zo,t) + Re D(z Q ,£) 
< -p 2 [fRe A(z ,0+Re C(z ,^)] - plm B(z ,0 -f Re A(« ,0 + Re D(*o,0 < -1, 
which contradicts (15). That means the assumption made was false, hence p(z) -< z £ U. ■ 
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A note on the symmetric properties for the second kind 
twisted g-Euler polynomials 

C. S. Ryoo 

Department of Mathematics, Hannam University, Daejeon 306-791, Korea 

Abstract : In this paper, we introduce the second kind twisted g-Euler numbers and polynomials. 
By using these numbers and polynomials, we give some interesting relations between the power sums 
and the the second kind twisted Euler polynomials. 

Key words : the second kind Euler numbers and polynomials, the second kind twisted Euler 
numbers and polynomials, the second kind twisted g-Euler numbers and polynomials, alternating 
sums 

1. Introduction 

Euler numbers, Euler polynomials, g-Euler numbers, g-Euler polynomials, the second kind Euler 
number and the second kind Euler polynomials were studied by many authors. Euler numbers 
and polynomials posses many interesting properties and arising in many areas of mathematics and 
physics(see for details [1-9]). In this paper, we introduce the second kind twisted q- Euler numbers 
and polynomials. In this paper, by using the symmetry of p-adic q- integral on Z p , we give recurrence 
identities the second twisted g-Euler polynomials and the power sums. 

Throughout this paper, we always make use of the following notations: N = {1, 2, 3, • • • } denotes 
the set of natural numbers, Z p denotes the ring of p-adic rational integers, Q p denotes the field of 
p-adic rational numbers, and C p denotes the completion of algebraic closure of Q p . Let v p be the 
normalized exponential valuation of C p with \p\ p = p^ v p^ = p~ x . We say that / is uniformly 
diffcrcntiable function at a point a € Z p and denote this property by g e J7Z?(Z p ), if the difference 
quotients 

have a limit I — g'(a) as (x, y) — > (a, a). For g e UD(Z p ), Kim defined the fermionic p-adic integral 
on Z p (see [1]) 

/_!(<?) = hm Ug) = [ g(x)dix- 1 (x) = lim V g{x){-lf . (1.1) 

J£ " 0<x<p N 

If we take gi(x) = g(x + 1) in (1.1), then we easily see that 

I-i(g 1 ) + I- 1 (g) = 2g(0). (1.2) 

Let T p = Un>iC p n = liniTv^oo C p N , where C p N — {cj|u; p = 1} is the cyclic group of order p N . For 
w e T p , we denote by (p^ : 7L p — > C p the locally constant function x i — > lo x . 

Let us define the second kind twisted g-Euler numbers E niQtU and polynomials E n ^ q ^(x) as 
follows: 

I-Mv)<l y e (2y+1)t )= Mv)q v eto +1 »d^{y) = Y^E n>q J- (1.3) 
I-My)q y e {2y+1+X)t ) = / K(y)q y e {2v+1+X)t d f ,_ 1 (y) - V E n<qtU x)-. (1.4) 
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By (1.3) and (1.4), we obtain the following Witt's formula. 



Theorem 1. For cu e T p , we have 



<f> u (x)q x (2x + l)"d/i_i(a;) = 
f My) q y{2y + 1 + a;) n d/i_i(y) - 



Theorem 2. For any positive integer n, we have 



2. The alternating sums of powers of consecutive g-odd integers 

In this section, we assume that q € C, with \q\ < 1. Let u> be the p^-th root of unity. By using 
(1.4), we give the alternating sums of powers of consecutive q- integers as follows: 

n=0 y n=0 

From the above, we obtain 

oo oo k — 1 

_ y2^_ 1 ^n UJ n q n e (2n+2k+l)t + yV-^n-fc ^n-k q (n-k) e (2n+l)t = VV-l)™-*^"-* q (n-k) e (2n+l)t _ 

n— n— n— 

By using (1.3)and (1.4), we obtain 

~2 E %^(2fc)- + -(-l)- fe c- k q~ k E^j = £ (-l)- k 0J- k q- k E(-1K9"(2« + W 

p 

By comparing coefficients — in the above equation, we obtain 



n wV(2n + iy = (-l) fc ^V^(2fc) + £? 3 -, g , M 



n=0 

By using the above equation we arrive at the following theorem: 

Theorem 3. Let k be a positive integer and geC with |qr| < 1 and co be the p^-th root of 
unity. Then we obtain 

Tj^(k - 1) = $j(-l) n w n g n (2n + 1)' = (-l) fc+ W^(2fc) + ^ (2 J} 

n=0 

Remark 4. For the alternating sums of powers of consecutive odd integers, we have 

«mW*-l) = g(-l)-V(», + iy . 

where Ej iU1 (x) and £?j jW denote the second kind twisted Euler polynomials and the second kind 
twisted Euler numbers, respectively (see [5]). 
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3. The symmetry property of the q-deformed fermionic integral on Z p 

In this section, we assume that q <E C p and lj e T p . In this section, we obtain recurrence 
identities the second twisted g-Euler polynomials and the alternating sums of powers of consecutive 
g-odd integers. By using (1.1), we have 

n-l 

I-i(g n ) + (-l)"" 1 /.^) = 2£(-i) n " 1 " fc ffW, (see [1], [2], [3], [5]), 

fe=0 

where n € N, g n (x) = g(x + n). If n is odd from the above, we obtain 

71-1 

J-i(ffn) + I-i(9) =2j2(-V n - 1 - k 9(k). (3.1) 

k=0 

It will be more convenient to write (3.1) as the equivalent integral form 

n-l 



f g(x + n)dn_ 1 (x)+ f g(x)dfx_ 1 (x) = 2^(-^ n ~ 1 ~ k 9(k). 



fe=0 

Substituting g{x) = u x q x e ( 2x + 1 ) t into the above, we obtain 



2p* 



(3.2) 



(3.4) 



r. r. n—1 

/ Lj x+n q x+n e (2 ( x+n ^ t d f i_ 1 (x)+ w x q x e( 2x+ V t dv-i{x) = 2^{-iyuj j q i e {2j+1)t . (3.3) 
After some elementary calculations, we have 

Jz p uqe 2t + 1 

{ u x+n q x+n eW x+n ^ t d l i- l (x)=u n q n e 2 
h v ujqe 2t + l 

By using (3.3) and (3.4), we have 

/ u x+n q x+n e^ x+n ^ t d^ 1 {x)+ ( ^(^1(1) = ^?^. 
h p h v uqe 2t + 1 

From the above, we get 

f u x+n q x+n e {2{x+n)+1)t dn- 1 {x)+ f LO x q x e {2x+1)t d f i- 1 {x) 
Jz p Ji p 

2j Z]i LO x q x e ( * 2x + 1 ') t d f i- 1 {x) (3 ' 5) 
~~ J Zf) U} nx q nx e 2ntx diJ,- 1 (x) 

By substituting Taylor series of e ^ 2x+1 ' ,t into (3.3), we obtain 

V / Lj x+n q x+n (2x + l + 2ny n d^ 1 (x)+ / w x g x (2a; + l) ro <iM-i(a;) — - 

,t^> \K ' A p ; ml 

co I n-l \ 

= E 2^(-i)w'(2i + ir ^ 

m=0 y j=0 J 
t m 

By comparing coefficients — r in the above equation, we obtain 

m! 

LJ n q n f2( r f](2n) m - k f LJ x q x (2x + l) k dn_ 1 (x)+ f 0J x q x (2x + l) m dH-i(x) 
k=0 \ k J Ji p Jz p 

n-l 

= 2^(-i)w'(2i + ir 
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By using (2.1), we have 

UJ n q n V ( r f](2n) m - k f LJ x q x (2x + l) k dn_ 1 (x)+ f oj x q x (2x + lfd/i^fi) 



fe=0 

= 2T TOi9iW (n - 1). 
By using (3.5) and (3.6), we arrive at the following theorem: 

Theorem 5. Let n be odd positive integer. Then we obtain 



(3.6) 



2 uj x q x e {2x+1 ^dn- 1 {x) ~ t m 



Let »i and w 2 be odd positive integers. By using (3.7), we have 

J J ^(wixi+w 2 x 2 ) g(w 1 xi+w 2 x 2 ) e (wi(2x 1 + l)+W2{2x2+l)+wiw 2 x)t ^^^^ (xi)cZ/i_i (X2) 

/ z U j WlW2X q WlW2X e 2wiW2Xt dn- 1 (x) 
_ 2e Wlt e W2t e WlW2Xt (u> WlW2 q WlW2 e' 2wiW2t + 1) 

By using (3.7) and (3.8), after elementary calculations, we obtain 

'2 / uj W2X2 q W2X2 e^ X2+1 ^ W2t ^d^i{x 2 ) 



(3.8 



i + l)+iuitU2a:)t 



a = (- [ uWiqWixieivi-Vxi 

( 00 \ / 00 

m=0 '/ \ m=0 



d/x_i(a;i) 



r mi g»2 , W »2 (t«l - 1)W 



J z w Wl ™ 2X <7™ 1 ™ 2X e 2M, i u '2* a: c^_ :L (2;) 
m! 

(3.9) 

By using Cauchy product in the above, we have 

o = £ £ ( m )^, 9 » 1 , w » 1 ( W2 x)u; J 1 T m _ J .^2^2(wi - l)w™" j — (3.10) 
m =o \j=o ^ 3 ' ) m - 

By using the symmetry in (3.9), we have 

'2 J* z w™ lXl <j™ lXl e( 2xi+1 )( Wlt )d/x_i(a;i)\ 



J z u) WlW2X q WlW2X e 2wiW2tx dfi-i(x) 



\ 2 

Thus we have 



1 00 f m\ / 00 y.ro\ 

m=0 '/ V m=0 "/ 

00 / m / m \ _ \ 

a= X] S( ■ ^-r 2 ,"'" 2 (wilJWjTm-;.,,^^".! (W 2 - IK 3 — (3.11) 

m =o \ j= o \3/ J m - 

t m 

By comparing coefficients — - in the both sides of (3.10) and (3.11), we arrive at the following 
theorem: 

Theorem 6. Let wi and w 2 be odd positive integers. Then we obtain 

( . )w^~ J w 3 2 E jiq v, 2 ^ W2 (w 1 x)T m _ jiq w 1 ^w 1 (w 2 - 1) 



3=0 



= ( • ) W 1 W 2^ :> 'Ej, q ^i^i(w 2 x)T m - :j ^ 2 ^ 2 (w 1 - 1), 

3=0 ^ 3 ' 
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where Ek quj (x) and T m qMJ (k) denote the second kind twisted g-Euler polynomials and the alter- 
nating sums of powers of consecutive g-odd integers, respectively. 

By using Theorem 2, we have the following corollary: 

Corollary 7. Let w\ and w 2 be odd positive integers. Then we obtain 

EE ( m ) (i)<' kw i^ kE k, q ^.^T m ^ 1 ^ 1 (w 2 - 1) 

3 =o k =o w / W 

= EE (7) (^i^"^"*^.^.^^-^.^^! - !)■ 

By using (3.8), we have 



1 



'2 J z w^^^^e^+iK^t)^,^)' 



2 j Zp J \ J Zip ^ WlW2X q WlW2X e 2wiW2tx diJ,- 1 (x) 

Wi — 1 



= U e 



i / w 2 \ 
^IZ 1 f [ 2x 1 +l+w 2 x+(2 3 + l) )(w 1 t) 

= E (-^y^ W2l Q W23 / w™ lXl <f lXl eV u>i/ d/i_i(an) 



OO / Wi — 1 



1 " 

(3.12) 



/ T7. 



By using the symmetry property in (3.12), we also have 

/ . \ /2L w™ lJ:i o , " 1I1 e( 2ll + 1 )(»i t )rfu_ 1 (a; 1 )' 

0= -e WlW2Xt / c^ 2 * 2 ^ 2 ^ 2 ^ 1 ^ 2 '^-!^) „ — 

\2 J Zp J \ fz Lo w i w ^ x q w ^ x e 2w ^ tx d^_ 1 (x) 

t ^Z 1 f |2x 2 +l+wix+(2j+l)— )(w 2 t) 

= (-l) J u WlJ q WlJ / w^^g^^eV «"2/ d/i_i(a;i) 

2 £ (- 1 ) j ^ lj 9" ,U '^, g » 2 ^ 2 + (2? + !)— «>2 

n=0 \ j=0 " 2 • 



nV 

(3.13) 

By comparing coefficients — - in the both sides of (3.12) and (3.13), we have the following theorem. 



Theorem 8. Let W\ and w 2 be odd positive integers. Then we obtain 



(-l) J 'w™ 2 V 2j X, fl «i,u,«i (w 2 x + (2j + 1) — J ^ 

(3.14) 

w 2 -i , 

= (-iYu wli q wli En, q »*+,*" + (2.? + i)^J < 



j=0 

Substituting w\ = 1 into (3.14), we arrive at the following corollary. 
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Corollary 9. Let w 2 be odd positive integer. Then we obtain 

w 2 — 1 
3=0 
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In this article, we obtain certain simple sufficiency criteria for a subclass of 
p-valent analytic functions. Many known results appear as special consequences 
of our work. Some applications of our work to the generalized Alexander integral 
operator is also given. 
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1 Introduction 

Let A(p, n) denote the class of functions / (z) of the form 

oo 

f(z) = z p + J2 a k z k , (pen = {1,2,3,...}), (1) 

k— p+n 

which are analytic and multivalent in the open unit disk U = {z : \z\ < 1} . For func- 
tions f (z), g (z) G A(p,n) of the form (1), We define the convolution (Hadamard 
product) of / (z) and g (z) by 

(f*g)(z) = z p + a ^bkz k , (z £ U) . (2) 

k— p+n 

1 Corresponding author. 
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Also let Q\ (p, n, a; g (2)), A is real with |A| < ^, < a < p, n £ N and p £ N, denote 
the subclass of A(p, n) consisting of all functions / (2) which is defined with the help 
of convolution by 

,2 ((/*<?)' (2)) 

® e wwj >qcosA,(2£U). (3) 

(f*9) ( z ) 

By suitably choosing g (2) in (3), we obtain the subclasses SI (p, n, a) and C\ (p, n, a) 
of A(p, n) which are defined, respectively, by 

^i\Zf'{z) 



/(*) 



> a cos A, (2 £ U) , 



(4) 



Ue x f 1 + ^{,7^ ) >acosA,(2£U). 



(5) 



We note that for A = 0, the classes (p, n, a) and C\ (p, n, a) reduces to the classes 
Sp (n, a) and C v (n, a) respectively studied by Goyal et al [1]. Further if we take a = 0, 
p = 1 and n = 1 in the classes (4) and (5) , we obtain the class of spiral-like functions 
introduced by Spacek [2] and the class of Robertson functions studied by Robertson 
[3] respectively. 

We will assume throughout our discussion, unless otherwise stated, that A is real 
with |A| < 1 , < a < p, n £ N and p £ N 

2 Sufficient conditions for the class Q\ (p, n, a; g (z)) 

To obtain our main results, we need the following Lemma due to Mocanu [4]. 
Lemma 2.1. If q(z) £ A(n) satisfies the condition 



(z € U) , 



then 



q(z)eS* (n,0). 
Theorem 2.1. If f(z) £ A(p, n) satisfies 



(6) 
(7) 



(/*<?) <"-°) COBA [ ixz(f*g)'(z) , . . ., 

; el A_u — -qcosA -ipsinA ^ - (p-a)cosA 



2P 



(/*<?)(*) 

n + 1 
< v/(n+ 1)2 + 1 

then /(«) £ Q A (p, n, a; g (2)) . 

Proof. Let us set a function p (2;) by 



(p — a) cos A (2 £ U), 



(8) 



p(z) 



5 I (/*g) (2) \(^°)- A = ^ + _ 

' z p J (p — a) cos A 



for f (z) ,g (2) £ n). Then clearly (9) shows that p (2) £ j4 (n). 
Differentiating (9) logarithmically, we have 



p'(z) = e' A 
p(2) (p — a) cos A 



(f*9)'(z) P 

(f*g)(z) z 



+ 



(9) 



(10) 
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which gives 

\p'(z)-l\ 



(11) 



(/*g) (* ) \ ip - a) 

ZP 



Thus using (8), we have 



(p - a) cos A 1 (f + g) (z) 



e .x z(f * g)\ (z) _ a cos \ — ip s i n A S — 1 



|p'(*)-l| < = ■ (*€")■ 

V( n + i) 2 + i 

Hence, using Lemma 2.1, we have p(z) G S*(n, 0). 
From (10), we can write 



(12) 
(13) 



zp'(z) _ 1 
p(z) (p — a) cos A 



« z(f*g)'(z) 
(f*9) (z) 



(a cos A + ipsin A) 



Since p(z) G S*(n,0), it implies that K^f^ > 0. Therefore, we get 



(p — a) cos A 



m e 



. z(f*9)'(z] 
if* 9) (z) 

\z{f*g)'{z 



a cos A 



> a cos A. 



p{z) 



(14) 



(15) 



(16) 



(f*9) (z) 

and this implies that f(z) G Q\ (p, n, a; g (z)) . By taking g (z) is an identity function 
and Koebe p-valent functions with A = in Theorem 2.1, we obtain Corollary 2.2 and 
Corollary 2.3 respectively proved by Goyal et.al [1]. 
Corollary 2.2. If f(z) G A(p,n) satisfies 



f(z) 



{ f(z) J 



n + 1 , . , . 
< :(p-a) (z6U), 



V(n+1) 2 + 1 



for < a < p, then /(z) 

Corollary 2.3. If f(z) G -A(p,n) satisfies 



(17) 
S* (n, a) . 



(/' (z)) 



pzP 



{zf"(z) + (l- a )f (z)}-p + a 



n + 1 , . , , 
< (p-a) (z G U), 



V(«+l) 2 + l 



(18) 

for < a < p, then /(z) G C p (n, a) . 

Further If we take n = 1 and p — 1 in Corollary 2.2 and Corollary 2.3, we get the 
following result proved by Uyanik et al [5]. 

Corollary 2.4. If f(z) G A satisfies 



f(z) 

for < a < 1, then f(z) G S* (a) . 



a > — 1 + a 



< — (1-a) (zGU), (19) 
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Corollary 2.5. If f(z) G A satisfies 

(/' (*)) ^ {/' (*) + 73^/" (z) } - : | < 7% (z e u) ' 



(20) 



for < a < 1, then f(z) G C {a) . 

Remark 2.1. If we put a = and p = 1 in Corollary 2.4 and Corollary 2.5, we 
get the result proved by Mocanu [6] and Nunokawa et al [7] respectively. 

Theorem 2.6. If p(z), given by (9), satisfies 



\p"(z)\ < 



n + 1 



V(n + 1) 2 + 1 



(z e E) , 



(21) 



then /(«) G Qx (p, n, a; g (z)). 

Proof. From (9) , we have p(z) G A(n). Also 



|p'(z)-l| 



< 



p"(t)dt 
n + 1 



\z\ < 



\h"(pe te )\ dp 
n + 1 



yftn + I) 2 + 1 ^(71 + 1)2 + 1' 



(22) 
(23) 



where we have used (21). This proves that p(z) satisfies the condition of Lemma 2.1 
and therefore p(z) G S*(n,0), which leads f(z) G Qx (p,n,a; g (z)) . Theorem 2.7. 
If f(z) G A(p, n) satisfies 



Z? 



{f*g)'(z) \ (»—)«-* _ p 
(f*g){z)J 



(n + 1) (p — a) cos A 
2^(n+ 1) 2 + 1 



(24) 



then /(z) G Qa (p, n, a; g (z)) . 

Proof. Let us define a function p(z) by 



p(z) = 



Then 



if* 9) (t) \ 
tP J 



(f*g) (*) 



(p — a) cos X 



dt. 



zp 



(p — a) cos A 



zp'(z) = z 

Let g(z) — zp'(z). Then g(z) G ^4(n). Consider 

U'(z) - l| = \p'(z) + zp"(z) - l| < |p'(z) - l| + \zp"(z) 



(25) 



(26) 



p"(t)dt 



+ \zp"(z) 



r\*\ 
Jo 



< 



r\z\ 
Jo 



(p — a) cos A 
(n + 1) 



dt + 



ztft + 



(p — a) cos A 
(n + 1) 



H(z) 



z < 



(n + 1) 



2^^ + 1)2 + 1 2^(n + 1)2 + 1 y/( n + l) 2 + 1 



(27) 
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with 



H(z) = 



(/*g) (*) 

zp 



(p-c)cOsA 



Therefore, by using Lemma 2.1, we have 

g(z) = zp'(z)€S*(n,0). 

This means that p (z) G C (n, 0), which implies that f(z) G Qa (p, n, a; g (z)) . 
3. Generalized Alexander Integral Operator 

For f(z),g(z) G A(p,n), we consider 



(28) 



(29) 



G(z) = 



(f*g) (t) 



tp 



dt = z+ 1<lp+nhp + n z n+1 + . 
n + 1 



(30) 



Clearly G(z) G -A(n) and when p = 1, 7 = 1, g (z) = then (30) reduces to the 
well-known Alexander integral operator [8]. 

Theorem 3.1. If 7 > - and f(z),g(z) G A(p,n) satisfies 



j ({f * g) (z))^x ( z((f*g)'{z)) 



Z cos A 



if* 9) (*) 



(n + 1) cos A 
2 v /(n + l) 2 + l' 



(31) 



then f(z) G Qa (p, n, 0; 5 (2)) . 
Proof. From (30), we get 



C(z) 



(/*g) (£) 



Differentiating (32), logarithmically, we get 
G"(z) 



G'(z) 7 
Then by simple computation, we have, 



if*9)'{z) _ P 
if * 9) (2) z 



(32) 



(33) 



G"(*) [G'(z)\ 



< 



( f*9) (*) 

zp 

[n + 1) cos A 



if*9)'(z) _ p 

(f*g)(z) z 



where we have used (31). Therefore 



G"(z) [G'(z)] 



(n + 1) cos A 

2^/(71+1)2 + 1 



(34) 



By using Theorem 2.7 with p = 1, a = and g (2) = ^r^p ' we nave ^(2) G 
Cx(l,n,0). 

From (33), we can write 



1 + 



zG"{z) 
G'(z) 



' z{{f*g)'{z))' 
if* 9) (z) 



pry cos A + cos A, 



(35) 
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ADDITIVE FUNCTIONAL INEQUALITIES IN PARANORMED 

SPACES 

SEO-YUN YANG AND CHOONKIL PARK* 

Abstract. In this paper, we investigate the following additive functional inequalities 
- s f(x) + - s f(y) + f(z) + f(w) 

- s f(x) + - s f(y) + - s f(z) + f(w) 

in paranormed spaces for a fixed integer s greater than 1. Furthermore, we prove the 
Hyers-Ulam stability of the above additive functional inequalities in paranormed spaces. 



1. Introduction and preliminaries 

The concept of statistical convergence for sequences of real numbers was introduced 
by Fast [3] and Steinhaus [26] independently and since then several generalizations and 
applications of this notion have been investigated by various authors (see [5, 14, 16, 17, 
25]). This notion was defined in normed spaces by Kolk [15]. 

We recall some basic facts concerning Frechet spaces. 

Definition 1.1. [28] Let X be a vector space. A paranorm P : X — > [0, oo) is a function 
on X such that 

(1) P(0) = 0; 

(2) P(-x) = P(x) ; 

(3) P(x + y) < P(x) + P{y) (triangle inequality) 

(4) If {t n } is a sequence of scalars with t n — > t and {x n } C X with P(x n — x) — > 0, 
then P(t n x n — tx) — > (continuity of multiplication). 

The pair (X, P) is called a paranormed space if P is a paranorm on X. 
The paranorm is called total if, in addition, we have 

(5) P(x) = implies x = 0. 

A Frechet space is a total and complete paranormed space. 

The stability problem of functional equations originated from a question of Ulam [27] 
concerning the stability of group homomorphisms. Hyers [10] gave a first affirmative 
partial answer to the question of Ulam for Banach spaces. Hyers' Theorem was gener- 
alized by Aoki [1] for additive mappings and by Th.M. Rassias [21] for linear mappings 
by considering an unbounded Cauchy difference. A generalization of the Th.M. Rassias 
theorem was obtained by Gavruta [7] by replacing the unbounded Cauchy difference by 
a general control function in the spirit of Th.M. Rassias' approach. 



2010 Mathematics Subject Classification. Primary 35A17; 39B52; 39B72. 

Key words and phrases. Jordan- von Neumann functional equation, Hyers-Ulam stability, paranormed 
space; functional inequality. 
* Corresponding author. 



< 



x + y 



< 



+ w 
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In 1990, Th.M. Rassias [22] during the 27 th International Symposium on Functional 
Equations asked the question whether such a theorem can also be proved for p > 1. In 
1991, Gajda [6] following the same approach as in Th.M. Rassias [21], gave an affirmative 
solution to this question for p > 1. It was shown by Gajda [6], as well as by Th.M. Rassias 
and Semrl [23] that one cannot prove a Th.M. Rassias' type theorem when p = 1 (cf. 
the books of P. Czerwik [2], D.H. Hyers, G. Isac and Th.M. Rassias [11]). 

In 1982, J.M. Rassias [20] followed the innovative approach of the Th.M. Rassias' 



theorem [21] in which he replaced the factor 



x 



\y\\ p by \\x\\ p ■ \\y\\ q for p, q G K. with 



p + q 7^ 1. Gavruta [7] provided a further generalization of Th.M. Rassias' Theorem. 
During the last two decades a number of papers and research monographs have been 
published on various generalizations and applications of the Hyers-Ulam stability to a 
number of functional equations and mappings (see [12, 13, 18]). 
In [8] , Gilanyi showed that if / satisfies the functional inequality 

\\2f{x) + 2f{y)-f{xy^)\\<\\f{xy)\\ (1.1) 

then / satisfies the Jordan-von Neumann functional equation 

2f(x) + 2f(y) = f(xy) + f(xy' 1 ). 

See also [24] . Fechner [4] and Gilanyi [9] proved the Hyers-Ulam stability of the functional 
inequality (1.1). 

Park, Cho and Han [19] proved the Hyers-Ulam stability of the following functional 
inequalities 

ll/(*) + /(v) + /(*)ll < "' X + V + zy 

< 



\\f(x) + f(y) + f(z) 

\\f(x) + f(y) + 2f(z)\\ < 



V 

\\f(x + y + z 
x + y 



+ z 



We proved the Hyers-Ulam stability of the following functional inequalities 

' x + y 



-f(x) + -f(y) + f(z) + f(w) 

S S 

-f(x) + -f(y) + -f(z) + f(w) 
s s s 



< 



< 



+ z + w 



x + y + z 



+ w 



(1.2) 
(1.3) 



for a fixed integer s greater than 1. 

In Section 2, we prove the Hyers-Ulam stability of the functional inequality (1.2) in 
paranormed spaces. 

In Section 3, we prove the Hyers-Ulam stability of the functional inequality (1.3) in 
paranormed spaces. 

Throughout this paper, assume that (X,P(-)) is a total paranormed space and that 
(Y, || • ||) is a Banach space. 

2. HYERS-ULAM STABILITY OF THE FUNCTIONAL INEQUALITY (1.2) 

In this section, we prove the Hyers-Ulam stability of the functional inequality (1.2) in 
paranormed spaces. 

Proposition 2.1. Let f : X 



1 f(x) + 1 f(y) + f(z) + f(w) 

S S 



Y be a mapping such that 
x + y 



< 



'( 5 



+ z + w 



(2.1) 
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for all x,y, z,w G X . Then f is additive. 

Proof. Letting x = y = z = w = in (2.1), we get 

+ 2)||/(0)||= ^/(0) + 2/(0) < ||/(0)|| 



and so 

/(0) = 0. 

Letting x = y = and w = —z in (2.1), we get 

/(-*) = -/(*) 

for all z G X. Letting x = —sz and y — w — in (2.1), we get 

f(sz) = f(sz) & / (£) = - s f(z) 

for all z G X . Letting z = — and w = in (2.1), we get 

f(x + y) = f(x) + f(y) 

for all x,y G X. Thus / is additive. 

Note that P(sx) < sP(x) for all x G X. 

Theorem 2.2. Let r be a positive real number with 
mapping such that 



□ 



-/(*) + -f(y) + M + fW 

s s 



< 



f 



r < 1, and f : X — >■ Y be an odd 
x + y 



+ z + w 



(2.2) 



+ P{x) r + P{y) r + P{z) r + P{w) r 
for all x,y, z,w G X . Then there exists a unique additive mapping h : X — >■ Y~ suc/i t/iai 

||/(x)-M^)ll<^ s ' ' 



s — s r 



P(x) r 



(2.3) 



for all x & X . 

Proof. Letting y = w = and z = — - in (2.2), we get 



and 



so 



-f(sx) - f(x) < P(sx) r + P(-x) r < (s r + l)P{x) r 
s 



for all x G X. Hence 



m— 1 

< E 



m— 1 



< (« r + i)E^^) 



(2.4) 
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for all nonnegative integers m and / with m > I and all x G X. It follows from (2.4) that 
the sequence {j^f(s n x)} is a Cauchy sequence for all x G X. Since Y is complete, the 
sequence {\f(s n x)} converges. So one can define the mapping h : X — > Y by 



h(x) := lim — f(s n x) 

v ' n->oo s n 

for all x G X. Moreover, letting / = and passing the limit m — > oo in (2.4), we get 
(2.3). 

It follows from (2.2) that 
1 1 

-h(x) + -h(y) + h(z) + h(w) 
s s 



= lim — 

1 

< lim — 

n— >oo gn 



-J (s n x) + -J (s'-y) + f (s"z) + f (a-s) 



/(»»( 



x + y 



+ z + w 



+ lim — (P(xY + P(yY + P(zY + P(w) r ) 



h 



x + y 



+ z + w 



for all x, y,z,w G X. So 



^h(x) + ~ s Ky) + K z ) + K w ) 



h 



x + y 



+ z + w 



for all x,y,z,w G X. By Proposition 2.1, the mapping h : X — > Y is additive. 
Now, let T : X — > Y be another additive mapping satisfying (2.3). Then we have 

\\h(x)-T(x)\\ = ^\\h(s n x)-T(s n x)\\ 

< ^(\\h (s n x) - f (s n x) \\ + \\T (s n x) - f (s n x) ||) 

(s - s r )s n v 1 

which tends to zero as n — > oo for all x G X. So we can conclude that h(x) = T(x) for 
all x G X. This proves the uniqueness of h. Thus the mapping h : X — > Y is a unique 
additive mapping satisfying (2.3). □ 

3. HYERS-ULAM STABILITY OF THE FUNCTIONAL INEQUALITY (1.3) 

In this section, we prove the Hyers-Ulam stability of the functional inequality (1.3) in 
paranormed spaces. 

Proposition 3.1. Let f : X — >■ Y be a mapping such that 

' x + y + z 



- s f(x) + - s f(y) + - s f(z) + f(w) 



< 



'0 



+ w 



(3.1) 



for all x,y,z,w G X. Then f is additive. 

Proof. Letting x = y = z = w = in (3.1), we get 



+ 1 ||/(0)|| 



;/(0) + /(0) 



< ll/(0)|| 
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and so 

/(0) = o. 

Letting y = z = x and w = —x in (3.1), we get 

/(-*) = -/(*) 
for all x G X. Letting w = — ^ and y — z — in (3.1), we get 

for all x G X. Letting z = —x — y and w = in (3.1), we get 

f(x + y) = f(x) + f(y) 

for all x, y G X. Thus / is additive. □ 

Note that P(sx) < sP(x) for all x eX. 

Theorem 3.2. Let r be a positive real number with r < 1, and let f : X ^ Y be an odd 
mapping such that 



-f(x) + -f(y) + -f(z) + f(w) 

s s s 



< 



'( 



x + y + z 



+ w 



(3.2) 



+ P(x) r + P(y) r + P(z) r + P(w) r 
for all x,y, z,w G X . Then there exists a unique additive mapping h : X — >■ F suc/i t/iat 

- s r + r 



||/»-/i(z)|| 



P(x) r 



(3.3) 



for all x G X . 

Proof. Letting y = x = and z = — - in (3.2), we get 



: f(x) + f 



< P(x) r + P 



and so 



-f(sx) - f(x) 



< p(sx) r + p{- x y < { s r + i)p( x y 



for all x G X. Hence 
1 

s 



m— 1 



m— 1 r.j 



(3.4) 



for all nonnegative integers m and / with m > I and all iGl. It follows from (3.4) that 
the sequence {-^ f(s n x)} is a Cauchy sequence for all x G X. Since F is complete, the 
sequence {^/(s ra x)} converges. So one can define the mapping h : X — > Y by 



:= lim — /(s n x) 
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for all x G X. Moreover, letting / = and passing the limit m — > oo in (3.4), we get 
(3.3). 

It follows from (3.2) that 

-h(x) + 1 h(y) + h(z) + h(w) 
s s 



= lim — 

n— >oo gn 
1 

< hm — 

n—¥oo c n 



-f(s n x) + -f( S n y) + f(s n z) + f(s n y) 
s s 



h 



X 



f[s n 

y 



x + y 



+ z + w 



+ lim — (P(xY + P(yY + P(zY + P(wY) 



+ Z + W 



for all x, y,z,w G X. So 



1 1 

-h(x) + -h(y) + h(z) + h(w) 
s s 



h 



x + y 



+ z + w 



for all x,y,z,w G X. By Proposition 3.1, the mapping h : X — > Y is additive. 
Now, let T : X — > Y be another additive mapping satisfying (3.3). Then we have 

\\h(x)-T(x)\\ = ±-\\h{s n x)-T{s n x)\\ 



< 



(\\h(s n x)-f(s n x)\\ + \\T(s n x)-f(s n x) 



< 2 f sr + 1 ^ r p(xY, 

(s- s r )s n v ' 

which tends to zero as n — > oo for all x G X . So we can conclude that h(x) = T(x) for 
all x G X. This proves the uniqueness of h. Thus the mapping h : X — > Y is a unique 
additive mapping satisfying (3.3). □ 

Acknowledgments 

This work was supported by Basic Science Research Program through the National 
Research Foundation of Korea funded by the Ministry of Education, Science and Tech- 
nology (NRF-2012R1A1A2004299). 



References 

[1] T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math. Soc. Japan 2 
(1950), 64-66. 

[2] P. Czerwik, Functional Equations and Inequalities in Several Variables, World Scientific Publishing 

Company, New Jersey, Hong Kong, Singapore and London, 2002. 
[3] H. Fast, Sur la convergence statistique, Colloq. Math. 2 (1951), 241-244. 

[4] W. Fechner, Stability of a functional inequalities associated with the Jordan-von Neumann func- 
tional equation, Aequationes Math. 71 (2006), 149-161. 
[5] J. A. Fridy, On statistical convergence, Analysis 5 (1985), 301-313. 

[6] Z. Gajda, On stability of additive mappings, Internat. J. Math. Math. Sci. 14 (1991), 431-434. 

[7] P. Gavruta, A generalization of the Hyers- Ulam-Rassias stability of approximately additive map- 
pings, J. Math. Anal. Appl. 184 (1994), 431-436. 

[8] A. Gilanyi, Eine zur Parallelogrammgleichung dquivalente Ungleichung, Aequationes Math. 62 
(2001), 303-309. 



170 



YANG ETAL 165-171 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.1, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



FUNCTIONAL INEQUALITIES IN PARANORMED SPACES 

A. Gilanyi, On a problem by K. Nikodem, Math. Inequal. Appl. 5 (2002), 707- 710. 
D.H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci. U.S.A. 27 
(1941), 222-224. 

D. H. Hyers, G. Isac and Th.M. Rassias, Stability of Functional Equations in Several Variables, 
Birkhauser, Basel, 1998. 

K. Jun and Y. Lee, A generalization of the Hyers-Ulam-Rassias stability of the Pexiderized quadratic 
equations, J. Math. Anal. Appl. 297 (2004), 70-86. 

S. Jung, Hyers-Ulam-Rassias Stability of Functional Equations in Mathematical Analysis, Hadronic 
Press Inc., Palm Harbor, Florida, 2001. 

S. Karakus, Statistical convergence on probabilistic normed spaces, Math. Commun. 12 (2007), 
11-23. 

E. Kolk, The statistical convergence in Banach spaces, Tartu Ul. Toimc. 928 (1991), 41-52. 
M. Mursaleen, X-statistical convergence, Math. Slovaca 50 (2000), 111-115. 

M. Mursaleen and S.A. Mohiuddine, On lacunary statistical convergence with respect to the intu- 
itionistic fuzzy normed space, J. Computat. Anal. Math. 233 (2009), 142-149. 
C. Park, Homomorphisms between Poisson J C* -algebras, Bull. Braz. Math. Soc. 36 (2005), 79-97. 
C. Park, Y. Cho and M. Han, Functional inequalities associated with Jordan-von Neumann-type 
additive functional equations, J. Inequal. Appl. 2007 (2007), Article ID 41820, 13 pages. 
J.M. Rassias, On approximation of approximately linear mappings by linear mappings, J. Funct. 
Anal. 46 (1982) 126-130. 

Th.M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math. Soc. 
72 (1978), 297-300. 

Th.M. Rassias, Problem 16; 2, Report of the 27 th International Symp. on Functional Equations, 
Aequationes Math. 39 (1990), 292-293; 309. 

Th.M. Rassias and P. Semrl, On the behaviour of mappings which do not satisfy Hyers-Ulam sta- 
bility, Proc. Amer. Math. Soc. 114 (1992), 989-993. 

J. Ratz, On inequalities associated with the Jordan-von Neumann functional equation, Aequationes 
Math. 66 (2003), 191-200. 

T. Salat, On the statistically convergent sequences of real numbers, Math. Slovaca 30 (1980), 139- 
150. 

H. Steinhaus, Sur la convergence ordinaire et la convergence asymptotique, Colloq. Math. 2 (1951), 
73-34. 

S.M. Ulam, A Collection of the Mathematical Problems, Interscience Publ. New York, 1960. 
A. Wilansky, Modern Methods in Topological Vector Space, McGraw-Hill International Book Co., 
New York, 1978. 

Seo-Yun Yang 

Department of Mathematics, Hanyang University, Seoul 133-791, Korea 
E-mail address: ncinal301@nate.com 

Choonkil Park 

Department of Mathematics, Research Institute for Natural Sciences, Hanyang Uni- 
versity, Seoul 133-791, Korea 

E-mail address: baakOhanyang . ac . kr 



171 



YANG ETAL 165-171 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.1, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



SOME IDENTITIES FOR BERNOULLI POLYNOMIALS 
INVOLVING CHEBYSHEV POLYNOMIALS 

DAE SAN KIM, TAEKYUN KIM AND SANG-HUN LEE 

Abstract. In this paper we derive some new and interesting identities for 
Bernoulli, Euler and Hermite polynomials associated with Chebyshev polyno- 
mials. 



1. Introduction 
The Bernoulli number are defined by the generating function to be 

(1) _A_ = e B* = g^ r) (see [3)13|14])) 

with the usual convention about replacing B n by B n . 

As is well known, the Bernoulli polynomials are given by 

(2) B n (x) = (B + x) n = £ ( n \ B n ^x l , (see [1-8]). 

From (1), we note that the recurrence relation for the Bernoulli numbers is given 

by 

B = l, (B + l) n -B n = d hn , (see [6-8]), 

where 5 m . n is the Kronecker symbol. 
By (2), wc get 

dB n (x) ^-4 (n — l\ „ , „ , . 

(3) —^= n I2[ i )B n -i-ix l =nB n _ 1 (x). 

x i=o ^ ' 

Thus, by (3), we see that 

(4) J B n (x)dx = + c, (see [3]), 

where C is a some constant. 

The Euler polynomials arc defined by the generating function to be 

9 00 j-ri 

(5) ^e* = e E W = ^E n {x)\ 
e l + 1 ^ n\ 

n— 

with the usual convention about replacing E n (x) by E n (x), (see [1,2,4,10,11]). 
In the special case, x = 0, E n (0) = E n are called the n-th Euler numbers. 
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It is well known [6, 15] that Hcrmitc polynomials are given by the generating 
function to be 

(6) e™-*=e H M* = Y i H n {x) t - i , 

n=0 

with the usual convention about replacing H n (x) by H n {x). 
From (6), we have 

(7) = 2nH n _ 1 {x), H n (x) = (-l) n H n (-x). 
ax 

By (1) and (2), we easily get 



B n (x) = ]T [l)E n -k(x), (see [1-15]), 



(8) 

k=0 

(9) E n (x) = -2Y(f)f^E n -i(x), 
and 

(10) »" = (^h-i(* + 1) - B n+1 (x))= ^E( n ; 

The Chebyshev polynomial T„(x) of the first kind is a polynomial in x of degree n, 
defined by the relation 

(11) T n (x) = cosnO, when x = cos9, (see [9]). 

If the range of the variable x is the interval [—1,1], then the range of the cor- 
responding variable 9 can be taken as [0, 7r]. It is known that cosn9 is a poly- 
nomial of degree n in cos#, and indeed we are familiar with elementary formulas 
cos 36* = 4 cos 3 9- 3 cos 9, cos46» = 8cos 4 fl - 8cos 2 6» + 1, 
Thus, by (11), we get 

T (x) = l, T 1 (x)=x, T 2 (x) = 2x 2 -1, T 3 (x) = 4x 3 - 3a;, 

T 4 (x) = 8x 4 - 8x 2 + 1, • • • . 

The Chebyshev polynomial U n (x) of the second kind is a polynomial of degree n 
in x defined by 

(12) U n {x) = sin (n + 1)9/ sin9, when x — cos 9, (see [9]). 
Thus, from (12), we have 

U (x) = l, U 1 (x)=2x, U 2 {x) = Ax 2 - 1, U 3 (x) = 8x 3 - 4x, • • • . 

By (11), we see that T n {x) is a polynomial of degree n with integral coefficients 
and the leading coefficient 2™ _1 (n > 1) and 1 (n = 0). It is not difficult to show 
that U n (x) is a polynomial of degree n with integral coefficients and the leading 
coefficient 2" (n > 0). T n (x) is a solution of (1 — x 2 )y" — xy' + n 2 y = and U n (x) 
is a solution of (1 — x 2 )y" — 3xy' + n(n + 2)y = 0. It is well known [9] that the 
generating functions of T n (x) and U n {x) are given by 

n=0 
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and 



oo 

(14) i-2xt + t* = £ Un ^ tn ' fOT 1*1 ^ X ' < L 

n— 

From (11) and (12), we have 



1 T n (x)T m (x) 



0, if n 7^ m 



(15) / <{ f, ifn = m>0 , 

/r, if n = m = 



\/l — £ 
and 

(16) y (1 - x 2 ) 1/2 U n (x)U m (x)dx = |<5„, m , (see [9]). 

The equations (15) and (16) are used to derive our main result in this paper. 
The Rodrigues' formulae for T n {x) and U n (x) are known as follows: 

(17) ^W = fc gP'('- 2 ) V2 (^(l- 2 )"- ,/2 )' 
and 

The equations (17) and (18) are also used to derive our result related to orthogo- 
nality of Chebyshev polynomials. 

From (11) and (12), we can easily derive the following equations (19) and (20): 

(19) Tn (x) = ^ + v / ^ I )" + (^-v / ^l)" ) 

and 

(x + Vx 2 - 1)™ +1 - (x - Vx 2 - l) n+1 



(20) U n (x) = 



2Va 



By the definitions of T n {x) and U n (x), we easily get 

( dT n (x) _ dU n (x) _ (n + l)T n+1 (x) - xU n (x) 

{ ' dx - nUn -^ X >> dx ~ X 2_ 1 - ■ 

From (21), we have 

(22) [u n (x)dx= T ^, [T n (x)dx=^^- X -^. 

. n + 1 ./ n z — 1 n — 1 



In this paper we derive some new and interesting identities for Bernoulli, Euler and 
Hermite polynomials arising from the orthogonality of the Chebyshev polynomials 
for the inner product space with weighted inner product. 
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2. Some identities for Bernoulli, Euler and Hermite polynomials 
involving chebyshev polynomials 

Let P„ = {p(x) e Q[x] | deg p(x) < n}. Then P„ is an inner product space with 
the weighted inner product 

-j==dx, where p(x),q(x) e P„. 

From (15), we note that {T (x),Ti(x) 7 ■ ■ ■ , T n (x)} is an orthogonal basis for P„. 
Let us assume p(x) € P„. Then p(x) is generated by {T (x),Ti(x), ■ ■ ■ ,T n (x)} to 
be 

n 

(23) p(x) = ^C k T k (x). 

k=0 

By (15) and (23), we get 

4 f 1 r fc (s) P (x) M-i)*2*fc! r 1 fi__ (1 _, Y -i/ 2 V (a; w 
s r i, if fe = o 

wherC,5fc = {2, if > 0. 
Let us take p(x) — x n e P„. From (24), we have 

_ (-l) k 2 k k\ 

~ n(2k)\ Ckv ~' (n- 
It is easy to show that 
(26) 

f 1 (1 - X 2 ) k - l ' 2 X n - k dx = (1 + f\l _ y) fc -V2 y ^-l d2/ 

_ (1 + (-l)"- fc ) T(fc + l/2)r(g=|±i) _ (l + (-l)"- fc ) (n-fc)!(2fc)!7r 

2 r( -fe+|+2) " " 2 ~2™+ fe (^)!(^)!fcf 

By (25) and (26), we get 

0, if n - k = 1 (mod 2) 

2»(=+*)!(n^*)!> 

From (27), we note that 

n! ^ T fc (a;) 



( 25 ) 



■ — K)\ J_i 



( 27 ) C fe -<{ if n -fc = (mod 2). 



(28) X] 4 iJ •)» i X] / »+/. ,| / ■ 

V 7 fc=0 l<fc<n V 2 M 2 ^ I 

fe=l (mod 2) 



where n = 1 (mod 2). 

For n = (mod 2) , we have 



x n _ nl J T o(a;) , Tfe(or) 



(29) ' ~ 2n l((f)0 2 " 2 WO 8 **)'. 

fe=0 (mod 2) 
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Let us take p(x) = B n (x) £ P„. Then 
{-l) k 2 k k\5 k f 1 



tt(2A;)! 

\koku\X. ^\ r 1 



(30, - t^i-D 1 ^ jji - 



2 k k\8 k n\ \^{n — k' s 



Now, we compute f\(l — x 2 ) k ~ 1 / 2 x l dx. 



(31) 



J' (1 - X 2 ) k - l ' 2 X l dx = (1 + (-1)') jf^l - x 2 f- x l 2 x l dx 



0, if Z = 1 (mod 2) 

2fc)!7T 



''^^ ifZ = 0(mod2). 



By (30) and (31), we get 



_ 2 fc fc!4 n! (2fc)!7r (ti — k\ 

Ck ~ vOhV x r« - fcM x 92fcw / ) B n-k-i: 



n(2k)\ (n-k)\ 2 2k k\ n< ^_ h \ I J »-«- 2 '(^ti)!(i)! 

(32) 



n!(5fe y-^ ("j )B n - k -ll\ 



0<l<n-k x 2 /-V2/ 

i=0 (mod 2) 

n— fc\ 



2fe(n _ fc)! o< ^_ fe 2«(^)!(i)! ' 

(=0 (mod 2) 

Therefore, by (32), we obtain the following theorem. 
Theorem 2.1. For neZ + , we ftat>e 

1=0 (mod 2) 

By the same method, we can derive the following identity: 

0<fc<n \ V ; 0<l<n-k V 2 /-V2^ / 

2=0 (mod 2) 

Let us take p(x) = H n (x) £ P„. From (24), we have 
{-X) k 2 k k\5 k f 1 ( d k 



Y) k 2 k k\ 
(2k)ln 



(2*)l(n- ..... , 
where H n _ k _i is the (n — fc — Z)th Hermitc number. 
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By (31) and (33), we get 

C — U \^ H-n—k—l 

( 34 ) k ~ n ' k <fe_* (n-k-iy.c-^y-av- 

1=0 (mod 2) 

Therefore, by (34), we obtain the following theorem. 
Theorem 2.2. For n e Z +) we have 

Hn-k-l 



H n (x)=n\ (** E 



fc ( n _ fc _ 0! (2Ml)i(| )! 

i=0 (mod 2) 



T fc (a;). 



Let P* = {p(x) € Q[x] | deg < n}. Then P* is an inner product space with 
the weighted inner product (p(x), ?(x)) = j_ x \A — x 2 p(x)q(x)dx, where p(x),q(x) e 
P„ . Then {Uo(x), Ui(x), • • • , f7„(a;)} is an orthogonal basis for the inner product 
space P* . 
For p(x) e P*, let 

n 

(35) p(a:) = ^CWfc(x), 
where 

C k = 2 (p(x), U k (x)) = 2 f (1 - x 2 ) 1/2 t4(*M^ 

(36) 77 ^ 

= ~ — ^r; rTi / -r-r(! - x 2 ) k+1/2 )p(x)dx. 

(2fc + l)!7r J_ 1 \dx kK ' ) FX ' 

Let us assume that p{x) — x n G P* . Then, by (36), we get 

,37 ' -- { ym^*mjy^<^ 

It is easy to show that 
(38) 

J (1 - x 2 ) k+1 l 2 x^ k das = (1 + (-l)"- fe ) (1 - a^+VV^da; 

0, if n - fc = 1 (mod 2) 



(w-fc)!(2fc+2)!7r 



[ 2"+ fc + 2 ( "+^ +2 )!(^)!(fc+l)! 

Therefore, by (37) and (38), we obtain the following proposition. 
Proposition 2.3. For n e Z + , we have 

x n = n L V — U k .(x) 

n<i-< n \ 2 r\ 2 )' 



if n-k = (mod 2). 



0<fe<n ^ 2 r\ 2 
fc=n (mod 2) 
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Let us consider p(x) = B n (x) G P*. From (36), we have 



i 



2 k+1 {k + l)\ n\ ^fn-k^ 
(2k + l)ln X (n - k)\ 



f (1 - x 2 ) k+l ' 2 x l dx = (1 + (-1)') f\l - x 2 ) k+1 ' 2 x l dx 
J-i Jo 

(40) 



x 

(/; - /,■)! - 
It is not difBcult to show that 



0, ii 1=1 (mod 2) 

(2fc+2)!/!7T . f j _ n , , n 

2 2fc + 2 + i(2M^+i )!(fe+1)!( TjT, ii i = u (moa z). 



By (39) and (40), we get 



= (fc + ^ B n _ k _ t 



(41) 2 k Q< ^_ fe (n _ fc _ W 2^±2)!(|)!- 

(=0 (mod 2) 

Therefore, by (41), we obtain the following theorem. 
Theorem 2.4. For n e Z +) we Ziawe 

B " (I, = " ! „<?<„(^ 1 oJL 2«,n- t - B ^),(|) ! ) (, ' W - 

2=0 (mod 2) 

By the same method, we can derive the following identity: 

E " w=n! „<?<„(^ JL w^miwm) Mx) - 

1=0 (mod 2) 

Let us take p(x) = H n (x) e P* . Then ff n (ar) = YJk=o C kU k {x), with 



+ i) M g - £ (1 _ xV+1/2xI<jx 



(42) " (2fc + l) k)\ ^ \ I 

= n!(fc + 1) JL (^^ X (™W 

2=0 (mod 2) 

Thus, by (42) and (43), we get 

^(*)=n!£ ((* + !) £ (n _ fc 4V^)^)' ) W 

0<fe<rA 0</<n-fe K l >-y 2 ^2^/ 



E0 (mod 2) 
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An economical aggregation algorithm for algebraic 

multigrid (AMG)* 

Liang- Jian Deng} Ting-Zhu Huang} Xi-Le Zhao § 
Liang Zhao? Si Wang" 
School of Mathematical Sciences, 
University of Electronic Science and Technology of China, 
Chengdu, Sichuan, 611731, P.R. China 



Abstract 

Aggregation-based AMG method is a widely studied technique of robustness 
for large-scale linear systems. Some previous aggregation algorithms, belonging 
to a part of aggregation-based AMG method, exhibit certain excellent properties. 
These aggregation methods, however, have to aggregate every grid points so that 
these methods lead expensive computation with grid points increasing. In the 
paper, a property that the aggregations hold particular structure associated with 
certain condition is discovered to damp the computation of aggregation algorithm- 
s. Meanwhile, this property is under the condition of the system matrix derived 
from the 9-point Finite Difference Method (FDM) and the particular setting of 
grid number. Furthermore, the conclusions about multilevel, such as the setting 
rule of grid number and corresponding theoretical analysis, are obtained from the 
extension of two level issues. Computational experiments demonstrate that the 
CPU time of new aggregation algorithm which generates the same aggregations 
with previous aggregation algorithms, keeps on a low level evidently, even for the 
linear systems of millions grade. 

Key words: Aggregation-based AMG; Aggregation algorithms; Economical com- 
putation; Poisson-likc equations; Hclmholtz-like equations; Millions grade problems 

1 Introduction 

Several methods can be utilized to solve the large-scale sparse linear systems 

Ax = b, (1) 

"This research is supported by NSFC (61170311), Chinese Universities Specialized Research Fund for 
the Doctoral Program (20110185110020), Sichuan Province Sci. & Tech. Research Project (12ZC1802), 
the Fundamental Research Funds for the Central Universities. 
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where A 6 K arises from the discretization of a scalar second-order elliptic partial 
differential equation (PDE). AMG method for large-scale linear systems is among the 
most efficient and convenient iterative methods [1, 2, 3, 4, 5, 6, 7, 8]. 

AMG method is composed with two parts: one is the setup phase and the other is the 
solve phase. Setup phase is associated with three parts on each level, i.e., defining coarse 
grids (aggregations), constructing transfer operators (i.e., prolongation and restriction 
operators), computing the linear systems on the coarse level, respectively. Solve phase 
involves a recursive process with solving the linear systems level by level and contains 
three parts mainly, i.e., the smoothing steps, the transferring of linear systems among 
levels and solving linear systems on the coarsest level, respectively. 

AMG method is a recursive method of efficiency for large-scale linear systems with 
mainly recursive forms: V-cycle and W-cycle, for instance, in [9, 10, 11, 12]. It projects 
the large-scale problems, level by level, to the small-scale problems until the problems 
can be solved as accurate as possible. The most important issue is making the computed 
solutions approximate to the true solutions. We transfer the linear systems of different 
levels through the restriction and prolongation operators R and P. AMG method has 
the following relationship among levels 

Ai+l = RiAiPi, i = 1, 2, ■ • • , / max — I; (2) 

where Z max labels the number of levels. Ri is the restriction operator from the i-th level 
to the (i + l)-th level while Pi, Pi = Rf , is prolongation operator from the (i + l)-th 
level to the i-th level. The subscripts of Ai denote corresponding belonging levels, and 
the levels range from fine to coarse with i increasing. 

AMG method mainly refers to classical AMG method, aggregation-based AMG 
method, adaptive AMG method and AMGe method [6, 7, 13, 14]. Classical AMG 
method is introduced by Brandt, McCormick, Ruge and Stiiben [15, 16], it has been em- 
ployed to solve linear systems whose coefficient matrices are M-matrices. For aggregation- 
based AMG method, the most critical step is the construction of the prolongation oper- 
ators by the aggregation algorithms [17, 18, 19, 20, 21, 22] based on different definitions 
of strength of Connection. Adaptive AMG method utilizes a multigrid algorithm to 
enhance the efficiency of the prolongation, aiming to earn a more efficient AMG al- 
gorithm [23, 24]. The AMGe method, located in [25, 26], was first introduced as a 
measure to improve the robustness of AMG for the finite element problems. It is differ- 
ent from standard AMG method for requiring access to local element stiffness matrices 
(in addition to the assembled global stiffness matrices). The main differences among 
these AMG methods, e.g., classical AMG method, aggregation-based AMG method, 
adaptive AMG method and AMGe method, can be discriminated by the constructions 
of transfer operators and coarse grids, respectively. Particularly, transfer operators of 
aggregation-based AMG method can be generated by a classical aggregation algorithm, 
corresponding details in [17]. The motivation of our work is to acquire the aggrega- 
tions, same as the aggregations of the algorithm in [17], with cheaper computation by 
utilizing the property discovered in this paper. 

In this paper, we mainly focus on the setup phase and establish a novel construction, 
aiming to reduce the computation of constructing aggregations. During the process of 
generating aggregations, an excellent discovery is found that the aggregations , obtained 
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under the condition of the square grid number satisfying (3i + 4) x (3i + 4), % G Af, are 
symmetric. Besides, the system matrix on the finest level should be derived from the 
discretization of a scalar second-order PDE with 9-point FDM. Then we make use of 
these properties, the symmetry of aggregations and the relationship among subscripts of 
the grid points, to construct a new aggregation algorithm to decrease the computation. 
Computational experiments present that the new aggregation algorithm gains a lower 
consuming-time, besides, the same aggregations compared with previous aggregation 
algorithm in [17]. Particularly, we have to emphasize that this paper is mainly to 
improve the aggregation algorithm in the setup phase, aiming to gain more economical 
computation. The solve phase, meanwhile, keeps unchanged while our proposed method 
is applied in the setup phase. 

The paper is organized as follows. In section 2, we introduce the basic scheme 
of AMG method and the classical aggregation algorithm. Section 3 is about the new 
aggregation algorithm based on 9-point FDM. Meanwhile, some theoretical analysis 
and conclusions on the parameter and grid number on finest level, respectively, are 
presented in this section. Section 4 shows the capability of our aggregation algorithm 
on some numerical experiments about 2D Poisson-like equation and 2D Helmholtz-like 
equation. A compact conclusion will be presented in section 5. 

2 Aggregation-based AMG methods 

Aggregation-based AMG method clusters the fine grid of unknowns to aggregations rep- 
resenting the unknowns on the coarse level. Different with other methods, aggregation- 
based AMG method constructs the transfer operators mentioned in section 1 by ag- 
gregating the unknowns on each level. The coarsening part in classic AMG method is 
realized mainly by the aggregation algorithm (i.e., the setup phase mentioned in section 
1) generating prearranged conditions for solve phase, e.g., aggregations, transfer oper- 
ators and linear systems on coarse level. Meanwhile, it is necessary to introduce the 
basic AMG scheme ( See the following forma). Where A 1 = A £ TZ NxN , b\ = b £ TZ N , 

Ui = MGM(a ,M) 

If (i = m) Then y m = Solve(,4 m , b m , e m ) 
Else Xi = Smooth(^4j, bi, xo) 
r i+ i = Ri(bi - AiXi) 
Ai+i = RiAiPi 
di+i= MGM(0,r i+ i,i + l) 

Xi — Xi -\- Pidi+i 

Xi = Smooth(^4j, bi, x{) 



xq = G 1Z and transfer operators Ri = P/ . The above recursive process is called 
V-cycle while another recursive type of AMG is called W-cycle doing twice on the fifth 
row. Aggregation-based AMG is divide into two parts: one is setup phase and the 
other is solve phase mentioned in above section. The setup phase may be considered 
as the prearranged section of the solve phase for solving the linear system (1), i.e., 
aggregations, transfer operators (i.e., Ri and Pi) and coarse linear systems A; L on each 
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level, respectively, so the setup phase part acts actually an important role in the whole 
process of AMG. 



2.1 The classical aggregation algorithm 

Before giving the new algorithm, it is necessary to introduce the classical aggregation 
algorithm coming from [17, 27]. The following content is about the graph Gai(Vi, Ei) 
of the system matrices A\ on the Z-th level. We have to emphasize that the goal of 
illustrating this classical algorithm is to present that our new algorithm generates the 
same aggregations with the classical algorithm. 

The system matrix A, generating the graph Ga(V,E), is generally gained by han- 
dling the PDE with different methods of discretization, e.g., 5-point FDM and 9-point 
FDM, etal. In this section, some definitions about graph theory are summarized again. 

Definition 1 ([27]). Corresponding to a sparse matrix A with symmetric sparsity 
pattern (i.e., aij / <^ ^ 0), let Ga(V,E) be the graph that consists of a set 
V = {^1,^2,^3, • • • , v n } of n ordered vertices (nodes, unknowns), and a set of edges E 
such that the edge eij G E exists (connecting Vi and Vj) if and only if a^j ^ 0,i 7^ j. 

For a vertex Vi, the set of neighbor vertices Ni is defined in the following form, 



Ni = { Vj G V\eij G E} , 



(3) 



\Ni\ denotes the number of the elements in the set N. The degree of a vertex Vi is 
deg(vi) = \Ni\. 

For example, if the matrix is 



A = 



4 -1 -1 -1 

-14 0-1 

-10 4-1 

-1 -1 -1 4 



and the Ga(V,E) of the matrix A is shown in Figure 1. 



3 4 
Figure 1: The matrix graph 

The following contents introduce the classical aggregation algorithm and the con- 
struction of aggregations {^l'}^} 1 (he., the z-th aggregation on the Z-th level), only 
depending on the Z-th level system matrix A\. 

For a given parameter 6 G (0, 1], the strongly coupled neighborhood of the node Vi 
on the Z-th level is defined as 

Nl(9) = { Vj G Vflk,-! > «;.,<> ;,.;,) • (4) 
4 
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The classical aggregation algorithm, proposed by P. Vanek, J. Mandel and M. Brez- 
ina [17] and utilized by Wagner [27], is presented in the following part. 

Algorithm 1 Let a JVj x iVj matrix A\ with the corresponding graph Ga^Vi, E[) 
and 6 G (0,1] be given. The following Aggregation (Ga^V^Ei)) generates a disjoint 

covering l^'}^} 1 of the set V = {vi,v 2 ,v 3 , ■ ■ ■ ,vn { }- 

Aggregation^, (Vj, )) 
{ 

initialization: 

U = {v i €V l \N!(0)^{v i }}; 

j=0; 

step 1: 

for(vi G 17) 

{ 

if{N\{6) C U) 

{j + +;A l j =Nl{e);U = U\A l j ^ 

} 

end 

step 2: 

for(z < j) A l z = A l z ; end 

for(vi e 17) 

{ 

/or(z < j) 
{ 

if{N\{e) DA[^ {}) {A\ = A\ U C/ - C/\{^}; fereafc;} 

} 

end 

} 

end 

step 3: 

/or(^ e 17) 
{ 

j + +;A l j =Nl(e)nU;U = U\A l j ; 

} 

end 

} 

In the part of initialization, the set U does not contain all nodes, meanwhile, isolated 
nodes are not aggregated. In step 1, disjoint strongly coupled neighborhoods are se- 
lected as the initial approximation of the covering. Step 2 adds remaining nodes V{ G U 
to one of the sets A l z to which the node Vi is strongly connected if any such set exists. 
Finally, in step 3, the still remaining nodes V{ G U are clustered into aggregations that 
consist of subsets of strongly coupled neighborhoods. 

The above algorithm acts crucial role for AMG method due to generating the pre- 
arranged information that mentioned at the beginning of this section. The above 
algorithm, however, runs slowly because it has to aggregate every point in the domain 
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and judge whether the points belong to certain aggregation. Can we accelerate the 
process of above algorithm by some particular constructions ? Fortunately, next section 
will introduce the new discovery about the 9-point FDM based aggregation algorithm. 
We draw this inspiration of the discovery to develop a completely different algorithm 
with Algorithm 1. 



3 The new aggregation algorithm 

In this section, the discovery about the aggregations is illustrated clearly, meanwhile, 
the aggregation algorithm, according to the discovery, obtains the aggregations without 
through Algorithm 1 entirely but a new way of more economical computation. In 
classical algorithm (i.e., Algorithm 1), the final aggregations have to be gained by 
aggregating every point while the new way only needs to satisfy the particular condition 
about number of grids. 

The new aggregation algorithm is based on the following definition of strongly 
coupled neighborhood, i.e., the eq. (4). If the problems are from the discretization of 
9-point FDM, the Ni(9), strongly coupled neighborhood of the node Vi, contains eight 
nodes around the V{, e.g., Niq(0) = {vz,V3,V4,vg,vii,vie,vn,vis} (Figure 2). Besides, 
the parameter must ensure existent according to the results in subsection 3.2. 



direction 



step! 



Figure 2: The instruction figure 



step 2 



n-l 



n=2 



<$> ® 
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■ n = IO, (i.e, » = 4 + 3x 2"j 



I! 





i 


If t " 




E 


■ 














a 


■ i — i — i 


t: 





Figure 3: The process of constructing aggregations according to Algorithm 1 with 
9-point FDM 

3.1 The discovery for constructing aggregations based on 9-point FD- 
M 

To demonstrate our new aggregation algorithm clearly, we give the Figure 3 with small 
grid number n. From Figure 3, we learn that 

1. When n = 2 + 3x, (x = 0, 1, 2, • • • ), the aggregations are symmetrical about back 
diagonal direction, and the number of aggregations is (1 + x) 2 . 

2. When n = 4 + 3x, (x = 0, 1,2, •••), the aggregations are symmetrical about 
horizontal direction and vertical direction (See Figure 2), and the number of final 
aggregations is (2 + x) 2 . 

Particularly, when n = 4 + 3x, (x = 0, 1, 2, • • • ) (See • of Figure 3), there is the 
property of symmetry so that the aggregations can be gained by fixed scheme easily 
when the grid number is set as n = 4 + 3x, (x = 0, 1, 2, • • • ) (See details in the following 
algorithm). We note the subscripts from left to right and then from down to up (See 
Figure 2) to illustrate our algorithm clearly. 

Based on the discovery, the finally aggregation algorithm is given as follows. 

Algorithm 2. Consider matrix A G R N i xN i (N t = nf , n { = 4 + 3x, x = 0, 1, 2, • • • ) 
and corresponding graph Ga^Vi, Ei) and 9 £ (0,1] being given. Then Aggregation 
(Ga { (Vi, Ei)) generates a disjoint covering {A-}^ 1 of the set V = {vi, i>2, v$, ■ ■ ■ , v^}. 

Aggregation(G A; (Vi,E{)) 

{ 

/* firstly, we have the relation: m = 4 + 3x, (x = 0, 1,2, • • • )-,A l k ■ = ALjs/ +2 )+j 
(See the following paragraph)*/ 

/*step 1: get four angle's aggregations (See Figure 4 (a)) */ 



Clpt A 1 A 1 A 1 A 1 
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/* step 2: get the aggregations of upper boundary and lower boundary (See 
Figure 4 (b) (c)) */ 

for j=2:(x+l) 

/* get the aggregations of lower boundary */ 

A l,j = {^30-l)> V 3(j-1)+1, V 3(j-l)+2, V3(j_i) + „, V^j-i) +n+ i, V r 3 ( j ,-_i) + „ +2 }; 
/* get the aggregations of upper boundary */ 

A {x+2),j = {^3(j-l)+(3x+2)-ri> ^30'-l)+(3a;+2)-n+l) ^30'-l)+(3x+2)-n+2> 

^3(i-l)+(3x+2)-n+n> ^3(j-l)+(3x+2)-n+n+l > ^3(j-l)+(3x+2)-n+Ti+2}i 

end 

/* step 3: get the aggregations of left boundary and right boundary and central 
zone (See Figure 4 (d) (e) (f)) */ 

for k=2:(x+l) 

/* get the aggregations of left boundary (See Figure 4 (d))*/ 

{V(3k-4)-n+l> ^(3fc-4)-n+2) 
V(3k-4)-n+n+li ^(3A;-4)-n+n+2) 
^(3fc-4)-n+2n+li ^(3/c-4)-n+2n+2}; 

/* get the aggregations of right boundary (See Figure 4 (e))*/ 

y ^'k,(x+2) = {^(3A:-4)-n+3x+3) V(3fe-4)-n+3i+4) 

^(3fc-4)-n+3x+3+ni ^(3fe-4)-n+3a;+4+n) 
^(3fc-4)-n+3x+3+2?i) f(3fc-4)-7i+3x+4+2n}i 

/* get the aggregations of central zone (See Figure 4 (f))*/ 
for j=2:(x+l) 

A k,j = { V (3k-4)-n+3(j-l), V(3k-4)-n+3(j-l)+l, V(3k-4)-n+3(j-l)+2, 

V(3k-4)-n+3(j-l)+ni ^(3jfc-4)-n+3(j-l)+n+lj V(3k-4)-n+3(j-l)+n+2, 
^(3fc-4)-n+3(j-l)+2n; ^(3fc-4)-n+3(j-l)+2n+l > ^(3fe-4)-n+3(j-l)+2n+2}; 

end 

end 

} 

where the aggregation algorithm is under the condition that PDEs are discretilized 
by 9-point FDM when n = 4 + 3x,(x = 0, 1,2, •••). We utilize a useful formula 
Akj = ^4(fe-i)(x+2)+j) matching the Algorithm 2 for two-dimensional A)~j. The formula 
is easy to be proved. Seeing Figure 5, we learn that A\ = Aii, A2 = A±^, A3 = A±^, 
etc. By n = 4 + 3x, (x = 0, 1, 2, • • • ), the aggregations' number of every row is x + 2 and 
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the total number ofk — 1 rows is (k — l)(x+2). So Akj = A^ k _i^ x+2 ) + j is proved easily. 
We can obtain the aggregations of boundary and central zone easily through step 2 and 
step 3 of the above Algorithm 2, respectively. Finally, this algorithm generates the 
same aggregations with classical algorithm (i.e., Algorithm 1). 



4 8 *» 



a m 



t > 1 p 



« 



» • 



m 



1 1 * > 



« 



Figure 4: The instruction figure 



4 = A, 



A A 



Figure 5: The instruction figure of formula A^j = A^ k _ 1 ^ x+2 ) + j 



3.2 About the parameter 6 

The parameter 6 G (0, 1] in equation (4) plays a significant role, because 6 can decide 
the node Vj whether belongs to certain strongly coupled neighborhood Ni(0) of node 
V{. For example, if the parameter 9 is smaller enough, then the corresponding strongly 
coupled neighborhood of node Vi will contain more nodes. Moreover, maybe the finally 
aggregations by the Algorithm 2 are changed obviously with slightly change of 6 G (0, 1], 
so it is necessary to discuss the parameter in equation (4). 

Due to the discretization method (i.e., 9-point FDM) of corresponding problems, 
we hope the Ni(6), the strongly coupled neighborhood of node v%, contains the corre- 
sponding eight nodes of around fj. We will demonstrate the existence of parameter 
firstly for this condition. 

Theorem 1. Let the strongly coupled neighborhood of node V{ be defined as equation 
(4)- Consider the coefficient matrix A G rNxN ar { s i n g j rom 9-point FDM, if a-ij ^ 
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0, (i 7^ j), then, there must exist 9 G (0, 1], such that Ni(9) contains the corresponding 
eight nodes of around Vi, i = 1, 2, 3, ■ ■ ■ , N. 

Proof. We learn that the coupled neighborhood of Vi is defined as (4) 

N\{9) = {vj G Vi\\a hJ \ > 9^aijdjj} . 

According to known conditions by 9-point FDM, all diagonal elements of matrix A are 
the nonzero (i.e, an / 0), so above definition can be written as follows 

o<0< — ^L , 

by 9 G (0, 1], we have 

0€(o,i]n(o, " 



yfal 



■ aj 



*3>3 

So we are sure that there must exist a 9 such that Ni(8) contains the corresponding 
eight nodes of around Vi, i = 1, 2, 3, • • • , N. □ 

For 9-point FDM, the Theorem 1 can ensure the Ni(9) containing the correspond- 
ing eight nodes of around vi so that the Algorithm 2 is available. Furthermore, the 
simplified corollary will be presented in following part. 

Corollary 1. There exists the following definition of strongly couple neighborhood 
of node Vi where coefficient matrix A G R NxN arising from 9-point FDM 

Ni(e) = {v j €V l \\a iJ >0}, (5) 

such that Ni(9) contains the corresponding eight nodes of around v\, i = 1, 2, 3, ■ ■ ■ , N. 

Proof. Due to the 9-point FDM, the coefficient matrix A G R NxN is a nine diagonal 
matrix that every row of A has only nine nonzero elements including a^j 7^ 0. According 
to the new definition (5) and 9-point FDM, it is easy to know that Ni(9) contains the 
corresponding eight nodes of around Vi, i = 1,2,3, N . □ 

3.3 Extending to multilevel 

This section mainly makes a discussion about extending the proposed Algorithm 2 to 
multilevel. According to section 3.1, if the grid number on the fine level is (3x + 4) x 
(3x+4) (x = 0, 1, 2, • • • ), then the grid number on the next coarse level is (x+2) x (x+2) 
under the condition that one aggregation on the fine level generates only one grid node 
on the coarse level. In order to extend the relationship from two level to multilevel, 
two significant conclusions are given in the following analysis. 

Theorem 2. Let the number of levels of multigrid be L and assuming the gird 
number is ul = 3i + 4 (i.e., the square grid is (3i + 4) x (3i+4) ) on the coarsest level. 
If the girds number n on the finest level satisfies the following equation 

L-l 

n = {J2 3 J • 2) + 3 L • i + 4, (6) 
3=1 

then the Algorithm 2 can be extended to multilevel. 
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Proof. Since the number of levels is L and the gird number on the coarsest level 
L is riL = 3i + 4. According to the conclusions of section 3.1, the grid number on the 
(L — l)-th level should be 

n L -i = 3(n L - 2) + 4 = 3(3 • i + 4 - 2) + 4 = 3 2 • i + 3 • 2 + 4, 

and the grid number on the (L — 2)-th level should be 

n L -2 = 3(n L _! - 2) + 4 = 3(3 2 -i + 3- 2 + 4-2) + 4 

2 

= 3 3 • i + 3 2 • 2 + 3 • 2 + 4 = 3 j • 2) + 3 3 • i + 4, 

j'=i 

and similar to above, the grids number on the (L — 3)-th level should be 
n L _ 3 = 3(n L _ 2 - 2) + 4 = 3(3 3 ■ i + 3 2 - 2 + 3- 2 + 4- 2) + 4 

3 

= 3 3 • i + 3 2 • 2 + 3 • 2 + 4 = 3 J ' • 2) + 3 4 • i + 4, 

it is easy to extend to the finest level by mathematical induction, the grids number on 
the finest level should satisfy 

L-2 L-l 

m = 3(n 2 - 2) + 4 = 3((J2 3 j ■ 2) + Z L ~ l ■ i + 4 - 2) + 4 = 3 J ' • 2) + 3 L • i + 4, 

j"=i j"=i 

and n = ni is the grids number satisfying Algorithm 2 on the finest level and it also 
extends the Algorithm 2 to multilevel. □ 

Theorem 2 requires the grid number on coarsest level being ul = 3i + 4, i = 
0, 1,2, moreover, we can also extend to the arbitrary grids number ni = i,i = 
0, 1, 2, • • • , on coarsest level. 

Corollary 2. For arbitrary grid number til = i, i = 0, 1, 2, ■ ■ ■ , on the coarsest 
level, if the number of levels is L, then the gird number n on the finest level satisfy 

L-2 

n=(^3^-2) + 3 L - 1 -(i-2)+4, (7) 
i=i 

then the Algorithm 2 can be extended to multilevel. 

Proof. It is easy to gain the Corollary 2 by replacing ul = Si + 4 in Theorem 2 with 
ni = i- □ 

4 Computational experiments 

All experimental problems are discretized by 9-point FDM. Before our experiments, we 
will introduce the 9-point FDM briefly. 
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0-1 




(i+i,j+i) 






(U) 






(i-U-D 


(ij-D 





Figure 6: The instruction figure 



We can get the 9-point FDM from the 5-point FDM in which one point is 
only relevant to its adjacent four points (See Figure 6), i.e., (i — (i + — 
1), + 1). For example, if the elliptic PDE in a square domain is Poisson equation 



-An 



,d 2 u d 2 u, 
' dx 2 dy 2 ' 



(8) 



if hi 



h>2 = (b — a)/(n + 1), then the 5-point FDM scheme can be obtained as follows 
1 



-AhU 



1,3 



h 2 



(9) 



We define the vector Uh = [un, U21, • • • , u n> i) • • • ; ux >n , U2, n , • 
zero boundary, then the finally linear system is obtained by (9) 



1 

h 2 



Hu h = g, 



where 



H 



( B -I 
-I B 



\ 



I B 



\ 



-I 
B J 



,B 



( 4 



V 



1 Un,n] T and assume 
(10) 



4 -1 
-1 4 / 



where the right hand vector is known beforehand and / is the identity matrix. 

Then we rotate the coordinate system with 7r/4 so that the point is relevant 
to its adjacent four points (See Figure 6), i.e., (i — 1, j + 1), (i — l,j — 1), (i + l,j — 
1), (i + 1, j + 1). By this rotation, another 5-point FDM scheme is as follows 



-A h Uij 



2h 2 



{—Ui+lj+l ~ Ui+lj-l ~ Ui-i,j+i ~ + 4ujj) = fij, (11) 



and it also gains the similar linear system with (10) but the wider bandwidth of coef- 
ficient matrix. 
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Combining with the above two 5-point FDM scheme (9) and (11), the finally 9-point 
FDM scheme of Poisson equation [10] is determined, 



,2 1 - , 

^-A h + -A h )Uij 



h 2 



(12) 



where this scheme has smaller truncation error of 0(h A ) than 5-point FDM scheme. 

Besides, some notations are necessary to be introduced. The t% where i = 1, 2, ■ ■ ■ , L— 
1, is just the CPU time of constructing aggregations by Algorithm 2 on the i-th level. 
Ti,i = 1,2, L — 1, represents the total CPU time of generating prolongation opera- 
tors by the following equation (13) and the coefficient matrices by equation (2) on the 
i-th level, respectively. 

p i = f i, • € 4, 

%3 ] 0, otherwise. 



(13) 



Moreover, the dimension ./V of coefficient matrix on the finest level, i.e., n 2 , is computed 
by equation (6). Next, we will present two examples to demonstrate the efficiency of 
our algorithm. 



4.1 Example 1: Poisson-like equation 

First example is a 2D Poisson-like equation containing two scalars a,f3eTZ, it can be 
written in the form of 



u , 



^ Q dx 2 ^ dy 2 



f(x,y), (x,y) £n = [a,b]x [a,b], 

where the f(x, y) G 1Z is an arbitrary function and the boundary condition is 
u(a, y) = u(b, y) = u(x, a) = u(x, b) = C 6 1Z. 



(14) 



(15) 



It is easy to obtain the finally coefficient matrix A G TZ NxN arising from the 9-point 
FDM of equation (14). A is nine diagonal matrix 



A = 



( B 
R 



V 



R 
D 



R 



R 



\ 



B R 
R B J 



,B = 



( e 

k 



V 



,R 



( P 

q 



V 



Q 
V 



P 



\ 



q 
p ) 



where e = 12 (a + (3) — Aa/3, k = 2a/3 — 6a, p = 2af3 — 6/3, q = —a/3. 

In Table 1, we choose the L being 3 levels and set the grid number ul on the coarsest 
level being 64, 94 and 124, respectively. According to Theorem 2, the dimensions of 
linear systems on the finest level are 322624, 702244, 1227664, respectively. The CPU 
time t, constructing aggregation on each level, is very short and not exceeding 0.4s 
for the large-scale matrix with dimension 1227664 while the classical algorithm exceeds 
1000s. The total time for the dimension with 322624, 702244, 1227664 is about 10.824s, 
49.501s, 148.483s, respectively. 
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Table 1: CPU time for Poisson-like equation by our method with 3 levels 





t 




T 




Total 


N 


h 




Ti 


T 2 


t+T 


322624 


0.102 


0.009 


10.525 


0.188 


10.824 


702244 


0.192 


0.018 


48.601 


0.690 


49.501 


1227664 


0.320 


0.033 


146.160 


1.970 


148.483 



Table 2: CPU time for Poisson-like equation by our method with 4 levels 







t 






T 




Total 


N 


h 


t 2 




Ti 


T 2 


T 3 


t+T 


237169 


0.081 


0.006 


0.0008 


5.65 


0.108 


0.007 


5.853 


795664 


0.215 


0.021 


0.003 


62.150 


0.849 


0.027 


63.265 


1682209 


0.436 


0.045 


0.005 


274.050 


3.644 


0.077 


278.257 



In Table 2, L is 4 and the grid number ul is 19, 34, 49, respectively. The dimensions 
of linear systems on the finest level are 237169, 795664, 1682209, respectively, according 
to Theorem 2. The consuming time t for constructing aggregations on each level is not 
exceeding 0.5s for the large-scale matrix with dimension 1682209 while the classical 
algorithm can not compute the consuming time. Total time for the dimension with 
237169, 795664, 1682209 is about 5.853s, 63.265s, 278.257s, respectively. The two 
tables with different maximal levels illustrate that the Algorithm 2 is indeed a novel 
and fast method for the setup phase of aggregation-base AMG method. 

From Table 1 and Table 2, it is easy to learn that the total time does not only 
contain the time t, constructing aggregations by Algorithm 2, but also the time T, 
constructing prolongation operators and generating the system matrices on each level. 
Furthermore, the mainly cost of total time is clearly Ti, because the matrices, keeping 
largest dimension on the finest level, are referred to vast matrix-matrix multiplication 
according to equation (2). The time on other levels are shorter seriously than the finest 
level and decreased evidently. 

4.2 Example 2: Helmholtz equation 

The second example containing a scalars w S K is a 2D Helmholtz equation, the form 
of this equation is as follows 

-(^+Q^)- Uj2u = f( x >y)^ x >y) £V = [a,b]x [a, b], (16) 
where the f(x,y) £ 1Z can be also an arbitrary function and the boundary condition is 
u(a, y) = u(b, y) = u(x, a) = u(x, b) = C € 1Z, (17) 
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Table 3: Time consuming for Helmholtz equation by our method with 4 levels 







t 






T 




Total 


N 


h 






Ti 


T 2 


T 3 


t+T 


237169 


0.085 


0.008 


0.001 


5.84 


0.119 


0.009 


6.062 


795664 


0.275 


0.026 


0.004 


62.450 


0.836 


0.030 


63.621 


1682209 


0.442 


0.055 


0.006 


280.150 


3.744 


0.087 


284.484 



where u 6 R is a determined scalar, h = (b — a)/(n + 1). Similar to section 4.1, A is 
also a nine diagonal matrix 



(BR 
R B R 



A 



\ 



R B R 
R B J 



and 



( 20-2h 2 uj 2 -4 

-4 20-2h 2 cj 2 -4 



-4 20 - 2h 2 u? -4 

-4 20-2h 2 o; 2 / 



( -4 -1 
-1 -4 -1 



,R- 



-1 -4 -1 
-1 -4 / 



In this example, oj, set to be 0.2, is utilized for all experiments. Actually the linear 
system generated by 9-point FDM has the same form with example 1, so the CPU time 
for the same dimension problem is almost not different. In Table 3, similar to Table 
2, L is set to be 4 and ni is also 19, 34, 49, respectively. The dimensions of linear 
systems on the finest level are 237169, 795664, 1682209, respectively. From Table 3, it 
is easy to learn that our algorithm speeds much less time while the classical one can not 
finish the setup phase within 1000s. Besides, the number of nonzero elements (NNZ) 
of system matrices on each level is presented in Table 4 where the NNZ1, NNZ2, NNZ3 
and NNZ4 represent the number of nonzero elements on level 1, 2, 3 and 4, respectively. 

Furthermore, we will try some larger scale system matrices to illustrate our Algo- 
rithm 2 all alone, i.e., the prolongation operators and system matrices on each level is 
out of range in the following test. L and is chosen to be 3 and til is set to be 229, 379, 
604, 754, 904, respectively, i.e., the dimensions of the system matrices on the finest lev- 
el are 4214809, 11580409, 29463184, 45941284 and 66064384, respectively. The finally 
shown results are in Table 5 clearly and indeed quite attractive. 



5 Conclusion 

This paper describes a new algorithm for constructing the aggregations in the setup 
phase of aggregation-based AMG method. The new algorithm, utilizing some particular 
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Table 4: NNZ on each level for Helmholtz equation by our method with 4 levels 



N 


NNZ1 


NNZ2 


NNZ3 


NNZ4 


237169 


2128681 


237169 


26569 


3025 


795664 


7150276 


795664 


88809 


10000 


1682209 


15124321 


1682209 


187489 


21025 



Table 5: Time consuming of constructing aggregations by Algorithm 2 with 3 levels 



N 


4214809 


11580409 


29463184 


45941284 


66064384 


h 


1.028 


2.815 


7.002 


10.844 


15.553 


t 2 


0.091 


0.260 


0.713 


0.112 


1.620 


Total 


1.119 


3.075 


7.715 


10.956 


17.173 



settings, e.g., the particular grid number on the finest level according to Theorem 2 
and the discretization with 9-point FDM, is different with the any previous aggregation 
algorithms. During the process of constructing aggregations, the symmetry of the 
aggregations was discovered if the number of square grid satisfies the conditions of 
equation (5), (6) and (7). Moreover, some theoretical and practical conclusions such as 
Theorem 1, etal., were also illustrated in this paper. Computational experiments for 
Poisson-like equation and Helmholtz-like equation presented that the new aggregation 
algorithm captured the perfect results in the CPU time even for millions grade problems. 
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Abstract 

In this paper, we develop a relationship between lower and higher order classical anti-periodic 
boundary value problems. Some existence results for a 5th— order anti-periodic boundary value 
problem of nonlinear ordinary differential equations are also presented. Our results are based on 
some standard tools of fixed point theory. The paper concludes with illustrative examples. 
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AMS (MOS) Subject Classifications: 334A34, 34B15, 34B27 



1 Introduction 

Anti-periodic boundary value problems occur in the mathematical modelling of a variety of physical 
processes and have recently received considerable attention. Examples include anti-periodic trigono- 
metric polynomials in the study of interpolation problems [10], anti-periodic wavelets [8], difference 
equations [7, 20], ordinary, partial and abstract differential equations [1, 2, 12, 13, 14, 16, 19, 21, 22], 
fractional differential equations [5, 6] and impulsive differential equations [3, 4, 11, 15], etc. For some 
more application of anti-periodic boundary conditions in physics, see [9, 17] and the references therein. 

The objective of this paper is to study a relationship between solutions of lower and higher order 
classical anti-periodic boundary value problems. For this purpose, we consider a 5th— order anti-periodic 
boundary value problem and show that the solution for a Ath— order anti-periodic problem follows from 
that of 5th— order problem, the solution for 3rd— order anti-periodic problem can be deduced from that 
of Ath— order problem, and so on by applying a typical strategy. Expressions for Green's functions of 
anti-periodic problems are also presented. Besides this, we develop the existence theory for 5th— order 
anti-periodic boundary value problems and illustrate it with some examples. Precisely, we consider the 
following problem: 

D^x(t) = f(t,x(t)), t _[0,T], T>0, 

x(0) = -x{T), x'(0) = -x'{T), x"(0) = -x"{T), x"'(0) = -x'"{T), x^ v \0) = -_(•«) (T) 
where / is a given continuous function. 
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2 Linear Problem 

Lemma 2.1 For any y G C[0,T], the unique solution for a linear 5th— order antiperiodic boundary 
value problem 



DWx(t)=y(t), te[0,T], 

af(0) = -x{T), x'{0) = —x'(T), x"(0) = —x"(T), x"'(0) = —x"'(T), x^(0) = -x^(T) 



(2) 



■is 



x(t) = / G 5 (t,s)y(s)ds, 
Jo 



Where Gs(i, s) is the Green's function given by 



G 5 (t,s) = { 



2(t-s) 4 -(T-s) 4 (T-2t)(T-s) i t{T-t)(T- s y 
T A tv\ T 4(2!) 



2(4!) 



4(3!; 

+ (6^T^ T3) (T _ s) + (2Tt 3 4_ tT 3^ 0<s<i<7 , 



48 



48 



(3) 



(T-s) 4 , (T-2t)(T-s) 3 t(T-t)(T-s) 2 
2(4!) + 4(3!) + 4(2!) 



Proof. It is well known that the integral representation for the solution of equation D^x(t) = y(t) 
can be written as 



x(t) 



(t-sy 

4! 



y(s)ds - b a - bit - b 2 t 2 - b 3 t 3 - b A t A . 



(4) 



where b 01 b\, b 2 , b 3 , 64 € K are arbitrary constants. Using the boundary conditions of the problem (2) in 
(4), we find that 



b 
h 

64 



1 f T (T-s) 4 



2 Jo 4! 

1 f T (T-s) 



3! 



y{s)ds 



-y(s)ds - 



T f 1 (T-s) 2 . w T 3 f T . . 



2! 



48 



1 /" T 



T 



(T- S )2/( S )rf S , h = ^J (T - s)y(s)ds - ^ jf y(a)da 



Substituting the values of 6 ,6i, 6 2 , 63 and 64 in (4), we obtain 

f* (t - s) 4 . . , I [ T (T- s) 4 , , , (T - 2i) /" T (T - sf 
*(*) = J y -^y(s)ds --J K 4 , 1 y(s)ds ' 

t(T-t) /" T (T-s) 2 



+ - 



+ 



4 7 2! 
(2T£ 3 - t A - tT 3 ) 



-y(s)ds + 



(6t 2 T — 4i 3 - T 3 ) 

Jo 



48 



J Jo 3! 

- s)y(s)ds 



y(s)ds 



(5) 



48 / y(5)ds - 

Alternatively (5) can be written in term of Green's function as 



<t) = f G 5 (t,s)y(s)ds 
Jo 



where Gs(£, s) is given by (3). This completes the proof. 
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2.1 Relationship between higher-order and lower-order anti-periodic prob- 
lems 



It is found that there exists a relationship between higher-order and lower-order anti-periodic boundary 

P \ u -> (p-i)i 



value problems. For instance, by dropping the last term of (5) and replacing - — ^— by 1 , in the 



resulting expression of (5), we obtain 

f'it^s) 3 /N , 1 f T (T-sf , x , (T-2i) f T (T-s) 2 , 



t(T-t) f T (T-s) y{s)ds+ (6t>T-4t>-T*) 



/ y{s)ds, 
Jo 



(6) 



4 J 1! aw 48 
which is the solution of 4th— order anti-periodic boundary value problem: 



D^x(t) = y(t), te[0,T], 

x(0) = -x(T), x'(0) = —x'(T), x"(0) = -x"(T), x"'(0) = —x"'{T), 



(7) 



In this case, Green's function Gi{t, s) is 
Gi{t,s) -- 



2(t-sf-(T-sf (T-2t)(T-s) 2 t{T-t){T-s) (6t T—4t —T ) n , rn 



2(3!) ^ 4(2!) ^ 4 48 

(T-s) 3 . (T-2t)(T-s) 2 t(T-f)(T-a) (6t 2 T-4t 3 -T 3 ) „ T 
2(3!) + 4(2!) ~T 4 ~T 48 ,U^t<,i-^J. 



Similarly, by dropping the last term of (6) and replacing - — by 1 ( p -\)\ m the remaining terms 
of (6), we obtain the solution of a third-order anti-periodic boundary value problem given by 



x(t) 



where 



/"'(*- s ) 2 , sj 1 f T ( T - s ) 2 MJ (T-2t) f T (T-s) t(T-t) f T 

/ G 3 (t,s)y(s)ds, 
Jo 

(8) 



G 3 (M) = 



2(t-s) J -(T- ;i ) i (T-2t)(T-a) t(T-t) n^s^/^T 
2(2!) 4 4 , V <^ b <^ L <^ 1 , 

_^ + {T-2t)(T-s) + «T- A ^ 0<t<S< T. 



If we discard the last term of (8) and replacing 1 ~, ' by 1 (jf~rp. m the remaining terms of (8), 
then we get the solution of a second-order anti-periodic boundary value problem, which is given by 

x{t) = J* (I ^ry^ ds \ [ i ^r-y( s ) ds + [ y( s ) ds > w 

and the associated Green's function G*2(i, s) is 



G 2 (t,s) 



_(T^) + (T-2t) Q<t<s<T . 



Thus, the above strategy is quite useful to write down the solutions for lower-order anti-periodic prob- 
lems once the solution of a higher-order anti-periodic problem is available. 

3 Some existence results 

Let C = C([0, T],R) denotes the Banach space of all continuous functions from [0, T] — > R endowed 
with the norm defined by ||x|| = sup{|a;(f)|, t G [0, T]}. 
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Define an operator U : C — > C as 

/•* (t - s ) 4 i r T (t - s) 4 

(Ux)(i) = jf ±—J-f( a , x ( a ))ds-- j o [ -^f( s ,x(s))ds 



f(a,x(s))ds 



2! 

+ (6 * 2T ~ 4 f~ T3) / V - ,)/(,, + (m3 ~£ tT3) jT T /(,, t e [o, t]. 

(10) 

Observe that the problem (1) has solutions if and only if the operator U has fixed points. 
To prove the existence of solutions for (1), we recall some known results. 



Theorem 3.1 ([18]) let X be a Banach space. Assume that T : X — > X is completely continuous 
operator and the set 

V = {u e X\u = fiTu, 0< ^ < 1} 
is bounded. Then T has a fixed point in X 

Theorem 3.2 ([18]) Let X be a Banach space. Assume that is an open bounded subset of X with 
9 € fi and letT : O — >• X be a completely continuous operator such that 

\\Tu\\ < \\u\\, vuesa 

Then T has a fixed point in 0. 

Theorem 3.3 ([18]) Let M be a closed convex and nonempty subset of a Banach space X. Let A, B be 
the operators such that (i) Ax + By £ M whenever x,y € M; (ii) A is compact and continuous; (Hi) B 
is a contraction mapping. Then there exists z <G M such that z = Az + Bz. 

Now we are in a position to present some existence results for problem (1). 

Theorem 3.4 Assume that there exists a positive constant L\ such that \ f(t,x)\ < L\ fort e [0, T], x e 
C. Then the problem (1) has at least one solution. 

Proof. First of all, we show that the operator U defined by 10 is completely continuous. Observe 
that continuity of the operator U follows from the continuity of /. Let il C C be bounded. Then, 
Vx e O, it follows by the assumption |/(t, x)\ < L\ that 

rt (+ _ o\4 



\\(Ux)\\ < sup { / { t^L\f( s ,x{s))\ds+\ j ^fL\f( s ,x{s))\ds 
te[o,T] Wo 41 2 Jo 4! 

1 r T (T- s) 3 1 f T (T — s) 2 

+ l \T-2t\j o [ -^\f(s,x(s))\ds+-\t(T-t)\j o [ -^\f( s , x ( s ))\ ds 

+ \6t 2 T-^-T 3 \ £ {T s)|/( ^ x{s))[ds + \2Tt*-t 4 -tT*\ £ ^ 

(If 1 1 [ T IT — 2t\ [ T 

< L 1 su Pte[0 , T] { - J (t - s) 4 ds + ^r ) J o (T- s) 4 ds + J (T - sfds 



4(2!) Jo 48 7o 48 

S 193T 5 Li _ j 
- 3840 -"^2, 

(11) 
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which implies that ||(Wa;)|| < L 2 . Furthermore, 

te[0,T] *■ Jo 61 z .In ol 



\\{Ux)>\\ = sup { [ t{ ±-fl\f( s , x (s))\ds+ 1 - ( T (7 — ^-\f(a,x(s))\da 



+ ^4^1 ^r L \fMs))\ds+^ r ^J o (T-s)\f(s,x(s))\ds 
\f(s,x(s))\ds} 



JQ 

|6Tt 2 - 4i 3 - T 3 | 

48 Jo "' -j ( ;|2;) 

r /"'(t-s) 3 1 f T {T-s) 3 , |T-2t| f T (T-s)\ 



t€[0,T] *■ Jo 



+ -^L iT - S)dS+ « 7o *} 

<r r 15T 4 _ r 



Hence, for ti, t 2 G [0, T], we have 

\{Ux){t 2 ) - {Ux){h)\ < f 2 \(UxY(s)\ds < L 3 (t 2 - tx). 
Jti 

Thus, by the foregoing arguments, one can infer that the operator U is equicontinuous on [0, T}. Hence, 
by the Arzela-Ascoli theorem, the operator U : C — > C is completely continuous. 
Next, we consider the set 

V = {x e C | x = nlix, < \i < 1}, 
and show that it is bounded. Let x £ V, then x = fjLix, < fi < 1. For any t e [0, T], we have 
m fM!n, 1 [ T {T-sY f ^ , (T-2f) f T (T-s) 3 , ^ 

t(T-t) f T {T-s) 2 , (6i 2 T-4t 3 -T 3 ) , ,., {2Tt 3 - t 4 - tT 3 ) f T . . , 

= / G 5 (t, s)y(s)ds 
Jo 

(13) 

|s(t)| = M |(^)(t)|<^ ( ^^|/( s , a; ( s ))M s +^ T( ^^|/( s ,x( s ))|d s 



+ 1 y gj \f{s,x(s))\ds + ^ y ^ \f{s,x(s))\ds 

\2Tt 3 - t 4 - tT 3 \ f T 
(T-s)\f(s,x(s))\ds+ l - ' J \f(s,x(s))\ds 



< Li 



lfi(t-8)'d8+^fj(T-8)'d8 

lT - 2tl f \T-sf d s + \«^[ T (T-sfds 



4(3!) J " 1 4(2!) 
+ |6t 2 T-4i 3 -T 3 | r T ^ T + \2Tt 3 - t 4 - tT 3 \ f T 

48 Jo 48 7 



< max / 2 I* 5 I +T5 + \ T - 2t \T 4 + \t{T-t)\T 3 \%t 2 T - At 3 - T 3 \T 2 



te[o,T] I 2(5!) 4(4!) 4(3!) ' 48(2!) 

\2Tt 3 - t 4 - tT 3 \T \ T 

+ ' 48 ~h = M4 - 

Thus, ||x|| < Mi for any t G [0, T]. So, the set V is bounded. Thus, by the conclusion of Theorem 3.1, 
the operator U has at least one fixed point, which means that (1) has at least one solution. 
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Theorem 3.5 Let f : [0,T]xK^R, and lim = 0. Then the problem (1) has at least one 

solution. 

Proof. By the assumption Km = 0, there exists a constant r > such that |/(t,x)| < 8\x\ 

for < | a; | < r, where S > satisfies the condition 

f 2|t 5 |+r 5 |T-2t|T 4 \t(T-t)\T 3 |6t 2 T-4t 3 -T 3 |T 2 \2Tt 3 -t 4 -tT 3 \T \ , -, 
maX te[»J] { 2(5!) + 4(4!) + 4(3!) + 48(2!) + 48 J — ( 14 i 

Define O x = {x e C | ||x| < r} and take x € C such that ||x|| = r, that is, x € <9f2. As before, it 
can be shown that U is completely continuous and 

WrWI < may , , f 2 I* 5 |+ t5 i |r-2t|T 4 |t(T-t)|T 3 |6t 2 T-4t 3 -T 3 |T 2 |2Tt 3 -t 4 -tT 3 |T ] ,,, n 
\UX(t)\ S max te[0iT] | 2(5!) 1 4(4!) 1 4(3!)) 1 48(2!) 1 48 /"IFIh 

(15) 

which, in view of (14), yields \\Ux\\ < ||x||, x e 9f2. Therefore, by Theorem 3.2, the operator U has at 
least one fixed point which corresponds to at least one solution of problem (1). 

Our next existence result is based on Krasnoselskii's fixed point theorem [18]. 
Theorem 3.6 Let f : [0, 1] x E — >• E be a continuous function satisfying the assumptions 
(AO \f(t,x)-f(t,y)\ <L\x-y\,Vt€ [0,T], x,yeE; 
(A 2 ) \f(t,x)\< n(t), V(i,x) e [0,1] xl, and /xeC([0,T], #+). 
T/ien i/ie problem (1) has at least one solution on [0,T] if 

3840 

x< i6m- (16) 

Proof. Let us define sup tg [ T ] \n(t)\ = \\n\\, and consider the set B r — {x e C : ||x|| < r}, where 

193JH^ 
- 3840 ' 

Introduce operators \ an d <P on Br as 

r* f+ ^4 



( X x)(i) = jf (L_iL /(a>a;(a))da) 

(<P*)(t) = -\j*^^f{s,x{s))ds+\{T-2t)£ ^- Jr ^f(s..ris)),l, 



3! 



\ \ ^{T-sfr, ,ssi (6t 2 T - At 3 — T 3 ) f T 
(2Tt 3 - t 4 - tT 3 ) rT 



(T-s)f(s,x(s))ds 



+ K — ; 8 - J I f(s,x( S ))ds. 

For x, y £ B r , we find that 

193||m||T 5 

yx + (pull < — — < r. 

ha -rvy\\ - 3g40 _ 

Thus, xx + ipy e £> r . In view of (16), ip is a contraction mapping. Continuity of / implies that the 
operator x is continuous. Also, x is uniformly bounded on B r <xs 

II II <r INI 7 * 
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Anti-periodic boundary value problems 



Now we prove the compactness of the operator \. In view of (A\), we define 



sup 

(t,x)£[0,T]xJ 



||/(M)|| = fm < oo, 



and consequently, for t\, t 2 € [0,T], t\ <t 2 , we have 

r*2 



\( X x)(t 2 ) ( X x)( tl )\ <^\J\t 2 - sfds jf 1 [(tx - s) 4 - (i 2 - S ) 4 R< 

which is independent of x and tends to zero as t 2 — > ii. So x is relatively compact on £> r . Hence, By 
the Arzela Ascoli theorem, \ is compact on B r . Thus all the assumptions of Theorem 3.3 are satisfied. 
Therefore, the conclusion of Theorem 3.3 applies and the anti-periodic boundary value problem (1) has 
at least one solution on [0,T]. This completes the proof. 



Theorem 3.7 Assume that f : [0, 1] x R — > R is a continuous function satisfying the condition 

\f(t,x)-f(t,y)\<L\x-y\,Vt€[0,T\, x,y eR 

with pL < 1 where p = ■ Then the anti-periodic boundary value problem (1) has a unique 

solution. 

proof. Fixing sup te[0 T] \f(t,0)\ = M and selecting r > pM/(l - pL) with p = 193T 5 /3840, we 
show that UB r C B r , where B r = {x e C : ||x|| < r}. For x G B ri we have 

\{Ux)(t)\ < J* { l^t\f( s , x (s)) f(s,0) + f(s,0)\ds 

+\[ { ^ir-\f^ *(«)) - /(«> o) + /(*, o)\d s 



+ -T-2* 1 ' v ; 
4 



+ - t)\ £ ^T-lfMs)) - f(s,0) + f(s, 0)\ds 

+ l| 6i 2 T _ 4t 3 _ T 3| _ s) | /(Sj x(s)) _ /(S; Q) + /(S; 0))da 

071 j-3 _ j.4 _ ^31 /-T 

— 1 / !/(*,*(*)) -/(s,0) + /(a,0)|da 
Jo 



+ 



48 

'1 r* 



< (Lr + M) [i £(i - s^ds + ^ J, 1 (T - s^ds 

^jy^^jy^ 

+ ^T - 4t 3 - T 3 | ^(T - s)ds + ' 2 ^ 3 I jT(T - 

< (L r + M)^<r, 

which implies that ||(W#|| < r. Thus, Ux € B r \/x € B r . Hence UB r C B. r . 
Now, for x, y <G C and for each t G [0, T], we obtain 



\\{Ux)-{Uy)\\ 

' t max { jf *(,)) - /( S ,y(,))|d, + \£ £^-\fi - < (*)) - A*- .'/("Ok'* 

fr _ ^3 



+ \\T-2t\J o { ^y^\f( S ,x(s))-f( S ,y( S ))\ds 



(17) 
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+\\t(T -t)\J o ^r~\f(s, x(s)) - f(s,y(s))\ds 

+ l| 6i 2 T _ U 3 _ T 3| j\ T _ s )\ f{SiX{s) ) _ f( S ,y( S ))\ds 

\f(s,x(s))-f(s,y(s))\ds} 



\2Tt 3 -t 4 -tT 3 \ 



< H, - max {I J\t - .?« + £ { T - ,)M. + M [(T - 



+ 



4(2!) 



/ (T-s) 2 ds+^-\6t 2 T-4t 3 -T 3 \ [ (T - s)ds + j-\2Tt 3 - t 4 - tT 3 \ [ ds\ 
Jo 48 Jo 48 Jo ' 



< 



193T 5 L, 
3840 



1 HOT'S 7" 

which depends only on the parameters T, L involved in the problem. As £%4o < 1, therefore W is a 
contraction. Thus, the conclusion of the theorem follows by the contraction mapping principle (Banach 
fixed point theorem). This completes the proof. 



Example 3.8 Consider the following anti-periodic boundary value problem 



- cos x(t) 



1 + 3 cos 2t + 2 ln(2 + 3 sin 2 x(t)) 



D^x(t) = 

y ' 3 + sina;(t) 

x(0) = -x(l), x'{0) = -2/(1), x"{0) = -x"(l), 



< t < 1, 



(18) 



{ x"'(0) = -x"'(l), x^ iv \0) = -x^ iv >(l), 



Clearly \ f(t, x)\ < 2 + In 5 = L\. So the hypothesis of Theorem 3.4 holds. Hence, by the conclusion of 
Theorem 3.4, there exists at least one solution for problem (18). 

Example 3.9 Consider the problem 

D^x{t) = (5 + x 3 (t))^ +2(t + l)(x- sina;(i)) - VE, < t < 1, 

x(0) = -x(l), x'{0) = -x'(l), x"(0) = -x"{l), (19) 

[ x"'{0) = -x"'{l),, x (m) (0) = -x (lv Hl). 
Since 

,. (5 + .t 3 )5 + 2(t + l)(x - sinx) - y/5 „ 
lim = 0, 

x^O x 

therefore, the conclusion of Theorem 3.5 applies to problem (19). 
Example 3.10 Consider the problem 

+ sin(ty/l + 1?), 0<t<l, 



D^x(t)- 

1 + \x\ 

x(0) = -x(l), x'(0) = -x'(l), x"(0) = -x"(l), 
k x"'{0) = -x"'{l),, x^(0) = -x (lv Hl). 



Obviously L = 1 as 



\f(t,x)-f(t,'. 



Fl _ m 

1 + \x\ 1 + \y\ 



<\x- 2/| • 



(20) 



Since T = 1 in this case, therefore, L < 3840/193. Hence, by Theorem 3.7, problem (20) has a unique 
solution on [0, 1]. 
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Anti-periodic boundary value problems 

Example 3.11 Consider the problem 

{D (5) x{t) = L(y/l + t 2 cost + tan~ 1 x+ (t+ l) 2 ), < t < 1 
x(0) = -x(l), x'(0) = -x'(l), x"(0) = -x"(l), (21) 
x"'(0) = -x'"(l) , x^ (0) = -x^ (1) 

It can easily be found that \ f(t, x) — f(t,y)\ < L\x — y\, where L < 3840/161. Thus, the conclusion of 
Theorem 3.6 applies to the problem (21). 
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Abstract 

In this article, we generate abundant traveling wave solutions of partial differential equation, namely, the (2+1)- 
dimensional breaking soliton equation involving parameter by applying the improved (G'/G) -expansion 

u f 

method. In this method, G" + WG' + OG = together with F((p)= ^ S f (G7G) is implemented, 

f=-u 

where s* yf — 0, + 1, + 2, ...,+ £/), and O are constants. In addition, the obtained analytical solutions are 

illustrated in three different families including solitons and periodic solurions. Further, it is vital mentioning that, 
for a special case, some of our solutions are in good contract with those gained by other authors. 

Keywords: The improved (G'l G) -expansion method, the breaking soliton equation, solitary solutions, periodic 

solutions, nonlinear evolution equations. 

AMS Subject Classification: 35Q51, 35Q53, 37K10 

1. Introduction 

Nonlinear partial differential equations (PDEs) have become a useful tool for describing complex physical 
phenomena of mathematical physics, engineering sciences and other scientific real time application fields. 
Consequently, the study of analytical solutions of PDEs has now become an imperative area to researchers. In the 
recent past, new exact solutions may help to reveal new phenomena. A wide range of powerful methods are being 
introduced to obtain analytical solutions, such as, the Hirota's bilinear transformation method [1], the inverse 
scattering method [2], the Backlund transformation method [3], the Jacobi elliptic function expansion method [4], 
the tanh-coth method [5,6], the direct algebraic method [7], the F-expansion method [8,9], the Cole-Hopf 
transformation method [10], the Exp-function method [11-15] and others [16-20]. 

Recently, Wang et al. [21] introduced a method, called the basic (G' I G) -expansion method to construct 
traveling wave solutions of some nonlinear evolution equations. In this method, they employed 
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) = {G'l G) as traveling wave solutions, where a m ^ 0. Subsequently, many researchers studied 

!=0 

different nonlinear partial differential equations by using this method, such as, [22-27]. In recent times, this basic 
(G7G) -expansion method has been extended by Zhang [28], which is called the improved (g'/g) - 

v s 

expansion method. In this improved method, F{g?^ = ^ ^(G'/G) is applied, as traveling wave 

f=-u 

solutions, where either S_ v or S u may be zero, but both S_ v and S v cannot be zero at a time. Consequently, 

many researchers implemented this powerful method for solving various differential equations to obtain abundant 
and more general exact traveling wave solutions, for example [29-35]. 

Many researchers used different methods to investigate the (2+l)-dimensional breaking soliton equation. For 
instance, Ping [36] constructed exact solutions of this equation by using improved Riccati equation method. In 
Ref [37], Wazwaz implemented modified Hirota bilinear method to obtain analytical solutions of the same 
equation whilst Peng [38] executed modified mapping method of the same equation for establishing exact 
solutions. Bekir and Uygun [39] studied this equation for obtaining traveling wave solutions via the basic 

m 1 

(G'/G) -expansion method. In this basic {G'l G) -expansion method, U = (G '/ G) where 

;=o 

u i 

a m ^ 0, is considered as traveling wave solutions instead of F {(p} — ^ Sj {G'l G) where either s_ v or 

f=-u 

S u may be zero, but both s_ v and 5^ cannot be zero at a time. 

The importance of this present work is, the (2+1) -dimensional breaking soliton equation is investigated to 
construct abundant traveling wave solutions including solitons, periodic and rational solutions by applying the 

improved {G'l G) -expansion method. 

2. The improved {G'l -expansion method 

Consider the general nonlinear partial differential equation: 

H(u,u t ,u x ,u y , u xt , u yt , u xy ,u tt ,u xx ,u yy ,...) = 0, (1) 

where U = U {x, y, t ) is an unknown function, H is a polynomial in u{x,y,t^ and the subscripts stand for the 
partial derivatives. 

The main steps of the method [28] are: 

Step 1. We suppose that combining the real variables x, y and t by a complex variable <p : 

u{x, y,t^ = F{(p), <p=x+y-Wt, (2) 

where W is the speed of the traveling wave. Now using transformation Eq. (2), Eq. (1) is transformed into an 
ordinary differential equation (ODE) for U — F{(p^: 

A(F,F',F",F"',...) = 0, (3) 
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where A is a function of F and the superscripts indicate the ordinary derivatives with respect to (p. 

Step 2. According to possibility, Eq. (3) can be integrated term by term one or more times, yields constant(s) of 
integration. The integral constant may be zero, for simplicity. 

Step 3. Suppose that the traveling wave solution of Eq. (3) can be expressed in the form [28]: 

u i 

F {<p)=H S f( G ' /G ) w 

f=-u 

with G = G{(p) satisfies the second order linear ODE: 

G" + WG' + OG = 0, (5) 

where S f (/ = 0, + l, + 2,...,± [/), *F and <J> are constants. 

Step 4. To determine the positive integer U , taking the homogeneous balance between the highest order 
nonlinear terms and the highest order derivatives appearing in Eq. (3). 

Step 5. Substituting Eqs. (4) and (5) into Eq. (3) with the value of U obtained in Step 4. Equating the coefficients 
of (G7 G) , {m = 0, + l, + 2,...), then setting each coefficient to zero, we obtain a set of algebraic equations 
for S f (f=0,±l,±2,...,±U),W, x i / and O. 

Step 6. Solve the system of algebraic equations which are obtained in step 5 with the aid of algebraic software 
Maple and we obtain values for s f (/ = 0,±1,±2,...,+ U), W,^ and O. 

Then, substitute obtained values in Eq. (4) along with Eq. (5) with the value of U , we can obtain the traveling 
wave solutions of Eq. (1). 

3. Application of the method 

In this section, the (2+1) -dimensional breaking soliton equation has been investigated by applying the improved 
(G '/ G) -expansion method for finding abundant new traveling wave solutions. 

3.1 The (2+l)-dimensional breaking soliton equation 

Let us consider the (2+l)-dimensional breaking soliton equation followed by Bekir and Uygun [39]: 

u t + au xxy + 4auv x + 4a u x v = 0, 



(6) 



Making use the traveling wave transformation Eq. (2) into the Eq. (6), which yields: 

-WF' + aF'" + AaFv + AaF'v = 0, 

, , (7) 
F' = v. 

Integrating the second equation in the system and neglecting constants of integration, we find 

F=v. (8) 
Substituting Eq. (8) into the first equation of the system, therefore, integrating with respect (p once yields: 

-WF + 4aF 2 +aF" = 0. (9) 
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Taking the homogeneous balance between the nonlinear term F 2 and the highest order derivative Z^'inEq. 
(9), we obtain U = 2. 

Therefore, the solution of Eq. (9) is of the form: 

F((p) = s_ 2 (G7G) 2 +s_ l (G7G) 1 +s +s l (G7G) + s 2 (G7G) 2 , (10) 
where S_ 2 ,S_ l ,S Q ,S 1 and S 2 are constants to be determined. 

Substituting Eq. (10) together with Eq. (5) into the Eq. (9), the left-hand side of Eq. (9) is converted into a 
polynomial of (G7 G) ,(m = 0,+l, + 2,...). According to Step 5, collecting all terms with the same power of 
(G7 G).Then, setting each coefficient of the resulted polynomial to zero, we obtain a set of simultaneous 

algebraic equations (for simplicity, which are not displayed) for S_ 2 ,S_ l ,S Q ,S l ,S 2 ,W, x ¥ and 0. Solving the 

system of obtained algebraic equations with the help of algebraic software Maple, we obtain four different values. 
Case 1: 

—30 —3*5* —3 
s_ 2 =0,s_, = 0, s = — , s i=—^' s 2 = — ,W = a('¥ 2 -4^), (11) 

where W and are free parameters. 
Case 2: 

s _ 2 = o, s _, =0, S{) =—(^ 2 + 2<$>), Sl =—,s 2 =—,W = -a(v 2 -40>), (12) 

where and are free parameters. 
Case 3: 

-3«D 2 -3^0 -30 _ _ , m2 . _ ^ 

s_~ = ,s, = , s n = , s, = 0, s 7 =0, W = a *P -40), (13) 

2 2 2 v ' 

where W and are free parameters. 

Case 4: 

-3«D 2 -3^0 -1 



s_~ =■ 



,s_ l =——, s Q =—(w 2 +20), Sl =0, s 2 =0, W = -a(v 2 -4d>), (14) 



2 ' 2 " 4 
where *F and are free parameters. 

Substituting the general solution Eq. (5) into Eq. (10), we obtain three different families of traveling wave 
solutions of Eq. (9): 

Family 1: Hyperbolic function solutions: 

When *F 2 -40 > 0, we obtain 
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F(cp) = , 



™ , H sinh - V^F 2 - 40) <p + Lcosh - ^ 2 -4<$xp 

— + -%lw 2 -4® 2 2 

2 2 H cosh - V^ 2 - 40 <p + Lsinh - V^ 2 - 40) q> 



+ s 



^ 1 H sinh - yjv 2 - 40 ^ + Lcosh -yj*¥ 2 -4®(p 

+ -V x F 2 -40 2 2 

2 2 # cosh - V^ 2 - 40 © + L sinh - V^ 2 - 40 

_ w 1 # sinh - yjw 2 - 40 <p + Lcosh - V^F 2 - 40 ^ 

— + -V v F 2 -40 2 2 

2 2 // cosh - V 1 ? 2 - 40 ^ + Lsinh -yjw 2 - 4<5> cp 

2 2 j 



+ 5n 



, # sinh - VT 2 - 40 <p + Lcosh -^ 2 - 40 ^ 

— + -VT 2 -40 2 1 

2 2 # cosh -yj^ 2 -40<p + Lsinh - ^ 2 - 40 



v(p) = . 



^ , # sinh - ^ 2 - 40) ^ + Lcosh ^ 2 - 4® (p 

— + -^^40 2 1 

2 2 H cosh - V^ 2 - 40 q> + L sinh - «Jv 2 - 40) q> 



J 

\"2 



(15.1) 



+ 5 



^ 1 // sinh -^ 2 -40(p + Lcosh - a/*? 2 - 40) p 

— + -^T 2 -40) 2 2 

2 2 H cosh - VT 2 - 40) ^ + Lsinh -^¥ 2 - 4<& cp 



+ s. 



yr, 1 # sinh - V^ 2 - 40) ^ + Lcosh - yjw 2 - 40) ^ 

_ + _Jvi/2_ 40 2 2 

2 2 



//cosh- V^ 2 -40) (p + Lsinh -«s/*F 2 -40 <p 



w 1 H sinh - VT 2 - 40) p + Lcosh - ^ 2 - 40) ^ 

— + -V v I /2 -40» 2 2 

2 2 // cosh - V^F 2 - 40) ^ + Lsinh - V*F 2 - 40) p 



(15.2) 



where // and L are arbitrary constants. If H,L, *F and O take particular values, various known results in the 

literature can be rediscovered. 

Family 2: Trigonometric function solutions: 

When V F 2 -40>< 0, we obtain 
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F(q>) = , 



_a, . -//sin ^O-^F 2 (p + Lcos-^4®-W 2 <p 

— + -V4«D- V F 2 2 2 

2 2 H cos - V40 - *F 2 p + Lsin - V40 -^ 2 cp 



+ s 



_y 1 -H sin - V40 - ¥ 2 p + Lcos - >/40 - T 2 ^ 

+ -V40-Y 2 2 2 

2 2 //cos-^40>-*F 2 p + Lsin— s/40-*F 2 

2 2 

m 1 , sin->/40-Y 2 + Lcos -V40-Y 2 

2 2 



//cos-^O-T^ + Lsin-^O-^F 2 



+ 5, 



™ , -// sin - n/40 - *F 2 ^ + Lcos <p 

— + -n/40- v F 2 2 2 

2 2 // cos - ^4$ - *F 2 + Lsin -^O-^F 2 ^ 

2 2 y 



(16.1) 



v(p) = . 



^ , -H sin - >/40 - *F 2 <p + Lcos - ^40 - V F 2 ^9 

I^ + i^40-*F 2 2 2 

2 2 # cos - >/40 - X F 2 p + Lsin - >/40 -*¥ 2 <p 



+ s 



1 -H sin-^O-^ 2 ^ + Lcos-V40- x F 2 <p 

+ -V40- V F 2 2 2 

2 2 //cos ^40-^ 2 ^ + Lsin-V40- V F 2 ^ 

2 2 

ja, 1 -// sin-^O-^F 2 ^ + Lcos-V40- v F 2 ^ 

— + -^4«D- V F 2 2 2 

2 2 // cos - >/40 - ¥ 2 q> + Lsin - ^40 - x ¥ 2 (p 

2 r 2 ^ 

™ 1 -// sin - V40 - *F 2 ^ + Lcos -V40-T 2 ^ 

— + -V40- V F 2 2 2 

1 2 //cos^^O-^F 2 ^ + Lsin-^40- v F 2 ^ 



(16.2) 



2 2 J 

where // and L are arbitrary constants. If H,L, and O take particular values, various known results in the 
literature can be rediscovered. 
Family 3: Rational function solution: 

When *F 2 -40 = 0, we obtain 



F W) = > 



L 

2 H + L<p 



- 2 

+ 5 , 



-Y L 

+ - 



2 H + hp 



+ s + Sl 



-Y L 

■ + - 



2 ff + L<p 



(17.1) 



2 H + L<p y 
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v{q>) = > 



-Y L 

- + - 



2 H + hp 



+ s 



2 H + Lp_ 



■ + - 



2 # + L<p 



+ 5, 



■ + ■ 



(17.2) 



2 H + L(p y 

Substituting Eqs. (11), (12), (13) and (14) together with the general solution Eq. (5) into the Eq. (10), yields the 
hyperbolic function solution Eqs. (15.1) and (15.2), our traveling wave solutions become respectively (if H =0 
but L^O): 



3(V-40) 



1-coth 



-VY 2 -40 

v2 



,2\ 



<P 



V, (<P) = 



3(V-40) 



l-cothf-^ x F 2 -4«D <p 



,2\ 



where (p=x +y-a( x ¥ 2 -4<E>) t 
(Y 2 -40) 



( x F 2 -40) 



l-3coth^V x F 2 -4«D p 



y 



l-3coth|-A/ x F 2 -40 



2 A 



where <p=X + y + «( V P 2 -4®) t. 



F 3 {<P)- 



-30 



-30 



4y 2 -4Q> , 1 i 2 — 

+ — coth-VT -40 tt> 

2 2 2 



f 



J 



V 



V P ^ 2 -40 , 1 i 2 — 

— + coth-VT -40 tt> 

2 2 2 



A-' 

+ 1 



y 



y 



- V P V v P 2 -40 , 1 



coth-V v P 2 -40 tt> 
2 2 



- V P n/ v P 2 -40 , 1 



coth-V v P 2 -40 « 
2 2 



+ 1 



where (p=x +y-a{^ 2 -4®) t. 



-30 



2 

30 



VT 2 -40 , 1 



coth-^ v F 2 -40 
2 2 



-W ^ 2 -40 , 1 /-; 
— + — coth - V*F 2 



-40 ^ 



-W %/t 2 -4<I> , 1 



coth-V v F 2 -40 
2 2 



-vp VT 2 -4<D , 1 r— 2 
— + — coth-V^ 2 





-n 


9 




\ 


-1 \ 


<P 




) 


J 



-i(¥ 2 +20), 
-(T 2 +2<D), 



where (p=x + y + a( x ¥ 2 -4®) t. 

Again, substituting Eqs. (11), (12), (13) and (14) together with the general solution Eq. (5) into the Eq. (10), we 
obtain the hyperbolic function solution Eq. (15.1) and (15.2), exact solutions become respectively (if L = but 

H*0y. 
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f A<p)= 

v 5 (9) = 

F M = 
\ (9) = 

Vi{<P) = - 



3(Y 2 -40) 



1-tanh 



v2 



,2\ 



J 



3( x F 2 -40) 



1-tanh 



( X P 2 -4«D) 



l-3tanh 



( x F 2 -40) 



v2 
fl 

u 



-V X F 2 -4«D <p 



V X F 2 -4«D 



^2^ 



y 



1-3 tanh 



-V V F 2 -4«D 



,2\ 



-30 



2 
-30 



-vp ^¥ 2 -4<£ , 1 



V 8 (p) = - 



2 
-30 



V 



v 



tanh -V 1 ? 2 -4® 
2 2 



-vp VY 2 -4«D , 1 £ 
+ — tanh-V 



¥ -40 ^ 



2 
-30 



V 

o 



V 



+¥ 



+¥ 



-vp ^ 2 -40 1 



- + - 
2 2 



tanh -4^ 2 - 40 © 
2 



+ 1 



y 



+ — ! tanh - V 



T-4«D p 



J 

v 1 ^ 
+1 



v 



V 



n /t 2 -4<D , 1 

— + - 
2 



tanh-N/ v P 2 -40 
2 2 



— + — tanh -V^ 2 - 40 

2 2 2 



-*¥ Vt 2 -4<D , 1 
2 



tanh-V v P 2 -40 
2 2 



^-4® , 1 



tanh 2 -4® « 
2 2 



V 



i(T 2 +20), 
-(T 2 +20). 



Substituting Eqs. (11), (12), (13) and (14) together with the general solution Eq. (5) into the Eq. (10), yields the 
trigonometric function solution Eq. (16.1) and (16.2), we obtain following solutions respectively (if H = but 
L^O): 



F 9 (<P) = 



v 9 (<p) = 



-3(40 -w 2 ) 



1 + cot 



,2\ 



<P 



-3(40 -Y 2 ) 



l + cot[-V40-^ z <p 



,2\ 



where <p=x +y-a( x ¥ 2 -4®) r. 



F io(^) = ' 



10 



-(40- x F 2 ) 



l + 3cot( -^O-^ 2 a> 



>2\ 



l+3cot| -^O-^ 2 



,2\ 



12 



where #>=JC + y + a( v P 2 -4®) t. 
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Fu{<P) = 



-30 



-30 



0> 



0> 



^O-T 2 1 



2 2 



-Y V4o- y 2 _ 1 
~2~ 2~ 



A- 2 



i)t \/4c!> M' «> 

2 



>/40-Y 2 1 r— „, 2 
2 2 



- + - 



-r V4o- y 2 _ l 

2~ 2~ 



V 



2 



+ 1 



+ 1 



y 



where #>=X + y-«( v F 2 -4<I>) t 
30 



^12 (?) = 



2 
-3<D 



*F nMo-^F 2 1 r— — i 

— + — cot-^O-^ 2 

2 2 2 



-W 1 

— + — " ' 

2 2 



Y 



cot-A/40- v F 2 <z> 
2 



^O-T 2 , 1 

~2~ 



cot-^O-^ « 
2 2 



Y 



y 



^O-^P 2 1 r— ~ 

+ — COt-^O- 1 ?- (3 

2 2 2 



y 



-f20 + v F 2 
(20 + T 2 



where #>=X + y + a( v F 2 -40 ) ?. 

Also, substituting Eqs. (11), (12), (13) and (14) together with the general solution Eq. (5) into the Eq. (10), yields 
the trigonometric function solution Eq. (16.1) and (16.2), our solutions become respectively (if L = but 



F 13 (<P) = 
Vi 3 W = 

F U (<P) = 
F l5 {<p) = 



-3(40- x F 2 ) 



8 



1 + tan 



1 



,2\ 



^40 -Y 2 97 



-3(40 -Y 2 ) 



V 



1 + tan 



-^O-Y 2 



,2\ 



-(4«D- X F 2 ) 



l + 3tan 

v 

l + 3tan 

v 



v2 



>2A 



>2\ 



0> 



V- 



-30 



V 16(^) : 



-30 



-30 



2 
-3<D 



^O-T 2 1 



- + ■ 



tan-^O-T 2 c> 
2 2 



-r V4o-y 2 _ 1 

~2~ 2~ 



y 
v 2 



V40-T 2 1 r— , T , 2 

+ — ! tan-^O-T 2 c> 

2 2 2 



v 1 

+ 1 



lan-^O-T 2 ^ 



^O-^P 2 1 
+ — ! 

2 2 



y 

\-2 



+ — tan-^O-^ 2 



<P 



J y 
+ 1 



y 



y 



in v4(D M' 

2 



A" 2 f 



V 



nMo-t 2 1 r— — 2 

— + — tan-^O-T m 

2 2 2 



-(2<D + V P 2 



y 



' y 



W ^O-^F 2 1 /— , T , 2 I ^40-T 2 1 r— , T , 2 | 1 , ^ >T , 
— + — tan-^O-T 2 « + *F + — tan-^O-T 2 m — 20 + ^ 

1 /|V 



V 



Substituting Eqs. (11), (12), (13) and (14) together with the general solution Eq. (5) into the Eq. (10), we obtain 
the rational function solution Eqs. (17.1) and (17.2), our wave solutions become respectively (if *F 2 — 40 = 0): 
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f 2L > 


2 \ 


(^F 2 -40)- 




V 


y H + Up j 


y 



V X7 M = 



F 18 M = 



(*F 2 -40)- 



2L 



x2 \ 



H + Up 



( v F 2 -40)-3 



( v F 2 -40)-3 



2L 



2 \ 



H + Lcp 
2L 



J 



V 

30 



v 19 (p) = 



^20 (<P) = 



2 

3«D 



O 

v x 



-W L 

■ + - 



2 // + L^ 



+ - 



V 2 



- + - 



2 # + 



2 // + L^ 



V 1 ^ 
+ 1 



J 



+ X i J 



-W L 

+ 



-30 



-30 



+ - 



2 H + Up 



-W L 
■ + ■ 



2 H + Up 



-W L 

- + - 



V 1 N 
+ 1 



J 



2 # + 



-2 



2 H + Up 



-W L 
■ + ■ 



2 // + L^ 



■I(^ + 20), 
-( v F 2 + 20). 



4. Results and discussion 

It is important to point out that some of our traveling wave solutions are in good contract with existing results 
which are depicted in the table. Moreover, some of obtained solutions are shown in figure 1 to figure 8. 

4.1 Table. Comparison between Bekir and Uygun [39] solutions and Newly obtained solutions 



Bekir and Uygun [39] solutions 


New solutions 


i. If Cj = 0, C 2 ^ 0, jU = 2 and A = 3 solution Eq. 

(4.13) (from section 4) becomes: 

3 ( 1 \ 
«j(£) = - 1-COth 2 — t, and 

v 1 (^) = ^fl-coth 2 ^). 


i.If O = 2, ¥ = 3, Fj (p) = M, (£) and 

V 1 (^) = V 1 (<^), solutions and Vj(^) 

3f 1 ^ 
become: (<^) — — 1- coth 2 — ^ and 

v^^fl-coth 2 ^). 
8 V 1 ) 


ii. If Cj = 0, C 2 ^ 0, jU = 2 and A = 3 solution Eq. 
(4.14) (from section 4) becomes: 


ii.If <D = 2, X F = 3, F 2 (<p) = U 2 (£) and 
V 2 = V 2 (£) , solutions F 2 (#>) and V 2 (<£>) 
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a2 (£) = ^(l-3coth 2 ^ 

°V 2 J 



v 2 (^)4fl-3coth 2 ^ 
o V 2 J 



and 



1 ( 1 

become: W 2 (£) = - l-3coth 2 — E, 

8v 2 j 



v 2 (^) = ^fl-3coth 2 ^ 

o V 2 J 



and 



iii. If C, ^ 0, C 2 = 0, /J = 3 and A, = 4 solution Eq. 
(4.13) (from section 4) becomes: 

M] (£) = -(l-tanh 2 £) and 
v 1 (^) = ^(l-tanh 2 ^). 



iii. If O = 3,*F = 4, F 5 (p) = u x (£) and 
V 5 = Vj (<ff ) , solutions F 5 (<p) and V 5 (^) 

become: W, (£) = — (l- tanh 2 £j and 
v 1 (^) = |(l-tanh 2 ^). 



iv. If Cj ^ 0, C 2 = 0, // = 3 and A, = 4 solution Eq. 
(4.14) (from section 4) becomes: 

M2 (£) = I(l-3tanh 2 £) and 



v 2 (£) = i(l-3tanh 2 £). 



iv. If = 3, W = 4, F 6 (p) = M 2 (£) and 
v 6 (^)= v 2(^)' solutions F 6 (^j) and v 6 (^) 

become: U 2 = ^(l- 3 tanh 2 ^) and 
v 2 (^(l-3tanh 2 £). 



v. If C t = 0, C 2 ^ 0, /I = 2 and ju = 3 solution Eq. 
(4.15) (from section 4) becomes: 

M 3 (^)--3(l + COt 2 (^2^) and 
v 3 (£) = -3(l + cot 2 (^)). 



v.If 0=3,^ = 2, F 9 (#>) = W 3 (£) and 

v 9 (<p) = v 3 solutions F 9 (^) and v g (<£>) 

become: M 3 = -3^1 + COt 2 ^-^2 and 
v 3 (^)--3(l + cot 2 (>/2^)). 



vi. If Cj = 0, C 2 ^ 0, A. = 2 and // = 3 solution Eq. 
(4.16) (from section 4) becomes: 

M4 (£) = -(l + 3cot 2 (>/2£)) and 
v 4 (£) = -(l + 3cot 2 (^)). 



vi. If = 3, W = 2, F w (<p) = U 4 (4) and 
v io(^) = v 4 (^)' solutions F w (q>) and v w (<p) 
become: U 4 (£) = -(l + 3cot 2 {^2 and 

v 4 (£) = -(l + 3cot 2 (^)). 



vii. If Cj ^ 0, C 2 = 0, A, = 1 and JU = 1 solution Eq. 
(4.15) (from section 4) becomes: 

9f 



" 3 (^) = - 



l + tan z 



v yy 



and 



vii. If = 1,^=1, F 13 (^) = M 3 (^) and 
V 13 (^) = V 3 (//), solutions F 13 (^?) and V 13 (<£>) 

become: U 3 = 1 + tan 2 



>/3 , 

v z yy 



and 
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■(*)--! 



1 + tan' 



v 



1+tan' 



viii. If Cj ^ 0, C 2 = 0, A, = 1 and = 1 solution 
Eq. (4.16) (from section 4) becomes: 



1 + 3 tan 2 



l + 3tan z 



and 



viii. If O = 1, V = 1, F 14 (p) = M 4 (£) and 
V 14 (^) = V 4 (^), solutions F 14 (#>) and v 14 (^) 

3 



become: M 4 = • 



8 



1 + 3 tan 2 



^1 

v 2 Jy 



V Z J J 



and 



8 



1 + 3 tan 2 



V z 77 



Beyond the table, we obtain new exact traveling wave solutions F 3 , F 4 , F n , F s , F u , F 12 , F l5 , F 16 ,F u ,F lg ,F l9 
and F 2Q which are not being established in the previous literature. 
4.2 Graphical descriptions of the solutions 

The graphical illustrations of some solutions are described in the following figures with the aid of commercial 
software Maple: 




40 20 O -20 - 40 -40 




Fig. 1: Periodic solution for 

^F = 6,d) = 10,« = 1.10" 14 



Fig. 2: Solitons solution for 
¥ = 5,<D = 6,a = l 





Fig. 3: Solitons solution for 
*F = 3,<S = 2,a = 5 



Fig. 4: Solitons solution for 

*F = 7,O = 12,a = 0.25 
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Fig. 7: Periodic solution for Fig. 8: Solitons solution for 

W = 6,Q> = lO,a = 0.001 ¥ = 6,0 = 10,a = 0.75 

5. Conclusions 

In this article, the improved (G7 G) -expansion method has been successfully applied for constructing abundant 

traveling wave solutions including solitons, periodic and rational solutions of the nonlinear evolution equation, 
namely, the (2+l)-dimensional breaking soliton equation. Furthermore, it is more imperative declaring that some 
of our solutions are being coincided with existing results, if parameter taken particular values. Moreover, the 
obtained solutions show that the performance of this method is reliable, effective and more general than the basic 

(G'l G) -expansion method because it can establish many new solutions at a time. Therefore, this straightforward 

and powerful method can be more successfully implemented to investigate a different class of nonlinear partial 
differential equations which frequently arise in engineering sciences, mathematical physics and other scientific 
real time application fields. 
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Abstract. A ranking approach based on grey correlative coefficient is 
presented to solve the multiple attribute decision making problems in 
which the attribute values and the weights take the form of generalized 
interval- valued trapezoidal fuzzy numbers (GIVTFN). Firstly, the con- 
cept, the operational rules and the distance of GIVTFN are given, and 
the method of linguistic variables converted into GIVTFN is introduced. 
Secondly, the normalization method of the decision Matrix based on the 
GIVTFN is proposed, and a grey relational decision making method 
based on the GIVTFN is presented and decision making steps are il- 
lustrated in detail, and the alternatives is ranked based on the grey 
correlative coefficient. Finally, an illustrate example is given to show the 
effectiveness of the proposed method. 

Keywords: interval-valued fuzzy number; grey correlative coefficient; 
multiple attribute group decision making 

1 Introduction 

Since the object things are fuzzy, uncertainty and Human thinking is ambigu- 
ous, the majority of multi-attribute decision-making is uncertain, which is called 
fuzzy multiple attribute decision-making (FMADM). Since Bellmanhe and Zade- 
h [2] firstly proposed the fuzzy decision making model based on the theory of 
fuzzy mathematics, the research on FMADM has been receiving more and more 
attentions, and many achievements have been made based on the various fuzzy 
attribute values, such as interval numbers, triangular fuzzy numbers, and trape- 
zoidal fuzzy numbers etc. Wei and Wei [14], Men and Ji [9] proposed the grey 
relational analysis method with various attribute values respectively, such as 
interval numbers and triangular fuzzy numbers. 

The concept of interval-valued fuzzy set is firstly proposed by Gorzlczany 
[4] and Turksen [10], and then Wang and Li [11, 12] gave the extended opera- 
tions of interval- valued fuzzy numbers, and proposed the concept and properties 

* The corresponding author 



236 



LIU LIU 236-245 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.2, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



2 Chao Liu, Peide Liu 

of similarity coefficient of the interval-valued fuzzy numbers. Hong and Lee [5] 
proposed the distance of interval-valued fuzzy numbers. Ashtiani, et al [1] pro- 
posed the extended TOPSIS method based on the interval-valued triangular 
fuzzy numbers. Liu [6] proposed an extended TOPSIS method for multiple at- 
tribute group decision making based on generalized interval-valued trapezoidal 
fuzzy numbers (GIVTFN). Wei and Chen [13] proposed similarity measures be- 
tween GIVTFNs for risk analysis. Liu [7] proposed some aggregation operators, 
such as the generalized interval-valued trapezoidal fuzzy number weighted ag- 
gregation operator (ITWA), the generalized interval- valued trapezoidal fuzzy 
number ordered weighted aggregation operator (ITOWA), and the generalized 
interval- valued trapezoidal fuzzy numbers hybrid aggregation operator (ITHA), 
to solve the FMAGM This paper proposed a decision making method based 
on the grey correlative coefficient for solving the MADM problems which the 
attribute weights and values are given with the form of GIVTFN. 

2 The basic concept of the GIVTFN 

2.1 The GIVTFN 

(1) The definition of the GIVTFN [13] 

Wang and Li [12] proposed the GIVTFN A = [A L ,A U ] = [{a[ , a\ , a\ , a\ ; w ~ L ) , 
(af , 0% , , ; w ^ t7 )] shown in Fig. 1. Where, < af < a\ < a\ < a\ < 1, 

< a}{ < a% < a% < a\ < 1, < w= L < w ^ < 1 and A L C A u . As shown in 

Fig. 1, we can conclude that the GIVTFN A consists of the lower value A L and 
the upper value A u . 




r. II L ULi.ll L L 



Fig. 1. generalized interval- valued trapezoidal fuzzy numbers 
(2) The operational rules of the GIVTFNs [13] 

Suppose that A = [A L ,A U ] = [(of, a% , a$, aj; w* L ), «, a% , a$, a%; w= v )\, 

§=[§ L ,§ U ] = [(6f,& 2 L ,6f,6i; Wj J, (b?,bV,bV,b¥;w §u )\ are the two GIVTFN- 
s, Then the operational rules are defined shown as follows: 

A®§ = [{a{ + b[,a% + b%,a% +b%,a%+b%;min(w~ L ,w iL )), 
{a¥ + bU, a % + b",aU + b% , ag + b% ; min(w ~ v , w *„))] 
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B = [(of x b\,a% x 6£,a£ x &£,af x b%;min(w* L ,w* L )), 
(af x &f,a# x 6^,a^ x 6^,o# x b%;min{w 



Al= [(Aaf,A a ^Aaf,A a ^; Wi J,(A a f,Aa^Aa^A a ^; Wi[/ )],A > (3) 

2.2 The distance between two GIVTFNs 

Suppose that I = [iM 17 ] = [(of, 4, 4, af;^),^, a^.a^a^; tU|J], J = 
[B L ,B U ] = [(btbtb^b^,w §L ),(bY,b^,b^,bY;w §u )] are the two GIVTFNs, 
then the distance of two GIVTFNs (AandB) is calculated as follows: 

d{lB) = ^(y AL - y §L y + (x Al - x hL f + (y Au - y &u )* + - x^f/A 

(4) 

where (x= L ,y- L ), {x~ Av , y= v ), (a; * L , y~ L ), (a; j= „ , y = v ) are the coordinate of COG 
points defined by Chen and Chen [3] for generalized trapezoidal fuzzy numbers 
A L ,A U ,B L ,B U respectively. 

d(A, B) satisfies the following properties: 

(i) if A and B are the normalized GIVTFNs, then < d(A, B) < 1. 

(ii) A = B <s> d(A, B) = 0. 

(iii) = d(B,A). 

(iv) d(I, C) + d(C, B) > d(A, B). 

2.3 The method converted linguistic terms into the GIVTFNs 

In the real decision making, it is difficult to adopt the form of GIVTFN to give 
the attribute values and weights directly by the decision makers. However, we 
can adopt the form of linguistic terms easily. Wei and Chen [13] proposed a 
method from 9-member linguistic terms to the GIVTFNs (see Table 1) 



Table 1. 9-member linguistic term sets to GIVTFNs 



linguistic terms 
(the attribute values) 



linguistic terms 
(weights) 



GIVTFNs 



Absolutely-poor (AP) 
Very-poor (VP) 
poor (P) 
Medium-poor(MP) 

Medium (M) 
Medium-good(MG) 
good(G) 
Very-good(VG) 
Absolutcly-good(AG) 



Absolutely- low(AL) 
Very-low (VL) 
low (L) 
Mcdium-low(ML) 

Medium (M) 
Medium- high(MH) 
high(H) 
very-high (VH) 
Absolutcly-high(AH) 



.0.00:0. 8), (0.00 
.0.07:0. 8), (0.00 
.0.23:0.8' 
,0.42;0.8 
,0.65;0.8' 
,0.86;0.8 
,0.97;0.8 
1.00;0.8 
,1.00:0.8 



0.00. 
0.00, 
0.04. 
0.17. 
0.32, 
0.58, 
'0.72. 
0.93, 
1.00. 



0.00, 
0.00, 
0.10, 
0.22, 
0.41, 
0.63, 
0.78, 
0.98, 
1.00, 



0.00 
0.02 
0.18 
0.36 
0.58 
0.80 
0.92 
1.00 
1.00 




0.00. 
0.00, 
0.10. 
0.22, 
0.41. 
0.63, 
0.78. 
0.98, 
1.00, 



0.00.0 
0.02.0 
0.18,0 
0.36.0 
0.58,0. 
0.80.0 
0.92,0 
1.00,1 
1.00.1 



00;1.0) 
07;1.0) 
23;1.0) 
42;1.0) 
65;1.0) 
86;1.0) 
97;1.0) 
00:1.0) 
00:1.0) 
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3 Group decision making method 

3.1 Description the decision making problems 

Let A = {Ai 7 A 2 , . . . , A m } be the set of alternatives, C = {C\, C2, ■ ■ ■ , C n } be the 
set of attributes, and E = {ei, e 2 , . . . , e q } be the set of decision makers. Suppose 
thatoy* = [(ay fc i,ay fc 2> «fe3>?«M^ is the 

attribute value for the alternative Ai with respect to the attribute Cj given by 
the decision maker e k , and a ijk is a GIVTFN, £j kj = [(uJ kjl , ui kj2 , w kj3 , u> kj4 ; rj kj ), 
Kii^i^^kjiily)] is tne weight of attribute Cj given by the decision 
maker e k , and oj k j is also a GIVTFN. Let A = (Ai, A2, . . . , X q ) be the vector of 
decision makers, where X k is a real number, and £"^ =1 Afc = 1. Then we use the 
attribute weights, the decision maker weights, and the attribute values to rank 
the alternatives. 



3.2 Normalize the decision-making information 

In order to eliminate the impact of different physical dimension to the decision- 
making result, we need normalize the decision-making information. Consider 
that there are generally benefit attributes (ii) and cost attributes (I 2 ). The 
normalizing method is shown as follows: 



x ijk — [( x ijkl> X ijk1i x ijk3i x ijk4i w ijk)' { X ijk\i X ijk2i x ijk3> x ijk4i W ijk)\ 

n L n L a L n L n u n u a u n u 

_ \(( ijkl u ijk2 u ijk3 u ijk4 L \ { u ijkl u ijk2 a ijk3 u ijk4 rj \\] 

— U 1 J ) i w ijk)j \ ! ' J i w ijk))\ 

rrijk rrijk rrijk m jk J m jk m jk m jk m jk J 
for benefit attributes, where rrijk = max i( a ^fe4)- 



x ijk — [( x ijklJ X ijk2i X ijh3' x ijk4> w ijk)' { X ijk\i X ijk2i x ijk3i X ijk4i w ijk)] 

_ \/r n jk n jk njk rijk L . , rijk njk rijk njk v (6) 

%fel u ijk2 u ijk3 u ijk4 u ijkl u ijk2 u ijk3 u ijk4 

for cost attributes, where rijk — m i n i( a ^fci)- 



(5) 



3.3 Aggregate the evaluation information of each decision maker 
into the collective information 

According to the different attribute values and weights given by different experts, 
we can get the collective attribute values and weights. The steps are shown as 
shown as follows: 

x ij = [( x ijlT X ij2' X ij3' X ij4T W ij)A x ijkli X ijk2T X ijk3' X ijk4T W ij)] = ^k=l( X k x ijk) 
= ^k=l{^ k X [( X ijklT X ijk2T X ijk3' X ijk4T W ijk)A x YjklT X Yjk2T X fjk3T X Yjk4T W ijk)]} 

= [(^l=i(^k x ijki)^ £>k=i(^k x ijk2)i ^k=i(^k x ijk3)i ^k=i(^kxfjki); mm(wij k )), 

(^ =1 (A fc x^ fel ), s q k=l {\ k x^ k2 ), Zk=i( x k x Yjk3), s k=i( x k x Yjki); m k H w Yjk))} 

(7) 
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tij = [(wji.wjjj.w^.w^;^), (wji.w^.wfg.w^;^)] = S q k=1 (\ k x Q kj ) 

= [(^=i(Wii),^=i(Wi2^^ (8) 
> (£Li(Afc<-i), ^=i(A fc <-2), ^=1(^3), ^Li( W,4); min(^.))] 



3.4 Construct the weighted matrix 

Let V" = [vij] mxn be the weighted matrix, then 

Vij = [( v iji, v ij2,Vi j3 , v{j 4 ; wfj), (vY ol , vY j2 , vY j3 ,vY j4 ; zu^)} = x tj <g> Qj 

= [( x ijiUji, x ij2uf 2 ,xfj3uf3,xfj4uf4, miniwij^f)), (9) 
{xfj^, xf j2 ujf 2 , xf j3 ivf 3 , xf j4 ujf 4 ; miniwij,^))] 



3.5 The decision making method based on grey relational theory 

(1) Determine the positive ideal solution and the negative ideal solution of the 
evaluation objects. Suppose that the positive ideal solution and the negative 
ideal solution are V + = [Uj"]i xn , V~ = [vj]i xn , then 

= [(max(^-i), max(^ 2 ), max(u£ 3 ), max(^ 4 ); max(ro^)), ( 10 ) 
(max(ugi ) , max(ug 2 ) , max(^ 3 ) , max(^ 4 ) ; max( wfj ))] 



U L— L— L— L— L—\ ( II— U— U— U— U — M 

v j =i( v ji > v 3 2 >v j3 ,v j4 ;w j ),{v jl ,v j2 ,v j3 ,v j4 ;vj j )] 

= [(min^!), min(^- 2 ), min(^ 3 ), min(v£ 4 ); min(tu^)), ( n ) 

(min(^ 1 ), mm(vY j2 ), min(t^ 3 ), min(w^ 4 ); min(rog))] 

(2) Calculate the grey correlative degree of ith alternative and the positive 
ideal solution with respect to the jth attribute [8] . 

The grey correlative coefficient of ith alternative and the positive ideal solu- 
tion with respect to the jth attribute is 

where zi+ = d(v^ ,Vij),m = min min A^,M = max max /A J- . £ is a resolution 

i 3 i 3 

coefficient, generally, £ = 0.5. 

The grey correlative degree of the zth alternative and the positive ideal so- 
lutions is 

itf = ±2? =1 r+ (i = l,2,...,m) (13) 
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(3) Calculate the grey correlative degree of ith alternative and the negative 
ideal solution with respect to the jth attribute [8] . 

The grey correlative coefficient of ith alternative and the negative ideal so- 
lution with respect to the jth attribute is 

where Z\~ = d{vj , iiij), m = mmmnzly, M = maxmax4y, £ is a resolu- 

i j i j 

tion coefficient, generally, £ = 0.5. 

The grey correlative degree of the ith alternative and the negative ideal 
solutions is 

R- = ^ =1 r- J ,(i = l,2,...,m) (15) 

(4) Calculate the grey correlative similarity coefficient of each alternative. 

Ci= Rf R ^ R _ ,(i = l,2,...,m) (16) 

The grey correlative similarity coefficient d satisfies the property: < d < 1. 

(5) Rank the alternatives 

Based on the grey correlative similarity coefficient, we can rank all alterna- 
tives. The bigger the grey correlative similarity coefficient is, the better prior the 
alternative is, or vice versa. 



4 An Illustrative Example 

Suppose that a Telecommunication Company intends to choose a manager for 
R&D department from four volunteers named A1,A2, A3 and A4 (The data 
came from [7]) . The decision making committee assesses the four concerned 
volunteers based on five attributes, including: (1) proficiency in identifying re- 
search areas (Cl), (2) proficiency in administration (C2), (3) personality (C3), 
(4) past experience (C4) and (5) self-confidence (C5). The number of the com- 
mittee members is three, labeled asDMl, DM2, DM3 respectively. Each decision 
maker has presented his assessment based on linguistic terms for the importance 
of each attribute and the evaluation information of four volunteers shown in 
Tables2, 3, 4 and 5 respectively. Decision steps are shown as follows: 



Table 2. the attribute weights given by three DMs 





Cl 


C2 


C3 


c 4 


C5 


DM1 


VH 


H 


H 


VH 


M 


DM2 


VH 


H 


MH 


H 


MH 


DM3 


VH 


MH 


MH 


VH 


M 
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Table 3. the evaluation information of four volunteers given by DM1 



Cl 




C3 


c 4 




oi VG 


VG 


VG 


VG 


VG 


a 2 G 


VG 


VG 


VG 


MG 


a 3 VG 


MG 


G 


G 


G 


(24 G 


F 


F 


G 


MG 


Table 4. the evaluation information of four volunteers 


given by DM2 


Cl 


C2 


C3 


c 4 


C5 


oi G 


MG 


G 


G 


VG 


(22 G 


VG 


VG 


VG 


MG 


a 3 G 


G 


MG 


VG 


G 


a 4 VG 


F 


MG 


F 


G 



(1) Convert the linguistic terms into the GIVTFNs, we can get the decision 
data expressed by interval- valued trapezoidal fuzzy numbers. (Sec [7]). 

(2) Aggregate the individual preferences in order to obtain a collective pref- 
erence value for each alternative: 

" [(0.743, 0.797, 0.907, 0.943; 0.800), (0.743, 0.797, 0.907, 0.943; 1.000)], 
,~ i _ [(0.673, 0.730, 0.880, 0.933; 0.800), (0.673, 0.730, 0.880, 0.933; 1.000), 
Lav,j4x5 - (0.860, 0.913, 0.973, 0.990; 0.800), (0.860, 0.913, 0.973, 0.990; 1.000) , 

_ [(0.743, 0.797, 0.907, 0.990; 0.800), (0.743, 0.797, 0.907, 0.943; 1.000)], 

[(0.610, 0.673, 0.793, 0.837; 0.800), (0.610, 0.673, 0.793, 0.837; 1.000)], 

[(0.813, 0.863, 0.933, 0.953; 0.800), (0.813, 0.863, 0.933, 0.953; 1.000)], 

[(0.743, 0.797, 0.907, 0.943; 0.800), (0.743, 0.797, 0.907, 0.943; 1.000)], 

[(0.523, 0.600, 0.720, 0.767; 0.800), (0.523, 0.600, 0.720, 0.767; 1.000)], 

[(0.790, 0.847, 0.947, 0.980; 0.800), (0.790, 0.847, 0.947, 0.980; 1.000)], 

[(0.860, 0.913, 0.973, 0.990; 0.800), (0.860, 0.913, 0.973, 0.990; 1.000)], 

[(0.743, 0.797, 0.907, 0.943; 0.800), (0.743, 0.797, 0.907, 0.943; 1.000)], 

[(0.493, 0.557, 0.727, 0.790; 0.800), (0.493, 0.557, 0.727, 0.790; 1.000)], 

[(0.860, 0.913, 0.973, 0.990; 0.800), (0.860, 0.913, 0.973, 0.990; 1.000)], 

[(0.813, 0.863, 0.933, 0.953; 0.800), (0.813, 0.863, 0.933, 0.953; 1.000)], 

[(0.860, 0.913, 0.973, 0.990; 0.800), (0.860, 0.913, 0.973, 0.990; 1.000)], 

[(0.657, 0.723, 0.833, 0.873; 0.800), (0.657, 0.723, 0.833, 0.873; 1.000)], 

(0.930, 0.980, 1.000, 1.000; 0.800), (0.930, 0.980, 1.000, 1.000; 1.000)] " 
(0.627, 0.680, 0.840, 0.897; 0.800), (0.627, 0.680, 0.840, 0.897; 1.000) 
0.673, 0.730, 0.880, 0.933; 0.800), (0.673, 0.730, 0.880, 0.933; 1.000) 
0.540, 0.607, 0.767, 0.827; 0.800), (0.540, 0.607, 0.767, 0.827; 1.000)] 



Table 5. the evaluation information of four volunteers given by DM3 





Cl 


C2 


C3 


c 4 


C5 


121 


MG 


F 


G 


VG 


VG 


(22 


MG 


MG 


G 


MG 


G 


a 3 


VG 


VG 


VG 


VG 


MG 


(24 


MG 


VG 


MG 


VG 


F 
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(0.930, 0.980, 1.000, 1.000; 0.800), (0.930, 0.980, 1.000, 1.000; 1.000) 
(0.627, 0.680, 0.840, 0.897; 0.800), (0.627, 0.680, 0.840, 0.897; 1.000)' 
[Wj\ 5 = 1(0.627, 0.680, 0.840, 0.897; 0.800), (0.627, 0.680, 0.840, 0.897; 1.000) 
(0.930, 0.980, 1.000, 1.000; 0.800), (0.930, 0.980, 1.000, 1.000; 1.000) 
(0.320, 0.410, 0.580, 0.650; 0.800), (0.320, 0.410, 0.580, 0.650; 1.000) 
(3) Calculate the weighted decision making matrix: 



l«ij]4x5 = 



(0.691, 0.781, 0.907, 0.943; 0.800), (0.691, 0.781, 0.907, 0.943; 1.000)], 
(0.626, 0.715, 0.880, 0.933; 0.800), (0.626, 0.715, 0.880, 0.933; 1.000) , 
(0.800, 0.895, 0.973, 0.990; 0.800), (0.800, 0.895, 0.973, 0.990; 1.000)], 
(0.691, 0.781, 0.907, 0.943; 0.800), (0.691, 0.781, 0.907, 0.943; 1.000)], 



[(0.382,0.458,0.666,0.750 
[(0.510,0.587,0.784,0.855 
[(0.466,0.542,0.762,0.846 
[(0.328,0.408,0.605,0.687 
[(0.495,0.576,0.795,0.879 
[(0.539,0.621,0.818,0.888 
[(0.466,0.542,0.762,0.846 
[(0.309,0.379,0.610,0.708 
[(0.800,0.895,0.973,0.990 
[(0.756,0.846,0.933,0.953 
[(0.800,0.895,0.973,0.990 
[(0.611,0.709,0.833,0.873 



0.800), (0.382, 0.458, 0.666, 0.750 
0.800), (0.510, 0.587, 0.784, 0.855 
0.800), (0.466, 0.542, 0.762, 0.846 
0.800), (0.328, 0.408, 0.605, 0.687 
0.800), (0.495, 0.576, 0.795, 0.879 
0.800), (0.539, 0.621, 0.818, 0.888 
0.800), (0.466, 0.542, 0.762, 0.846 
0.800), (0.309, 0.379, 0.610, 0.708 
0.800), (0.800, 0.895, 0.973, 0.990 
0.800), (0.756, 0.846, 0.933, 0.953 
0.800), (0.800, 0.895, 0.973, 0.990 
0.800), (0.611, 0.709, 0.833, 0.873 



1.000)], 
1.000)], 
1.000)], 
1.000)], 
1.000)], 
1.000)], 
1.000)], 
1.000)], 
1.000)], 
1.000)], 
1.000)], 
1.000)], 



v+ = 



V 



R+ 



R- = 



(0.298, 0.402, 0.580, 0.650; 0.800), (0.298, 0.402, 0.580, 0.650; 1.000) 
(0.201, 0.279, 0.487, 0.583; 0.800), (0.201, 0.279, 0.487, 0.583; 1.000) 
(0.215, 0.299, 0.510, 0.607; 0.800), (0.215, 0.299, 0.510, 0.607; 1.000) 
(0.173, 0.249, 0.445, 0.537; 0.800), (0.173, 0.249, 0.445, 0.537; 1.000) 

(4) Determine the positive ideal solution and the negative ideal solution: 

[1(0.800, 0.895, 0.973, 0.990; 0.800), (0.800, 0.895, 0.973, 0.990; 1.000) 
[(0.510, 0.587, 0.784, 0.855; 0.800), (0.510, 0.587, 0.784, 0.855; 1.000) . 
(0.539, 0.621, 0.818, 0.888; 0.800), 0.539, 0.621, 0.818, 0.888; 1.000 . 
(0.800, 0.895, 0.973, 0.990; 0.800), (0.800, 0.895, 0.973, 0.990; 1.000) . 
(0.298, 0.402, 0.580, 0.650; 0.800), (0.298, 0.402, 0.580, 0.650; 1.000)]] 
[[(0.626, 0.715, 0.880, 0.933; 0.800), (0.626, 0.715, 0.880, 0.933: 1.000)1 , 
[(0.328, 0.408, 0.605, 0.687; 0.800), (0.328, 0.408, 0.605, 0.687; 1.000)] 
(0.309, 0.379, 0.601, 0.708: 0.800), (0.309, 0.379, 0.610, 0.708; 1.000) 
(0.611, 0.709, 0.833, 0.873; 0.800), (0.611, 0.709, 0.833, 0.873; 1.000) 
(0.173, 0.249, 0.445, 0.537; 0.800), (0.173, 0.249, 0.445, 0.537; 1.000) 

(5) Calculate the grey correlative coefficient matrix: 
"0.5610 0.4722 0.7826 1.0000 1.0000' 

0.4608 1.0000 1.0000 0.7178 0.5338 
1.0000 0.7825 0.6328 1.0000 0.5947 
0.5610 0.3766 0.3333 0.4045 0.4516 
"0.7207 0.6501 0.3673 0.4045 0.4516" 
1.0000 0.3766 0.3333 0.4809 0.7451 
0.4608 0.4205 0.4132 0.4045 0.6521 
0.7207 1.0000 1.0000 1.0000 1.0000_ 

(6) Calculate the grey correlative similarity coefficient of each alternative: 
C= (0.5953,0.5584,0.6304,0.3106) 



243 



LIU LIU 236-245 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.2, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



A Multiple Attribute Group Decision 9 

(7) Rank the alternatives: 

Based on the grey correlative similarity coefficient, we can rank the alterna- 
tives: 03 >- ai >- a 2 >- 04. 

(8) Analysis: 

In this example, the proposed method produces the same ranking as [1] and 
[7], which proves the method in this paper is effective. Comparing with [1] and 
[7] , the advantages proposed in this paper are more general and simpler in dealing 
with more complex problems of fuzzy multiple attribute decision making. 

5 Conclusion 

Fuzzy multiple attribute decision making (FMADM) problems widely exist in the 
real decision-making, and the GIVTFN can be precisely express the attribute 
values and weights of the FMADM problems. In this paper, we proposed a 
decision making method based on the grey correlative coefficient to solve the 
MADM problems in which the attribute weights and values are given by the 
GIVTFN, and decision making steps were given in detail. Comparing with [1] 
and [7], the advantages proposed in this paper are more general and simpler in 
dealing with the fuzzy multiple attribute decision making. This method enriches 
and develops the theory and method of FMADM, and gives a new idea for solving 
the FMADM problems. In the future, we will research the applications of the 
propose method. 
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Abstract : In this paper we introduce the second kind Barnes-type multiple g-Euler 
numbers and polynomials, by using fermionic p-adic invariant integral on Z p . We give 
some interesting properties. 
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1. Introduction 

Throughout this paper we use the following notations. By Z p we denote the ring 
of p-adic rational integers, Q p denotes the field of rational numbers, N denotes the 
set of natural numbers, C denotes the complex number field, and C p denotes the 
completion of algebraic closure of Q p . Let v p be the normalized exponential valuation 
of C p with \p\ p = p~ u ^ = p- 1 . For 

g G UD{7i p ) = {g\g : 7L p — > C p is uniformly differentiable function}, 

the fermionic p-adic invariant integral on Z p of the function g e UD(Z P ) is defined 
by 

, p n -i 
I-i(9) = / g(x)d t ji- 1 (x) = lim V g(x)(-l) x , see [1, 2, 3]. (1.1) 

J x=0 

From (1.1), we note that 

/ g(x + l)d f jL- 1 (x)+ ( g(x)d^ 1 (x)=2g(0). (1.2) 

First, we introduced the second kind Euler numbers E n . The second kind Euler 
numbers E n are defined by the generating function(see [4]): 

Opt ~ +n 

n=0 

We introduce the second kind Euler polynomials E n (x) as follows: 

^^y> w L. (1 . 4) 

n=0 
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In [4], we studied the second kind Euler numbers E n and polynomials E n {x) and 
investigate their properties. The main aim of this paper is to study the second kind 
Barnes-type multiple g-Euler polynomials, by using fermionic p-adic invariant integral 



on Z p . 



2. The second kind Barnes-type multiple g-Euler polynomials 

In this section, we assume that w\, . . . , w k G Z p and oi, . . . , a k G Z. 

We introduce the second kind Barnes-type multiple g-Euler polynomials, 

E n ^(w u ...,w k ;a!,...,a k \ x). 

For k G N, we define the second kind Barnes-type multiple g-Euler polynomials 
as follows: 

[ • ■ [ g ai:El +-+ a '=^e {:c+2wi2:i+ - +2wfc:Cfc+fc) *rf/i_i(xi) • • • d/i-^Xk) 

J J Zp 

2 k e kt (2.1) 



( q a le 2 W1 t _|_ l^ q a 2e 2w 2 t + 1) . . . ( q a ke 2w k t + ^ 



e 



= ^En^wi, . . .,w k ;a!,.. . ,a k \ x)\ 



n=0 



In the special case, x = 0, E nA (w u . . . , w k ; a u . . . , a k | 0) = E n ^ q {w u . . . , w k ; a u . . . , a fe ) 
are called the second kind n-th Barnes-type multiple g-Euler numbers. 

Theorem 1. For positive integers n and k, we have 
E n>q (wi, . . . ,w k ;ai, . . . ,a k \ x) 

= [ ■■■[ q aiXl+ - +a " x "(x + 2w 1 x 1 + --- + 2w k x k + k) n dfx. 1 (x 1 )---dfx. 1 (x k ). 

J Zp J Hip 
V v ' 

fc-times 

By using the above Theorem 1, we have the following corollary. 
Corollary 2. For positive integers n, we have 
E njq (wi, ...,w k ;a u .. .,a k ) 

= I ■■■ I q^ a ^(2w 1 x 1 + ... + 2w k x k + k) n d^ 1 (x 1 ).-.d^ 1 (x k ). (2.2) 



v 

fc-times 



By Theorem 1 and (2.2), we obtain 

E nt<1 (w 1 ,...,w k ;a 1 ,...,a k \ x) = Y] (^Jx^E^W!, . . . , w k ; a u . . . , a k ), (2.3) 
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where (™) is a binomial coefficient. 

In the special case, (w\, .... Wk\ ai, • • • , a k ) — (1, • • • , 1; 1, • • • , 1), we have 

s v ' s v ' 

fc-times fe-times 
E n , q (w!, . . . , w k ; ai, . . . , a k \ x) = E^ q (x), 

where En) q {x) denotes the second kind g-Euler polynomials of higher order (see [5]). 

We define distribution relation of the second kind Barnes-type multiple g-Euler 
polynomials as follows: For m G N with m = 1( mod 2), we obtain 

y~]E n>q (w 1 ,...,w k ;a 1 ,...,a k \ x) — 

?7>. 

n=0 



^qa\m^lw\mt _|_ l)(g<*2m g2w2int | ■ ■ ■ (^qa k m^2w k mt _|_ ]^ 

/ x + 2wi/i + • • • + 2wfc/fc + fc — m/c N 

m-l | (mt) 

x ^ (_i)ii+-+i* 5 Eti«iii e V ™ 



From the above, we obtain 



oo ,„ oo m— 1 



Y,E n , q (w 1 ,...,w k -,a u ...,a k \x)- = Y,™ n (-l) h+ - +lk q^ aih 

n=0 ii,...,ifc=0 

x + 2wih + • • • + 2w k h + k — mk\ f 



ni 

n=0 n=0 li,...,l k =0 



x wi, • • • ,w k ;a!, ...,a k 



m J n\ 



t n 

By comparing coefficients of — in the above equation, we arrive at the following 

n\ 

theorem. 

Theorem 3 (Distribution relation). For m G N with m = 1( mod 2), we have 

m— 1 

S n ,,(«; 1 ,...,«; fc ;a 1 ,...,a fc |a;) = m n ^ (_i)'i+-+' fcg £?=i<* 
x S ni? m I wi,...,w fc ;ai,...,a fc 



m— 1 
h,...,l k =0 

x + 2wih + • • • + 2w k lk + k — mk 



m 



From (2.1), we derive 

fc-times (2.4) 

oo 

= 2 k *y ^ ( — l)™ 1 " 1 ^ m kqJ2i = i a i m i p ( x + 2w i m l^ \-2w k m k +k)t 



mi,...m k =0 
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From (2.2) and (2.4), we note that 

E njq (wi, ...,w k ;a 1 ,...,a k \x) 

00 (2 5) 

= 2 k (-l) mi+ ''' +mk q E ^ ia ' mi (x + 2w 1 m 1 + --- + 2w k m k + k) n . 

rai,...m fe =0 

By using binomial expansion and (2.1), we have the following addition theorem. 

Theorem 4 (Addition theorem). The second kind Barnes-type multiple g-Euler 
polynomials E ntq (wi, . . . , w k ; a±, . . . , a k \ x) satisfies the following relation: 

E ntq (w 1 ,...,w k ;a 1 ,...,a k \x + y) 



^2 l 7 !)Ei^(w 1 ,...,w k -,ai,...,a k \ x)y n l . 



3. The second kind Barnes-type multiple g-Euler zeta function 

In this section, we assume that q G C with \q\ < 1 and the parameters wi, . . . , w k 

d l 

are positive. By applying derivative operator, —,\t=o to the generating function of the 

at 1 

second kind Barnes-type multiple g-Euler polynomials, E Uiq (wi, . . . , w k ; ai, . . . , a k \ 
x), we define the second kind Barnes-type multiple g-Euler zeta function. This func- 
tion interpolates the second kind Barnes-type multiple g-Euler polynomials at nega- 
tive integers. 

By (2.1), we obtain 

2 k e kt 



F q (w 1 ,...,w k ;a 1 ,...,a k \ x,t) = 



-e 



xt 



^qa le 2w!t _|_ ^ . . . ^qa ke 2w k t _|_ -Q 



= ^2 E n,q( w ^ ■ ■ ■ ,w k ;a!, . . . ,a k 

n=0 

Hence, by (3.1), we obtain 

t n 



(3.1) 



x — 



^ E n:q (w!, ...,w k ;ai,...,a k \ x)- 

n=0 

oo 

= 2 k ^ ^ ^ — \^ m l^ ^ m kqY.i=i ai-nii e (x+2wimi-\ \-2w k m k +k)t 

mi,...m k =0 

d l , , , 

By applying derivative operator, — t=0 to the above equation, we have 

at 1 

E n>q (wi, . . . , w k ;ai, . . . ,a k \ x) 

oo 

= 2 k (-iy ni+ ''' +mk q E ^ iaimz (x + 2w 1 m 1 + --- + 2w k m k + k) n . 

mi,...m k =0 



(3.2) 
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By (3.2), we define the second kind Barnes-type multiple g-Euler zeta function 

C q (w 1: ...,w k ;ax,...,a k \ s,x) 

as follows: 

Definition 1. For s, x E C with Re(x) > 0, a 1: . . . , a k E C, we define 
C q {wi, . . . , w k ;ai, . . . ,a k \ s,x) 



ifc 



~ (_l)mi+-+mfc 5 Ei=iOi"K (3.3) 

^ (x + 2w 1 m 1 H h 2w k m k + /c) s 

For s = — / in (3.3) and using (3.2), we arrive at the following theorem. 
Theorem 5. For positive integer /, we have 

( q (wi, . . . , w k ; ax, . . . , a k | -I, x) = E hq {wx, . . . , w k ; ax, . . . , a k \ x). 

By (2.6), we define the second kind multiple g-Euler zeta function 

( q (wx, ■ ■ ■ ,w k ;ax, . ■ ■ ,a k \ s) 

as follows: 

Definition 2. For s E C, we define 

( q (wx,...,w k ;ax,...,a k \ s) = 2 k V — — — — , (3.4) 

mi ,.ti=o (2w 1 m 1 + --- + 2w k m k + k)' 

For s = — I in (3.4) and using (2.6), we arrive at the following theorem. 
Theorem 6. For positive integer I, we have 

( q (wx, ...,w k ;ax,...,a k \-l) = E hq (wx, . . . , w k ; a u . . . , a k ). 
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Abstract 

By introducing the concept of /3[/-order, we first investigate the growth 
of Dirichlet series of infinite order which convergence in the half plane, 
and a necessary and sufficient conditions on the growth of Dirichlet series 
with finite flu-order has been obtained. We also investigate the error in 
approximating Dirichlet series of finite order f3u-order in the half plane 
by Dirichlet polynomials. Some relations between the error and growth 
of Dirichlet series of finite /3[/-order have been obtained. 
Key words: growth, /?c/-order, approximation, Dirichlet series. 
2010 Mathematics Subject Classification: 30B50, 30D15. 



1 Introduction and Basic Notes 

Consider Dirichlet series 



/(«) - ^a„e A " s , s = a + it, (1) 

n=l 

where 

< Xi < A 2 < • • • < A„ < • • • , A„ — > oo as n — > oo; (2) 
s — a + it (er, t are real variables); a n are nonzero complex numbers and 

limsup(A n+ i - A„) = h < +oo, (3) 

n^+oo 

log + |a„| 

limsup = 0, (4) 

then from (2), by using the similar method in [20] or [16, 17], we can get 

Tl log ^ 

limsup — = E < +oo, limsup — - — = 0. (5) 

n^oo A n n— >oo A n 



*This work was supported by the NNSF of China(11301233, 61202313), the Natural Science 
Foundation of Jiang-Xi Province in China(Grant No. 2010GQS0119, No.20132BAB211001). 
t Corresponding author 
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Then the abscissas of convergence and absolute convergence is 0, that is, f(s) 
is an analytic function in the left half plane H = {s = a + it : a < 0, t <G K} . 

We denote D to be the class of all functions f(s) satisfying (2)- (4) and 
analytic in Res < 0, denote D a to be the class of all functions f(s) satisfying 
(2)-(3) and analytic in Re < a where — oo < a < +oo. Thus, if — oo < a < 
and f(s) e D, then f(s) G LJ a ; if < a < +oo and f(s) e D a , then f(s) e D. 
We denote life to be the class of all exponential polynomial of degree almost k, 
that is, 

k 



n fe = <J2 b J eXjS : (h,b 2 ,...,b k ) eC k 



For f(s) € D, 

M(a,f)= max \f(a + it)\, m{a 1 f) = max{|a„|e crA "} 

— oo<t<oo n>l 

are called, respectively, the maximum modulus, the maximum term of f(s) for 
Res = a < 0. 

Definition 1.1 Let f(s) e D, the order of f(s) can be defined by 

loglog+M(a,/) 
p = hmsup — , 

a ^ - -log(-cr) 

i + / log X, X > 1 
where log x = < n 1 
[0, x < 1. 

For p = 0,0 < p < oo,p = oo, f(s) can be called zero order, finite order, 
infinite order Dirichlet series, respectively. Considerable attention has been 
paid to the growth and the value distribution of analytic functions defined by 
Dirichlet series; see [1, 2, 3, 5, 6, 7, 8, 9, 10, 12, 13, 14, 15, 21] for some results. 

By introducing the concept of /3-order, the author [18] studied the growth 
of functions of infinite order which are represented by a class of Dirichlet scries 
convergence in the half-plane, and obtained the following theorem 

Theorem 1.1 (see [18]). Let f(s) e D are of /3-order pp(0 < pp < oo), then 
we have 

(3(X n ) /3(logM(q,/)) 
hm sup = pp = lim sup — — . 

r^oo log A„ - log + log \a n I a^O- - 10g(-0") 

Remark 1.1 The definition of (3-order of Dirichlet series will be introduced in 
Section 2. 

Thus, a question arises naturally: what may happen when pp = oo in Theo- 
rem 1.1? 

The purpose of this paper is to deal with the above question by using the 
type function U(x) in [11] to enlarge the growth of the denominator — log(— a) 
and the main results are obtained as follows. 

Theorem 1.2 If Dirichlet series f(s) e D is of infinite [3-order, then we have 

[3(\og + M(cj,F)) ^ /3(log+ m(a,F)) ^ 
limsup ^—^ / ' ;; = T ^=> limsup ^— / \ " = T. 

— o- logC/(^J — ° + logt^(^) 

where < T < oo and U{x) = x p ^ satisfies the following conditions 

(i) p(x) is monotone and lim^oo p(x) = oo; 

(ii) bm^o, -jjj^ = 1, where x' = x + logU ( x )l°g2 X logU ( x) ■ 
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Remark 1.2 From Lemma 2.1 and Lemma 2.2 in Section 2, we can prove the 
conclusion of Theorem 1.2. 

Remark 1.3 // Dirichlet series f(s) of infinite order has infinite (i-order and 
satisfies 

r f3(log + M(a,f)) 

lim sup -. — =-r — = 1 , 

<~o- logtf(-£) 
then T is called the (3\j-order of Dirichlet series f(s). 

Theorem 1.3 Let f(s) e D are of infinite (i-order, then 

r /?(logM(<x,/)) /?(log+ M) „ fR . 
limsup — =- — = T limsup r = T, 6 

where < T < oo. 

For f(s) e D a , — oo < a < +oo, we denote by E n (f, a) the error in approx- 
imating the function f(s) by exponential polynomials of degree n in uniform 
norm as 



where 



E n {f,a) = inf ||/-p|| Q) n=l,2,.... 
pen„ 



f-p\\ a = max |/(a + ii) -p(a + it)|. 

— oo<t<+oo 



In 2010, the authors [18] investigated the relations between the error E n (f, a) 
and the growth order of /(s), and obtained some equivalence relation between 
E n (f,a) and the regular growth of f(s) with finite order as follows: 

Theorem 1.4 (see [18]). Let f(s) e D be of finite order p, then for any real 
number — oo < a < 0, we have 

,. log + M(<7, /) log+ [£»(,/» e~° A " +1 ] 
hm — =- — = 1 limsup j± ^ = 1; 



CT^O- Ul(—-) 7l-> + CX> 



^log+[B„(/,a)e- QA "+ 

and i/iere erraste a increasing, positive integer sequence {n v } satisfying 



log 

lim 



1, lim V+1 



I/— >+0O ( An..,, \ V^ + CG A. 



log+[E„„(/,a)e " A "-n] 

where B = and £7i(r) = r^*"), p(r) satisfies the following conditions: 

(i) there exists a real number r > 0, p(r) is nonnegative, continuous, mono- 
tone on [ro,+oo), and tends to p as r — > +oo; 

(ii) lim r ^ +00 p'(r)r log r = 0,; 

(m,) U\(kr) = [k p + o{l)]U\{r){r — » +oo) /or e^ery positive integer k, and 
U\(r) is an increasing function on r > r' Q > r . 

Recently the authors [19] further investigated the relations between the 
error E n (f,a) and the growth order of f(s) when f(s) has infinite order, by 
introducing the concept of /3-order. 
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Theorem 1.5 (see [19]). Let f(s) e D be of finite fi-order pp, then for any 
real number — oo < a < 0, we have 



7-^oo r log A„ -loglog+ (£„_i(/, a)e- QA ") 



limsup — — — = pa. 



In this paper, we will investigate the problem on pp — oo in Theorem 1.5 by 
using the type functions U(x) in [11] to enlarge the growth of the denominator 
— log(— a) and obtain the following theorem. 

Theorem 1.6 // Dirichlet series f(s) e D with infinite (3-order, then for any 
fixed real number — oo < a < 0, we have 

limsup ftflog+ y^ /)) = T ^ lim sup vp n(/j aj An) = T; (7) 

w/iere 



logC/ 



log+I^.^/.^e- 



The structure of this paper is as follows. In Section 2, we introduce the 
concept of /3-order and give some lemmas. Section 3 is devoted to proving 
Theorem 1.3. Section 4 is devoted to proving Theorem 1.6. 

2 Some Lemmas and The Concept of /3-order 

In this section, we first introduce the definition of /3-order of Dirichlet series 
as follows. 

Let J be the class of all functions (3(x) satisfies the following conditions: 

(i) [3{x) is defined on [a, +oo),<z > 0, and positive, strictly increasing, diffcr- 
entiable and tends to +oo as x — > +oo; 

(ii) xf3'(x) = o(l) as x — > +oo. 

Definition 2.1 ([20]). If Dirichlet series f{s) of infinite order satisfies 

v /3(log + M(a,/)) . 

limsup — . = p , 

CT ^o+ -log(-cr) 

where (3{x) e then p* is called the /3-order of f{s). 

Remark 2.1 We can see that p-order in [4] is regard as a special case of fi- 
order of Dirichlet series. For example, the function h{x) = log p x, p > 2,p G N + 
satisfies the conditions (i) and (ii), where p is a positive integer, and \og l x = 
log x and log p x — log(log p _ 1 x) . 

Remark 2.2 We can deduce that (i-order is more precise than p-order to some 
extent. In fact, for p{> 2) is a positive integer, we can find function (3{x) € § 
and a positive real function M(x) satisfying p p (M) = oo, p p+ i(M) — and 
Pfi(M) = t(0 < t < oo). For example, let M(x) = cxp p+1 {(i log x) 1/d }, (3{x) = 
(log p+1 x) d , where t is a finite positive real constant and < d < 1. Then we 
have 

log p (logM(x)) log p+1 (log M(aQ) 
Ao(M) = limsup — ■ = oo, p v+ i(M) — limsup — = 0, 

x^oo logX x ^oo logX 
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and 

,,,, ,. P(logM(x)) 

o (M) = limsup^— K —=t, (0<i<oo. 

z^oo log x 

Remark 2.3 When p* = oo in Definition 2.1, we will say that f(s) is a Dirich- 
let series of infinite (3-order. 

Lemma 2.1 Let (3(x) € $, <p{x) be the function such that 

log + ifi(x) 

limsup , ^ y ' = q, (0 < q < oo), 
x^oo logo; 

and if the real function M(x) satisfies limsup^^ ^ lo ^^ = v{> 0). Then 
we have 

/%(x)logM(x)) 
hm sup = v. 

x^oo log X 

Proof: The proof of this lemma can be found in [19], for the convenience of the 
reader, we give the process of proof of this lemma as follows. 
Two following cases will be considered. 

Case 1. If ip(x) is not a constant. From the assumptions of Lemma 2.1, 
we can get that f{x) — > oo as x — > oo. Then, for sufficiently large x, we have 
<p(x) > 1. From (3(x) e $ , we have lim^oo log M(x) = oo. Then from the 
Cauchy mean value theorem, there exists £(logM(x) < £ < /3(x) logM(ar)) 
satisfying 

/3(^)logM(x))-/3(logM(x)) = g^) = 
log(ip(a;)logM(x)) -loglogM(x) (logf)' 

that is, 

^(^(^logM^)) = p{\ogM(x)) + log <p(x)Zf3'(ti). (8) 

Since x(3'(x) = o(l) as a; — > +oo and limsup^.^^ lo ^^ = q, (0 < g < oo), by 
(8), we can get the conclusion of Lemma 2.1. 

Case 2. If <p(x) is a constant. By using the same argument as in Case 1, 
we can prove that the conclusion of Lemma 2.1 is true. 

Thus, this completes the proof of Lemma 2.1. 

The following lemma is very important in study of the growth of analytic 
functions represented by Dirichlct series convergent in the right half plane, which 
show the relation between M(a, f) and m(a, /) of such functions. 

Lemma 2.2 ([20]) If Dirichlct series (1) satisfies (2) (3), then for any given 
e G (0, 1) and for er(< 0) sufficiently reaching 0, we have 

m(a,f) < M(a,f) < K(e)(--)m((l - e)a, /), 

a 

where K(e) is a positive constant depending on e and f(s). 



3 The proof of Theorem 1.3 

We first prove " <= " of Theorem 1.3. Suppose that 

V /?a»g + K|) rp , Q , 

limsup -. r- = T, (9) 
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then for any e(> 0) and sufficiently large n, we have 



log + \a n \ < 7 



(T + e)log£7 



An 

iog + K| 



where 7(0;) is the inverse function of (3(x). Let V(x) is the inverse function of 
U(x), then 



An 



> V 



and 



log + \a n 
log + \a n \< 



^7^/3(log + |a„|) 



V 



cxp j 7 ^ 5 /3(log + |a„|)| 



Thus, we can get 



log+ \a n \e x "° < \ n \Jv [exp j^^/?(log+ \a n \) 
For any fixed sufficiently small er(< 0), set 



(10) 



7 = 7 



(T + e)logtf , 



< 7 



(T + s) logU 



1 , 



(11) 



a log(7(-i)log 2 logC/(-i) 



it follows 



1 



1 1 



o <rloe 2 U (-- 



m = v ( cxp i rT^ (/) 



(12) 



If log + |a„| < 7, then for sufficiently small a(< 0), from (11) and the prop- 
erties of U(x), we have 



log+ \a n \e x " a < log+ \a n \ < I = 7 



(T + £ )io g ;y I --- 1 



<7 



(T+2e)logI/(— ) 



(13) 



If log + \a n \ > I, then from (10) and (12), we can get 



log+ K|e A " CT < A„ [V 



< a„ I ( r 

= A„ 



exp 



T + e 



4 + log 2 [/(-!) 
From (13) and (14), we have 



< 0. 



logm(er,/) < 7 



(T+2e)IogI7(— ) 
a 



(14) 



(15) 
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From (15) and Lemma 2.2, and since e is arbitrary, it follows 



/3(logM(a,/)) /3(log + |a„|) 

b Lip 

o- 

Suppose that 



lim sup — \- — < lim sup r = T. 



limsup ^(qf)) = Um ^(lo g + KI) = T (lfi) 

^0- l0gf/(-^) ^ + co P log[/( 1 ^ fe ) 

Take <5 = ^-g 1 ^, then for any positive integer n and sufficiently small a{< 0), we 
have 

log+KJe^ <logM(<7,/) < 7 ((J+<5)logt/(-^ , (17) 
and from (16), there exists a subsequence {n{v)} satisfying 

(3{\og + \a n{v) \) > \{T-5)\o g U{ )) . (18) 

V log + |a„(„)| / 

Choose the sequence {ov} satisfying 
J(J+S)lo g U(-^)) = A 1 ° g+|a " ( - )l x . (19) 

From (17), if follows 

iog + Km I 



log + |a n( „ ) |e A "<"> <T " < 



ov log + |a„ (l/) | y log + |a„ M | log + |a n(l/) | y 



0V 



<tM ; +f } . (1+log^ , ^ , )log 2 logt/( 1 . ))) (20) 

yiog^|a„ M | log^|a n(t/ )| log^|a n(l/ )| y" 

<(l + 5)U> A " M » 



log+ |a nM | J 
From (19), we have 

log + | ailH |= 7 f(J+5)log[/(- — ) 



1 + log U( )log 2 log y( V) ) 

log + |a n(l/) | log + |a„ w | 



Thus, from the Cauchy mean value theorem and (20), there exists a real number 
£ between 7 (( J+5) log and 7 ((J + 5) log E7(-£)) (1+log U(^f^) 
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Since 



log' log U L +, {v> , )) such that 

^ + ') ^ + l0g2 " fcfc) 7 ( ( J + <0) , 
= 0(7 (W<5)log[/(-i-) 

+ log f 1 + log Cf( )lQg 2 log u{ A 

\ log K M | log^|a„ M | y 

then for sufficiently large v, from (20) we have 

f3 (log+ \a n(v) I) = (J + 5) log [/(--) + ^iC/3'(0 log , ) 

°V log + |a„ M | 

= (J + 3^)log£/( ^ M ), (21) 
log^ |a n(l/) | 

where K\ is a constant. 

From (18), (21) and 5 = we can get a contradiction. Thus, we can get 

that 

/3(logM(<7,/)) l(lQg + |ffl«|) „ 

hm sup — =- — = hm sup 7 = T. 

Hence, the sufficiency of Theorem 1.3 is completed. 

We can prove the necessity of Theorem 1.3 by using the similar argument as 
in the proof of the sufficiency of Theorem 1.3. 
Thus, the proof of Theorem 1.3 is completed. 



4 The proof of Theorem 1.6 

We prove the conclusions of Theorem 1.6 by using the properties of two 
functions j3{x) and U(x), this method is different from the previous method in 
[18] to some extent. 

We first prove " " of Theorem 1.6. Suppose that 

limsup *„(/, a, X n ) = hmsup = T. (22) 

Let 

A n = E n _ 1 {f,a)e- aX \ n = l,2,..., 
then for any positive real number r > 0, for sufficiently large n, we have 



log+ A n < 7 f(T + r) log U ( 

\ \log + A„ 



258 



WANG ET AL 251-263 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.2, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



where 7(2;) is the inverse functions of f3(x). Let V(x) and U(x) be two recipro- 
cally inverse functions, then we have 



V^cxpj^^log+Ao}) 



< 



log + A n ' 



log+ A n < \ n [V [ cxp ——p{\og + A 



T + T 



Thus, we have 



\og+(A n e x ^) <X n (^(v (cxp j^^— /3(log+ A n ) 
For any fixed and sufficiently small a < 0, set 



(23) 



G = 7 ( (T + r)log£7| -- - , 2 



1 1 

o- crlog 2 £/(-^ 



that is, 



^ + W^) =n"^ B(G) })- (24) 

If log + An < G, for sufficiently large n, let V (cxp j 7jrp^/3(log + A„)|^ > 1, 
from cr < 0,(23), (24) and the definition of ?7(a;), we have 

log+ A n e x ^ < A„ (v (exp{^-^/3(log + .4 n )})) + a J 



< G = 7 (T + r) log £/ 



1 



< 7 (T + t) log 



1" 



(25) 



If log + A„ > G, from (23) and (24), we have 



log+ A n e x ^ < A„ I ( V2 ( exp 



< A„ 



1 

T+T 

1 



/3(G) 



- (T log 2 C/(-i) y / 

For sufficiently large n, from (25) and (26), we have 



+ cr < 0. (26) 



(l + o(l))U —_ 



log+ A n e^° < 7 (T + r) lo, 



From the definition of E n (f, a), there exists p(s) € n„_i and a real constant 
K 2 (> 1) such that 

||/-p||a<^n-i(/,a)- (27) 
Since /(s) € D a and from [20, P.16], for any real numbers t ,$(^ 0), we have 
-ft •, r R 



1 r 

lim — / e" u dt = 0, a„< 
ft^+oo R J tQ 



lim 

ft^oo R 



a + it)e- x ™ u dt. (28) 
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From (28), for any real number x ^ 0, we have 
Thus, from (28) and (29), for any pi(s) G II„_i, we have 



lim 

fl->oo R 



1 r R 

- / e x( - a+u Ut = 0. (29) 



1 f R 

a n e aXn = lim - / [f(a + it) - Pl (a + it)]er Xnit dt, 
fl->oo R J tQ 



that is, 

\a n \e aX - < ||/-pi|U. (30) 
From (27) and (30), we can get 

K|e QA " <K 2 E n _ i(/,a), (31) 

where K 2 > 1 is a real constant. 

Since A„ = E n -i(f, a)e~ aXn and r is arbitrary, from (31), by Lemma 2.1 
and Theorem 1.2, we can get 

,. /3(log + M(a,/)) ^ 

hm sup ; — =- < T. 

<~o- logC/(-i) " 

Suppose that 

,. /3(log + M(q,/)) 

hmsup — - — = r]<T. 

CT ^ + logt/(-£) 

Thus, there exists any real number e(0 < e < ^p 1 ), for any sufficient small 
a < 0, from Lemma 2.2, we have 

log M(a, /) < 7 ({V + e) log • (32) 

For any sufficiently small a < and — oo < a < cr < 0, we have 

OO CO 

E n -i(f,a) < HZ-Pn-iHa < J2 l afe l eAfc " ^ M(aJ)J2e Xn(a ~ a \ (33) 

k—n k—n 

where p„_i(s) = X^fe=i a fce AfcS - From (3), we take < h' < h satisfying A n+ i — 
A„ > /i' for a sub-sequence of {n}. Thus, for sufficiently small <r < such that 
u > f , from (33) we have 



(A fe -A n )(a-cr) 
oo 



E n -i(f,a) <M(a,/) e A "( Q -)^e 

fc= n 

< M(cr, /) e A "(«- CT ) e -f ^ e f >*' 

= M(cr,/)e A "( a - CT ) (l-ef 1 ') \ 
Then for sufficiently small cr < and — oo < a < er < 0, we have 

M(<t,/) > K 3 E n _ 1 (f,a)e- x ^ a ~^ = K 3 A n e x ^, (34) 
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where K% = 1 — e 2 h . From (32) and (34), noting the properties of the function 
7(x), we have 



log+ A n e x "° < log M(a, /) < 7 (fa + 2e) log U{~) 



(35) 



From (22), there exists a subsequence {A„( p )}, for sufficiently large p, we have 

/3(log+ A n{p) )>{T-e)\ogu( *" (p) J . (36) 

Take a sequence {cr p } satisfying 

J {r} + 2e)\o g U{--)]= \ l0S+AnM x . (37) 

" l + l 0gC / (l ^)l 0g 2 lo g tf( 1 ^ ) 

From (35) and (37), we get 

\og + A n(p) + \ n(p) a. p < 7 ((77 + 2e)logU(-^-)j 



log A n(p) 



that is, 



<T p log + A„ (p) \ log + A„ (p) log + A„ (p) 



Thus, we have 



V 



<U -^f- 1 + log ^g ^ ( r^f") (38) 

\log^ A n(p) y log^A„ (p) log^A ri(p) J J 

<f yl+o(l) / ^"(P) 1 



Ylog + A„(p) / 
From (37) and (38), we have 
log + A n(p) 

=7 ((•/ + &) log fl + logt/f ^ )log 2 logl/( A + " (rt . 

V a v J \ log A n(p) log^A„ (p) J 

Thus, from the Cauchy mean value theorem and (38), there exists a real number 
i between 7 ((77 + 2e) log C/( £ )) and 7 ((r, + 2e) log U( ± )) (1+log [/( log +t' (p) ) 
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log 2 log U( lo ^J ) such that 



/3(log+ A n{p) ) 

=p L Ur, + 2s) log u(-)) (i + log u( A + "y )io g 2 log u( x : { : ] )) 

V V °"p / log An{p) log^A n(p) / 

=/3 ^7 (fa + 2*0(1 + o(l)) log [/( i -^M_)^ j 

+ log (l + logP( - ^ )log 2 logt/( ^ e/3'(0, 
y log^A„ (p) log^A„ (p) J 

Since 



lim ^ fa fa " w ' = 0, 



then for sufficiently large p, we have 



(3 (log+ A„ (p) ) =(77 + 2e)(l + o(l)) log [/( - ^ ) (39) 

log Ai(p) 

+ ^ 3 ^(c)iog^( 1 A + " ( ; } ), 

log + A n(p) 



From (36), (39) and < e < ^-j 5 , we can get a contradiction. Thus, we can 



where K3 is a constant 

-ii; , ri'i, m.,,1 n L_ 

get 

limsup gOgg^Q) =r . 
^o- logt/H) 

Hence, the sufficiency of Theorem 1.6 is completed. 

We can prove the necessity of Theorem 1.6 by using the similar argument as 
in the proof of the sufficiency of Theorem 1.6. 
Thus, the proof of Theorem 1.6 is completed. 
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WEAK AND STRONG CONVERGENCE THEOREMS OF PROXIMAL POINT 
ALGORITHM FOR SOLVING GENERALIZED MIXED EQUILIBRIUM 
PROBLEMS AND FINDING ZEROES OF MAXIMAL MONOTONE OPERATORS 

IN BANACH SPACES 

WITHUN PHUENGRATTANA 1 , SUTHEP SUANTAI 1 , KRIENGSAK WATTANAWITOON 2 , 
UAMPORN WITTHAYARAT 3 AND POOM KUMAM 3 '* 

Abstract. Based on the results proposed by Li and Song [Modified proximal-point algorithm for 
maximal monotone operators in Banach spaces], J. Optim. Theory appl. 138 (2008) 45-64.], we 
modify and generate our new iterative scheme for solving generalized mixed equilibrium problems and 
finding zeroes of maximal monotone operators in a Banach space under the appropriate conditions. 
We also prove strong and weak convergence theorems of this proximal point algorithm and give an 
example with numerical test which corresponding to our main results. Furthermore, we also consider 
the convex minimization problem and the problem of finding a zero point of an a-inverse strongly 
monotone operator as its appplications. 



1. Introduction 

Let E be a Banach space, C be a closed convex subset of E, and let 5 be a mapping from C into 
itself. A point p in C is said to be an asymptotic fixed point of S (see [22]) if C contains a sequence {x n } 
which converges weakly to p such that lim„_ i . 00 \\x n — Sx n \\ — 0. The set of asymptotic fixed points 
of S will be denoted by F(S). A mapping S from C into itself is said to be relatively nonexpansive 

[21, 26, 37] if F{S) = F(S) and tf>(p, Sx) < <t>{p,x) for all x £ C andp £ F(S). The asymptotic behavior 
of a relatively nonexpansive mapping was studied in [6, 7]. A mapping S is said to be </>- nonexpansive, 
if 4>{Sx, Sy) < 4>(x, y) for x,y £ C. A mapping S is said to be quasi § -nonexpansive if F(S) ^ and 
4>(p, Sx) < cj)(p, x) for x £ C and p £ F(S). 

Let E be a Banach space with norm || • ||, C be a nonempty closed convex subset of E and let E* 
be the dual of E. Let 6 : C x C — > K be a bifunction, ip : C — > I be a real-valued function, and 
B : C — > E* be a nonlinear mapping. The generalized mixed equilibrium problem, which is to find 
x £ C such that 

Q(x,y) + (Bx,y-x)+<p(y)-<p(x)>0, Vy e C. (1.1) 
The solutions set to (1.1) is denoted by fi, i.e., 

n = {x£C:e(x,y) + (B Xl y~x)+<p(y)-<p(x)>0, Vy £ C}. (1.2) 

If B = 0, the problem (1.1) reduce into the mixed equilibrium problem for 0, denoted by MEP(Q,tp), 
which is to find x £ C such that 

e(x,y) + cp(y)-p(x)>0, Vy £ C. (1.3) 

If = 0, the problem (1.1) reduce into the mixed variational inequality of Browder type, denoted by 
VI(C, B,ip), is to find x £ C such that 

(Bx, y-x) + <p{y) - tp(x) > 0, Vy e C. (1.4) 

If B = and tp = the problem (1.1) reduce into the equilibrium problem for Q, denoted by EP(Q), 
is to find x £ C such that 

Q(x,y)>0, Vy£C. (1.5) 
The above formulation (1.5) was shown in [ ] to cover monotone inclusion problems, saddle point 
problems, variational inequality problems, minimization problems, optimization problems, variational 
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2 W. PHUENGRATTANA, S. SUANTAI, K. WATTANAWITOON, U. WITTHAYARAT AND P. KUMAM 

inequality problems, vector equilibrium problems, Nash equilibria in noncooperative games. In addi- 
tion, there are several other problems, for example, the complementarity problem, fixed point problem 
and optimization problem, which can also be written in the form of an EP(Q). In other words, the 
EP(Q) is an unifying model for several problems arising in physics, engineering, science, optimization, 
economics, etc. In the last two decades, many papers have appeared in the literature on the existence of 
solutions of EP(Q); see, for example [5, 11, 19, 29] and references therein. Some solution methods have 
been proposed to solve the EP(Q); see, for example, [8, 11, 24, 25, 27, 28, 29] and references therein. 
In 2005, Combettes and Hirstoaga [8] introduced an iterative scheme of finding the best approximation 
to the initial data when EP(<d) is nonempty and they also proved a strong convergence theorem. 

Let £ be a Banach space with norm || • ||, C be a nonempty closed convex subset of E and let E* 
denote the dual of E. Let A be a monotone operator of C into E* . The variational inequality problem 
is to find a point i£C such that 

(Ax, y - x) > for all y £ C. (1.6) 

The set of solutions of the variational inequality problem is denoted by VI(C, A). Such a problem is 
connected with the convex minimization problem, the complementarity problem, the problem of finding 
a point u £ E satisfying = Au and so on. An operator A of C into E* is said to be inverse-strongly 
monotone, if there exists a positive real number a such that 

(x - y,Ax - Ay) > a\\Ax - Ay\\ 2 (1.7) 

for all x,y £ C. In such a case, A is said to be a -inverse- strongly monotone. If an operator A of C 
into E* is a-inverse-strongly monotone, then A is Lipschitz continuous, that is \\Ax — Ay\\ < — ||x — y\\ 
for all x,y £ C. 

In Hilbert space H , Iiduka et al. [13] proved that the sequence {x n } defined by: x\ = x £ C and 

x„+i = Pc(x n ~ KAx n ), (1.8) 

where Pq is the metric projection of H onto C and {A„} is a sequence of positive real numbers, 
converges weakly to some element of VI(C, A). 

In 2008, Iiduka and Takahashi [12] introduced the following iterative scheme for finding a solution 
of the variational inequality problem for an inverse-strongly monotone operator A that satisfies the 
following conditions in a 2-uniformly convex and uniformly smooth Banach space E: 

(CI) A is inverse-strongly monotone, 
(C2) VI(C,A)^9, 

(C3) \\Ay\\ < \\Ay - Au\\ for all y £ C and u £ VI(C, A). 
Let X\ — x £ C and 

x„ + i = n c J _1 (Jx„ - X n Ax n ) (1.9) 

for every n = 1, 2, 3, . . ., where Hq is the generalized metric projection from E onto C, J is the duality 
mapping from E into E* and {A„} is a sequence of positive real numbers. They proved that the 
sequence {x„} generated by (1.9) converges weakly to some element of VI(C, A). 
Consider the problem of finding: 

v £ E such that £ T(v), (1.10) 

where T is an operator from E into E* . Such v £ E is called a zero point of T. When T is a maximal 
monotone operator, a well-know methods for solving (1.10) in a Hilbert space H is the proximal point 
algorithm: x\ — x £ H and, 

x n +i = Jr n x n , n — 1, 2, 3, ... , (1-11) 

where {r n } C (0, oo) and J Tn — (I + r n T)~ l J, then Rockafellar [ ] proved that the sequence {x„} 
converges weakly to an element of T _1 (0). 

In 2000, Kamimura and Takahashi [1(>] proved the following strong convergence theorem in Hilbert 
spaces, by the following algorithm 

x n+ i = a n x + (1 - a n ) J rn x n , n = 1,2,3, ... , (1-12) 

where J r = (I + rT)~ 1 J, then the sequence {x„} converges strongly to Pt-i(o){x), where Py-i( ) is 
the projection from H onto T _1 (0). These results were extended to more general Banach spaces see 
[15, 17]. 265 
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In 2003, Kohsaka and Takahashi [17] introduced the following iterative sequence for a maximal 
monotone operator T in a smooth and uniformly convex Banach space: X\ — x G E and 

x n +\ = J~ x {a n Jx + (1 - a n )J(J rn x n )), 71=1,2,3,..., (1.13) 

where J is the duality mapping from E into E* and J r = (I + rT)^ 1 J. 

In 2004, Kamimura et al. [14] considered the algorithm (1.14) in a uniformly smooth and uniformly 
convex Banach space E, namely 

x n+ i = J~ 1 (a n Jx n + (1 - a n ) J{J Tn x n )), n = l,2,3, (1-14) 

They proved that the algorithm (1.14) converges weakly to some element of T _1 0. 

In 2008, Li and Song [18] proved a strong convergence theorem in a Banach space, by the following 
algorithm: x\ — x G E and 

Vn = J~ 1 {/3 n J(x n ) + (1 - P n )J{J rn X n )), , . 

x n +i = J~ 1 {a n Jx + (1 - a n )J(y n )), 

with the coefficient sequences {ct„}, {/?n} C [0,1] and {r n } C (0, oo) satisfying lim n tco a„ = 0, 

Y^—x a„ = oo, lim„ i-ooPn — 0, and lim„ >oc r„ = oo, where J is the duality mapping from E into 

E* and J r = (I + rT)~ 1 J. Then they proved that the sequence {x n } converges strongly to Hex, where 
lie is the generalized projection from E onto C. 

In this paper, motivated and inspired by Kamimura et al. [1 t], Li and Song [ ], Iiduka and 
Takahashi [12] and Zhang [38], we introduce the new hybrid algorithm defined by: x\ = x G C 

u„ G C such that6(u„, y) + (Bu n ,y - u n ) + <p(y) - <p(u n ) 
+^(y - u„, Ju n ~ Jx n ) > 0, \fy e C, 
< z n = U c J^ 1 (Ju n - X n Au n ), (1-16) 

y n = J- l {p n J{x n ) + (1 - /3 n )J(J rn Z n )), 
k X n+ i = n c J _1 ( Q; n^( a; ) + (1 - On)J(Vn))- 
Under appropriate difference conditions, we will prove that the sequence {x n } generated by algo- 
rithms (1.16) converges strongly to the point ^lanvi(C,A)nT- 1 <o') x an d converges weakly to the point 
lim„ >m rinnvi(c,-4)nT- 1 (o) :E ii- The results presented in this paper extend and improve the corre- 
sponding ones announced by Kamimura et al. [14], Li and Song [] 8] and some authors in the literature. 
Furthermore, in the last section, we will state example for that satisfies the condition (C1)-(C3) and 
also we consider the minimization problem and the complementarity problem. 

2. Preliminaries 

A Banach space E is said to be strictly convex if ||^^| < 1 for all x,y e E with ||x|| = ||y|| = 1 
and x ^ y. Let U — {x € E : \\x\\ = 1} be the unit sphere of E. Then the Banach space E is said to 
be smooth provided 

lim H- T + ^l ~ M 
t->o t 

exists for each x, y € U. It is also said to be uniformly smooth if the limit is attained uniformly for 
x, y G E. The modulus of convexity of E is the function 6 : [0, 2] — ¥ [0, 1] defined by 

6(e) = inf{l - H^ll : x, y e E, \\x\\ = \\y\\ = 1, \\x y\\ > e}. (2.1) 

A Banach space E is uniformly convex if and only if 5(e) > for all e £ (0, 2]. Let p be a fixed real 
number with p > 2. A Banach space E is said to be p-uniformly convex if there exists a constant c > 
such that 5(e) > ce p for all e € [0, 2]; see [3, 31] for more details. Observe that every p-uniform convex 
is uniformly convex. One should note that no a Banach space is p-uniform convex for 1 < p < 2. It 
is well known that a Hilbert space is ^-uniformly convex and uniformly smooth. For each p > 1, the 
generalized duality mapping J p : E — > 2 E is defined by 

J p (x) = {x* G E* : (x,X*) = \\x\\ p , \\x*\\ = \\x\lP- 1 } (2.2) 

for all x G E. In particular, J — Ji is called the normalized duality mapping. If E is a Hilbert space, 
then J = I, where / is the identity mapping. It is also known that if E is uniformly smooth, then J is 
uniformly norm-to-norm continuous on each bounded subset of E. 
We know the following (see [31 ]): 266 
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(1) if E is smooth, then J is single- valued; 

(2) if E is strictly convex, then J is one-to-one and (x — y,x* — y*) > holds for all (x, x*),(y,y*) G J 
with x 7^ y; 

(3) if E is reflexive, then J is surjective; 

(4) if E is uniformly convex, then it is reflexive; 

(5) if E* is uniformly convex, then J is uniformly norm-to-norm continuous on each bounded subset 
ofE. 

The duality J from a smooth Banach space E into E* is said to be weakly sequentially continuous 
[10] if x n — x implies Jx n ^* Jx, where ^* implies the weak* convergence. 

Lemma 2.1. ([4, 35]). If E be a 2-uniformly convex Banach space. Then, for all x,y G E we have 

\\x-y\\ < ^\\Jx- Jy\\, 
cr 

where J is the normalized duality mapping of E and < c < 1 . 

The best constant - in Lemma is called the 2-uniformly convex constant of E; see [3] . 

Lemma 2.2. ([4, 36]). If E be a p-uniformly convex Banach space and let p be a given real number 
with p > 2. Then for all x,y € E, J x G J p (x) and J y G J P {y) 

c p 

(x -y,Jx- Jy) > ^z^Wx - y\\ p , 
1 

where J„ is the generalized duality mapping of E and - is the p-uniformly convexity constant of E. 

c 

Lemma 2.3. (Xu [ ]). Let E be a uniformly convex Banach space. Then for each r > 0, there exists 
a strictly increasing, continuous and convex function g : [0, oo) — > [0, oo) such that g(0) — and 

\\Xx + (1 - Ay)|| 2 < A||z|| 2 + (1 - X)\\y\\ 2 - A(l - X)g(\\x - y\\) (2.3) 

for all x,y G {z G E : \\z\\ < r} and A G [0, 1]. 

Let E be a smooth, strictly convex and reflexive Banach space and let C be a nonempty closed 
convex subset of E. Throughout this paper, we denote by <j> the function defined by 

^x,y) = \\x\\ 2 ~2(x,Jy) + \\y\\ 2 , for x,y G E. (2.4) 

Following Alber [1], the generalized projection lie '■ E — > C is a map that assigns to an arbitrary point 
x G E the minimum point of the functional (f>(x, y), that is, Hex = x, where x is the solution to the 
minimization problem 

<t>{x,x) = inf <j>(y,x) (2.5) 

existence and uniqueness of the operator lie follows from the properties of the functional 4>{x, y) and 
strict monotonicity of the mapping J. It is obvious from the definition of function <f> that (see [1]) 

(||y|MWI) 2 <0(2/,z)< (II2/II + IWI) 2 , Vx,yeE. (2.6) 

If E is a Hilbert space, then <j>{x, y) — \\x — y\\ 2 . 

If E is a reflexive, strictly convex and smooth Banach space, then for x, y G E, 4>(x, y) = if and 
only if x = y. It is sufficient to show that if <p(x,y) = then x = y. From (2.6), we have ||x|| = ||y||. 
This implies that (x,Jy) = \\x\\ 2 = \\Jy\\ 2 . From the definition of J, one has Jx — Jy. Therefore, we 
have x = y; see [9, 30] for more details. 

Lemma 2.4. (Kamimura and Takahashi [15]). Let E be a uniformly convex and smooth real Banach 
space and let {x n },{y n } be two sequences of E. If 4>(x n ,y n ) —> and either {x n } or {y n } is bounded, 
then \\x n - y n \\ -> 0. 

Lemma 2.5. (Alber [ ]). Let C be a nonempty closed convex subset of a smooth Banach space E and 
x G E. Then, xq = Hex if and only if 

(x — y,Jx— Jmi > 0, Vy G C. 
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Lemma 2.6. (Alber [I]). Let E be a reflexive, strictly convex and smooth Banach space, let C be a 
nonempty closed convex subset of E and let x G E. Then 

(b(y,U c x) + cb(Ucx,x) <<j)(y,x), Vy G C. 

Let £ be a strictly convex, smooth and reflexive Banach space, let J be the duality mapping from 
E into E* . Then J -1 is also single- valued, one-to-one, and surjective, and it is the duality mapping 
from E* into E. Define a function V : E x E* — > R as follows (see [17]): 

V(x,x*) = ||a;|| 2 -2(x,a:*) + ||a;*|| 2 (2.7) 

for all x G Ex G E and x* G E* . Then, it is obvious that V(x,x*) = cf>(x, J~ x (x*)) and V(x, J(y)) = 
(j>(x,y). 

Lemma 2.7. (Kohsaka and Takahashi [17, Lemma 3.2]). Let E be a strictly convex, smooth and 
reflexive Banach space, and let V be as in (2.7). Then 

V(x,x*) + 2(J- 1 (x*) - x,y*) < V(x,x* +y*) (2.8) 

for all x G E and x* , y* G E* . 

Let E be a reflexive, strictly convex and smooth Banach space. Let C be a closed convex subset of 
E. Because (f>(x,y) is strictly convex and coercive in the first variable, we know that the minimization 
problem mfy^c ^>(x, y) has a unique solution. The operator Hqx :— arg min^gc <p(x, y) is said to be 
the generalized projection of x on C. 

A set-valued mapping T : E — > E* with domain D(T) = {x G E : T(x) ^ 0} and range R(T) = 
{x* G E* : x* G T(x),x G D(T)} is said to be monotone if (x - y,x* - y*) > for all x* G T(x),y* G 
T(y). We denote the set {s G E : G Tx} by T _1 (0). T is maximal monotone if its graph G(T) is not 
properly contained in the graph of any other monotone operator. If T is maximal monotone, then the 
solution set T _1 (0) is closed and convex. 

Let £ be a reflexive, strictly convex and smooth Banach space, it is knows that T is a maximal 
monotone if and only if R(J + rT) = E* for all r > 0. 

Define the resolvent of T by J r x — x r . In other words, J r — (J + rT)~ 1 J for all r > 0. J r is a 
single-valued mapping from E to D{T). Also, T _1 (0) = F(J r ) for all r > 0, where F{J r ) is the set of 
all fixed points of J r . Define, for r > 0, the Yosida approximation of T by T r = (J — JJ r )/r. Wc know 
that T r x G T(J r x) for all r > and x E E. 

Lemma 2.8. (Kohsaka and Takahashi [17, Lemma 3.1]). Let E be a smooth, strictly convex and 
reflexive Banach space, let A C E X E* be a maximal monotone operator with T _1 (0) ^0, let r > 
and let J r = (J + rT)~ 1 J. Then 

(f)(x, J r y) + <f>(J r y, y) < <f>(x, y) 

for all x G T -1 and y G E. 

Let A be an inverse-strongly monotone mapping of C into £7* which is said to be hemicontinuous if 
for all x,y G C, the mapping F of [0, 1] into i?*, defined by F(t) = A(tx + (1 — is continuous with 
respect to the weak* topology of E* . We define by Nc{v) the normal cone for C at a point u G C, 
that is, 

N c (v) = {x* G E* : (v - y, x*) > 0, Vy G C}. (2.9) 

Theorem 2.9. (Rockafellar [23]). Lei C be a nonempty, closed convex subset of a Banach space E 
and A a monotone, hemicontinuous operator of C into E* . Let T C E x E* be an operator defined as 
follows: 

Tv = (j V + Nc( -^ VeC -> (2.10) 
I W, otherwise. 

Then T is maximal monotone and T -1 (0) = VI(C, A). 

Lemma 2.10. (Tan and Xu [33]). Let {a n } and {b n } be two sequence of nonnegative real numbers 
satisfying the inequality 

a n+i = a n + b n for all n > 0. 
If J2^=i < oo, then lim„ — ^ a n exists. 268 
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Lemma 2.11. (Xu [34]). Let {s n } be a sequence of nonnegative real numbers satisfying 

s-a+i = (1 - a n )s n + a n t n +r n n> 1, 

where {a n }, {t n }, and {r n } satisfy {a n } C [0,1], J2™=i a « = 00 > limsup„ >oc t n < and r n > 0, 

H^Li r n < oo. T/ien lim„ — >oa s„ = 0. 

For solving the mixed equilibrium problem, let us assume that the bifunction O : C x C — > K and 
^ : C — > K is convex and lower semi-continuous satisfies the following conditions: 
(Al) 0(x, x) = for all ieC; 

(A2) is monotone, i.e., 6(x, y) + 9(y, x) < for all x, y G C; 
(A3) for each x,y,z € C, 

limsup6(tz + (1 — t)x,y) < <d(x,y); 
tj.0 

(A4) for each x G C, y i— > 9(x, y) is convex and lower semi-continuous. 

Lemma 2.12. (Blum and Oettli [ ]). Lef C be a closed convex subset of a uniformly smooth, strictly 
convex and reflexive Banach space E and let O be a bifunction of C x C into K satisfying (A\)-(A4). 
Let r > and x £ E. Then, there exists z G C smc/i </iai 

8(2;, y) H — (y — z, 2 — x) > /or a// y G C. 
r 

Lemma 2.13. (Takahashi and Zembayashi [ ]). Let C be a closed convex subset of a uniformly 
smooth, strictly convex and reflexive Banach space E and let be a bifunction from C x C to M 
satisfying (A1)-(A4). For all r > and x G E, define a mapping T r : E — > C as follows: 

T r x = {zeC : Q(z,y) + -(y- z,Jz- Jx) > 0, Vy G C} (2.11) 

r 

for all x G E. Then, the followings hold: 

(1) T r is single-valued; 

(2) T r is a firmly nonexpansive-type mapping, i.e., for all x,y G E, 

(T r x — T r y, JT r x — JT r y) < (T r x — T r y, Jx — Jy); 

(3) F(T r ) = EP(Q); 

(4) EP(Q) is closed and convex. 

Lemma 2.14. (Takahashi and Zembayashi [32]). Let C be a closed convex subset of a smooth, strictly 
convex, and reflexive Banach space E, let Q be a bifunction from C x C to K satisfying (^41)-(^44) and 
let r > 0. Then, for x G E and q G F(T r ), 

4>(q, T r x) + (j)(T r x, x) < <f)(q, x). 

Lemma 2.15. (Zhang [ ]). Let C be a closed convex subset of a smooth, strictly convex and reflexive 
Banach space E . Let B : C — > E* be a continuous and monotone mapping, tp : C — > K is convex and 
lower semi- continuous and & be a bifunction from C x C to K satisfying (Al)-(A^.). For r > and 
x G E, then there exists u G C such that 

9(u, y) + (Bu, y — u) + ip(y) — <p(u) H — (y — u, Ju — Jx) > 0, Vy G C. 
Define a mapping K r : C — > C as follows: 

KJx) = {ueC : 0(u, y) + (Bu, y - u) + <p(y) - <p(u) + -(y-u,Ju - Jx) > 0, Vy G C} (2.12) 

r 

for all x G E. Then, the followings hold: 

(i) K r is single-valued; 

(ii) K r is firmly nonexpansive, i.e., for all x,y G E, (K r x — K r y, JK r x — JK r y) < (K r x — 
K r y,Jx- Jy); 

(iii) F(K r ) = fi; 

(iv) f2 is closed and convex; 

(v) 4>(p, K r z) + 4>(K r z, z) < cj>(p, z) Vp G F(K r ), z G E. 

Remark 2.16. (Zhang [38]). It follows from Lemma 2.13 that the mapping K r : C — > C defined by 
(2.12) is a relatively nonexpansive mapping. Thuggst is quasi-0-nonexpansive. 
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3. Strong Convergence Theorem 

In this section, we prove a strong convergence theorem for finding a common element of the set 
of solutions of mixed equilibrium problems, the set of solution of the variational inequality problem 
and the zero point of a maximal monotone operators in a Banach space by using the shrinking hybrid 
projection method. 

Theorem 3.1. Let E be a 2-uniformly convex and uniformly smooth Banach space, let C be a nonempty 
closed convex subset of E. Let be a bifunction from C x C toM. satisfying (Al)-(AJ^) let if : C — > K 
be a proper lower semicontinuous and convex function, let T : E — > E* be a maximal monotone 
operator satisfying D(T) C C . Let J r = (J + rT)^ 1 J for r > and let B : C — > E* be a continuous 
and monotone mappings, with F := Q f] VI(C\A) nT~ 1 (0) 7^ 0. Assume that A an operator of C into 
E* that satisfies the conditions (Cl)-(CS). Let {x n } be a sequence generated by x± = x G C and, 

u n £ C such that 9(u„, y) + (Bu n ,y - u n ) + ip(y) - ip{u n ) 

+ ^(y - U n , Ju n - Jx n ) > 0, Vy G C, 

z n = H c J~ 1 (Ju n - X n Au n ), (3.1) 

Vn = J^ 1 (l3 n J{x n ) + (1 - (3 n )J(J rn Z n )), 

k x n+1 = Tl c J~ 1 (a n J(x) + (1 - a n )J(y n )), 

for all n G N, where lie * s the generalized projection from E onto C , J is the duality mapping on E. 

The coefficient sequence {a n }, {/3 n } C (0, 1], {r n } C (0, oo) satisfying lim„ >QO a„ = 0, J2n°=i a n = °°> 

c 2 q 1 

limsup , p„ < 1, liminf„ >oc r n > and {X n } C a, b] for some a,b with < a < b < ——, - is 

2 c 

the 2-uniformly convexity constant of E. Then the sequence {x n } converges strongly to Il^a;. 

Proof. Let H(u n ,y) = Q(u n ,y) + (Bu n ,y-u n ) + if(y)-(p(u n ), y G C and K Tn = {u G C : H(u n ,y) + 
^-(y—u n ,Ju n — Jx n ) > 0, Vy G C}. We first show that {x n } is bounded. Put v n = J~ 1 { Ju n — X n Au n ), 
let p G F := Q(~}VL(C, A) nT _1 (0) and u n = K Tn x n . Since J Tri are relatively nonexpansive mappings. 
By (3.1) 

<f>(p, u n ) = (f>(p, K rn x n ) < (j>(jp, x n ) (3.2) 
and Lemma 2.7, the convexity of the function V in the second variable, we have 

(j>(p,z n ) = (t)(p,n c v n ) 

< <p(p,v n ) = cj>{p, J _1 (Ju„ - \ n Au n )) 

< V(p, Ju n - \ n Au n + \ n Au n ) - 2(J~ 1 (Ju n - \ n Au n ) ~ p, \ n Au n ) 
= V{p,Ju n )-2X n {v n -p,Au n ) 

= <fi(p, u n ) - 2X n (u n -p, Au n ) + 2(v n - u n , ~\ n Au n ). (3.3) 

Since p G VI(C, A) and A is a-inverse-strongly monotone, we have 

- 2X n (u n ~p,Au n ) = -2X n (u n -p,Au n - Ap) - 2\ n (u n - p, Ap) 

< -2aX n \\Au n - Apf, (3.4) 

and by Lemma 2.1, we obtain 

2(v n - u n ,-X„Au n ) = 2(J~ 1 (Ju n - X n Au n ) - u n , -X n Au n ) 

< 2\\J~ 1 (Ju n - X n Au n ) - u„||||A„ykt n | 
4 

< -A\Ju n — X n Au n — Ju n \\\\X n Au n \\ 
c z 

4 

= ^l\\Au n \\ 2 
c z 

< ^X 2 JAu n -Ap\\ 2 . (3.5) 
c £ 



Substituting (3.4) and (3.5) into (3.3), we get 



4 

4>(j>,z n ) < i>(p,u n )-2aX n \^h- n - Ap\\ 2 + -~Xl\\Au n - Ap\\ 2 

cr 



KUMAM ET AL 264-281 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.2, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



W. PHUENGRATTANA, S. SUANTAI, K. WATTANAWITOON, U. WITTHAYARAT AND P. KUMAM 

2 



< 4>{p,u n ) + 2\ n (-~\ n - a)\\Au n - Ap\\ 



2 



c 



< <j)(p,x n ). (3.6) 
By Lemma 2.7, Lemma 2.8 and (3.6), we have 

<p(p,y n ) = 0(p, J~ 1 (/3„J(x n ) + (l-/3„)J(J r „z„))) 
= V( P ,f3 n J(x n ) + {l- f3 n )J(J rn z n )) 

< p n V(p, J{x n )) + (1 - (3 n )V( P , J(J rn z n )) 

= Pn<t>(Pi x n) + (1 - Pn)(t>(j>, J r „ z n) 

< P n (j)[p,X n ) + (1 - Pn)(<f>(P, Z n ) ~ <j){Jr n Z n , Z n )) 

< p n cj)(p,x n ) + (1 - /3 n )(p{p,Z n ) 

< p n (j)[p,x n ) + (1 - /3 n )<p(p,x n ) 

= (t>{p,x n ), (3.7) 

it follows that 

(j)[p,x n+1 ) = (/>(p,ncJ _1 (a„J(a;i) + (1 - a n )J(y n ))) 

< (f){p, J~ 1 (a n J(x 1 ) + (1 - a n )J{y n ))) 
= V(p,a n J(xi) + (1 - a n )J(y n )) 

< a n V(p, J(xi)) + (1 - a n )V(p, J(y n )) 
= a n (p(p, Xi) + (1 - a n )4>(p, y n ) 

< a n (p(p, X!) + (1 - a„)<f>(p, x n ) (3.8) 

for all n £ N. Hence, by induction, we have that (f>(p, x n ) < </>(p, Xi) for all n £ N. Since (||a; n || — ||p||) 2 < 
4>(p,x n ). It implies that {x n } is bounded and {y n }, {z n }, {Jr n z n } are also bounded. 
From (3.6), (3.7) and (3.8), we have 

<P(p,x n +i) < ot n (j>(p,Xi) + (1 - a n )(/3 n (j>(p,x n ) + (1 - f3 n )(cf)(p,x n ) - <j>{J rn z n , z n ))) 
< a n (f)(p,xi) + (1 - a n )cj>{p,x n ) - (1 - a„)(± - /3 n )(j>(J rn z n , z n ) 

and then 

(1 - a n )(l - /3 n )(f)(Jr n z n ,z n ) < a n (j}{p,xi) + (1 - a n )(j){jp, x n ) - (f>(p,x n+1 ) 

for all n £ N. Since lim n >OQ a n = 0, limsup n >oc /3 n < 1, it follows that lim„ >QO 4>{J rn z n , z n ) = 0. 

Applying Lemma 2.4, we have 

lim || J Tn z n — z n \\ = 0. (3-9) 



n >oo 



Since J is uniformly norm-to-norm continuous on bounded sets, we obtain 

lim || JJ Tn z n — Jz n \\ = 0. (3.10) 

n >oo 

By (3.2), (3.6), (3.7) and (3.8) again, we note that 

2 

4>(p,x n+ i) < a n (j)(p,xi) + (1 - a n )[/3 n (f>(p,x n ) + (1 - (3 n )[(cf)(p, x„) - 2A„(a =\ n )\\Au n - Ap\\ 2 ]] 

2 

< a n 4>(p,xi) + (1 - a n )(j>(p,x n ) - (1 - a n )(l - (3 n )2\ n (a ^\ n )\\Au n - Ap\\ 2 

and hence 

^X n )\\Au n -A P f <j^ {l _^ 



2\ n (a - ^X n )\\Au n - Ap\\ 2 < n - - V1 ^(a„4>(p,xi) + (1 - a n )<j)(p,x n ) - </>(p, x n +i)) 

2, 



era 

for all n E N. Since < a < A n < b < ——, lim„ >00 a„ = 0, limsup n >ca j3 n < 1, we have 

lim \\Avztr Ap\\ = 0. (3.11) 
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From Lemma 2.6, Lemma 2.7 and (3.5), we get 

<f»(u n , z n ) = (j>{u n , IlcrUn) < <P(u„,v n ) 

= <p(u n ,J~ 1 (Ju n -X n Au n )) 

= V(u n , Ju n - X n Au n ) 

< V(u n , (Ju n - X n Au n ) + X n Au n ) - 2(J _1 (Ju„ - X n Au n ) - u„,X n Au n ) 
= <t>{u n ,u n ) + 2(v n - u„, -X n Au n ) 

= 2(v n - u n . -X n Au n ) 

< - 2 Xl\\Au n -A P \\\ 
From Lemma 2.4 and (3.11), we have 

lim \\u n -z n \\ =0. (3.12) 

n s-oo 

Since J is uniformly norm-to-norm continuous on bounded sets, we obtain 

lim || Ju n — Jz n \\ = 0. (3.13) 

n >oo 

From Lemma 2.6, Lemma 2.7 and (3.5), we obtain 

4>{x n ,z n ) = (f>(x n ,ILcJ~ 1 (Ju n - X n Au n )) 

< <p(x ni J- 1 {Ju n ~X n Au n )) 

< V(x n , (Ju n - X n Au n ) + X n Au n ) - 2(J~ 1 (Jw„ - X n Au n ) - u n ,X n Au n ) 
= 4>(x n ,x n ) + 2(J- 1 (Ju n - X n Au n ) - u n , -X n Au n ) 

4 

= 72' 



jXl\\Au n - Ap\\ 2 



for all n € N. Since lim„ >QO \\Au n — Ap\\ 2 = 0, we have lim„ (00 ^(i n ,z n ) = 0. Applying Lemma 

2.4, we get 

lim \\x n - z n \\ = 0. (3.14) 

n s-oo 

Since J is uniformly norm-to-norm continuous on bounded set, we obtain 

lim ||Jx n - Jz n \\ = 0. (3.15) 

n ^oo 

So, by the triangle inequality, we get 

\\x n - u n \\ < \\x n - z n \\ + \\z n - u n \\. 
By (3.12) and (3.14), we also have 

lim ||a;„ - u n || = 0. (3.16) 

n — >-oo 

Since {x n } is bounded, there exists a subsequence {x ni } of {x n } such that x ni -^ugC. It follows 
from (3.9) and (3.14), we have z n . u as i — > oo. 

Next, we show that u E T _1 (0). Indeed, since liminf„ >ao r n > 0, it follows from (3.10) that 

lim ||A r?i z n || = lim — \\Jz n — J{J Tn z n )\\ = Q. (3-17) 

n — yea n — too T n 

If (z, z*) 6 T, then it holds from the monotonicity of A that 

(z - z n( , z* - A Tn . z ni ) > 

for all i G N. Letting i — > oo, we get (z — u, z*) > 0. Then, the maximality of T implies u E T _1 (0). 
Next, we show that u E VI(C, A). Let L C E x E* be an operator as follows: 

Av + N c (v), v EC; 
0, otherwise. 



Lv 



By Theorem 2.9, L is maximal monotone and L 1 (0) = VI(C,A). Let (v,w) E G(L). Since w E Lv = 
Av + Nq(v), we get w — Av E Nc(v). From z n E C, we have 

(v-z n ,w- Av) >0. (3.18) 

On the other hand, since z n = YicJ^ 1 {J u n ~ X n Au n ). Then by Lemma 2.5, we have 

(v - Z„,, Jz n - (M n - X n Au„)) > 0, 
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thus 



(v - z n , JU \ JZn - Aux n ) < 0. (3.19) 



It follows from (3.18) and (3.19) that 

(v - Z n ,w) > (v — Zn,Av) 



, . , , J J Zn . . 

> (v - z n , Av) + (v - z n , Au n ) 

A n 

= (v- z n , Av - Au n ) + {v- Zn, ) 

An 

= (v - z n , Av - Az n ) +(v- z n ,Az n - Au n ) + (v - z n , — \ -) 



- / ' '■■'-■;> .I i 1 1 J J %n | 

> -\\v-z n \\ \\v-z„ 

a a 

> —+- " — ), 

a a 

where M — sup n>1 {||t> — z n \\}. From (3.12) and (3.13), we obtain (v — u,w) > 0. By the maximality 
of L, we have u £ L _1 (0) and hence u £ VI(C,A). 

Next, we show that u *E Q. From (3.16) and J is uniformly norm-to-norm continuous on bounded 
set, we obtain 

lim \\Ju n ~ Jx n \\ = 0. (3.20) 

n >oo 

From the assumption liminf n ^ r n > a, we get 



lim l|J "" JXn ^ = 0. 



Noticing that u n — K Tn x n , we have 



Hence, 



H(u n ,y) + —{y- u n , Ju n - Jx n ) > 0, Vy G C. 



H(u ni ,y) + —(y~u ni ,Ju, lt - Jx Ui ) > 0, e C. 



From the (A2), we note that 

II Ju n . — Jx n . II 1 

\\y - Um\\ — > — (y - u ni ,Ju ni - Jx ni ) > -H(u ni ,y) > H(y,u ni ), Vy € C. 

Taking the limit as n — > oo in above inequality and from (A4) and u ni — ^ u, we have H(y,u) < 
0, Vy € C. For < t < 1 and y E C, define yt = ty + (1 — t)u. Noticing that y,u G C, we obtains 
yt G C, which yields that H(y t ,u) < 0. It follows from (Al) that 

= H(y t , y t ) < tH{y t , y) + (1 - t)H{y t , x) < tH(y t ,y). 

That is, H{y t ,y) > 0. 

Let £1,0, from (A3), we obtain H(u,y) > 0, Vy € C. This implies that u € CI. Hence u € F := 

nn vi(c, A) nT _1 (o). 

Finally, we show that u — Hpx. Indeed from x n — ^c n x an d Lemma 2.5, we have 

(Jx — Jx n , x n — z) > 0, Vz G C„. 

Since F c C n , we also have 

(Jx - Jx n ,x n -p)>0, Vp G F. (3.21) 

Taking limit n — >■ oo, we obtain 

(Jx -Ju,u-p)> 0, Vp G F. 

By again Lemma 2.5, we can conclude that u = Wfrk. This completes the proof. □ 
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Corollary 3.2. Let E be a 2-uniformly convex and uniformly smooth Banach space, let C be a 
nonempty closed convex subset of E . Let T : E — > E* be a maximal monotone operator satisfy- 
ing D(T) C C . Let J r = (J + 7'T) -1 J for r > and let A be an a-inverse- strongly monotone operator 
of C into E* , with F := VI(C, A) flT _1 (0) 7^ 0. Assume that A is an operator of C into E* which 
satisfies the condition (CI) — (C3). Let {x n } be a sequence generated by x\ — x G C and, 

z n = TJ.(j J (Jxn \ n Ax n ^, 

Vn = J- l {P n J{x n ) + (1 - P n )J{Jr n Z n )), (3.22) 

x n+ i = UcJ' 1 (ot n J(xi) + (1 - a„)J(y„)), 

for all nfN, where He is the generalized projection from E onto C , J is the duality mapping on E. 
The coefficient sequence {a„}, {/3„} C (0, 1], {r n } C (0, 00) satisfying lim„ — yoo a n = 0, J^Li a « = °°> 

c 2 a 1 

lim sup too fin < I? liniinf„ >0O r n > and {X n } C [a, b] for some a,b with < a < b < — — , - is 

2 c 

the 2-uniformly convexity constant of E. Then the sequence {x n } converges strongly to Hpx. 

4. Weak Convergence Theorem 

We next prove a weak convergence theorem under difference condition on data. First we prove the 
generalized projection sequence {ilp-cc,,,} of {x n } is strongly convergent. 

Theorem 4.1. Let E be a 2-uniformly convex and uniformly smooth Banach space, let C be a nonempty 
closed convex subset of E. Let be a bifunction from C x C toM. satisfying (Al)-(A^) let if : C — > K 
be a proper lower semicontinuous and convex function, let T : E — > E* be a maximal monotone 
operator satisfying D(T) C C . Let J r = ( J + rT)~ l J for r > and let A be an a-inverse-strongly 
monotone operator of C into E* and let B : C — > E* be a continuous and monotone mappings, with 
F := fl n VL(C,A) H T _1 (0) ^ 0. Assume that A is an operator of C into E* which satisfies the 
condition (CI) — (C3). Let {x n } be a sequence generated by x\ = x G C and, 

u n G C such that Q(u n , y) + (Bu n ,y - u n ) + ip(y) - (p{u n ) 

+ 7^(y - u n ,Ju n - Jx n ) > 0, \fy G C, 
Zn = W c J-\Ju n - \„Au n ), (4.1) 

Un = J~ 1 (l3 n J{x n ) + (1 - i3 n )J(J rn Z n )), 

x n+ i = U c J~ 1 {a n J(x 1 ) + (1 - a n )J{y n )), 

for all n G N 7 where He is the generalized projection from E onto C , J is the duality mapping on E. The 
coefficient sequence {a n }, {/3 n } C (0, 1], {r n } C (0, oo) satisfying 5Z n =i a " < °°> limsup„ yoo f3 n < 1, 

liminf„ >oc r n > and {X n \ C [a, b] for some a, b with < a < b < , - is the 2-uniformly convexity 

2 c 

constant of E. Then the sequence {TlFX n } converges strongly to an element v of F, which is a unique 
element of F satisfying 

lim 4>{v, x n ) = min lim <f>(y,x n ). 

n s-oo y£F n >oo 

Proof. Let H(u n ,y) = Q(u n ,y) + (Bu n) y-u n ) + (f(y)-(p(u n ), y G C and K Tn = {u e C : H(u n ,y) + 
^-(y — u n, Ju n — Jx n ) > 0. Vy G C}. We first show that {x n } is bounded. Put v n = J _1 ( Ju n — X n Au n ), 
let p G F := Q n VI(C, A) n T _1 (0) and u n = K Tn x n . Since J Tn are relatively nonexpansive mappings. 
By (3.8), we have that, for all n G N 

<f>{p, x n+ i) < a n <f>(p, xi) + (1 - a n )cf)(p, x n ). (4.2) 

From Y^=i a n < 00 an d Lemma 2.10, we deduce that lim„ >oo4>{p,x n ) exists. This implies that 

{4>{p, x n )} is bounded. So {x n } is bounded. Define a function g : F — > [0, oo) as follows: 

g(p)= lim <p(p,x n ), Vp G F. 

n — ^oo 

Then, by the same argument as in proof of [14, Theorem 3.1], we obtain g is a continuous convex 
function and if \\z n \\ — > oo then g(z n ) — > oo. Hence, by [30, Theorem 1.3.11], there exists a point 
v G F such that 

g(v)=mmgfc)(:=l). (4.3) 
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Put w n = Hpx n for all n > 0. We next prove that w n — > v as n — > oo. Suppose on the contrary 
that there exists e > such that, for each n G N, there is n! > n satisfying \\w n / — v\\ > e . Since 
v G F, we have 

(f>(w n ,x n ) = <j)(Il F x n , x n ) < (j){v, U F x n ) + </)(Jl F x n , x n ) < <f>(v, x n ) (4.4) 
for all n > 0. This implies that 

Vmisup <p(w ni x n ) < lim (j)(v,x n ) = l. (4-5) 

n — too 11 

Since (||«|| — ||ITi?a; Tl ||) 2 < <p(v,w n ) < 4>{v,x n ) for all n > and {x n } is bounded, we get {w n } 
is also bounded. By Lemma 2.3, there exists a stricly increasing, continuous and convex function 
K : [0, oo) — ► [0, oo) such that K(0) = and 

II ^^^ll 2 < ^IKI| 2 + ^IM| 2 - \K{\\w n - «||), (4.6) 

for all n > 0. Now, choose a satisfying < a < -K{eo). Hence, there exists uq € N such that 

4>(w„, x n ) <l + a, <j>(v, X n ) < I + fJ, (4.7) 
for all n > 0. Thus there exists k > n satisfying the following: 

4>(w k ,x k ) < I + a, <f>(v,Xk) < I + cr, \\w k - v\\ > e . (4.8) 
From (4.2), (4.6) and (4.8), we obtain 

<p\ — 2 — > x «+fc) - n — 2 — ' k ' 

= 11—2— II 2 — 2 < 2 ' J:Efe > + 11^11 

< l\\w k \\ 2 + ^\\v\\ 2 -^K(\\w k -v\\)-(w k +v,Jx k ) + \\x k f (4-9) 

= ^{wk.Xk) + -c/)(v,x k ) - -K(\\w k - v\\) 
1 

< l + a--K(e ), 

for all n > 0. Hence 

W k + V Wk + V 1 

l< lim <f>( — - — ,x n )= lim cf>{ — - — ,x n+k ) < l + a- 7 K(e ) < I + a - a = I. (4.10) 

This is a contradiction. So, {w n } converges strongly to v E F := fin VI(C, A) nT _1 (0). Consequently, 
v G F is the unique element of F such that 

lim <j)(v,x n ) — mm lim <f>(y,x n ). (4-11) 

n >oo V^lF 71 >oc 

This completes the proof. □ 

Theorem 4.2. Let E be a 2-uniformly convex and uniformly smooth Banach space, let C be a nonempty 
closed convex subset of E. Let T : E — > E* be a maximal monotone operator satisfying D(T) C C. 
Let J r = (J + rT)- 1 J for r > and let A be an a-inverse- strongly monotone operator of C into E* , 
with F := VI(C, A) n T _1 (0) ^ 0. Assume that A is an operator of C into E* which satisfies the 
condition (CI) — (C3). Let {x n } be a sequence generated by x\ — x G C and, 

z n = n c J _1 (Ja; n - X n Ax n ), 

Vn = J-^nJiXn) + (1 - P n ) J (J Tn Z n )) , (4.12) 

x n +i = U c J^ 1 (a n J(xi) + (1 - On) J(y n )), 

for all n G N, where He is the generalized projection from E onto C , J is the duality mapping on E. The 

coefficient sequence {a n }, {/?„} C (0, 1], {r n } C (0, oo) satisfying a n < oo, limsup„ >00 j3 n < 1, 

c 2 a 1 

r n > and {X n \ C [a, b] for some a, bztfJ&th < a < b < — — , - is the 2-uniformly convexity 
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constant of E. Then the sequence {TlF x n\ converges strongly to an element v of F, which is a unique 
element of F satisfying 

lim 4>(v, x n ) = min lim <j){y,x n ). 

n yoo y£LF n ^oo 

Now, we prove a weak convergence theorem for the algorithm (4.13) below under different condition 
on data. 

Theorem 4.3. Let E be a 2-uniformly convex and uniformly smooth Banach space, let C be a nonempty 
closed convex subset of E. Let be a bifunction from C x C toM. satisfying (Al )-(A4) let if : C — > K 
be a proper lower semicontinuous and convex function, let T : E — > E* be a maximal monotone 
operator satisfying D(T) C C. Let J r = ( J + rT)^ 1 J for r > and let A be an a-inverse- strongly 
monotone operator of C into E* and let B : C — > E* be a continuous and monotone mappings, with 
F := fl n VI(C, A) H T _1 (0) ^ 0. Assume that A is an operator of C into E* which satisfies the 
condition (CI) — (C3). Let {x n } be a sequence generated by x\ — x G C and, 

u n G C such that Q(u n ,y) + (Bu n ,y - u n ) + ip(y) - tp(u n ) 

+ 7^(y ~ u n ,Ju n - Jx n ) > 0, \fy G C, 
z n = Il c J _1 (Ju n - \ n Au n ), (4-13) 

Vn = J~ 1 ((3 n J(x n ) + (1 - j3 n ) J{Jr n Z n )), 

x n+ i = \l c J~ 1 {a n J(xi) + (1 - a n )J{y n )), 

for all n G N, where He is the generalized projection from E onto C , J is the duality mapping on E. The 
coefficient sequence {«„}, {/?„} C (0, 1], {r n } C (0, oo) satisfying J2T=l a » < °°> lim su Pn— >oo Pn < 1, 

r •, r i c2 « 1 

liminfn JOO r„ > and {X n \ C [a, b] for some a,b with < a < b < , - is the 2-uniformly 

2 c 

convexity constant of E. Then the sequence {x n } converges weakly to an element v of F, where 
v = lim n — >oc TlpXn- 

Proof . As in Proof of Theorem 3.1, we have {x n } is bounded, there exists a subsequence {x ni } of 
{x n } such that x n . u G C and hence u G F := D,nVI(C, A) nT _1 (0). By Theorem 4.1, the {Il F a; n } 
converges strongly to a point v G F which is a unique clement of F such that 

lim 4>(v, x n )—Tam lim <fi(y,x n ). (4-14) 

n >oo y£F n too 

By the uniform smoothness of E, we also have lim„ >oa || JHpx ni — Jv\\ = 0. 

Finally, we prove u = v. From Lemma 2.5 and u G F, we have 

(U F x ni - u, Jx n . - JTl F x n .) > 0. 

Since J is weakly sequentially continuous, u ni — 1 u and u n — x n — > 0, then 

(v — u,Ju — Jv) > 0. 
On the other hand, since J is monotone, we have 

(v — u, Ju — Jv) < 0. 

Hence, 

(v — u, Ju — Jv) = 0. 

Since E is strict convexity, it follows that u = v. Therefore the sequence {x n } converges weakly to 
v = Um n too n F x„. This completes the proof. □ 

Theorem 4.4. Let E be a 2-uniformly convex and uniformly smooth Banach space, let C be a nonempty 
closed convex subset of E. Let T : E — > E* be a maximal monotone operator satisfying D(T) C C. 
Let J r = ( J + rT)- 1 J for r > and let A be an a-inverse- strongly monotone operator of C into E* , 
with F := VI(C,A) flT _1 (0) ^ 0. Assume that A is an operator of C into E* which satisfies the 
condition (CI) — (C3). Let {x n } be a sequence generated by x\ = x G C and, 

Z n = TlcJ~ l (JXn - KAx n ), 

Vn = J^{fi n J{x n ) + (1 - (3 n )J{J rn z n )), (4.15) 
x n+ i = U c J^ 1 (a n J(xi) + (1 - a n )J(y n )), 

for all n G N, where He is the generalized projection from E onto C , J is the duality mapping on E . The 

coefficient sequence {a n },{/3 n } C (0,11, {r n } C (ff/db) satisfying X^^Li a n < °°; limsup„ j3 n < 1, 
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r •, r i <?<* 1 

liminf„ yoo r n > and {X n \ C [a, b] for some a,b with < a < b < , - is the 2-uniformly 

2 c 

convexity constant of E. Then the sequence {x n } converges weakly to an element v of F , where 
v = lim n — >oc Tl F x n . 



5. Applications 

In this section, we consider the convex minimization problem and the problem of finding a zero point 
of an a-inverse strongly monotone operator. First, we study the problem of finding a minimizer of a 
continuously Frechet differcntiable, convex functional in the framework of Banach space. We need the 
following lemma which was proved by Baillon and Haddad [2] : 

Lemma 5.1. (See [ ]) Let E be a Banach space, f a continuously Frechet differentiable, convex 
functional in E and V/ the gradient of f. If V / is l/a-Lipschitz continuous, then V/ is a-inverse 
strongly monotone. 

By Lemma (5.1), we can consider the problem of finding minimizer of a continuously Frechet differ- 
entiable, convex functional in a Banach space. 

Theorem 5.2. Let E be a 2-uniformly convex and uniformly smooth Banach space, let C be a nonempty 
closed convex subset of E. Let be a bifunction from C x C toM. satisfying (Al )-(A4) let if : C — > R 
be a proper lower semicontinuous and convex function, let T : E — > E* be a maximal monotone 
operator satisfying D(T) C C. Let J r = (J + rT)^ 1 J for r > and let B : C — > E* be a continuous 
and monotone mappings, with F :— il n VI(C,A) n T _1 (0) 7^ 0. Assume that f is a functional on E 
that satisfies the following conditions: 

(1) f is continuously Frechet differentiable, convex functional on E and V/ is a-inverse strongly 
monotone, 

(2) ||V/| c (y)|| < ||V/| c (y) - Vf\c(u)\\ for allyeC and ueS. 
Suppose that X\ — x G C and {x n } be a sequence generated by 

u n £ C such that Q(u n ,y) + (Bu n ,y - u„) + <p(y) - ip(u n ) 

+ ^(V ~ U n , Ju n - Jx n ) > 0, Vy € C, 

< z n =H c J~ x \ju n -\ n Vf\ c u n ), (5.1) 

Vn = J~ 1 (l3 n J{x n ) + (1 - (3 n )J(J rn Z n )), 

k x n+1 = U c J~ 1 (a n J(x) + (1 - a n )J(y n )), 

for all n £ N, where He is the generalized projection from E onto C, J is the duality mapping on E. 

The coefficient sequence {a n }, {/3 n } C (0, 1], {r n } C (0, oo) satisfying lim„ >QO a n = 0, J2n°=i a « = °°> 

c 2 a 1 

limsup„ >ao fin < 1, liminf„ yo ofn > and {X n \ C \a,b} for some a,b with < a < b < , - is 

2 c 

the 2-uniformly convexity constant of E. Then the sequence {x n } converges strongly to Tlpx. 

Proof. By Theorem 3.1, we put A = V/|c and from Lemma 5.1 and the condition (1) of Theorem 5.2 
that V/lc is an a-inverse strongly monotone operator of C into E* . So, we obtain that {x n } converges 
strongly to HfXo- □ 



Next, we will consider the zero point of an a-inverse strongly monotone operator of E into E* . 
Without loss of generality, we let C = E then the condition (C3) of the operator A in Theorem 3.1 
holds. 

Theorem 5.3. Let E be a 2-uniformly convex and uniformly smooth Banach space, let be a bifunction 
from E x E to R satisfying (Al)-(A^) let if : E — > R be a proper lower semicontinuous and convex 
function, letT : E — > E* be a maximal monotone operator satisfying D(T) C C . Let J r — (J+rT)^ 1 J 
for r > and let B : E — 5- E* be a continuous and monotone mappings, with F :— Q n VI(E,A) n 
r _1 (0) £ 0. Assume that A is an operator of E into E* that satisfies the following conditions: 

(1) A is a-inverse strongly monotone, 

(2) A' 1 (0) = {u G E : Au = 0} ^ 0. 277 
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(5.2) 



Suppose that X\ — x £ C and {x n } be a sequence generated by 

u n £ C such that Q(u n , y) + (Bu n ,y - u n ) + tp(y) - tp(u n ) 

+ 7^(y - u ni Ju n - Jx n ) > 0, \fy £ C, 
z n = J (Ju n \ n Au n ), 

Vn = J~ 1 (/3 n J{x n ) + (1 - /3 n )J(J rn Z n )), 

^ x n+ i = J~ 1 {a n J{x) + (1 - a n )J{y n )), 

for all n £ N, where He is the generalized projection from E onto C , J is the duality mapping on E. 

The coefficient sequence {a n }, {f3 n } C (0, 1], {r n } C (0, oo) satisfying lim„ >QO a„ = 0, Y^Li a n = °°> 

c 2 a 1 

limsup„ . fi n < 1, liminf„ yoo r n > and {X n \ C a, b] for some a,b with < a < b < , - is 

2 c 

the 2-uniformly convexity constant of E. Then the sequence {x n } converges strongly to z — Hpx. 
Proof. In Theorem (3.1), we put C = E. Therefore He — I, then we have 

J _1 (Ju„ - \ n Au n ) = n£;J _1 (Ju n - \ n Au n ) 
for every n = 1, 2, ... and we also have VI(E, A) — A^ x and 

\\Ay\\ = \\Ay - 0|| = \\Ay - Au\\, Vy G E and u £ A _1 (0). 
Hence, by Theorem 3.1, {x n } converges strongly to some element z in 51 n A~ 1 (0) n T _1 (0) □ 

6. Examples and Numerical results 
In this section, we give examples and numerical results which support our strong convergence theo- 



Example 6.1. Let E 

Find x £ C such that 



and C = [—1, 1]. Let Q(x, y) = —5x 2 + xy + Ay 2 , Bx = Ax and ipx 



Q(x,y) + (Bx,y~ x) + <p(y) > ip(x), Vy £ [-1, 1]. 

Solution. We can see that Q,B and <p are satisfied all conditions in Theorem 3.1. For each r > 
and x £ [—1,1], by Lemma(2.12), we can guarantee that there exists z £ [—1,1] such that for each 

ye [-1,1], 

y) + (Bz, y- z) + ip(y) + -{y- z,z-x) > ip(z) 

-5z 2 + zy + Ay 2 + (4z,y - z) + y 2 + -(y - z, z - x) > z 2 

r 

4^ 5ry 2 + (5rz + z - x)y + (-10z 2 r - z 2 + zx) > 

Put H(y) = 5ry 2 + (5rz + z — x)y + (— 10z 2 r — z 2 + zx). We can see that H is a quadratic function 
of y with the coefficient a = 5r, b = (5rz + z — x) and c = (— 10z 2 r — z 2 + zx). Next, we will compute 
the discriminant A of H as shown in the following: 

A = b 2 - Aac 

= (brz + z - x) 2 - 4(5r)(-10z 2 r - z 2 + zx) 

= x 2 - 2(15rz + z)x + (15rz + z) 2 

= (x - (15rz + z)) 2 . 

We know that H(y) > for all y £ [— 1, 1] if it has at most one solution in [—1, 1]. So A < and hence 

x 

x = 15rz + z. Now we have z — K r x = . 

15r + 1 

Next, we consider our main algorithm in the strong convergence theorem. Let {x n }^ =1 be the 
sequence generated by X\ = x £ [—1,1] and 

u n G C such that 0(u„, y) + (Bu n , y - u„) + ip(y) - ip(u n ) 

+ ^(y - u n , Ju„ - Jx n ) > 0, \fy £ C, 
z n = n c J~ 1 (Ju n - X n Au n ), (6.1) 
Vn = J~ 1 (f3 n J(x n ) + (1 - (3 n )J(J rn z n )), 
x n+ i = Tl c J~ 1 (a n J(x) + (37B- a n )J(y n )), 
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Algorithm 1. Let Ax = x, J = I and J rn — I then the above algorithm is equivalent to the following: 
x n+ i = a n x + (1 - a n )\ft n x n + (1 - - X n )K rn x n }. (6.2) 

Algorithm 2. Let Ax = jt^, J = I and J Tn = /, then we have 

x n (16n + 1) 



x n (n + 1) + 16n + 



x n (n + 1) 

x n +i = a n x + (1 - a n )[p n x n + (1 - /3„)(—- — — A r , 

lbn + 1 

Next, we give the numerical test for both algorithms (6.2,6.3). 

Let a n = 1Q Q n , j3 n = X n = g and r n = ^pj- Choose x% = x = 1 then the algorithm (6.2) becomes 

1 



(6.3) 



X n +1 = 



100n 



1 33n + 3 



100n' L 64n + 4 J 



and the algorithm (6.3) becomes 
1 



X n +1 



100n 

Numerical Result 



(1 



1 1 1 x„(n+l) 



a;n(n + 1) 



100n /L 2 



2 V 16n + l 2x„(n + l) + 32n + 2 



)], Vn > 1. 



n 


x n hy Algorithm 1. 


n 


x n by Algorithm 2. 


1 


1.0000 


1 


1.0000 


2 


0.5341 


2 


0.5770 


3 


0.2828 


3 


0.3245 


4 


0.1500 


4 


0.1815 


5 


0.0802 


5 


0.1017 


6 


0.0435 


6 


0.0575 


7 


0.0242 


7 


0.0329 


8 


0.0139 


8 


0.0193 


9 


0.0084 


9 


0.0117 


413 


0.0001 


435 


0.0001 


414 


0.0001 


436 


0.0001 


415 


0.0000 


437 


0.0000 



Algorithm 1 




100 200 300 

Iteration Step (n) 



500 



Figure 1. This table shows the value of sequence {x n } on each iteration steps. 
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Algorithm 2 



0.9 - 
0.8 - 
0.7 ■ 



> 

S 0.5 - 
c 

01 

0.4 ■ 

S3 

0.3 ■ 
0.2 
0.1 ■ 

D l , , , , 

100 200 300 400 500 

Iteration step (n) 

Figure 2. This figure shows the graph of the above table, we can see that x n converges to zero. 
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Abstract 

The main purpose of this paper is to introduce and investigate two dimensional (w, <?)-Bernoulli and 
(w, (j')-Euler polynomials. The (/-analogues of well-known formulas are derived. The (/-analogue of the 
Srivastava-Pinter addition theorem is obtained. Furthermore we explore the shapes of the (/-Bernoulli 
numbers and the g-Bernoulli polynomials. We describe the structure of the roots of the (/-Bernoulli 
polynomials for values of the index n using a computer. 

1 Introduction 

Throughout this paper, we always make use of the following notation: N denotes the set of natural numbers, 
No denotes the set of nonnegative integers, K denotes the set of real numbers, C denotes the set of complex 
numbers. The g-shifted factorial is defined by 

71—1 OO 

(a;q) = l, (a; q) n = J| (l - q j a) , neN, (a; q)^ = JJ (l - q> a) , \q\<l, a e C. 

3=0 j=0 

The g-number and g-factorial is defined by 

respectively. The g-polynomial coefficient is defined by 
n 1 = (g;g) n 

The g-analogue of the function (x + y) n is defined by 



(x + y) n q 



fc=0 



n 
k 



The g-binomial formula is known as 



= (o;«)„ = II( 1 -^ a ) = E 

3=0 k=0 



n 
k 
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In the standard approach to the q-calculus two exponential functions are used: 




(l-(l-g) q k zY 



k=0 



n (i+(i-«)« fc *) 



oc 



1 



o<|«|<i, \z\ < 



< \q\ < 1, z e 



1 



c 



From this form we easily see that e q (z) E q (—z) = 1. Moreover, 



D q e q (z) = e q (z) , D q E q (z) = E q (qz) , 



where D q is defined by 



D q f(z) := 



f(qz)-f(z) 



< |«| < l, O^zeC. 



qz — z 



The above (/-standard notation can be found in [1]. 

Over 70 years ago, Carlitz extended the classical Bernoulli and Euler numbes and polynomials and 
introduced the (/-Bernoulli and the q-Euler numbers and polynomials (see [2], [3] and [4] ). There are 
numerous recent investigations on this subject by, among many other authors, Cenki ct al. ([12], [13], [14]), 
Choi ct al. ([15] and [16]), Kim ct al. ([17]-[24]), Ozden and Simsek [26], Ryoo et al. [29], Simsck ([30], [31] 
and [32]), and Luo and Srivastava [11], Srivastava et al. [33], Mahmudov [25]. 

We first give here the definitions of the (w, g)-Bernoulli and the (w, g)-Euler polynomials as follows. 

Definition 1 Let q S C, < |g| < 1. The (w,q)- Bernoulli numbers tB n ,q an d polynomials < S n . q (x,y) in 
x,y are defined, in a suitable neighborhood oft = 0, by means of the generating function functions: 



Definition 2 Let geC, < \q\ < 1. The (w, q)-Euler numbers <£. n<q and polynomials <£ n . q (x, y) in x, y are 
defined, in a suitable neighborhood oft = 0, by means of the generating function functions: 







It is obvious that 



®$ = ®$ (0) - V) = Bi w) (x + y), lim «8„,, = . 

o->l- 0->l _ 



Here B„ ' (x) denote the w-Bernoulli polynomials which are defined by 
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2 Properties 

In this section we shall provide some basic formulas for the (w, ^-Bernoulli and (w, g)-Euler polynomials in 
order to obtain the main results of this paper in the next section. The following result is g-analogue of the 
addition theorem for the classical Bernoulli and Eulcr polynomials. 

Lemma 3 (Addition Theorems) For all x, y e C we have 



fc=0 



k=0 



n 
k 



<B^x n ~ k . 



Lemma 4 (Differential relation) We have 

D q<x *M (x) = [n] q &™\ q (x) , D qiX <£W (x) = [n] q <B^\ q (x) 

Lemma 5 (Difference Equations) We have 

w^ q {x,l)-^ q {x,Q) = [n] q x n -\ 
w^(x,l) + <&^ q (x,0) = 2x n . 

Proof. The proof is based on the following identities 



we q (t) 



-e q (tx) e q (t) - ^ -e q (tx) 



t 



<] ■ ' 1 we q (t) — 1 mi , i 

we^+l * {tx) £ « W + we q (t) + i e « {tx) = we q (t) + l ^ {tx) ^ <*> + l) = 2e « {tx) 



(*) 



— e q (tx) (we q (t) - 1) = te q (tx) 



Lemma 6 (Theorem of complement) For all x e C we have 
i " r 1 

®$ (*) = I E I ^ k « ifc(fc - 1) »£ft ) w xn ~ k 



Proof. The proof is based on the following identity 



n=0 



e l/q (-*) - W 



e l/q (-*) e q ( tx ) 



n — k 



3 g-analoques of the addition theorems 

In this section we shall investigate some explicit relationships between the (w 1 ^-Bernoulli and (w, g)-Euler 
polynomials. Here some g-analogues of known results will be given. We also obtain new formulas and their 
some special cases below. These formulas are some extensions of the formulas of Srivastava and A. Pinter, 
Cheon and others. 

We present natural g-extensions of th main results of the papers [10], [8], see Theorems 7 and 11. 
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Theorem 7 For n £ N , the following relationship 



n 

®h } (x, y) = ~ — V 



fe=0 



n 
3 



3=0 



(x) 



< W \ q (my) . 



holds true between the (w,q) -Bernoulli polynomials and (w,q)-Euler polynomials. 
Proof. Using the following identity 



we c 



we have 



(h ei(tl)e ' (t ^« 9 (i ) + r 



t 



m 



-my 



we, 



we q (t) - 1 



e q (tx) 



V»W (*,y) ^ = iV eW (my) -J_y ^—y^) (*) 

L J 9 n=0 L J " ■n=n 



n=0 



-VgW (my) _y©0») ( x ) 



9 n=0 



^7 



n=0 
h + h- 



m" ni ! - 

1 J <? n=0 



It is clear that 



n=0 

On the other hand 



n=0k=0 



n 
3 



m fc - <8g (x) (my) 



n=0 

oo n 

1 \ ^ \ ^ n 



q n=0j=0 



n 
3 



m- n € { ^ (0,my) 



n7 



n—k 



EE I < } (*)E 



2 k 

n=0fc=0 L J <? 



n=0 j=0 L ' J 1 k=0 



3=0 



n — k 
3 



m k - n ^ (my) 



n. 



t n 



Therefore 



oo n 1 oo n 

E^^m^EE 



n=0 



J 9 n=0fe=0 



n 

J 



rn 



k — n 



^ q {x)+m- k wY J 

3=0 



m'BjJ (x) 



n U 



Next we discuss some special cases of Theorem 7 
Corollary 8 /#/ For n £ No, m £ N the following relationship holds true. 



k=0 



B n (x + y) = E( I {Bk(y) + ^y k - 1 )E n _ k (x), 



B 



1 " 
" (2; + y)= 2m^E 



fc=0 



m k B k (x) + m k B k [x - H + fcra (1 + m (x - 1)) 

m 



fe-i 



F„_ fc (my) 
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Corollary 9 For n <E N the following relationship holds true. 

»„ lfl (*,V) = E[ I ] f»*„(0,») + «i<*- 1 )(*- a )!^»*- 1 )(8 B -* 1 
Corollary 10 For n e No the following relationship holds true. 

«8„,,(a;,0) = E fc (*> °) + (®i,9 + |) ^n-i.fl (*> °) 

t_n L J \ / 



(x,0). 



fe=0 

(Ml) 



B n , a (0,y)= E 



fc=0 

(Mi) 



n 
k 



^k, q ^n-k, q (0, y) + ( 58i, g + - ) <S„_i, (0, y) . 



(1) 



(2) 



(3) 



The formulas (l)-(3) are (/-extension of the Chcon's main result [5]. Notice that Q5i j9 = — p-, see [27], 
and the extra term becomes zeo for g — > 1~. 
Theorem 11 For n e N , £/ie following relationship 

1 



fc=0 



n 



-rn 



k+l-n / ^(w) 



9 

/loiefs frite between the (w,q) -Bernoulli polynomials and (w,q)-Euler polynomials. 
Proof. The proof is based on the following identity 

2 , s , n 2 / x e 9 (£) - 1 V™ 

T e, (to) e g (ty) = — ^ , - e, (to) 



we„ (i) + 



we q (t) + 1 



e„ | — mx | . 

m 



Indeed 



t n m 



S« <*•»> m - t£«S w pn fen - 1 I>« <~> ski 

n=0 L J <? n=0 L J 9 \n=0 L J 9 / n=0 L J <? 



m 



= m 



oo / n 

EE 

oo / n+1 

EE 



n 
k 



k-nAw) 



j.n-1 00 



n=0 \fe=0 



n + 1 



„,<■--<> (x) - «£?,,<*) I j^E*- <•»> ^ 

/ l 1 Jo „_n L Jo 



i(«0 



n=0 
x n | 



9 n=0 



n=0 v v 7 9 n=0 L J 



n 

k 



k+l-n t A w ) 



[ x > m ) ~ {X) ) * n - k "> {mx) R! ■ 



Next we discuss some special cases of Theorem 1 1 . 
Corollary 12 For n e No, m e N the following relationship 

fe+i r 

£n,q (X,y) = E 



fe=0 
fe+1 



n 
k 



^E 

3=0 



k + 1 

j 



mP (x — IV 



-E 

j=0 



fc + 1 
j 



m j <Bj, q (x,-l) -m k+1 £ k+hq (x,0) 



^n-k, g (0,my) 



holds true between the q-Bernoulli polynomials and q-Euler polynomials. 
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Corollary 13 [8] For n 6 N , m 6 N the following relationship holds true. 

E n (x + y) = J2t^1 ( k ) Ek+1 Bn - k {X) ' 

fc=o V / 



E n (x + y) = 



k=0 



n \ m k - n+1 
k ) k + 1 



2[x + 



1 — m 



fc+i 



1 — 777 - 

E k+1 x + - E k+l (x) 

777, 



B n -k (my) 



Corollary 14 For n e No the following relationship holds true. 

2 



fc=0 



n 
k 



Corollary 15 For n 6 No ifte following relationship holds true. 

2 



<£ n , 9 (a;,0) = -2 

fe=0 L 

c», g (o,y) = -53 



fc=0 



n 
k 

n 
k 



[fc + 1], 



+ 



-€ fc +i, 9 ( 8„_/ c , (Z (a;,0) , 



-<Sfc+l, g 35n-fc,g (0,2/) 



4 Location of zeros of the (/-Bernoulli polynomials 

In this section, we display the shapes of the (/-Bernoulli numbers and polynomials. Next, we investigate the 
zeros of the (/-Bernoulli polynomials using a computer. 

The shapes of the (/-Bernoulli numbers Q5 n-9 for n = 1, 10. i < q < 1 are shown in figures 1, 2 and 3. 





Figure 1: Shape of B nfi 5 (x) 



Figure 2: Shape of tB n ,o.9(%) 



Figure 3: Shape of 23 n ,o.9999 
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The shapes of the q-Bernoulli polynomials ^S n ,q {%) f° r n = 1, 20. —0.5 < x < 1, are shown in figures 
3-6. The zeros of the g-Bernoulli polynomials 2J„ i9 (x), x £ C are plotted in figures 7-12 {q= \, jg,0.9). 





0.0 0.2 0.4 0.6 0.8 1.0 



Figure 4: Zeros of 2}i , 0.5(2) 

Im{.t) 




Figure 5: Zeros of ¥810,0.9(2) 



-0.2 0.0 0.2 0.4 0.6 0.8 1.0 



Figure 6: Zeros of ©10,0.9999(2) 



Figure 7: Zeros of 58 15,0.5(2) 



-0.S 0.0 0.5 



Figure 8: Zeros of Q3i5 : o.g(ir) 



Figure 9: Zeros of Si 5j0 . 9999(2;) 
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0.0 0.2 0.4 0.6 0.8 1.0 



Figure 10: Zeros of S^co.s^) 



Figure 11: Zeros of S2o,o.9(a ; ) 




-1.0 -0.5 0.0 0.5 1.0 1.5 



Figure 12: Zeros of S 2 o,o.9999(^) 



In figures 7-12, 25„ ig (x), x S C have Im(a;) = reflection symmetry. This translates to the following 
open problem: prove that %$ n ,q {%), x £ C, has Im(x) = reflection symmetry. 



Table 1: Approximate solutions of %$ n „(x) = 
Degree n Real Zeros 



10 -0.0416672, 0.296755,0.501855, 1.0 

15 -0.0569424, 0.49992, 1.0 

20 -0.0730929, 0.282403, 0.500003, 1.0 



Table 2: Approximate solutions of < S n ^ q (x) = 0, x € K 
Degree n Real Zeros 



10 -0.369208,-0.210514, 0.290877, 0.789895, 1.29165, 1.61001 
15 -0.562566, -0.394066, 0.105868, 0.60595, 1.10587, 1.6059, 
20 -0.4876, -0.249796, 0.250325, 0.750206, 1.25032 
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Our numerical results for the approximate solutions of the real zeros of (x), q = 0.9, are shown in 
tables 1 and 2. The results were obtained using the Mathematica® software. 




Figure 13: 3D shape of B n = 2 o.o.5( x ) 
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SOME IDENTITIES OF POLYNOMIALS ARISING FROM 
UMBRAL CALCULUS 

DAE SAN KIM, TAEKYUN KIM, SEOG-HOON RIM 

Abstract. In this paper, we study some properties of associated se- 
quences in umbral calculus. From these properties, we derive new and 
interesting identities of several kinds of polynomials. 



1. Introduction 

We recall that the Bernoulli polynomials are defined by the generating 
function to be 

f 00 f n 

e *t = e B( x )t = Y^ Bn {x)- v (*ee[7,8]), 
e l — 1 ^-^ n\ 

n=0 

with the usual convention about replacing B n (x) by B n (x). 

In the special = 0, B n (Q) = B n are called the n-th Bernoulli numbers 

(see[l - 14]). 

For r £ Z+, the higher order Bernoulli polynomials are also defined by the 
generating function to be 

(^)> = (^t)-;-(^ = S^wS- 

r— times 
(r) / \ (r) 

In the special case, x = 0, Bn (0) = B n are called the n-th Bernoulli 
numbers of order r (see [5, 6]). From the definition of Bernoulli numbers, we 
note that 

B = l, (B + l) n -B n = S 1:n , (see[7,8,10]), 
where 5 Ht k is the Kronecker's symbol. 

As is well Known, the Euler and higher-order Euler polynomials are also 
defined by the generating functions as follows: 

e l + 1 ^— ' n! 

n=0 

and 

x ' O 7 x ^/ n=0 

r— times 
1 
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2 DAE SAN KIM, TAEKYUN KIM, SEOG-HOON RIM 

with the usual convention about replacing (£^ r )(x))™ by En\x) (see[3, 4, 5, 6]). 
Let C be the complex number field and let T be the set of all formal power 
series in the variable t over C with 

oo 

^ = {/(*) = E I «* e c}. 

n=0 

Let P = C[t] and let P* be the vector space of all linear functional on P. 
Now, we use the notation < L \ p(x) > to denote the action of a linear 
functional L on a polynomial p(x) (see [4, 11]). 
The formal power series 

oo 

m = Sr^t k eF, (see[4,ll]), 

define a linear functional on P by setting 

< f(t) | x n >= an, for all n > 0, (see[4, 11]). 



Thus, we have 



< t k | x n >= n\S n , k , (aee[4]). 



Let f L (t) = Y.T=o <L if > tk - Then > we note that < /&(*) I x n >=< 
L | x n > and so as linear functionals L = /l(^)- It is known in [11] that the 
map L i-> /x,(t) is a vector space isomorphism from P* on to T . Henceforth, 
T will denote both the algebra of formal power series in t and the vector 
space of all linear functionals on P and so an element f(t) of J- will be 
thought of as both a formal power series and a linear functional. We shall 
call T the umbral algebra. The umbral calculus is the study of umbral alge- 
bra and modern classical umbral calculus can be described as a systematic 
study of the class of Sheffer sequences (see [11]). The order 0(f(t)) of the 
power series f(t)^0 is the smallest integer k for which aj~ does not vanish. 
The series f(t) has a multiplicative inverse, denoted by fit)' 1 or j^y if and 
only if 0(f(t)) = 0. Such a series is called invertible series. A series f(t) 
for which 0(f(t)) = 1 is called a delta series (see[4, 11]). Let f(t),g(t) G T . 
Then, we see that 

< f(t)g(t) | p{x) >=< f{t) | g(t)p(x) >=< g(t) | f(t)p{x) >, (see[ll]). 
In [11], we note that for all f(t) in F 

/w .f<ffi!^, 

k=0 



and for all polynomials p[x) 



< tk I P(x) > k 



k=0 
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SOME IDENTITIES OF POLYNOMIALS ARISING FROM UMBRAL CALCULUS 3 

Thus, we get 



d k p(x) 1 

i=k 
and 

p( fc )(0) =< t k | p(x) > and<\ \ p i - k \x) >= p( fc )(0). 



From this, we have t k p(x) = p <yk \x) = d , (k > 0). It is not difficult to 
show that e yt p(x) = p(x-\-y) (see[4, 11]). Let S n (x) be a polynomial with deg 
S n (x) = n, f(t) a delta series and let g(t) be an invertible series. Then there 
exists a unique sequence S n (x) of polynomials with < g(t)f(t) k \ S n (x) >= 
n\5 n k, (n, k > 0). The sequence S n (x) is called the Sheffer sequence for 
(</(*), /(t)), which is denoted by S n (x) ~ (g(t),f(t)) . If S n (x) ~ (1, /(<)), 
then S n (x) is called the associated sequences for f(t), or S n (x) is associated 
to f(t). If S n (x) ~ (g(t),t), then /^(x) is called the Appell sequence for 
g(t) or S n (x) is Applell for g(t) (see[4, 11]). For p(x) G P, we have < 
^ | p ( x ) >= jy p (u)du (see[4, 11]) 

In this paper, we study some properties of associated sequences in umbral 
algebra. From these properties, we derive new and interesting identities of 
several kinds of polynomials. 

2. Some identities of polynomials arising from umbral calculus 

Let p n (x) ~ (l,/(i)) and q n (x) ~ (l,g(t)). Then, for n > 1, we have 

(1) g n (z) = xf^) x-VW, (see[ll]). 

Let us take p n (x) = (x) n and q n (x) = x n . Then we see that (x) n ~ (1, e* — 1) 

and x n ~ (l,t). 

It is easy to show that 



n— times 



where S2(n, k) is the Stirling number of the second kind. 
For n > 1, by (1), we get 

(3) X " = X (^J x-Hx) r 

= x(— — -J (x-l)„_l 











(" 








oo 

£ 

Z=0 


n! 


(/ + n 



r5 2 (/ + n,n)i (x - l) n -i, 
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4 DAE SAN KIM, TAEKYUN KIM, SEOG-HOON RIM 

where (x) n = x(x — l)...(x — n + 1). 

The Stirling number of the first kind is defined by 

n 

(4) (x) n = Y,Si(n,l)x l , (aee[6,ll]). 

1=0 

By (3) and (4), we get 
(5) 

n , , i \ | ri-l 

l=0^ L+n+i >- m=0 
n n—m (l+m\ 
= E E -^ks 2 (l + n+l,n+l)S 1 (n,l + m)x m , 

m=0 1=0 V Z / 



and 
(6) 

Therefore , by (5) and (6), we obtain the following theorem. 



m=0 v 7 



Theorem 1 . For m,n £ Z + = N |J{0} with n > m > , we have 

(\ n-m /l+m\ 



It is known that 

(7) x n ~(l,t), (x) n ~ (1,^-1), (see[ll}). 
By (I) and (7), we get 

(8) {x) n = x (_±_) n x -l x n 



X 



( e ^ 1 )^ n - 1 =^i- ) lW- 



Thus, by (8), we have 

(9) B™ 1 (x) = {x-l) n - 1 ,(n€N). 

Therefore, by (9), we obtain the following lemma. 

Lemma 2 . For n 6 N , we have 

B^ +1 \x + l) = {x) n . 



296 



KIM ET AL 293-306 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.2, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



SOME IDENTITIES OF POLYNOMIALS ARISING FROM UMBRAL CALCULUS 5 

Note that 

00 /J, i \ , , A /A i\ / + \n+l 



e xt 



1=0 

t 



e* - 1 



e xt 



= £^ (n) o4 



By comparing the coefficients on the both sides of (10), we get 

(11) Bjr+%) = B<r\ X ), (z>o). 

From (11), we have 

(12) (^l^ B ^ 1 \x) = B^(x), (n>0). 
By Lemma 2, (11) and (12), we get 

(13) + 1)= (^^jB^ix + l) 

e* - 1\ 

(x) n 



t, 

■x+1 

du. 



rx+i 
= / {u) n c 

J x 

From (4) and (13), we have 

Zx+l n rx 

(u) n du = J2S 1 (n,l) / u l du 
i=o -> x - 1 

=e¥^(^ +i -^-i) ,+i )- 

z=o 

Therefore, by (13) and (14), we obtain the following theorem. 
Theorem 3 . For n > 1 , we have 

n 

B<?\x + 1) = J2Si(n,l) — (x l+1 -(x- 1)' +1 ). 

1=0 



For a^O, Abel sequence is defined by A n (x; a) = x(x — an) n 1 . 
In [11], we note that A n (x;a) ~ (l,te°*). 
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Let us consider the following associated sequences: 
(15) A n (x;a) = x(x - an) n ~ l ~ (l,te at ), a / 0, 

(f)„~(l,e w -l), (6/0). 

For n > 1, by(l), we get 

x ( te at \ n 

(!6) ty n = X \ e bt -l ) x ~ lAn ( x;a ^ 



' 1 bl ^ e ant (x-an) n -\ 



b n \e bt - I 



where 
(17) 



OO J, 

an\ t 



kR (n) (<m\ 



b J k\ 



From (16) and (17), we have 



/ 00 +k\ 



\n-l 



vfc=0 

'&'-4" , (y) ! ^(.-«»r 1 -" 

fc=0 



fc=0 v 7 

E("^>'-"^ , (f)A,-^-*a). 

I.— n V / 



fc=0 

On the other hand, by (16), we get 

(19) (T)n=(l) n x(J^) n e an \x-anr-> 



b' \b) \e bt-i 
l\ n ( bt 
b 



n-l R (n) 

„n-l-l 



= (s) 'Eir^"-'!' 1 

ra— 1 / 1 s / 1 s n— i— 1 

-fgC? )(l) 

_ x R («) /- x \ 
" b n - l[ b>- 

Therefore, by (18) and (19), we obtain the following theorem. 
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Theorem 4 . For n > 1 , we have 

n-l , 1 ^ 

(f )« = E ( n ^ ) bk ~ nB ^ (?) An - k{x ~ ak; a) 

l — n \ / 



— x rW ( x \ 



k=0 

b 3n - b 

Moreover, 



; — n \ / 



n— 1 

x 

fc=0 

Remark . For b = 1, n > 1, we have 

n-l 



(x) n = xB^x) = y k jB^\an)A n _ k (x - ak; a). 

Let (t> n {x) = J2k=o ^2(n, k)x k be exponential polynomial. 
Then, we note that 

(20) n (x)~(l,log(l + t)), x n ~(l,t). 
It is well known that 

(21) ^y_ nt ^^. 

v 7 fe=0 

By (1) and (20), we get 

(22) x" = x(^^)V^) 



k + n kl 



k=0 
n-l n 

-E E ^4" + ^ 2 (n,o^- fe 

fc=0/=fc+l 

n-l n-fc /fe+m-l\ 

-EEVti 1 ^ 52 ^^^ 

fc=0m=l 
n n—m (k+m— 1\ 



/k+m— 1\ 



m=l fe=0 

Thus, by (22), we obtain the following theorem. 
Theorem 5 . For n > 1 with 1 < m < n, we have 

n—m (k+m-l 



Y J \ir 1 Bt l+k) S 2 {n,k + m) = 5 m , n . 



n + k 
k=o 
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Let M n (x) = ]Cfe=o(fe)( n ~~ l)n-fe2 fe (x)fc be Mittag-Leffler polynomials 
with M n (x) ~ (1, fi^j)- Then, let us consider the following associated 
sequence: 

(23) M n {x) ~ (1, 4^r), (4~ (l,e*-l). 

e 1 + 1 

For n > 1, by (1) and (23), we get 

(24) ( X ) n = x f-J-^ x- 1 M n (x) 

= E0(-- 1 )-^(^ I ) n (x-i )fe _ 1 

= EEU IJn-*^!^ - 1, l)~X ( ) (X - 1)' 

fc=0 1=0 v y 

= EEU l)n-fc2 fc - n S'i(A ; - 1, l)xEl n \x - 1). 

fc=0 1=0 ^ ' 

Thus, by (24), we obtain the following proposition. 
Proposition 6 . For n > 1 , we have 

= E E (fe) " l)n-fc2 fc -"5i(fc - 1, l)xE\ n \x - 1). 
fe=0 1=0 ^ ' 

For n > 1, by (1) and (23), we get 

(25) M n {x) = x(e* + l)^- 1 ^ = s(e* + l) n (x - l) n _i 



i(l) eW(l - 1)B - 1 = ^(fc) (l + fe - 1)n - 



= x 

fe=0 v_/ k=0 

The equation (25) is different from the expression 



M n {x) = ^(^j{n-l) n _ k 2 k {x) k . 



k=0 

Therefore, by (25), we obtain the following corollary. 
Corollary 7 . For n > 1 , we have 



M n (x) = x^2( n \x + k- l) n _i. 



Let l}n\x) be the Laguerre polynomials of order a(e M). Then we note 
that L { n\x) ~ ((1 - t)-"" 1 ,^). Especially, L n (x) ~ (1, ^). By the 
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definition of associated sequences, we see that 

(26) < {i^l) 1 Ln(x) >= nl5n ' k ' 
From (26), we have 

(27) < (j^j I L n (-x) >= n\S n , k . 
Thus, by (27), we get 

(28) L n {-x) ~ (1, 

As it is shown in Roman [11], one can find an explicit expression for L n (x) 
by using the transfer formula 

Ln(-X) = jz( n k l J) t X ^ ^ " 1} ' (S£e[11]) - 
k=l ^ ' 



It is well known that 

k 

Thus, by (29), we get 



< 29 » (1+t) 4 (1+t) =g<^(^i^])- 



(30) ((ITfJiogCf+Tj) =g( ii+ E^( il ,.' ! .,J< , --^" , J^ 

From (1),(20) and (28), we have 

(31) ^(*) = *( (1 + t) 4(l + t)) 

i \ n _i /n — 1 \ n! 

- •'■ i — — — — - — — I x y, ' - I — - x ' 



(1 + t) logfl + i) J ^\m-ljm\' 



By (30) and (31), we get 
(32) 



b n {x) 



m—1 / I, \ +k 



-E( m _i) m! x ^E E U,..,zJ B 'i' 1 

m=l v 7 k=0 2i+...+/„=fc V 11 ' n/ 

ra — 1 \ / m — 1 \ n! / fc 



ln k\ 



m=l k=0 h+...+l„=k 
n in 



ee e (i:;)("vi=(,;,.K"-< j -"-' 



m — l/V A; / m! Z n 



m=l 1=1 l 1 +...+l n =m—l 



EC e :; .v s r ie^i- 
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From (20), we have 

n n 

(33) M^) = ^2S 2 (n,k)x k = ^2s 2 (n,k)x k , (n > 1). 

k=0 k=l 

Therefore, by (32) and (33), we obtain the following theorem. 

Theorem 8 . For n > 1 with 1 < I < n, we have 
S2(n,l) 

'n- \\(m- \\ n\ ( m- I \ n(/n) 
m 



Vm-1/ V i-1 J m\\h,...,lj h "" *< 



It is well known in [5,6] that 



(34) ^..fEEH.^^. 

k=0 \j=0 \ j I ) 

From (35), we have 
(35) 

(-teS-J = ( n! ) 2 &"E E^ 1 ) ' p+m ( an ) V jfei' 

v 7 fc=o \i=o \ j / / 

where a, 6 ^ 0. 

By (1) and (15), we get 

(36) 

/ e bt_i\ n _ x 
A n {x;a) = x^- tear ) x \-) n 

fe bt - l\ n 1 x 

= (n!)V ^E E("H fe ^ , i+B v ^ " l)n-i, 

fc=0 \i=o I i i / 



where 

n-l 

(37) t*(|- l)„_i = X>(n -1,0**(?-1)' 

i=0 

= X>(n-1,0(£)*(0*(? _1) '" fe - 
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From (36) and (37), we have 
(38) 



A n (x; a) = x(x — an) n 1 



fc=o y=o «=fc v i 

Therefore, by (39), we obtain the following lemma. 

Lemma 9 . For n > 1, we have 
A n (x;a) 



i-l / k n-l , . (k\ (I 

£ EE 

fc=0 \j=0 l=k 



«n.\k-3 (%)S 2 (j + n,n)Si(n-l,Z) ) _ /X ^ , , 



("OV-'EIEE(-T) ' ( ^) — -K- 1 ' 



Remark. Let 6 = 1. Then we have 
A n (x; a) = x(x — an) n ~ l 

= (" ! > 2 E (eD-») h + "-" )Sl(n ~ M) ) l(x _ i)< 

fc=0 \j=0 Z=fc V j J 

It is well known in[5,6] that 
From (39), we have 

Let us consider the following associated sequences: 

(41) S n (x)~(l,t(t + l) a ),(a^0), x n ~(l,t). 
Then, for n > 1, by (1) and (41), we get 

(42) S n (x) = x (r^X 



x(l + t)- ar V 

n-1 



an„n— 1 



n— 1 — fc 



fc=0 V 7 
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Therefore, by (42), we obtain the following proposition. 

Proposition 10 . For n > 1, let S n {x) ~ (1, t(l + t) a ), (a / 0). 
Then, we have 



S n (x) = ( ™ f) (n - l)„_ fe x fc . 



By (1), (20) and (41), we get 
(43) Mx) = x(^ ( ^) n x- 1 Sn(x) 



( t(l + t)*\"" /-anV ^ 



>g(i + t); ^ 

From (40) and (43), we get 
(44) 



an\ ( t(l + t) a \ n 



<Mx) = ^l _ l(n-l) n _;x 



!=1 

i-1 



X 



=e(;:")(»-i)»-.e^-" +1, («-^ 

J=l v 7 fc=0 

EE(r i )(»-)-( i r)^" +i, («» +i ^ 



J=l fc=0 
n I 



=EE(;:")(»-i)-(:: 1 1 )Bf— ,) («» + i)^ 

J=l m=l v 7 v 7 

= E(E(,7!")(' ! - 1) »-'(™-\) B '-»r m+1> («n+i)}i'" 

m=l ;=m 

Therefore, by (20) and (44), we obtain the following theorem. 
Theorem 11 . For n > 1 and m > 0, we have 

s 2 (n,m)= g (;!")(--i)n-{^\)^r- n+1) (-+i). 



Let us consider the following associated sequences: 

(45) 5 ;(x)~(l,^l)), *»~(M) 
Then, by (1) and (45), we get 

(46) sj(x) = x (^r) n x"- 1 = 
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For n > 1, by (1), (15) and (46), we get 

(47) x J Ei" ) 1 (x) = xf- 2 — \ e ant (x-an) n - x 



E 1 E k n \an) k 
— ^ — -t k (x - an) 1 

k=0 

= Y.( n ~ k l )E { :\an)x{x-anT^- k . 

Therefore, by (47) , we obtain the following theorem. 
Theorem 12 . For n > 1 , we have 

xE^ix) = ( n - l \E^\an)A n _ k {x - ah; a). 

h—n \ ' 



m-1 



k=0 
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Abstract 

In this paper, we propose an incomplete discontinuous Galerkin (iDG) 
finite element method for solving second linear elliptic equations, This 
method, called iDG-FEM, is designed by choosing an incomplete discon- 
tinuous finite element space in place of the classical finite element space. 
Optimal order error estimate in a discrete H 1 norm is established for the 
corresponding iDG-FEM solutions. Numerical results are presented to 
demonstrate the robustness, reliability, and accuracy of the iDG-FEM. 
Keywords: Galerkin FEMs, incomplete discontinuous , elliptic problem, 
error estimate, numerical experiments 

1 Introduction. 

The goal of this paper is to introduce a numerical approximation technique for 
partial differential equations based on a new incomplete discontinuous finite 
clement space. To illustrate the main idea, we consider the Dirichlct problem 
for second-order elliptic equation which seeks an unknown functions u = u(x) 
satisfying 

- V • (AWu) = f, in 0, (la) 
u = g, on <9f2, (lb) 

where is a bounded region in R 2 , with a Lipschitz continuous boundary dfl, 
A = (dij (x))2x2 £ [£°°(£!)] 2 is a symmetric matrix- valued function. Assume 
that the matrix A is a positive definite matrix, i.e., there exists a positive 
constant «o such that 

£ T ^>a £ T £, V£ei? 2 . (2) 

'Corresponding author: fzgao@sdu.edu.cn (F. Z. Gao) 
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The standard variational weak form for (1) is: Find u G H 1 ^) such that 
u = g on dil and 

a(u,v) = (/,«), veH^Q), (3) 

where 

a(u,v) = (AVu, Vv), (4) 

VO represents the standard L 2 -inner product of ip = ip(x) and ip — tp(x) 
which are either vector-valued or scalar-valued functions. Here Vm denotes the 
gradient of the function u = u(x), and V is known as the gradient operator. 
In the standard Galerkin method (e.g., see [3, 8]), the trial space and 
the test space Hq(Q) in (3) are replaced by finite dimensional subspaces defined 
properly, respectively. 

Many FEMs have been developed for such problem (1). The existing FEMs 
can be classified into two categories [14]: (1) methods based on the primary un- 
known function u, and (2) methods based on the primary unknown u and a flux 
unknown a = -Vu with/ without coefficient (mixed formulation). The standard 
Galerkin FEMs ([3, 8]) and various interior penalty type discontinuous Galerkin 
methods ([2, 12]) are typical examples of the first category. The standard mixed 
FEMs ([5, 6, 4, 13]) and various discontinuous Galerkin methods based on both 
unknowns ([7, 9, 10, 11]) are representatives of the second category. 

In the above references, finite element spaces are built based on complete 
continuous function in whole domain or complete discontinuous in whole do- 
main but continuous in separate sub-domains. The purpose of this paper is to 
consider the incomplete discontinuous Galerkin finite element procedures, based 
on incomplete discontinuous finite element spaces in which basis functions are 
continuous in separate belonging elements and on middle points of each elemen- 
tal boundary, for elliptic problem. The corresponding finite element space is 
called incomplete discontinuous finite element space. Details can be found in 
Section 2. 

The outline of this article is organized as follows. Section 1 is introduction. 
In Section 2, we present an iDG-FEM for problem (1) by introducing an in- 
complete discontinuous Galerkin finite element space. In Section 3, we analyze 
and present optimal order discrete 7? 1 -norm error estimates for the deriving 
iDG-FEM (10). Finally in Section 4 we give some numerical examples to verify 
the theory results. 

Throughout this paper, the notations of standard Sobolev spaces L 2 (il), 
H k (Q) and associated norms || • || = || • ||l 2 (o)j II • life = II • ll_ff fc (o) are adopted as 
those in [1, 8]. 

2 The iDG-FEM 

2.1 Incomplete discontinuous finite element space 

We place a shape regular triangle grid 7^ on with mesh size h. Obviously, the 
routine inverse inequality in the finite element analysis holds true [8]. Define 
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(u, v)t = J T uvdx and < u,v >st— J dT uvds. We construct a trial function 
space Vh G i? 1 (T), which is called incomplete discontinuous Galerkin finite 
element space, as follows 

V h := {v G L 2 (n) : v\ T G Pi (T), vis continuous at M,VT e %}, (5) 

where P& (T) denotes the space of polynomials in element T of degree at most k 
and M is a middle point of edge e which belongs to boundary dT of element T. 
Note that the functions in Vh are allowed to have discontinuities across element 
interfaces except for middle points Ms of edges of element. For Vh, we define 
V® as a subspace of Vh with zero boundary values on dfl; i.e., 

V£ := {v G V h ,v\ 9Tf]dn = 0,VT G %}. (6) 

Vh and Vfi are called incomplete discontinuous finite element spaces. 

In this paper we will consider a local projection. Let g be a given function, 
whose restriction in each triangular element belongs to iJ 1 (T). The so-called 
L 2 -projection Vog is defined as the unique function in Vh such that in each 
triangular element T there holds 

(V o g-g,v) T = 0, V«eP (T), (7) 



2.2 iDG-FEM 

Based on test function space V h °, the variational weak form for problem (1) is: 
Find u E H 1 ^) such that u = g on and 

a h (u, v) - I AVu ■ nvds = (/. w )' v e V h> (8) 
TeT h JdT 

where the bilinear form ah(u,v) is defined as 

a h (u,v) := J T AVu-Vvdx. (g\ 

Ten v ; 

This is because test function v G V h ° is C 1 -continuous only on each element 
T G Th but no longer on global domain fi. The case is different from that 
of traditional FEMs but not complete same as existing discontinuous Galerkin 
FEMs. 

Making use of (8), we define the iDG finite element scheme for (1): Find the 
approximation solution Uh G Vh such that Uh = gi on 9f2 and 

CLh(Uh,V h ) = (f,v h ), (10) 

V ' Vh G V®, where bilinear form a^(-, •) has been defined in (9), and gi is some 
approximation to g. In fact, we can choose gi is the L 2 projection g onto Pi (dfl). 
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2.3 Existence and uniqueness for iDG-FEM 

Assume that Uh is an iDG-FEM approximation for the problem (1) arising from 
(10) by using the trial function space Vh and the test function space V®. The 
goal of this section is to derive a uniqueness and existence result for Uh- 

Theorem 2.1 For f £ L 2 (n) in problem (1), the iDG-FEM defined m (10), 
with numerical boundary condition Uh = gi, has a unique solution in the trial 
function finite element space Vh if the meshsize h is sufficiently small, but a 
fixed positive constant. 

Proof. In fact, note that uniqueness is equivalent to existence for the finite 
element solution of (10) since the number of unknowns is the same as the number 
of equations. To prove the uniqueness, suppose u\ and u\ are finite element 
solutions of (10), i.e., for Vu/j £ V°, such that u h , u\ £ V/,; u\ = u\ = gi on <9f2, 
and 

a h (u\,v h ) = (f,v h ), (11) 

meanwhile 

a h (u 2 h ,v h ) = (f,v h ). (12) 
Subtract (12) from (11), we have 

a h {u h -ul,v h ) = 0. (13) 

Obviously, u h — u\ belongs to test function finite element space V%. So after 
choosing Vh — u\ — u\ in (13), we know 

a h {u\ - ul u\ - u\) = f - O ■ V K - <) Ax = 0. 

Ter h Jt 

we can deduce that — u\ must be constant on each element T £ 7^. Fur- 
ther, combining with one property of finite element spaces Vh and V^, i.e., all 
functions belong to Vh or V® are continuous on middle points of edges of the 
boundary dT of element T £ 7^, we are sure that u\ — u\ must be zero in the 
domain f2. Till now we complete the proof of this theorem. □ 



3 Error estimate 

In this section we will derive some error estimates for the iDG-FEM (10) for 
smooth solution of (1). Below we denote C (maybe with indicates) a positive 
constant depending solely on the exact solution, which may have a different 
value in each occurrence. 

Firstly, we introduce an important lemma which is called trace inequality 
([8,14]).' 

Lemma 3.1 Let T be an element in triangle partition Th, with e £ dT as an 
edge. For any function <f> £ iJ 1 (T), the following trace inequality is valid: 

||^||^<C(/ l - 1 ||^||| + / l ||V^). (14) 
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Theorem 3.1 Let u and Uh be the solutions to the problem (1) and the iDG- 
FEM (10), respectively. Assume that the exact solution is so regular that u G 
H 2 (fl). Then, there exists a constant C such that 

\\u-u h \\ h <Ch\\u\\ 2 , (15) 

where \\w\\ h = ( E ||Vw|It) 1/2 for G H^T). 

TGT h 

Proof Let p = u — Ui,e = Ui — Uh- where uj is an approximation to exact u 
such that uj = gi on boundary <9f2 and 

||u-ui||fc<C7iH|2. (16) 

We pay attention to estimate to e. Since u and Uh satisfy (8) and (10) respec- 
tively, we have 

\\ e \\h = \\^ e \\T = a h(ui - U h ,Uj - U h ), 

Ten 

further, 

\\e\\l = a /l (u / - u, uj - u h ) + a h (u - u h ,ui - u h ) 

= a h {uj - u, m - u h ) + E SdT A ^ u ' n ( u i ~ u h)ds 

T€T h 

where n is unit outer normal vector of boundary dT of element T. 
Si = E (V(«j-«),V(«j-Ufc))T 

TGT h 

< E ll(V(«/-«)||T||V(«/-« fc ))||r 

<(E ll(v(«i-«)||§0 1/2 ( E Wui-«h))\\ 2 T) 1/2 

T£T h T£T h 

<( E Ch*\\u\\l T y/ 2 ( e IMuj-uh))^) 1 / 2 
<ch\\u\\ 2 { E liv^-^))!!!) 1 / 2 

Ten 

In what follows, we will analyze the second term S2. 



(17) 



I £2 I =1 E IdT A ^ U ' U ( Ul ~ u h)ds\ 
TGT h 

<c|E/ e v«-K-^]ds|, 



(18) 



where e is an edge of triangle element TgT;, and the symbol [v] is a jump of v 
between two triangle elements T\ and T 2 which have the common edge e. Using 
L 2 -projection operator Vo which is defined in (7), further, we rewrite the above 
inequality to 

l&l <C|E/ e (V«-'PoVu)([«j-« fc ]-Po[«i-«fc])ds| ) (19) 
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Making use of Holder inequality and trace inequality, we have 

\S*\ < CE II Vu - PoV«|| e ||[«j - - VoQui - u h ])\\ e 

< c(E \\snt) 1/2 (E Wsm + E \\s¥\\l) 1/2 (20) 

e e e 

where S$ = Vu - 7> Vu, Sf = (u^ - uj^) - Pofa? 5 - ufc ), and S 22 = 
(ttj 2 ^ — lijj 2 ') — Poiu^p — vff). For the term 5°, it follows from trace inequality 
of lemma 3.1 that 

11^2 lie ^ Cih^WVu - VqVu\\ 2 t + h\\V(Vu - VqVu\\ 2 t 

<C{h-^\\u\\l T + h\\u\\l T ) (21) 
<Cft||«||i iT 

For Sf 1 ; making use of trace inequality of lemma 3.1, we know that 

||S 2 21 || 2 < C{h-^\\u] u\\\l Ti + h\\u) u\\\t Ti ) 

<Ch\\u)-ul\\l Ti (2Z) 

Similar estimate to Sf 2 . 

||S2 22 |l2<^||«?-^||?, ra (23) 

Here T\ and T 2 denote two triangle elements which have common edge, uj and 
u\ denote functions uj and Uh are restricted in element 7\. 
So far, we can get bound for ||e||/, = ||ttj — UfcHh as follows 

||e|| h = ||u, - u h \\ h = ( E l|V(«/ - u h )f T Y' 2 < Ch\\u\\ 2 m 
Combining (24) with (16), we complete the proof of this theorem. □ 



4 Numerical examples 

In this section, we list four numerical examples using scheme (10) constructed 
in Section 2 to verify the error estimate in Theorem 3.1. 
We consider the following elliptic problem 

-Au = f, in n, (25) 

with zero boundary condition. In all three numerical examples, for simplicity, 
we let fi be an unit square, i.e., ft = (0, 1) x (0, 1). We choose source term f(x) 
according to the corresponding analytical solution of each examples. 

We construct triangular mesh as follows. Firstly we divide the square do- 
main £1 = (0, 1) x (0, 1) into N x N sub-squares uniformly to obtain the square 
mesh. Secondly, we divide each square element into two triangles by the diagonal 
line with a negative slope so that we construct of triangular mesh. 

The analytical solutions of the four examples are: 
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Example 1. u = sin(7rx) sin(7ry); 
Example 2. u = x(l — x)y(l — y); 
Example 3. u = x(l — x)y(l — y) exp(a; + y); 
Example 4. u = x(l — x)y(l — y)exp(x — y). 

For a set of simulations, different mesh sizes h = 1/N(N = 2, 4, 8, 16, 32) are 
taken, and their corresponding discrete J c f 1 -norms errors, defined in Theorem 
3.1, and convergence rates are listed in Table 1, 2, respectively. 

Table 1: Discrete iJ 1 -norm error and convergence rate for examples 1 and 2. 





Example 1 


Example 2 


N 


\\u-u h \\ h order 


\\u — Uh\\h order 


2 


1.2887E-00 


8.8388E-02 


4 


6.4860E-01 0.9905 


4.6366E-02 0.9308 


8 


3.2490E-01 0.9973 


2.3528E-02 0.9787 


16 


1.6253E-01 0.9993 


1.1810E-02 0.9944 


32 


8.1274E-02 0.9998 


5.9110E-03 0.9985 



Table 2: Discrete _ff 1 -norm error and convergence rate for examples 3 and 4. 





Example 3 


Example 4 


N 


\\u — Uh\\h order 


\\u — Uh\\h order 


2 


3.2061E-01 


1.2194E-01 


4 


1.7834E-01 0.8462 


6.6755E-02 0.8692 


8 


9.2917E-02 0.9406 


3.4353E-02 0.9584 


16 


4.6991E-02 0.9836 


1.7309E-02 0.9889 


32 


2.3564E-02 0.9958 


8.6717E-03 0.9971 



All these four numerical examples given above are good agreement with the 
theoretical analysis in Section 3, which show that the iDG-FEM (10) is stable 
and first order convergent in discrete .ff^-norm. 
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Abstract 

The sufficient conditions which consensus under leader-following protocol 
with memory (by introducing the outdated states) can reach for both con- 
tinuous time and discrete time single order multi-agent system are obtained. 
A sufficient condition which consensus under leader- following protocol with 
memory can reach for discrete time single order multi-agent system is also ob- 
tained, which can make system obtain fastest convergence (this also solved the 
problem how to choose parameter a to obtain the maximal consensus speed 
for protocol in Li, Xu, Chu and Wang [Distributed average consensus control 
in networks of agents using outdated states, IET Control Theory & Appl., 
4(5) (2010) :746-758]). Likewise, for a leader-following protocol with memory 
of second order continuous time multi- agent systems, the sufficient conditions 
which consensus can reach are also obtained. Finally, numerical examples 
illustrate our theoretical results. 
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1 Introduction 

Recently, multi-agent systems have received significant attention due to their poten- 
tial impacts in numerous civilian, homeland security, and military applications, etc. 
Consensus plays an important role in achieving distributed coordination. The basic 
idea of consensus is that a team of vehicles reaches an agreement on a common 
value by negotiating with their neighbors. Consensus algorithms are studied for 
both single-integrator kinematics [2,3,4] and high-order-integrator dynamics [5-9]. 

Formal study of consensus problems in groups of experts originated in manage- 
ment science and statistics in 1960s. Distributed computation over networks has a 
tradition in system and control theory starting with the pioneering work of Borkar, 
Varaiya [10] and Tsitsiklis [11]. Vicsek et al. provided a formal analysis of emergence 
of alignment in the simplified model of flocking [12]. This paper have an important 
influence on developing of the multi-agent systems consensus theory. On the study 
of consensus of continnuous-time system, classical model of consensus is provided 
by Olfati-Saber and Murray [13]. 

Two major approaches to accelerate the convergence of consensus algorithms can 
be identified: optimizing the weight matrix [14,15,16], and incorporating memory 
into the distributed averaging algorithm [1,17,18]. For discrete time systems, the 
spectral radius of the weight matrix governs the asymptotic convergence rate, so we 
can accelerate convergence by changing the entries of the weight matrix. Likewise, 
a more promising research direction is based on using local node memory. In [17] 
T. Aysal et al. propose an approach to accelerate local, linear iterative network 
algorithms asymptotically achieving distributed average consensus by employing a 
linear predictor to predict future node values. In [18] B. Oreshkin et al. provide 
the first theoretical demonstration that adding a local prediction component to the 
update rule can significantly improve the convergence rate of distributed averaging 
algorithms. In [1] J. Li et al. propose some consensus protocols which use both cur- 
rent states and outdated states. It is shown that the use of the outdated information 
can accelerate the consensus if the consensus protocols are chosen properly. 

In this paper, we considered leader-following problems with memory for a multi- 
agent system. Firstly, the sufficient conditions of consensus of leader-following pro- 
tocols with memory are obtained for both continuous and discrete single order multi- 
agent systems. Secondly, for a discrete single order multi-agent system, a sufficient 
condition of consensus is also obtained to achieve fastest convergence speed. Finally, 
the sufficient conditions which consensus can reach for a leader-following protocol 
of second order continuous time multi-agent systems are obtained. 

The paper is organized as follows. In Section 2, we introduce basic concepts 
and preliminary results, while Section 3, we derive some sufficient conditions on 
consensus for single order dynamics protocols. In Section 4, we derive some sufficient 
conditions on consensus of second order dynamics protocols which is presented in 

2 
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this paper. Moreover, in Section 5, numerical examples are presented to illustrate 
our theoretical results. Conclusions are drawn in Section 6. 

2 Preliminaries 

A directed graph (digraph) G = (V, E) of order n consists of a set of nodes V = 
{1, • • • , n} and a set of edges E = V x V. (i, j) is a edge of G if and only if (i, j) G G. 
Accordingly, agent i is a neighbor of agent j. The set of all neighbors of agent i 
is denoted by J\fi(t). Suppose that there are n nodes in the graph. The adjaency 
matrix A G lR raxn is defined as an = 0,atj = 1, if (j, i) G E and otherwise. A 
graph with the property that G E implies G E is said to be undirected. 
The Laplacian matrix L G W lXn is defined as la = J2j^i a ij^ij = ~ a iji f° r i 7^ j- 
Moreover, matrix L is symmetric if an undirected graph has symmetric weights, i.e., 
Ojj = Ojj. A directed path is a sequence of edges in a directed graph with the form 
(vi, V2), (t>2, V3), • • • , where G V. A directed graph has a directed spanning tree if 
there exists at least one agent that has a directed path to all other agents. 

First, we consider a continuous-time multi- agent system consisting of n follower- 
agents and a leader: 

Xi(t) = Ui(t), % = 1, • • • ,71, (2.1) 

where Xi(t), Ui(t) denote the position and control of agent i. The consensus protocol 
is given as 

Ui(t) = (1 - a)(^2 a^Xjit) - Xi(t)) - bi(xi(t) - x )) 

+a(^2 a *j( x j'(* ~ T )~ x i( f ~ r )) ~ h{xi(t - t) - x ), (2.2) 

where xq denotes the position of leader, a(0 < a < 1), fej, r(6j > 0, r > 0) are 
parameters, and Xi(t — r) = Xi(t) when ^ t < r. Then (2.1) and (2.2) can be 
rewritten in the following compact form: 

x(t) = -(1 -a)(L + B)x(t) - a{L + B)x(t - r) + B{l n <g> ar ), (2.3) 

where B = diag(bi, ■ ■ ■ ,b n ). Let Xi = xt — x . Then (2.3) can be rewritten as 

2(t) = -(1 - a)(L + B)x(t) - a{L + B)x(t - r). (2.4) 

The other consensus protocol is given as 

u i(t) = ^2 a ij( x j( t ) ~ Xi (ty ~ ^(^(0 - x o))- (2-5) 

3 
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Then (2.1) and (2.5) can be rewritten in the following compact form: 

x(t) = -(L + B)x(t). (2.6) 

Similarly, we consider a discrete-time multi-agent system consisting of n follower- 
agents and a leader: 

Xi(k + 1) = Xi(k) + eui(k), % — 1, • • • ,n, (2.7) 

where e, Ui(k) denote the step-size and control of multi-agent i. The consensus 
protocol is given as 

Ui(k) = (1 - oi)(y~] a ij (x j (k) - Xi(k)) - h(xi(k) - x )) 

+a{J2 aij{xj{k - 1) - Xi(k - 1)) - bi(xi(k - 1) - x ). (2.8) 

Corresponding, we consider the other consensus protocol 

u i(k) = ^2 a v( x i( k ) - Xi(k)) - bi(xi(k) - x )). (2.9) 

Lemma 2.1. [13] (i). All the eigenvalues of Laplacian matrix L have nonnega- 
tive real parts; (ii). Zero is an eigenvalue of L with l n (where l n is the nx 1 column 
vector of all ones) as the corresponding right eigenvector. Furthermore, zero is a 
simple eigenvalue of L if and only if graph G has a directed spanning tree. 

Definition 2.1 [1] We say system (2.1) reaches average consensus with a speed 
faster or equal to (faster than) 7 ifx(t) converges faster or equal to (faster than) 5(t), 
where 5(t) satisfies 5(0) = x(0) and S(t) = —^5{t). Correspondingly, we say system 
(2.7) reaches average consensus with a speed faster or equal to (faster than) 7, if 
x(k) converges faster or equal to (faster than)5{k), where 8(k) satisfies 5(0) = x(0) 
and 5(k + 1) = -^5(k). 

Definition 2.2 [1] We say system (2.1) [system (2.7)] reaches average consensus 
under protocol A faster or equal to (faster than) protocol B , if under protocol A, 
x(t)(x(k)) converges faster or equal to (faster than) under protocol B. 

In Definition 2.1 and 2.2 of [1], the author only considered average consensus 
problem. But similar definition can be obtained for the general consensus problem 
of multi-agent systems, which is also main problem considered in this paper. 

3 Leader-following consensus of first-order multi- 
agent systems 

In the following section we give a result of system (2.4). 

4 
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Theorem 3.1. Suppose that the undirected graph consisting of follower- agents 
is connected and entire graph (which consists of follower-agents and leader) is also 
connected, then: 

1) system (2.1) reaches consensus asymptotically under protocol (2.2), ifr\{L + 
B)a < CiSin^j — rAj(L + B)(l — a)cosQ,i = l,-- ,n, where Q is the root of 
C = -t\(L + B)(1- a)tanC(0 < ( < ir) if a ^ 1 and Q = f if a = 1; 

2) system (2.1) reaches consensus faster under protocol (2.2) than protocol (2.5) 
if a > 0, r\i(L + B)a < I, and e rX i( L + B ) < = 1, • • • ,n, where d is the root 
of ( = rXi(L + B)atan(, 0<(<n; 

3) for any 7 > 0, system (2.1) reaches consensus with a speed faster than 7 if 
the following conditions hold (for i = 1, •• • ,n): (a) T7 — rXi(L + B)(l — a) < 1; (b) 
7-A i (L+5)ae rA ^ L+B ); (c) rX i (L+B)ae T ^ < Q sin(- [rAi(L + B)(l-a)-r 7 ] cosCi, 
where Q is the root of ( = [77 — rAj(L + B)(l — a)]tan^,0 < ( < it, if 7 7^ 
Ai(L + S)(l - a) and Q = tt/ 2 i/7 = \{L + - a). 

Proof. Similar to the proof of Theorem 1 of [1]. □ 

Theorem 3.2. Suppose that the undirected graph consisting of follower-agents 
is connected and entire graph is also connected. Consensus is reached under protocol 
(2.8) if < a < l/e\ n (L + B). In addition, system (2.7) reaches consensus under 
protocol (2.8) faster or equal to protocol (2.9) ifO <a< mm{e\i(L+B) + l/e\i(L+ 
B) - 2, e\ n {L + B) + l/e\ n {L + B) - 2}. 

Proof. Similar to the proof of Theorem 3 of [18]. □ 

Theorem 3.3. Suppose that the undirected graph consisting of follower-agents is 
connected and entire graph is also connected. The fastest consensus can be achieved 
under protocol (2.8) when 

1) a = 1, ifeX-{L + B) < 1/4 ,i = 1, • • • ,n. 

2) a < 1 is equal to the solution of the following equation 

1 — ail — a) + — a(l — a)) 2 — Aaa 

^fan = , 

v- 2 

where a = mirijeAj(L + B), a = maXj5Aj(L + B) and | < a < 1. Moreover, a is 
equal to 1, if a < \, | < a< 1 and solution of the above equation is greater than 1. 

3) a = 1 + 1 ~^ > where a = maXj^A^L + B) > 1. 
Proof. (2.7) and (2.8) can be rewritten as 

x(k + 1) = x(k) - e(l -a)(L + B)x(k) - ea(L + B)x(k - 1), (3.1) 

where x = x(k) — x . The Z transform of system (3.1) is 

x(z)z = x(z) - e(l - a)(L + B)x(z) - ea(L + B)x(z)z~ 1 , (3.2) 

which can be rewritten as 

[z 2 I -(I- e(l -a)(L + B))z + ea(L + B)]x{z) = 0. (3.3) 

5 
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So the roots of (3.3) satisfy 

det[z 2 I -(I- e(l -a)(L + B))z + ea(L + B)] 



n 



]]> 2 - (1 - e(l - a)\(L + B))z + ea\(L + B)\ = 0. (3.4) 

i=i 

Solving (3.4), for i — 1, • • • , n, we obtain 

1 - e\i(L + B)(l -a) + y/(l - eX^L + B){\ - a)) 2 - AeX^L + B)a 



%2i-l 



2 

1 - e\i(L + B)(l -a)- y/(l - eX^L + B)(l - a)) 2 - 4eA,(L + B)c 



Z2i-2 = - - ' Y - - - ■ 

Let A = (1 - eXi(L + B)(l - a)) 2 - AeX^L + B)a. 

Case 1.1 — eXi(L + B)(l — a) > 0. We know |^2i-i| > 1 221-2 1- Thus, we only 
need to consider 221-1- 

When A > 0, by < a < 1 and < eXi{L + B) < 2, we get 

1 - 2JeXi(L + B) 

0<a < 1 + x V /r H -. 

eXi(L + B) 

Take the derivatives of zu-\ about a, we get 

z , _ eX l {L + B) i_^( L + j g)(i_ a )_2 

21-1 " 2 v/(l - eAj(L + B)(l - a) f - AeX^L + B)a ' 



So 221-1 is decreasing monotonically function about a in [0, 1 + e>^+^ y~"]- 
When A < and eAi(L + 5) > 1/4, we have 1 + < « < 1, and 

\z 2i -i\ = \JeXi(L + B)a. 

So ^2i-i is increasing monotonically function about a in [1 + 1 ^^^^^ , 1]- There- 
fore, |^2i-i| reach the minimum value when a — 1 + g^L+^ y"^- Else, if eAj(L + 
-S) < 1/4 ,i = 1, • • • ,n, then | ^ 2 «— 1 1 reach the minimum value when a — 1. 

Replace eXi(L + £>)) by a in the expression of 221-1, an d take the derivatives of 
z 2 i-i about a, we get 

a _ l + (l-o(l-a))(a-l)-2a 
2 2 i-l = ^ < 0. 
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Again let otj = e\i(L + B). By 1 — <2j(l — a) > and a < 1 + 1 2 a f E ~ i , we get 
Oj < 1. Take the derivatives of 1 + — |^ about a, we get 

(i + 1 - 2 ^ y = ^<o. 

a a" 1 

So 1 + 1 ~^ v/ " is decreasing monotonically function about a in [0, 1). Therefore, we 
get that the maximal one among modulus of roots of (3.3) reach minimum when a 
is equal to the solution of the following equation 



>aa = 



1 - a(l - a) + a/(1 - a(l - a)) 2 - 4aa 



where a = mhij e\i(L + B), a = maxj e\i(L + B) , a, a < 1, and < a < 1. Moreover, 
if solutions of the above equation are greater than 1, by the monotonicity of function, 
then the maximal one among modulus of roots of (3.3) reach minimum when a is 
equal to 1. 

Case 2. l-e\i(L+B)(l-a) < 0. Then a* = e\i(L+B) > 1 and \z 2i -2\ > \z 2i -i\. 
So we only need to consider z 2i - 2 ■ When A > 0, Take the derivatives of \z 2 i-2\ about 
a, we get 

(l ^- 2|) ' = a i [ - 1 + /n ^r^w^ H < °- 

2 ^(1 -Oi(l -a)) 2 -4a;a 

So I ^21-2! is decreasing monotonically function about a in [0, 1 H ^^l- 

When A < and a, > 1/4, 

I -2^2*— 2 1 = y/aia. 

So |-22i-2 1 is increasing monotonically function about a in [1 + ^,1]. Therefore, 
\ z 2i-2\ reach the minimum value when a = 1 + IzV^i_ 

Replace eAj(L + B)) by a in the expression of \z 2 i- 2 \, and take the derivatives of 
\z 2 i- 2 \ about a, we get 

I _ a + (l-a(l-a))(a-l)-2a 
IV v /(l-a(l-o)) 2 -4aa 
(N- 2 |) = > 0. 

By (l+ 1 ~^ v/ ° ) / = :y ^2-^ > about a and the monotonicity of function, we get that the 
maximal one among modulus of roots of (3.3) reach minimum when a — 1 + 1 2 ^ 
and a = maxj e\i(L + B) > 1. 

According to Case 1 and Case 2, by monotonicity of |^2z-i| and \z 2 i- 2 \ about a 
and a, we get that the maximal one among modulus of roots of (3.3) reach minimum 
when: 
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1) a = 1, if e\i(L + B) < 1/4 ,i = 1, • • • ,n. 

2) a < 1 is equal to the solution of the following equation 



'act = 



1 - a(l - a) + a/(1 - a(l - a)) 2 - 4aa 



where a = mhij£Aj(L + B), a = maXj£Aj(L + B) and | < a < 1. Moreover, a is 
equal tol, if a < |, | < a < 1 and solution of the above equation is greater than 1. 
3) a = 1 + 1 where a = max; e\i(L + B) > 1. □ 

Remark 3.1. Theorem 3.3 has solved the problem how to choose parameter a 
to obtain the maximal consensus speed for protocol (31) in [1], which can be got by 
the process of proof of Theorem 3.3. 

4 Leader-following consensus of second-order multi- 
agent systems 

In the following section, we consider a second-order continuous-time multi-agent 
system consisting of n follower-agents and a leader: 

Xi(t)=Vi(t), (4.1) 

Vi(t) =Ui(t), % = l,--- ,n, (4.2) 

where Xi(t),Vi(t), Ui(t) denote the position, velocity and control of multi-agent i. 
The consensus protocol is given as 

u i(t) = ^2 «ij( a; j^)- a; i( t ))- & i( ;r i( t )- a; o) + (l-«)(5^ a «( u j(*)-' u i(*))- 6 <( u i(*)-' u o)) 

+a(^2 a ij( v j(t ~ T ) ~ v i(t ~ r )) - h(vi(t - r) - v ), (4.3) 

where xo and v o denote the position and velocity of leader, respectively, a(0 < a < 
1), bi, ripi > 0, r > 0) are parameters, and Xi(t) = Xj(0), Vi(t) — 0, t e [— r, 0). 
Then (2.1) and (2.2) can be rewritten in the following compact form: 

x(t) = v(t) (4.4) 

t)(*) = -(L + B)x(t)+B(l n ®x )-{l-a)(L + B)v(t)-a(L + B)v{t-T) + B{l n ®v Q ), 

(4.5) 

Let 

x = x — xq, w = v — f o and £ T = ( x T v T ) . 
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Then (4.4) and (4.5) can be rewritten in the following form: 

m ={-L-B -(1 - a)(L + B) ) «*> + { nxn -a(L + B) ) «« " ' 

(4.6) 

For convenience of discussion, denote 



ixn 



Onxn -^n \ rl <T> ( ^ nx?1 ^n> 

_ L _B -(1 - a)(L + B) J anaq? ~ \ Qnxn a ( L + B ) 



Then a result of system (4.6) is given as follows. 

Theorem 4.1. Suppose that the undirected graph consisting of follower- agents 
is connected and entire graph is also connected. For system (4-6), consensus can be 
achieved if there exist symmetric positive definite matrices P, Q, R e ]R 2nx2n such 
that 

Si -tT t R<& rP$ \ 

* -Q + r$ T i?$ raX n < 0, (4.7) 

* * —tR J 

where Z± = P(T - $) + (T - ®) T P + Q + tT t RT. 

Proof. Difine a Lyapunov function for system (4.6) as follows 

V = Z T (t)P£(t)+ [ Z T (s)QZ(s)ds+ f [ £ T (s)R£(s)dsd9. (4.8) 
Jt-T J-t Jt+e 

Calculating V, we have 

V = 2f(t)PTat) - 2f(t)Pm -r) + f(t)Qm - f(t - r)Qt(t - r) 

+ri T {t)Ri(t) - f i T {s)Ri{s)ds. (4.9) 

Jt-T 

By the Newton-Leibniz formula, f*_ T £, T (s)ds = £(£) — £(t — r), we have 
-2f(t)P^(t -t) = -2f(t)P^(t) + I 2e{t)PH{s)ds. 

Jt-T 

Consequently, 

V = 2f(t)P(T - S>)Z(t) + f 2f(t)P$£(8)d8 + f(t)QZ(t)-f(t-T)QZ(t-T) 

Jt-T 

+ ri T (t)R4(t) - f i T {s)Ri{s)ds = - f r) T (s)Zr)(t)d S , (4.10) 

Jt-T T Jt-T 
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50 100 150 200 250 300 



(a) Under protocols (2.2) and (2.5) (b) Under protocols (2.8) and (2.9) 

Figure 1: State trajectories of multi-agent system 

where r/ T (t) = ( £ T (t) £ T (t - r) £ T (s) f and 

Hi -tT t R$ rP$ 

* -g + r$ T i?$ o nxn 

* * —tR 

with Si = P(r - $) + (r - $) T P + Q + rT T RT. Then condition (4.7) guarantees 
V < and by Lyapunov theory, we have 

lim f (t) = 0. (4.11) 
Therefore, consensus can be achieved under condition (4.7). □ 



5 Simulation 

In this section, several simulation results are presented to illustrate the proposed 
consensus protocols introduced in section 3 and section 4. 

In the following examples we consider a system consisting of five follower-agents 
guarded by a leader. The corresponding Laplacian matrices L, B and initial condi- 
tion are given as 
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Example 4.1 Figure 1 (a) is the state trajectories of multi-agent system under 
protocol (2.2) and (2.5), where the position of leader is 2.5. The red line is the tra- 
jectories of follower-agents under protocol (2.5), and the black line is the trajectories 
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step k slep k 



(a) Under protocol (2.8) with e = 0.1 (b) Under protocol (2.8) with e = 0.2 

Figure 2: State trajectories of multi-agent system 

Table 1: Comparision between Iterative steps of protocol (2.8) with e = 0.1 and 
\\x-x \\ 2 < 10~ 4 . 



parameter a 


0.3 


0.4 


0.5 


0.65 


0.8 


1 


step k 


287 


286 


285 


283 


282 


279 



Table 2: Comparision between Iterative steps of protocol (2.8) with e = 0.2 and 
|| a; — a^o lh< 10~ 4 . 



parameter a 


0.1 


0.3 


0.4 


0.542 


0.6 


0.65 


step k 


142 


140 


139 


137 


140 


215 



of follower-agents under protocol (2.2). From the Figure 1(a), we can obtain that 
consensus is reached with a faster speed under protocol (2.2) than protocol (2.5) by 
choosing suitable parameter a, though the improved speed is not obviously. The 
final states of the follower-agents are consistent with Theorem 3.1. 

Example 4.2 Figure 1 (b) is the state trajectories of multi-agent system under 
protocol (2.8) and (2.9), where the position of leader is 2.5. The red line is the tra- 
jectories of follower-agents under protocol (2.9), and the black line is the trajectories 
of follower-agents under protocol (2.8). From the Figure 1(b), we can also obtain 
that consensus is reached with a faster speed under protocol (2.8) than protocol 
(2.9) by choosing suitable parameter a, though the improved speed is not obviously. 
The final states of the follower-agents are consistent with Theorem 3.2. 

Example 4.3 Figure 2 is the state trajectories of multi-agent system under 
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5 10 15 20 25 30 35 40 5 10 15 20 25 30 35 40 



(a) Velocity trajectories under protocol (4.3) (b) Position trajectories under protocol (4.3) 
Figure 3: State trajectories of multi-agent system (4.6) 

protocol (2.8) with different parameters a and e. where the position of leader is 2.5. 

In Figure 2(a), the red line is the trajectories of agents with a = 0.3 and e = 0.1, 
and the black line is the trajectories of follower- agents with a = 1 and e = 0.1. 
Moreover, iterative steps of protocol (2.8) with different parameter a is listed in 
Table 1. When e = 0.1, consensus is reached with a fastest speed under protocol 
(2.8) at a = 1, which is consistent with 1) of Theorem 3.3. 

In Figure 2(b), the red line is the trajectories of follower-agents with a = 0.542 
and e = 0.2, the black line is the trajectories of follower-agents with a = 1 and 
e = 0.2 and the blue line is the trajectories of follower-agents with a = 0.65 and 
e = 0.2. Moreover, iterative steps of protocol (2.8) with different parameter a is 
listed in Table 2. When e = 0.1, consensus is reached with a fastest speed under 
protocol (2.8) at a = 0.542, which is consistent with 3) of Theorem 3.3. 

Example 4.4 Figure 3 is the state trajectories of multi-agent system under 
protocol (4.3) with different parameters a. where the initial position of leader is 
2.5, velocity of leader is 0.1 and initial velocities of follower-agents is V(0) T = 
( 1 —3 2—13). The red line is the trajectories of follower-agents with a = 
0.55, and the black line is the trajectories of follower-agents with a = 0. From the 
Figure 3, we can also obtain that consensus is reached with a speed faster under 
protocol (4.3) by choosing suitable parameter a than parameter a = 0, though the 
improved speed is not obviously. The final states of the follower-agents are consistent 
with Theorem 4.1. 

6 Conclusions 

In this paper, the leader-following consensus problems with memory are considered 
for both discrete time and continuous time single order multi-agent system. And the 
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sufficient conditions which consensus can reach are obtained with parameter a. The 
consensus problem of protocol (31) in [1] how to obtain fastest speed has been solved 
in our paper. Moreover, for a leader-following protocol with memory of second order 
continuous time multi-agent systems, the sufficient condition which consensus can 
reach is also obtained. Likewise, we find parameter a play an important role in 
multi-agent system's convergence speed. For continuous time multi-agent systems 
how to choose parameter a to obtain the fastest convergence speed is what we need 
to do in the future. Finally, numerical examples illustrate our theoretical results. 
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Tripled coincidence points for mixed comparable mappings in 
partially ordered metric spaces * 
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Abstract 

Let (X, <) be a partially ordered set and d be a metric on X such that (X,d) is a complete 
metric space, g : X — > X be a mapping. In the paper, we introduce a new concept of mixed 
comparable property with respect to g, and obtain some tripled coincidence point theorems for such 
a class of mappings with this property. Our results generalize and extend the work of V. Berinde 
and M. Borcut [V. Berinde, M. Borcut, Tripled fixed point theorems for contractive type mappings 
in partially ordered metric spaces, Nonlinear Anal. 74 (2011) 4889-4897]. Moreover, some examples 
are given to support our results. 

Keywords: Metric space; Mixed comparable property; g- continuous; Tripled coincidence point 
MSC 2000: 47H10 

1 Introduction 

Most recently, G. Bhaskar and Lakshmikantham [1] introduced the concepts of coupled fixed point and 
mixed monotone property for contractive operators of the form F:IxI^I, where X is a partially 
ordered metric space, and established some existence and uniqueness coupled fixed point theorems. F. 
Sabetghadam et al. [2] extended the results of Gnana Bhaskar and Lakshmikantham [1]. Based on the 
works of G. Bhaskar and Lakshmikantham and F. Sabetghadam, V. Berinde and M. Borcut [3] introduced 
the concept of tripled fixed point for nonlinear mappings in partially ordered complete metric spaces, and 
obtain existence, and existence and uniqueness theorems for contractive type mappings. The results given 
by V. Berinde and M. Borcut generalized and extended the works of G. Bhaskar and Lakshmikantham 
and F. Sabetghadam. Firstly, we review some concepts given by G. Bhaskar, Lakshmikantham and F. 
Sabetghadam. 

Definition 1 ([1]). Let (X,<) be a partially ordered set and d be a metric on X such that (X,d) is a 
complete metric space. Further, endow the product space X x X with the following partial order: for 

(x, y), (u, v) £ X, (u, v) < (x, y) <^ x > u, y < v. 
Definition 2 ([1]). Let {X, <) be a partially ordered set and F : X x X — > X. We say that F has the 
mixed monotone property if F (x, y) is monotone nondecreasing in x and is monotone non increasing in 
y, that is, for any x, y £ X, 

x\,x 2 £ X,xi < x 2 F(x 1 ,y) < F(x 2 ,y) and y 1 ,y 2 £ X,y 1 < y 2 => F(x,yi) > F(x,y 2 ). 

*Foundation item: The Foundation from the Jiangxi Education Dcpartmcnt(No. GJJ11295) and the Natural Science 
Foundation of Jiangxi Province of China (No. 20114BAB201006). 
tE-mail address: yjdaxf@163.com. 
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Definition 3 ([1]). Call an clement (x, y) e X x X a coupled fixed point of the mapping F if 

F(x, y) — x, F(y, x) = y. 

Consider on the product space XxXxX the following partial order: for (x, y, z), (u, v, w) € XxXxX, 

(u, v, w) < (x,y,z) => x < u,y > v, z < w. 

Definition 4 ([3]). Let (X,<) be a partially ordered set and F : X x X x X —> X. We say that F 
has the mixed monotone property if F(x,y,z) is monotone nondecreasing in x and z, and is monotone 
non-increasing in y, that is, for any x, y, z e X, 

xi,x 2 e X,xi < x 2 => F(xi,y,z) < F(x 2 ,y,z), 

2/1,2/2 € X,yi < y 2 => F(x,yi,z) > F(x,y 2 ,z), and 

zi,z 2 e X,zi < z 2 => F(x,y,zi) < F(x,y,z 2 ). 
Definition 5 ([3]). An element (x,y, z) <E X x X x X is called a tripled fixed point oiF: XxXxX^X 
if F(x, y, z) = x, F(y, x, y) = y, and F(z, y, x) = z. 

Let (X, d) be a metric space. The mapping d: XxXxX^R given by 

d[(x, y, z), (u, v, w)] = d(x, u) + d(y, v) + d(z, w) 

defines a metric on X x X x X, which will be denoted for convenience by d, too. 

G. Bhaskar and Lakshmikantham established some interesting coupled fixed point theorems in [1]. 
Now, we state their main results. 

Theorem 1 ([1]). Let (X, <) be a partially ordered set and suppose there is a metric d on X such that 
(X, d) is a complete metric space. Let F:XxI^Ibea continuous mapping having the mixed 
monotone property on X. Assume that there exists a k <G [0, 1) with 

k 

d(F(x,y),F(u,v)) < —[d(x,u) + d(y,v)] for each x > u, y < v. (1.1) 

If there exist Xq, j/o£l such that x n < F(x 0} yo) and yo > F(y , xo), then there exist x, y <G X such that 
x = F(x, y) and y = F(y, x). 

Theorem 2 ([1]). Let (X, <) be a partially ordered set and suppose there is a metric d on X such that 
(X,d) is a complete metric space. Assume that X has the following property: 

(i) if a non-decreasing sequence {x n } — > x, then x n < x for all n, 

(ii) if a non-increasing sequence {y n } — > y, then y n > y for all n. 

Let F : X x X ^ X be a, mapping having the mixed monotone property on X. Assume there exists k € 
[0, 1) such that (1.1) is satisfied for each x > u,y < v. If there exist xq, yo e X such that xo < F(xq, yo) 
and yo > F(y , x ), then there exist x, y £ X such that x — F(x, y) and y = F(y, x). 

Also the uniqueness of coupled fixed points were considered, see [1] for more details. 

F. Sabctghadam ct al. [2] extended the results of G. Bhaskar and Lakshmikantham [1] by replacing 
the contractive condition (1.1) by a more general one, i.e., by considering the condition 

d(F{x, y),F(u, v)) < kd{x, u) + ld{y, v), (1.2) 

where k, I are nonnegative constants with k + I < 1. Their main result reads as follows. 
Theorem 3 ([2]). Let (A, d) be a complete cone metric space. Suppose that the mapping F : XxX —f X 
satisfies the following contractive condition for all x, y,u,v e X: 
d(F(x, y),F(u, v)) < kd(x, u) + ld(y, v), 
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where k, I are nonnegative constants with k + I < 1. Then F has a unique coupled fixed point. 
The concepts used in Theorem 3 we refer to [2]. 

In [3], V. Bcrindc and M. Borcut extended and generalized both the results of G. Bhaskar and 
Lakshmikantham [1] and F. Sabetghadam et al.[2] to the case of contractive operators of the form F : 
Ixlxl^liii the presence of a contraction condition similar to (1.2). Their main results read as 
follows. 

Theorem 4 ([3]). Let (X, <) be a partially ordered set and suppose there is a metric d on X such that 
(X,d) is a complete metric space. Let F:XxIxI^Xbea continuous mapping having the mixed 
monotone property on X. Assume that there exist the constants j, k, I e [0, 1) with j + k + I < 1 for 
which 

d(F(x, y, z),F(u, v, w)) < jd(x, u) + kd(y, v) + ld(z, w), (1.3) 

Vx > u,y < v 7 z > w. If there exist xo,yo, z o & X such that x < F(x ,yo, z ),yo > F(yo,xo,yo) an d 
z o < F(zq, yo, xq), then there exist such that x = F{x, y, z), y = F(y, x, y) and z = F{z 1 y, x). 

By replacing the continuity of F by the conditions (i) and (ii) in the following theorem, V. Berindc 
and M. Borcut obtained the following theorem. 

Theorem 5 ([3]). Let (X, <) be a partially ordered set and suppose there is a metric d on X such that 
(X, d) is a complete metric space. Let F:XxIxI^Xbea continuous mapping having the mixed 
monotone property on X. Assume that there exist the constants j, k, I € [0, 1) with j + k + I < 1 such 
that (1.3 ) is satisfied for each x > u,y < v, z > w. Assume that X has the following properties: 

(i) if a non-decreasing sequence {x n } — ► x, then x n < x for all n, 

(ii) if a non-increasing sequence {y n } — > y, then y n > y for all n, 

If there exist x ,y Q ,z e X such that x Q < F(x ,y , z ),y > F(y ,x ,y ) and z < F(z ,y ,x ), then 
there exist x,y,z e X such that x — F(x, y,z),y = F(y, x, y) and z = F(z, y, x). 

To ensure the uniqueness of coupled fixed points, the following theorems complete the previous ones. 
Theorem 6 ([3]). By adding to the hypothesis of Theorem 4 the condition: for every (x, y, z), (xi,y\,zi) € 
X x X x X, there exists a (u, v, w) elxlxl that is comparable to (x, y, z) and (x\,y\,z\), we obtain 
the uniqueness of the tripled fixed point of F. 

Theorem 7 ([3]). In addition to the hypothesis of Theorem 4 (resp. Theorem 5) suppose that every 
triple of elements of X has an upper bound or lower bound in X. Then x = y — z. 

Theorem 8 ([3]). In addition to the hypothesis of Theorem 4(resp. Theorem 5) suppose that xo,yo, z o <= 
X are comparable. Then x = y = z. 

Our main aim in this note is to extend and generalize the results of V. Berinde and M. Borcut [3]. 
Let (X, <) be a partially ordered set and suppose there is a metric d on X such that (X, d) is a complete 
metric space. Let F : X x X x X — > X, g : X — * X. We introduce the new concepts of g- continuous 
mapping and mixed comparable property with respect to g, and consider the existence, existence and 
uniqueness of the tripled coincidence points of g and F. It is notable that our methods could be done for 
other fixed point theorems, see [4-6] or for coupled fixed point, coupled common fixed point and coupled 
coincidence point results, e.g., [7-12]. 

2 Main results 

Let (X, <) be a partially ordered set and d be a metric on X such that (X, d) is a complete metric space. 
Consider on the product space X x X x X the following partial order: for (x, y, z),(u,v,w) G X x X x X, 

(u, v, w) < (x,y,z) <^ x > u,y < v, z > w. 
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Let x, y £ X, we say that x, y are comparable if x < y or y < x holds. Let F: XxXxX^X, g : X — > X 
be two mappings. Following the basic concepts and results established in [3] and as generalizations, we 
introduce the new concepts of g- continuous mapping and mixed comparable property with respect to 
g and obtain some tripled coincidence point results for g and F, where F has the mixed comparable 
property with respect to g. 

Definition 6. We say that F has the mixed comparable property with respect to g if F(x,y,z) and 
F(u, v, w) are comparable for any pair (x, y, z) and (u, v, w) in X x X x X for which g(x) and g(u), g(y) 
and g(v), and g(z) and g(w) are comparable. 

Remark 1. Obviously, the mixed comparable property with respect to g is a generalization of the mixed 
monotone property. 

Definition 7. An element (x,y,z) £ X x X x X is called a tripled coincidence point of g and F if 
F(x,y,z) — g(x), F(y,x,y) — g(y) and F(z,y,x) = g(z). If there exists x £ X such that g(x) = 
F(x, x, x), then we say x is a coincidence point of g and F. 

A tripled fixed point of F can be looked as a tripled coincidence point of g and F if we take g as the 
identity mapping on X. But converse, in general, it is not true. 

The mapping d: XxXxX^X, given by 

d[(x, y, z), (u, v, w)} = d(x, u) + d(y, v) + d(z, w), 
defines a metric on X x X x X , which will be denoted for convenience by d, too. 

Definition 8. If g(x n ) — > g(x) together with g(y n ) — > g{y) and g(z n ) — » g(z) implies F(x n ,y ni z n ) — > 
F(x,y,z) as n — > oo for any sequences {x n },{y n } and {z n } of X, then F is said to be a g- continuous 
mapping. 

Example 1. Let R be the set of all real numbers with the usual metric d, that is, d(x, y) = \x — y\ for 
any x,y £ R. Suppose that g : R — > K is a mapping defined as follows: for any i e I, if a; ^ 0, then 
g(x) = sin ^ and g{x) = if £ = 0. Let F(x,y,z) = (2g(x), g(y), g(z)) for any (x,y,z) £ R x R x R. 
Obviously, F is g- continuous but not continuous. 

Remark 2. The concept of g- continuous mapping generalizes that of continuous mapping, because if g 
is just taken as the identity mapping on X, then each g- continuous mapping is continuous. 

The following theorem is our first main result. 
Theorem 9. Let g be a surjection and F be a g- continuous mapping having the mixed comparable 
property with respect to g. Assume that there exist the constants j, k, I £ [0,1) with j + k + I < 1 for 
which 

d(F(x, y, z),F(u, v, w)) < jd(g{x),g(u)) + kd(g(y) , g(v)) + ld(g(z) , g(w)) , (2.1) 

for any (x, y, z) and (u,v,w) £ XxXxX satisfying that g(x) and g(u), g(y) and g(v), and g(z) and g(w) 
are comparable. If there exist xq, yo, zq £ X such that g(xo) and F(xq, yo, zq), 5(1/0) and F(yo, xo,yo), 
and g(zo) and F(zo,yo,Xo) are comparable, then there exists a tripled coincidence point of g and F. 
Proof. Since g is a surjection, there exists xi £ X such that g(x\) — F(x ,y , z ) and g(xi) and g(x ) 
are comparable. Similarly, there exist yi, z\ £ X such that g(yi) = F(y 0} xo,yo) and g(zi) — F(z , y , x n ), 
furthermore g{y\) and g(yo) are comparable and g{zi) and g(zo) are comparable. Continuing this process 
and noting that F has the mixed comparable property with respect to g, for n > 1, we obtain that 
there exist x ni y n ,z n £ X, such that g{x n ) = F(x n -i, y n -i, z n ^i) and g(x n ), g{x n ^i) are comparable, 
g(Vn) = F(y n _ 1 ,x n _ 1 ,y n _ 1 ) and g(y n ), g{y n -i) are comparable, g(z n ) = F(z n _ 1 ,y n _ 1 ,x n _ 1 ) and g(z n ), 
g(zn-i) are comparable. To simplify the writing, denote 

D n = d{g{x n ^ l ) 1 g{x n )),D v n = d{g{y n ^ l ) , g{y n )) , D z n = d{g{z n -i) , g{z n )) . 
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Then by (2.1) we have 



Similarly, we have 



and 



D 2 = d{g{x 1 ),g{x 2 )) = d(F(x ,yo,z ),F(x 1 ,yi, zi)) 

< jd(g(x ),g(x 1 )) + kd(g(y Q ),g(y 1 )) + ld{g{z ) , g(z{)) 
= jDl + kDl + lDl 

D\ < (j + l)Df + kD* + • D\, 
F>\ < jDl + kDf + IDf 



£>3 < (f + k 2 + l 2 )D* + (2jk + 2kl)D\ + 2jlD{, 
Dl < (kl + 2jk)Dl + {{j + I) 2 + k 2 )D\ + klDl, 
Dl < (2jl + k 2 )D'i + (2kj + 2kl)D\ + (j 2 + l 2 )D{. 
For simplicity, we also consider the matrix 



A = 




denoted by 



^ a\ b\ c\ 
di ei /i 
\ 5i h hi 



and further denote 



/ j 2 + k 2 + l 2 

kl + 2jk 
\ 2jl + k 2 





where 



a 2 + b 2 + c 2 = d 2 + e 2 
Now we prove by induction that 



2jk + 2kl 

(j + I) 2 + k 2 
2jk + 2kl 



h = .92 + b 2 + h 2 = (j + k + I) 2 < j + k + I < 1. 



A n = 




where 



a n + b n + c n = d n + e n + f n = g n + b n + h n = (j + k + l) n < j + k + I < 1. 
In fact, if we assume that (2.3) is true for n, then since 



^ Q>n b n C n ^ 



A „+l = A n A = 



( i k I \ 



d n e n f n k j + 1 

V 9n b n h n ) \ I k j J 

ja n + kb n + lc n ka n + (j + l)b n + kc n la n + jc n 
jd n + ke n + lf n kd n + (j + l)e n + kf n ld n + jf n 
jg n + kb n + lh n kg n + (j + l)b n + kh n lg n + jh n 



(2.2) 



(2.3) 
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we have 



fln+i + b n+ i + c n+ i = a n j + b n k + c n l + a n k + b n j + c n k + a n l + b n l + c n j 

= a n (j + k + l) + b n (k + j + l) + c n (l + k + j) 

= K + b n + c n ){j + k + i) = (j + k + i) n {j + k + i) 

= U + k + l) n+1 <j + k + l < 1. 

Similarly one has 

d n +i + e„+i + f n+ i = g n +i + b n+1 + h n+1 = (j + k + l) n+1 < j + k + I < 1. 
Therefore, we have 



< 



j 


k 




n 


( Df \ 


k 


3+1 


• 




D\ 


I 


k 









that is 



1J n+\ 

Dl +1 

D* +l <a n D* + b n D\ + c n Dl, 
Dl +1 <d n Dl + e n D\ + f n Dl, 
D* n+1 <g n Dl + b n D\ + h n Dl. 



(2.4) 
(2.5) 
(2.6) 



Following from (2.4-2.6), we can easily to show that {g(x n )}, {g(y n )} and {g(z n )} are Cauchy se- 
quences. In fact, for m > n, we obtain 

d(g{x m ),g(x n )) < d(g(x m ),g(x m - 1 )) + h d(g(x n+1 , g{x n )) = D x m + D^ n _ 1 H hD^ +1 

< (a m _!^ + b m _ x D\ + c m _ x D\) + ■■■ + (a n Dl + b n D\ + c n D\) 

= (a„ + • • • + a m _i)£>? + (&„ + ••• + b m -l)D\ + (c„ + • • • + c ro _i)£>f 

< (a n + a n+1 + a m - Y )Dl + (a n + a n+1 + a" 1 " 1 )^ + (a n + a n+1 + a" 1 " 1 )^ 

= (a n + a n+1 + a™- 1 ) ■ (Df + Df + D{) 
„ 1 - a m - n 



= a 



1 — a 



-(Df + Df + Dl), 



where a — j + k + I < 1, which shows that {g{x n )} is a Cauchy sequence. 

Similarly one can verify that {g(y n )} and {g(z n )} are also Cauchy sequences. 

Since X is a complete metric space and g : X — > X is a surjection, there exist x,y,z e X such that 



lim g(x n ) = ^(x), lim gr(y n ) = g(y), lim g(z n ) = #(z). 



(2.7) 



Finally, we prove F(x,y,z) = g(x),F(y,x,y) = g(y),F(z,y,x) = g(z). By using the g- continuity of 
F and noting (2.7), we have, as n — > oo, 



5(2^+1) = ^(ar,,, y„, z n ) -» F(x, y, z). 



(2.8) 



Thus <?(x) = F(x,y,z). Similarly, we have = F(y,x,y) and = F(z,y,x). Namely, (x,y,z) is a 
tripled coincidence point of g and F. 

In the following theorem we replace the g- continuity of F by an additional property. We discuss this 
in the following theorem. 
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Theorem 10. Let g be a surjection and F be a mapping having the mixed comparable property with 
respect to g. Assume that there exist the constants j, k, I € [0, 1) with j + k + I < 1 such that (2.1) is 
satisfied for any (x, y, z) and (u,v,w) elxlxl for which g(x) and g(u), g(y) and g(v), and g(z) and 
g(w) are comparable. Assume that X has the following property: 

(i) if a sequence {x n } C X satisfying that g(x n ) and g(x n +i) are comparable for all n and g(x n ) 
converges to g(x), then g(x n ) and g(x) are comparable for all n. 

Furthermore, if there exist xq, yo, zq G X such that g(xo) and F(xo, yo, zq), g(yo) and F(yo,Xo,yo), 
and g(zo) and F{zQ 1 yQ, xq) are comparable. Then there exists a tripled coincidence point of g and F. 
Proof. From the proof of Theorem 9, we get, for any n > 0, g(x n ) and g(x n+ i) are comparable, the 
same argument holds for {g(y n )} and {g(z n )}, and g(x n ) -> g(x), g(y n ) -> g(y) and #(z„) -> g(z). By 
condition (i), we obtain g(x n ) and g{x) are comparable for all n. Similarly, g{y n ) and g{y), and g(z n ) 
and are comparable for all n. Next we only have to prove that g(x) = F(x,y,z), g(y) — F(y,x,y) 
and g(z) = F(z,y,x). 

Let e > 0, Since <?(x„) — > 5(2;), g(y n ) — » and </(z n ) — > 5(2), there exists N > such that for all 
n > N, we have %(a;„), g(x)) < f, d(g(y n ), g(y)) < § and d(g(z n ) , g(z)) < §. 
Taking n > N, we get 

d(F(x,y,z),g(x)) < d(F(x,y,z),g(x n+1 )) + d(g(x n+1 ),g(x)) 

= d(F(x,y,z),F(x n ,y n ,z n )) + d(g(x n+1 ), g(x)) 

< jd(g(x),g(x n )) + kd(g(y),g(y n )) + ld(g(z), g{z n )) + d(g(x n+1 ), g(x)) 

e e e e 

< 7 + 7 + 7 + 7= e ' 
4 4 4 4 

This implies that F(x, y, z) — g{x). Similarly, we can show that 

d(F(y, x, y),g(y)) < e, d{F(z, y, x),g{z)) < e 
which implies that F(y, x, y) — g(y) and F(z, y, x) = g(z). 

Example 2. Let X = R, d(x, y) = \x — y\ and g : X — > X defined as follows: for any x e X, if x ^ 0, then 
g(x) = j3 and g(x) = if x = 0, and F : XxXxX ^ X defined by F(x, y, z) = \g{x) + \g(y) — \g(z)+\. 
It is easy to check that F satisfies (2.1) with j = |,fe = j and Z = | and (2,2,2) is the unique tripled 
coincidence point of g and F. 



3 Uniqueness of tripled coincidence point of g and F 

In this section, we consider some additional conditions to ensure the uniqueness of the tripled co- 
incidence point of g and F and appropriate conditions to ensure that for the tripled coincidence point 
(x, y, z) of g and F we have x — y — z. 

Theorem 11. Suppose the hypothesis of Theorem 9 (resp. Theorem 10) and the following conditions 
hold: 

(i) for every (a, b, c), (ai, b\, c\) € X x X x X, there exists a (u, v,w) € X x X x X such that 
(.9( M )>5(v),3M) is comparable to (g(a), g(b), g(c)) and (p(ai),ff(6i),0(ci)), 

(ii) g is an injection. 

Then there exists a unique tripled coincidence point of g and F. 

Proof. By the proof of Theorem 9 (resp. Theorem 10), we obtain that there exists (x,y, z) E X x X x X 
such that g(x) — F(x, y, z), g(y) — F(y, x, y) and g(z) = F(z, y, x). If g and F have another tripled fixed 
point (u, v, w), then we prove that g{x) = g(u), g{y) = g(v) and g(z) — g{w) as follows. 



7 
335 



YIN 329-337 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.2, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



In fact, by the conditions of Theorem 11, there exists (r,s,t) G X x X x X such that g(r) is comparable 
to g(x) and g(u), g(s) is comparable to g{y) and g(v) and g(t) is comparable to g(z) and g(w). Let 
r = r, s = s, to = t. By a proof similar to that of Theorem 9 (resp. Theorem 10), we can prove that 
there exist sequences {r„}, {s„} and {t n } such that, for any n, 

g(r„+i) = F(r n ,s n ,t n ),g(s n+1 ) = F(s n ,r n ,s n ),g(t n+1 ) = F(t n ,s n ,r n ). 

Since F has the mixed comparable property with respect to g and by induction, we can prove easily that 
g(r n ) is comparable to g(x) for any n. Similarly, g(s n ) is comparable to g{y) and g(t n ) is comparable to 
g(z) for any n. Hence, from the conditions of Theorem 9 (resp. Theorem 10), we have 

d{g(r n+1 ),g(x)) = d(F(r n ,s n ,t n ),F(x,y,z)) < jd(g(r n ), g(x)) + kd(g(s n ) , g(y)) + ld(g(t n ), g(z)). (3.1) 

d(g(s n+1 ),g(y))=d(F(s ),F(y,z,y)) < jd(g(s n ),g(y)) + kd(g(r n ), g(x)) + ld(g(s n ),g(y)). (3.2) 

d(g(t n+1 ), g{z)) = d(F(t n , s n , r n ),F(z, y, x)) < jd(g(t n ),g(z)) + kd(g(s n ), g(y)) + ld(g(r n ), g(x)). (3.3) 

Let p n = max{d(g(r n ),g(x)),d(g(s n ),g(y)),d(g(t n ),g(z))}. From (3.1), (3.2) and (3.3), we obtain that, 
for any n, 

Pn+i < ap n , (3.4) 
where a = j + k + I < 1, which shows that lim^oo g(r n ) = g(x), limn^oo g(s n ) — g(y) and 

lim g(t n ) = g(z). 

n — *oo 

Similarly, we can prove that linin^oo g(r n ) = g(u), limn^oo g(s n ) = g(v) and limn^oo g(t n ) = g(w). Thus 
g(x) = g(u),g(y) — g(v) and g{z) = g{w). Noting that g is an injection, we have x = u, y — v and z = w. 
Hence g and F have the unique tripled coincidence point. 

Theorem 12. Suppose the hypothesis of Theorem 9 (resp. Theorem 10) and the following conditions 
hold: if g is an injection and x, y and z arc mutually g- comparable. Then x = y = z, thus x is a 
coincidence point of g and F. 

Proof. Suppose x, y and z are mutually comparable and g is an injection, by the mixed comparable 
property with respect to g of F, we have 

d{g{x),g(z)) = d{F{x,y,z),F{z,y,x)) < (j + l)d{g(x), g(z)). (3.5) 

Due to j + 1 < 1, we have g(x) — g(z). Since g is an injection, we get x = z. By the mixed comparable 
property with respect to g of F again, we obtain 

d(g(x),g(y)) - d(F(x, y, z),F(y, x, y)) < jd(g(x),g(y)) + kd(g(y), g(x)) + ld(g(z),g(y)). (3.6) 

Noting x = z and by (3.6), we have 

d(g(x),g(y)) = d(F{x, y, z),F{y, x, y)) < (j + k + l)d{g{x) , g{y)) . 

Since j + k + I < 1, we get g(x) — g(y) which implies x — y by the injective property of g. Therefore 
x = y = z and x is a coincidence point of g and F. 

Corollary 13. By adding to the hypothesis of Theorem 9 (resp. Theorem 10) the condition: X is a 
totally ordering set, we obtain that g and F have a unique coincidence point, that is, there exists a unique 
x e X such that g(x) — F(x,x,x). 

Proof. According to Theorem 12, it suffices to prove the uniqueness of the coincidence point of g and F. 
Suppose on the contrary that there exist two elements x and x\ in X, such that g(x) — F(x,x,x) and 
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g(x\) — F(xx,x\,x\). Since X is a totally ordering set, g(x) and g{x\) are comparable. By the mixed 
comparable property with respect to g of F, we have 

d(g(x),g(xi)) = d(F(x,x,x),F(xi,x 1 ,x 1 )) < (j + k + l)d(g(x), g{xi)). (3.7) 

Noting j + k + I < 1, we get g{x) = g{x{) which implies x = x\ as g is an injection. 

Remark 3. The results of Theorem 11, Theorem 12 and Corollary 13 generalize the corresponding 

results of [3]. 

Example 3. Let X = R, d(x,y) = \x — y\ and F : X x X x X —> X and g : X — > X, as defined in 
Example 2. Then applying Corollary 13, we get that g and F have a unique coincidence point (2,2,2). 
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Abstract 

We prove fixed point theorems for a Banach contractive type mapping on 
complete tvs-cone metric spaces associated with w-cone distance and endowed 
with a graph. The sufficient conditions for the existence are obtained. The 
main results extend some known others in the current literature. 
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1 Introduction and preliminaries 

Let (X, d) be a metric space and T : X — > X. We say that T is a Picard 
operator (PO for short) if T has a unique fixed point x* and lim^oo T n x = x* for 
all x G X (see Petru§el-Rus [1]). 

It was proved in [2] that if (X, d) is complete and T is a contraction, i.e., 

d(Tx,Ty) < ad(x,y) 

for all x, y G X and for some a G [0, 1), then T is a PO. 
*Email address: prasitch2008@yahoo.com 
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2 P. Cholamjiak 

Since then, there have been a number of articles concerning the fixed point 
theory of contractions/generalized contractions in a metric space. 

Let (X, d) be a metric space endowed with a graph G. In 2007, Jachymski [3] 
first introduced the concept of G-contractions and proved some fixed point theorems 
in a metric space endowed with a graph. Recently, Bojor [4] defined the notion of 
G-Reich type mappings and obtained a fixed point theorem for such mappings in a 
metric space. Let us recall a few basic notions and concepts of graph theory. 

Let A denote the diagonal of the Cartesian product X x X. Consider a directed 
graph (or digraph) G such that the set V(G) of its vertices coincides with X, and 
the set E{G) of its edges contains all loops, i.e., A C E(G). We assume G has 
no parallel edges, so we can identify G with the pair (V(G), E(G)). By G -1 we 
denote the conversion of a graph G, i.e., the graph obtained from G by reversing 
the direction of edges. Thus we have 

E(G- 1 ) = {(x,y):(y,x)eG}. 

We denote G by the undirected graph obtained from G by ignoring the direction of 
edges. Actually, it will be more convenient for us to treat G as a directed graph for 
which the set of its symmetric. Under this convention, 

E(G) = E{G)UE{G- 1 ). 

Recall that a graph G is connected if there is a path between any two vertices, 
that is, if x and y are vertices in a graph G, then there is a sequence (xj)^ of 
N + 1 vertices from x to y of length N (N G N) such that xo = x,xn = y and 
{xi- U Xi)€E(G) for i=l,...,N. 

Using graph theory, we know the following definitions defined in [3]: 

Definition 1.1. [3] Let (X, d) be a metric space endowed with a graph G. Then 
T : X — > X is said to be a G-contraction if: 

1. T preserves edges of G, i.e., 

(x,y) G E(G) => (Tx,Ty) G E(G), Vx,y G X; 

2. T decreases weights of edges of G in the following way: there exists a £ [0, 1), 
such that, for each (x, y) G E(G), we have: 

{x, y) G E(G) => d(Tx, Ty) < ad(x, y). 
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Fixed point theorems for a Banach type contraction 3 

Definition 1.2. [3] A mapping T : A — > A is called orbitally G-continuous if for 
all x, y G X and any sequence {k n } of positive integers, 

T fc "x -► y, (T kn x,T kn+1 x) G P(G) =► T(T k "x) -► Ty. 

Very recently, Ciric et al. [5] introduced the concept of w-cone distance on a 
real Hausdorff topological vector space (tvs for short). This concept generalizes the 
^-distance on a metric space introduced and studied by Kada et al. [6] . 

Let E be a tvs with the zero vector 9. A proper, nonempty and closed subset P 
of E is called a (convex) cone if P + P C P, AP C P for A > and Pn (-P) = {9}. 
We shall always assume that the cone P of E has a nonempty interior int P. 

Given a cone P C E, we define a partial ordering ^ with respect to P on P by 

x ^ y y — x G P. 

We shall write x -< y to indicate that x ^ y but x ^ y. x ^ y will stand for 
y — x 6 int P. The pair (P, P) is called an ordered tvs. The algebraic operations of 
the addition and the scalar multiplication in a tvs-cone metric are jointly continuous 
[5]. 

We next recall the concept of a tvs-cone metric. 

Definition 1.3. [5] Let X be a nonempty set and (E, P) an ordered tvs. A function 
d : X x X — > E is called a tvs-cone metric and (A, <i) is called a tvs-cone metric 
space if the following conditions hold: 

(CI) 9 ^ d(x, y) for all x, y 6 A and d(x, y) = if and only if x = y; 

(C2) d(x,y) = d(y,x) for all x, y G A; 

(C3) <i(x, z) ^ <i(x, y) + d(y, z) for all x,y,z G A. 

Definition 1.4. [5] Let ( A, ci) be a tvs-cone metric space, {x n } a sequence in A 
and x G A. For every c G P with ^ c, it is said that: 

(a) {x n } is a tvs-cone convergent sequence if there exists a natural number uq 
such that <i(x n , x) <C c for all n > no; 

(b) {x n } is a tvs-cone Cauchy sequence if there exists a natural number no such 
that d(x m , x n ) <C c for all m,n > uq; 

(c) (A, <i) is complete if every tvs-cone Cauchy sequence is tvs-cone convergent 
in A. 

Remark 1.5. [5] (1) If a ^ Ao, where a G P and < A < 1, then a = 9, and (2) if 

c G int P, 9 ■< a n and a ra — > then there exists no such that a n ^ c for all n > no- 
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Definition 1.6. [5] Let (X, d) be a tvs-cone metric space. Then G : X — > P is 

lower semi- continuous at x £ X if for any c £ E with 6* <C c, there is no £ N such 
that, for all n > no, 

G(x) d G(x n )+c, 
whenever {x n } is a sequence in X and x n — ► x. 

Definition 1.7. [5] Let (X, d) be a tvs-cone metric space. Then, a function p : 
X x X — > P is called a w-cone distance on X if the following are satisfied: 

(Wl) p{x, z) < p(x, y) + p(y, z) for all x,y,z £ X; 

(W2) for any iGl, p(x, •) : X — > P is lower semi-continuous; 

(W3) for any c £ E with 9<c, there is (5 in .E with 9 <C (5 such that x) <C 5 
and p(z, y) <C <5 imply d(x, y) <C c. 

Lemma 1.8. [5] Let (X, d) be a tvs-cone metric space and letp be a w-cone distance 
on X . Let {x n } and {y n } be sequences in X, let {a n } and {(3 n } be sequences in E 
converging to 9, and let x,y,z £ X. Then the following hold: 

(i) If p(x n , y) ■< a n and p(x n , z) ■< (3 n for any n £ N, then y = z. In particular, 
if p(x, y) = 9 and p(x, z) = 9, then y = z. 

(ii) If p(x n ,y n ) ■< a n and p(x n ,z) ■< f3 n for any n £ N, then {y n } converges to 

z. 

(hi) Ifp(x m ,x n ) ^ a n for any m, n £ N with m > n, then {x n } is a tvs-cone 
Cauchy sequence. 

(iv) Ifp(y,x n ) ■< a n for any n £ N, then {x n } is a tvs-cone Cauchy sequence. 

We now define the concept of a (G,p)-contraction in a tvs-cone metric space. 

Definition 1.9. Let (X,d) be a tvs-cone metric space associated with w-cone dis- 
tance p and endowed with a graph G. Then T : X — > X is said to be a G-Banach 
contraction defined on p or simply a (G,p)- contraction if: 

1. (x,y) £ E(G) => (Tx,Ty) £ E(G), Vx,y £ X; 

2. there exists a £ [0, 1) such that 

(x,y) £ E(G) ^p(Tx,Ty) ^ ap(x,y) 

for each (x,y) £ E{G). 
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2 Main results 

In this section, we prove fixed point theorems for a (G, »)-contraction in a tvs- 
cone metric space associated with a tt;-cone distance. To this end, we need the 
following propositions: 

Proposition 2.1. Let (X,d) be a tvs-cone metric space associated with w-cone 
distance p and endowed with a connected digraph G. Let T : X — > X be a (G,p)- 
contraction. Then, for each x G X , {T n x} is a tvs-cone Cauchy sequence in X . 

Proof. Let x e X. We consider the following two cases: 

Case 1. If (x,Tx) G E(G), then (T n x,T n+1 x) G E(G). Since T is a (G,p)- 
contraction, there exists a 6 [0, 1) such that 

p(T n x,T n+1 x) ± ap{T n ~ l x,T n x) 

for all n G N. It also follows that 

p{T n x,T n+1 x) ^ a n p{x,Tx) 

for all n G N. Hence, for m > n, we have from Definition 1.7 (Wl) 

p(T n x, T m x) < p(T n x, T n+l x) + p(T n+1 x, T n+2 x) + ... + piT'^x, T m x) 

< a n p(x, Tx) + a n+1 p(x, Tx) + ... + a m ~ 1 p{x, Tx) 

= {a n + a n+l + ... + a m - 1 )p{x,Tx) 
a n 

■< p(x,Tx). 

1 — a 

From Lemma 1.8 (iii), {T n x} is a tvs-cone Cauchy sequence. 

Case 2. If (x,Tx) ^ E(G), since G is a connected digraph, then there exists a 
path (x{)^L from x to Tx such that xo = x, xn = Tx with G E(G) for 

all i = 1, N. So we have (T n x i - 1 ,T n x i ) G E(G) for all i = 1, ...,7V. Thus, for all 
re G N, we obtain 

p(T n x,T n+1 x) = p(T n x ,T n x N ) 

< p(T n x ,T n Xl ) +p(T n Xl ,T n x 2 ) + ... +p(T n x N - 1 ,T n x N ) 

< a n p(x ,xi) + a n p(xi,x 2 ) + ... + a n p(xN-i,XN) 
= a n r, 

where r = p(xo, x{) + p(x±, x 2 ) + ... + p(xn-±, xjv). Hence, for m > n, we can show 
that 

p(T n x, T rn x) ■< -^—r. 

1 — a 
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This implies that {T n x} is a tvs-cone Cauchy sequence. □ 

Proposition 2.2. Let (X,d) be a complete tvs-cone metric space associated with 
w-cone distance p and endowed with a connected digraph G. Let T : X — > X be a 
(G,p)- contraction. Then, for each x £ X, there exists a unique point x* in X such 
that T n x -► x*. 

Proof. Let x, y G X. Then {T n x} and {T n y} are Cauchy sequences in X by Propo- 
sition 2.2. Since X is complete, there exist x*,y* G X such that T n x — > x* and 
T« y y *_ Let c £ E with < c. Observe that if (x,Tx) G E(G), by Definitions 
1.6 and 1.7 (W2), then there is mo G N such that 

p(T n x,x*) 1 p{T n x,T m x) + c 



■< p(x,Tx) + c 

1 — a 



for all m > tuq. Taking c = j, we have 



p{T n x, x*) ± p(x, Tx) + - (2.1) 

1 — a j 



for each j > 1. From (2.1) we see that 



c 



p(x,Tx) + - -p(T n x,x*) G P. 



1 - a ' j 

By the continuity of algebraic operations and the closedness of P, we get 

lim -^—p(x,Tx) + --p(T n x,x*) = -^p(x,Tx) - p(T n x,x*) G P. 
j—Kx> 1 — a j 1 — a 



This shows that 



a 

p(T n x,x*)< p(x,Tx) (2.2) 

1 — a 



for all n G N. Also, if (y,Ty) G E(G) then p(T n y,y*) ^ f^p{y,Ty) for all n G N. 
On the other hand, if (x, Tx) ^ -E(G) then, for all m > mo, 

p{T n x,x*) 1 p{T n x,T m x) + c 
a n 

^ r + c 

1 — a 

where r = p(x,xi) + p(xi,X2) + ... + p{xn-i, Tx). In a similar way, we can show 
that 

p(T n x,x*) ^ -^—r (2.3) 
1 — a 
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for all n G N. Also, if (y, Ty) £ E(G), then p(T n y, y*) ^ j^s, where s = p(y, yi) + 
p(yi,V2) + ••• + p(yM-i,Ty) and (yi)f£ is a path from y to Ty such that y = y, 
y M = Ty with (yi-i,yi) G E(G) for all i = 1,2,..., M. 

We next consider the following two cases: 

Case 1. Suppose (x,y) G E{G). If {y,Ty) G ^(G), then there exists mi EN 
such that 

p(T"x,y*) ^ p(T"x,T™y) + c 

a n 

^ a>(x, y) + p(y, Ty) + c 

1 — a 

for m > mi. So we have 

p(T"x,y*) ^ a n (p(x,y) + — ^p(y,Ty)) 

1 — a 

for all neN. Using (2.2) and (2.3), we obtain x* = y* by Lemma 1.8 (i). In case 
(y, Ty) ^ E{G) we also obtain x* = y* . 

Case 2. Suppose (x,y) ^ E{G). Then there exists a path (xj)^_ from x to 
y such that xo = x and xl = y with (xj_i,Xj) G i?(G) for z = 1,...,L. So if 
{ViTy) G E(G), then 

p(T"x,y*) ^ p(r n x,T"xi) + ... + p(r"x L _ 1 ,T"y)+p(T"y,y*) 

^ a>(x, xi) + ... + a n p(x L _i, y) + p(y, Ty) 

1 — a 

= a n (p(x,xi) + ...+p(x L -i,y) + z-^—p{y,Ty)) 

1 — a 

This concludes that x* = y*. In case (y, Ty) ^ i?(G) we also obtain x* = y* . □ 

Now we are ready to prove the main theorem. 

Theorem 2.3. Let (X, d) be a complete tvs-cone metric space associated with lu- 
cerne distance p and endowed with a connected digraph G. Let T : X — > X be a 
(G,p)- contractive and G-orbitally continuous mapping. Assume that there exists 
z G X such that (z,Tz) G E(G). Then T is a PO. If v = Tv, thenp(v,v) = 9. 

Proof. Let z G X be such that (z,Tz) G E(G). Then (T n z,T n+1 z) G E(G). From 
Proposition 2.2, there exists a unique point x* in X such that T n z — > x*. Since 
T is G-orbitally continuous, T n+1 z -> Tx*. Hence x* = Tx* and x* G F(T). 
If y* = Ty*, then x* = y*. Therefore T is a PO. Moreover, if v = Tv, then 
p(v, v) = p(Tv, Tv) ^ ap(u , u). Thus p(v, v ) = 9 by Remark 1.5 (i). This completes 
the proof. □ 
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As a direct consequence of Theorem 2.3, we obtain the following result: 

Theorem 2.4. Let (X, C) be a partially ordered set and (X,d) a complete tvs-cone 
metric space associated with w-cone distance p. Let T : X — > X be a continuous 
and nondecreasing mapping with respect to C. Suppose that the following hold: 

(i) there exists a 6 [0, 1) such that 

p{Tx,Ty) ^ ap(x,y) 

for each x,y £ X with x C y; 

(ii) there exists z £ X such that z C Tz. 
Then T is a PO. If v = Tv, then p(v, v) = 6. 

Proof. Set V(G) = X and E{G) = {{x, y) G X x X : x C y}. □ 
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APPROXIMATE (m, n)-C AUCHY-JENSEN MAPPINGS 
IN QUASI-/3-NORMED SPACES 

JOHN MICHAEL RASSIAS AND HARK-MAHN KIM t 

Abstract. In 1940 S.M. Ulam proposed the famous Ulam stability problem. In 
this paper we introduce a general (m, n)-Cauchy- Jensen functional equation and 
establish new theorems about the Ulam stability of general (m, n)-Cauchy-Jensen 
additive mappings in quasi-/3-normed spaces, which generalize results obtained for 
Cauchy-Jensen type additive mappings. 



1. Introduction 

One of the interesting questions in the theory of functional analysis concerning the 
stability problem of functional equations is as follows: when is it true that a mapping 
satisfying a functional equation approximately must be close to an exact solution of 
the given functional equation? Thus we say a functional equation Ei(f) = E 2 (f) 
is stable if any mapping g subject to d(Ei(g) , E 2 (g)) < tp satisfying approximately 
the equation with some controlled function tp is near to an exact solution / such 
that Ei(f) = E 2 (f) and d(f(x),g(x)) < ®(x) for some function $ depending on the 
given function tp. The stability problem was first raised by S.M. Ulam [24] during 
his talk at the University of Wisconsin in 1940. We are given a group G and a 
metric group G' with metric p(-,-)- Given e > 0, does there exist a 5 > such 
that if / : G — > G' satisfies p(f(xy),f(x)f(y)) < 5 for all x,y G G, then a homo- 
morphism h : G -> G' exists with p(f (x),h(x)) < e for all x G 67? In 1941, D.H. 
Hyers [9] gave an affirmative answer to Ulam's problem for the case of approximate 
additive mappings under the assumption that G and G 1 are Banach spaces. And 
then T. Aoki [2], D.G. Bourgin [4] generalized the theorem of Hyers by considering 
the stability problem with unbounded Cauchy differences for approximate additive 
mappings. In 1978, Th.M. Rassias [21] provided a generalization of Hyers' theorem 
for approximate linear mappings by considering the case when the Cauchy difference 
is controlled by a sum of unbounded function + < p < 1. J.M. Ras- 

sias [17] established another stability theorem for the unbounded Cauchy difference 
controlled by a product of unbounded function ■ + q ^ 1. Zhou [25] 

used a stability property of the functional equation f(x — y) + f(x + y) = 2f(x) to 
prove a conjecture of Z. Ditzian about the relationship between the smoothness of 
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a mapping and the degree of its approximation by the associated Bernstein polyno- 
mials. The stability problems of several functional equations had been extensively 
investigated by a number of authors and there are many interesting results con- 
cerning these problem [7, 10, 11, 12, 22]. These stability results can be applied in 
stochastic analysis [13] , probability theory [16] , financial and actuarial mathematics 
[5], as well as in psychology and sociology [1]. 

Now, we consider a mapping / : X — > Y satisfying the following functional 
equation, which is introduced by the first author, 

(S^m n-m \ 

j. - oi \ • • • \ v m - iv Z_1 7 

1 < k& e {!,■ ■ ,m}) < n 

i / \ n 
n-m + l / n \ v^„, , 

n \ml 

x ' i=i 

for all xi, ■ • ■ , x n e X, where n, m G N are fixed integers with n > 2, 1 < m < n. 
Specially, we observe that in case m — 1 the equation (1.1) yields Cauchy additive 
equation 

n n 
j=l i=l 

In case m = n, the equation (1.1) yields Jensen equation 

of which the general solution is of the form f(x) — /(0) := A(x) being additive. 
Therefore, the equation (1.1) is a generalized form of the Cauchy and Jensen additive 
equation and thus every solution of the equation (1.1) may be analogously called a 
general (m,n)-Cauchy-Jensen additive mapping. In particular, if m — 2 and n — 3, 
then the equation (1.1) yields Cauchy additive equation 

/(^P + z) + /(^ + x) + /(^ + y) = 2[f(x) + f(y) + f(z)\, 

of which stability results have been investigated in [14, 15]. For the case m — 2, 
the authors have already established the general solution of the equation (1.1) and 
new theorems about the Hyers-Ulam stability in quasi-/3-normed spaces [19]. And 
then, the authors have investigated approximate homomorphisms and derivations 
on C*-ternary algebras associated with the functional equation [18]. Recently, J.M. 
Rassias, K. Jun and H. Kim [20] have investigated approximate (m, n)-Cauchy- 
Jensen additive mappings in C*-algebras associated with stability results for the 
equation (1.1). 

In this paper, we are to establish the general solution of the equation (1.1), and we 
are going to investigate the generalized Hyers-Ulam stability problem for the equa- 
tion (1.1) in quasi-/9-normed linear spaces. As corollaries, we obtain the generalized 
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results of the Hyers-Ulam stability theorem for the equation (1.1) in normed lin- 
ear spaces and thus we generalize results obtained for Cauchy-Jensen type additive 
mappings. 

2. General (to, ?t,)-Cauchy-Jensen additive mappings 

First, we establish the general solution of the equation (1.1). 

Theorem 2.1. Let X and Y be linear spaces. For each m with 1 < m < n, a 
mapping f : X — > Y satisfies the equation (1.1) for all n > 2 if and only if f — /(0) 
is Cauchy additive, where /(0) = if m < n. In particular, we have f(Xx) = Xf(x) 
and f(mx) = mf(x) for all x e X , where X := n — m + 1. 

Proof. Let m be fixed. If n = 2, then the result is correct. Assume by induction 
that / satisfies the equation (1.1) for n — 3, • • • ,n and then / is Cauchy additive 
for n — 3, • • • , n. Without loss of generality, we let /(0) = 0. Replacing X; L := x for 
all i e {1, • • • , n) in the equation (1.1), we get f(Xx) = Xf(x). Substituting x\ for x 
and Xi for for all i e {2, • • • , n} in the equation (1.1), we get f{mx) = mf(x). Now, 
suppose / satisfies the equation (1.1) for n + 1. Then by setting x 3 = ■ ■ ■ = x n+ i = 
in the equation (1.1), one has 



1 



n 



1 



m \m 
'n - 



f(x x + x 2 ) + 



n - 
m 



1 



1 



f(- + x 2 ) + f(x 1 + ^ 
m m 



+ 



)f(xi +x 2 ) = - — 
ml n 



m 



n + 1 
m 



[f(xi) + f(x 2 )\, 



(2.1) 



(m - l)f(xi + x 2 ) + m(n — m + 1) /( h x 2 ) + f(x\ H ) 



which yields similarly 

m m' 
+(n — m+ \){n - m)f(x 1 + x 2 ) = n{n — m + 2)[f(x l ) + f(x 2 )\. 

By inductive assumption on n, we have by setting x% = ■ ■ ■ = x n = in the equation 
(1.1) 



n — z 
in \ in 2 

n-2 
m 



f(x x + x 2 ) + 



+ 



f{Xi +x 2 ) = 



n 



n-2 
m — 1 
-m + 1 

n 



f(-+x 2 )+f(x 1+ ^: 

m m 



[f(x 1 ) + f(x 2 )], 



which yields according to Pascal's identity and other identities from combinatorial 
analysis 



/(-+*2) +/(*! + -) 

m m 



(2.2) (m — l)f(xi + x 2 ) + m(n — m) 

L lib 

+{n — m){n — m — l)f(x 1 + x 2 ) = (n — l)(n — m + l)[/(xi) + f(x 2 )]. 

First, we note that if m = n in the equation (1.1) then the equation (1.1) reduces 
Jensen equation 



E / 



E 



l<ii<-<i„<n 



n 



1 n 



348 



RASSIAS ET AL 346-358 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.2, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



4 J.M. RASSIAS AND H. KIM 

and so / is Cauchy additive by assumption /(0) = 0. On the other case, if to < n 
in the equation (1.1) then associating the equation (2.1) with the equation (2.2) to 
eliminate the common term /(^ + x 2 ) + f{x\ + ^), we get 

(2.3) A m (n)f(x 1 + x 2 ) = B m (n)[f(x 1 ) + f(x 2 )}, 

where 

. . , m(n — m + l)(m — 1) + m(n — m + l)(n — m)(n — m — 1) 

A m (n) = to - 1 ^ ^ '- } , ^ ^ '- 

m[n — m) 

+(n — to + l)(n — to), 

m{n — to + l)(n — l)(n — to + 1) 



B m (n) = n(n — m + 2) — 



m(n — to) 

It is now easily observed that A m (n) = B m {n) ^ 0. Therefore the mapping / 
satisfying the equation (1.1) for n + 1 is also Cauchy additive. Hence / is Cauchy 
additive for all (to, n). 

Conversely, if a mapping / is Cauchy additive by assuming /(0) = without loss 
of generality then it is easy to see that / satisfies the equation (1.1). □ 

3. Stability of general (to, ?t,)-Cauchy-Jensen additive 

mappings 

We consider some basic concepts concerning quasi- /3-normed spaces and some 
preliminary results. We fix a real number (3 with < (3 < 1 and let IK denote either 
M. or C. Let X be a linear space over K. A quasi- f3 -norm \\ ■ || is a real-valued 
function on X satisfying the following: 

(1) IMI > for all x G X and ||x|| = if and only if x = 0. 

(2) \\Xx\\ = |Ap • for all A G K and all x G X. 

(3) There is a constant K > 1 such that + < i^(||^|| + ||y||) for all x,y G X. 
The pair (X, || • ||) is called a quasi-f3-normed space if || • || is a quasi-/5-norm on 

X. The smallest possible K is called the modulus of concavity of || • ||. A quasi-(3- 
Banach space is a complete quasi- /3-normed space. A quasi- /3-norm || • || is called a 
(P,p)-norm (0 < p < 1) if 

lk + y|| p < \\x\\ p + ||y|| p 

for all G X. In this case, a quasi-/5-Banach space is called a (/3,p)-Banach 
space. We note that for the case (3 — 1 the quasi- 1-normed space, (l,p)-Banach 
space are in fact quasi-normed spaces, p-Banach spaces, respectively, and one can 
refer to [3, 23] for the concept of quasi-normed spaces and p-Banach spaces. It is well 
known that given a p-norm, the formula d(x,y) := \\x — y\\ p gives us a translation 
invariant metric on X. Thus, each quasi-norm is equivalent to some p-norm by the 
Aoki-Rolewicz theorem [3, 23]. 

We recall that a subadditive function is a function <fi : A — > B, having a domain 
A and a codomain (B, <) that are both closed under addition, with the following 
property: 

<f>(x + y) < <t>{x) + <f>(y), Vx, y G A. 
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Now, we say that a function : A — > B is contractively subadditive if there exists a 
constant L with < L < 1 such that 

0(x + y) < L[0(x) + 0(y)], Vx,y G A 

Then satisfies the following properties 4>(2x) < 2L(f)(x) and so <p(2 n x) < (2L) n <j)(x). 
It follows by the contractively subadditive condition of that 

0(Ax) < AL0(x), and so 0(A^) < (AL)V(s),i G N 

for all rr G A and all positive integer A > 2. 

Similarly, it is said that a function : A — > 5 is expansively superadditive if there 
exists a constant L with < L < 1 such that 

0(x + y) > ^ [0(x) + 0(y)] , Vrr, y G A 

Then it follows that satisfies the following properties (f>(x) < ^0(2x), 0(^-) < 
(^) n 0(a;) and so 0(0) = 0. Further, we observe that an expansively superaddi- 
tive mapping satisfies the following properties <f>(\x) > j;<f>(x) and so <j>(jt) < 
(j) % (/)(x),i G N for all x G A and all positive integer A > 2. 

Throughout this section, we assume that X is a quasi-o-normed linear space with 
quasi-o-norm || • \\x and F is a (/3,p)-Banach space with p-norm || • ||y. Let K > 1 be 
the modulus of concavity of || • ||y and letl < m < n, A := n — m+1 otherwise specific 
reference. Now we are going to investigate the modified Hyers-Ulam stability of the 
functional equation (1.1). For notational convenience, given a mapping / : X — > Y, 
we define the difference operator Df : X n — > Y of the equation (1.1) as 

Df(x 1 ,x 2 ,--- ,x n ) 

1 < k t (^ ij,Vj G {1, • • • ,m}) < n 

n-m + l/ n\ v-^ „. . 

for all n- variables #i, • • • ,x n G X, (n > 2) which acts as a perturbation of the 
equation (1.1). 

n— times 
, * v 

Theorem 3.1. Assume that there exists a mapping ip : X n — X x • • • x X — > [0, oo) 
/or which a mapping f : X — > F satisfies the inequality 

(3.1) X 2 , • • • ,X„)||y < (p(x U ■ ■ ■ ,X n ) 

for all n-variables x±, • • • ,x n G X, and £/ia£ £/ie map </? zs contractively subadditive 
with a constant L, < L < 1, satisfying A 1_/3 L < 1. T/ien i/iere exists a unique 
(m,n)-Cauchy- Jensen additive mapping T : X — > F which satisfies the equation 



350 



RASSIAS ET AL 346-358 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.2, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



J.M. RASSIAS AND H. KIM 



(1.1) and the inequality 

(3.2) \\f(x)-T(x)\\ Y < 



n— times 

^(x~^~x) 



(™)V(^ p -^ p ) 



for all x G X. 

Proof. Substituting x for x±, • • • , x n in the functional inequality (3.1), we obtain 



n 



m 



f((n — m + l)x) 



n 



rn 



(n — m + l)f(x) 



< (p(x,--- ,x), 



(3.3) 



f{\x) 



A 



-fix) 



\rnJ 



(p(x,--- ,x) 



for all x E X. Therefore it follows from (3.3) with \ l x in place of x and iterative 
method that 



(3.4) 



f(X l x) f(X k x) 



, Xxy 



i-i 

< 5 V TT^W^Vfa • • • ^) 



ip(x, 



l-l 



,x 



( n Y p \p P 



i=k 



for all x E X and for any / > k > 0. Thus it follows by taking the limit k — * oo in 



(3.4) that a sequence 



is Cauchy in the complete space F and so it converges 



in F. Therefore we see that a mapping T : X — > F defined by 



T(x) := lim 



lim 



/((n — m + l)*x) 



«-+oo A' «^oo (n — m + 1)' 

is well defined for all x E X. In addition it is clear from (3.1) that the following 
inequality 

\\Df(X l Xl ,..- ,X l x n )\\ p Y 



\\DT(xi, ■■■ ,x. 



v 

n) \\Y 



= lim 
< lim 



ip(\ l x ir -- ,\ l x n y 



< \im(y-> J L) pL <p(x ir -- ,x n ) p = 

holds for all x 1: • ■ ■ , x n £ X. Therefore the mapping T is (m, n)-Cauchy- Jensen 
additive and so it is Cauchy additive by Theorem 2.1. Taking the limit I — > oo in 
(3.4) with k = 0, we find that the mapping T is Cauchy additive mapping satisfying 
the inequality (3.2) near the approximate mapping / : X — > F of the equation (1.1). 
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To prove the afore-mentioned uniqueness, we assume now that there is another 
(m, n)-Cauchy-Jensen additive mapping T' : X — > F which satisfies the equation 
(1.1) and the inequality (3.2). Then one proves by the last equality and (3.2) that 

n— times 



f(X l x) 



-T\x) 



< 



n— times 



OV( A/3p - APi >) 

for all x G X and all I G N. Therefore from I — > oo, one establishes 

T(x) - T'(x) = 
for all x G X, completing the proof of uniqueness. 

n— times 



□ 



Theorem 3.2. Assume that there exists a mapping (p : X x • • • x X — > [0, oo) /or 
which a mapping f : X — > F satisfies the inequality 

(3.5) ||D/(a;i,a;2, • • • ,^„)||y < ^(^i, • • • ,»n) 

/or a// n-variables xi, ■ ■ ■ ,x n G X, and £/ia£ £/ie map </? expansively superadditive 
with a constant L, < L < 1, satisfying \ l3 ~ 1 L < 1. T/ien i/iere exists a unique 
(m,n)-Cauchy- Jensen additive mapping T : X — > F which satisfies the equation 
(1.1) and the inequality 

n— times 



\\m-T(x)\\ Y <—^ {x >---> x) 



(3.6) „, , 

/or a// x G X. 

Proof. It follows from (3.3) with ^ in place of x and iterative method that 



(3.7) A'/(£)-A*/( A , 



i=k 



l-l 



< 1 VA (m)/3p vf— 



X )P 



< 



,x 



l-l 



for all x G X and for any / > k > 0. Therefore we see that a mapping T : X — > F 
defined by 

T(x) := lim A7(^) = lim (n-m+ 1)7(- 
A 



(n — m + 1)'' 
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is well defined for all x £ X. Taking the limit I — > oo in (3.7) with k = 0, we find that 
the mapping T is (m, n)-Cauchy- Jensen additive mapping satisfying the inequality 
(3.6) near the approximate mapping / : X — > Y of the equation (1.1). 

The remaining assertion goes through by the similar way to corresponding part 
of Theorem 3.1. □ 

Next, we are going to establish alternative theorems concerning the stability of 
the equation (1.1). 

Theorem 3.3. Assume that a mapping f : X — > Y satisfies 

\\Df(x!, ■ ■ ■ ,x n )\\ Y < (p(x u ■■■ ,x n ) 

for all x±, • ■ • , x n G X. If the function ip : X n — > [0, oo) satisfies 

^ XV(A^!,-- - ,A*x„) 
$(xi, • • • , x n ) := — < oo 



i=0 



for all G X, then there exists a unique (m,n)-Cauchy-Jensen additive 

mapping T : X — > Y such that T satisfies the equation (1.1) and the inequality 

\\f(x)-T(x)\\ Y < 



\rnJ 



for all x G X. 

Proof. It follows from (3.3) with X l x in place of x and iterative method that 



{3.1 



f(X l x) 



X 1 



< 



K 



1-2 



K i ip{X i x, ■ ■ ■ ,AV) 
A^ 



1 K l ~ V(A'- 1 x, • • • , A'~V) 



A/3('-i) 



for all x G X and for any I > 1, which is considered to be (3.3) for / = 1. In fact, 
we see by computation 

f(X l ^x) 



< K 



/(*)- 



/(Ax 



A 



K 

A^ 



/(Ax) - 



/(A m x) 



A' 



Y 



< 



K 



(")V 



+ 



1-2 

AT'-VCA'a:, • • • ,X l x) 



K^(X i+l x, ■ ■ ■ , A m x) 
A^ 



K 



(nf X 2 P 
l-l 



for all x G X, which proves the inequality (3.8) for / + 1 by induction. 



A/ 3 ' 
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Thus it follows that a sequence |^r^ j is Cauchy in Y and it converges. There- 
fore we see that a mapping T : X — > Y defined by 

rpr \ r f( Xlx ) r f({n-m+l) l x) 

Tlx) := hm — - — = lim — — - — 

i~*oo \ l i^oo (n-m + I) 1 

is well defined for all x & X. 

Now, applying the similar way to corresponding part of Theorem 3.1, we get the 
desired results. □ 

Theorem 3.4. Assume that a mapping f : X — > Y satisfies 

\\Df(x 1 , • • • ,x n )\\ Y < (p{xi, ■■■ ,x n ) 

for all x±, • • • , x n G X. If the function if : X n — > [0, oo) satisfies 

oo 

^i,-,^) :=J](A^)V(|,---,f)<oo 
i=i 

for all Xi,-- - ,x n G X, then there exists a unique (m,n)- Cauchy- Jensen additive 
mapping T : X —> Y such that T satisfies the equation (1.1) and the inequality 

||/(s)-r(s)|| y < -^-*(x,... ,x) 

for all x G X. 

Proof. It follows from (3.3) and the similar method to (3.8) that 



Km) /v »=1 

(A^)V(^-,^) 



( n ) X^K 

for all x G X and for any I > 1. Therefore we see that a mapping T : X — > F 
defined by 

T(x) := lim A'/(£) = hm (n-m+ l) l f( * ) 
z^oo A 1 «^oo (n — m + 1)' 

is well defined for all x G X. 

The remaining assertion goes through by the similar way to corresponding part 
of Theorem 3.3. □ 

We obtain the following corollaries concerning the stability for approximate (m, n)- 
Cauchy- Jensen additive mappings in terms of a product of powers of norms. 

Corollary 3.5. If there exist real numbers r\ G M. with r := Y^i=i r 'i 1 suc ^ ^at 
a mapping f : X — > Y satisfies the functional inequality 



\\Df( Xl ,--- ,x n )\\ Y <eYl\\xi 



i=l 
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for all xi, ■ ■ • , x n e X (X \ {0} if r\ < 0) and some 6 > 0, then there exists a unique 
(m,n)-Cauchy- Jensen additive mapping T : X — > Y which satisfies the equation 
(1.1) and the inequality 



K0\\x\\ 



if K \<*r < X fi 

~ 1 {X)\\ Y < < " KeM r KX^X^ 

(Z) ( Xar - KXl3 ) 
for allxeX (X\ {0} if r < 0). 

Now, we state the following counterexample given by P. Gavruta [8] in the special 
2D case: n = 2; A = 2; a = (3 = K = r = 1 for equation (1.1): Let < r < 1. Then 
there is a function / : R — > R given by 

./ v _ J xln\x\, if x 7^ 0; 
t [X) ~ \ 0, if x = 

and there is a constant # > such that 

\f(x + y)-f(x)-f(y)\<6\x\ r \y\ 1 - r 

for all i,!/GK, but 

f|/(x)-T(x)| .1 
sup I : a; 7^ j = oo 

for every additive mapping T : R — > R. 

Corollary 3.6. If there exists a fixed r e R swc/i t/ioi a mapping f : X — > F satisfies 
the functional inequality 

n 

\\Df(x ir -- ,x n )\\ Y <e(£\\xi\\ r ) 

j=l 

/or a// #1, • • • ,x„ G X (X\ {0} i/r < 0), t/ien t/jere exists a unique (m,n)-Cauchy- 
Jensen additive mapping T : X — > F which satisfies the equation (1.1) and the 
inequality 

( . .; mxr , if K\ ar < x 13 

ii/w-rwii y < «S™ ^ <A „ 

^ («)"( A --XA/3)' 

/or allxeX (X\ {0} i/r < 0). 

Now, in the last part, we are to consider a singular case m = n of Theorem 3.3 
and Theorem 3.4 concerning the stability of the equation (1.1). 

Theorem 3.7. Assume that a mapping f : X — > F /(0) = satisfies 

\\Df(xi ) ■ ■ ■ ,x n )\\ Y < <p(xi, ■■■ ,x n ) 

for all x±, • • • , x n G X . If the function : X n — > [0, oo) satisfies 



EK l ip(n l xi, ■ ■ ■ , n*x n ) 
* < oo 



?=1 
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11 



for all xi,-- - ,x n G X, then there exists a unique (m,n)-Cauchy- Jensen additive 
mapping T : X — > Y such that T satisfies the equation (1.1) and the inequality 



i=l 



i—th 



for all x G X, where <p(x) := mini<j< n ip(0, • • • , 0, x , 0, • • • , 0). 

Proof. For each i — 1, • • • , n, substituting x for Xi and for all Xj with j ^ i in 
the functional inequality (3.9), we obtain 



x 1 

/ - - -m 

n n 



i—th 



<¥»(o,... ,0,^,0,..- ,0), 



Y 



(3.9) 



/(*) 



f(nx) 



n 



-tit 



< (p(nx), <p(x) := min </?(0, • • • , 0, x , 0, • • • , 0) 

Ki<n 



for all x G X. It follows from (3.9) with n l x in place of x and iterative method that 



(3.10) 



/(*) 



f(nx) 



TV' 



l-l 



K l ip(n l x) | 1 ip(n l x) 



n 



+ n 



0i 



Y i= i 

for all x G X and for any I > 1, which is considered to be (3.9) for / = 1. 



is Cauchy in F and it converges. There- 



Thus, it follows that a sequence 
fore we see that a mapping T : X — > F defined by 

T(x) := hm ^ 

is well defined for all x G X. 

Now, applying the similar way to corresponding part of Theorem 3.3, we get the 
desired results. □ 

Theorem 3.8. Assume that a mapping f : X — > Y satisfies 

\\Df(x!, ■ ■ ■ ,x n )\\ Y < <f(xi, ■■■ ,x n ) 

for all x±, • ■ • , x n G X. If the function <p : X n — * [0, oo) satisfies 



x n . 



i=0 



n° 



for all xi, ■ ■ ■ ,x n G X, then there exists a unique (m,n)- Cauchy- Jensen additive 
mapping T : X — > Y such that T satisfies the equation (1.1) and the inequality 



\\f(x) -T(x)\\ Y <n^J2^K)^Q 



i=0 



for all x G X, where Cp is defined by the same as in Theorem 3. 7. 
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Proof. It follows from (3.9) and the similar method to (3.10) that 



f(x) - n l f( 



x 



1-2 



TV 



< n 



P' 



£(n'J0V(*)+nV*) , - 1 ¥K 

Th 



Y 



X 



i=0 



TV 



for all x G X and for any I > 1. 

The remaining assertion goes through by the similar way to corresponding part 
of Theorem 3.7. □ 
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FIXED POINT METHOD FOR INTUITIONISTIC FUZZY 
STABILITY OF MIXED TYPE CUBIC-QUARTIC FUNCTIONAL 

EQUATION 

SAUD M. ALSULAMI 

Abstract. Using the fixed point alternative, recently, Mohiuddine et al. [20] established the 
stability of Jensen functional equation in intuitionistic fuzzy normed spaces. The object of the 
present project is to determine the stability of the Hycrs-Ulam-Rassias type results concerning the 
cubic-quartic functional equation in intuitionistic fuzzy normed spaces by using the fixed point 
method. 

Keywords and phrases: t-norm; t-conorm; cubic-quartic functional equation; Cauchy functional 
equation; intuitionistic fuzzy normed space; fixed point. 



1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of 
Ulam [33] concerning the stability of group homomorphisms. Hyers [6] gave a 
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers' 
Theorem was generalized by Aoki [2] for additive mappings and by Th. M. Rassias 
[29] for linear mappings by considering an unbounded Cauchy difference. The 
paper of Th. M. Rassias [29] has provided a lot of influence in the development of 
what we call generalized Hyers- Ulam stability or as Hyers-Ulam-Rassias stability of 
functional equations. A generalization of the Th. M. Rassias theorem was obtained 
by Gavruta [5] by replacing the unbounded Cauchy difference by a general control 
function in the spirit of Th. M. Rassias' approach. During the last decades several 
stability problems of functional equations have been investigated by a number of 
mathematicians; see [1, 4, 7, 10, 11, 13, 15, 16, 27, 28, 30, 32] and references therein 
for more detailed information. 

Jun and Kim [10] and Lee et al. [12] introduced the cubic and quartic func- 
tional equation, respectively, and established the Hyers-Ulam-Rassias type stability 
results of these functional equations. The functional equation 

Df(x, y) := f(2x + y) + f(2x - y) - 3f(x + y) - f(-x - y) - 3f(x - y) 

-f(y - x) - 18f(x) - 6f(-x) + 3/(y) + 3/(-y) (1.1) 

is called the cubic-quartic functional equation (see [9]). The functional equation 
(1.1) is a cubic-quartic functional equation because (1.1) is quartic when f(x) is a 
even function and (1.1) is cubic when f{x) is a odd function. 

Recently, the stability problem for Jensen functional equation, Pexiderized 
quadratic functional equation and cubic functional equation is considered in [14, 
19, 22] respectively in the intuitionistic fuzzy normed spaces; while the idea of 
intuitionistic fuzzy normed space was introduced in [31] and further studied in 

l 
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[17, 18, 21, 23, 24, 25, 26] to deal with some summability problems. Quite recently, 
Mohiuddine et al [20] established the stability of Jensen functional equation in 
intuitionistic fuzzy normed spaces through fixed point technique. 

In [8] , Isac and Rassias were the first to provide an applications of fixed point 
alternative for the stability of functional equations. Therefore, one can choose here 
this method to determine the stability of mixed type cubic-quartic functional equa- 
tion in intuitionistic fuzzy normed spaces through fixed point alternative. 

In this paper we establish the stability of mixed type cubic-quartic functional 
equation in intuitionistic fuzzy normed spaces with the fixed point alternative. 
Definition 1.1. A binary operation * : [0, 1] x [0, 1] — > [0, 1] is said to be a 
continuous t-norm if it satisfies the following conditions: 

(a) * is associative and commutative, (b) * is continuous, (c) a * 1 = a for all 
a € [0, 1], (d) a* b < c* d whenever a < c and b < d for each a, b,c,d £ [0, 1]. 

Definition 1.2. A binary operation <) : [0,1] x [0,1] — > [0,1] is said to be a 
continuous t-conorm if it satisfies the following conditions: 

(a') <0 is associative and commutative, (&') is continuous, (c') a<)0 = a for all 
a e [0, 1], (d r ) a()b < c()d whenever a < c and b < d for each a, b, c, d e [0, 1]. 

Using the notions of continuous t-norm and t-conorm, Saadati and Park [31] 
have recently introduced the concept of intuitionistic fuzzy normed space as follows: 
Definition 1.3. The five-tuple (A, u, v, is said to be an intuitionistic fuzzy 
normed spaces (for short, IFNS) if A is a vector space, * is a continuous t-norm, 
is a continuous t-conorm, and /i, v are fuzzy sets on A x (0, oo) satisfying the 
following conditions. For every x,y € A and s,t > 

(i) u(x,t) + i/(x,t) < 1, (ii) /i(x,t) > 0, (Hi) u(x,t) = 1 if and only if x = 0, 
(iv) u(ax,t) = fi(x, ) for each a =/= 0, (v) u(x,t) * u(y, s) < u(x + y,t + s), 
(vi) /j,(x, •) : (0,oo) — > [0, 1] is continuous, (vii) lim u(x,t) — 1 and lim ^(x,t) = 0, 

t— >oo t— i-0 

(viii) v(x,t) < 1, (ix) v(x,t) = if and only if x = 0, (x) v(otx,t) = v{x, A) for 
each a^O, (xi) v{x, t)()v(y, s) > v(x + y,t + s), (xii) v{x,-) : (0,oo) — > [0,1] is 

continuous, (xiii) lim v(x,t) — and lim^(a;,t) = 1. 

t— yoo t— >0 

In this case (/i, v) is called an intuitionistic fuzzy norm. 

Example 1.1. Let (X, ||.||) be a normed space and let a * b = ab and a<)6 = 
min{a + b, 1} for all a, b e [0, 1]. For all x G A and every t > 0, consider 



Then (A, [i, v, *, (}) is an intuitionistic fuzzy normed space. 

The concepts of convergence and Cauchy sequences in an intuitionistic fuzzy 
normed space are studied in [31] and further studied in [23]. 

Let (A, u 1 v, *, ^>) be an IFNS. Then, a sequence x — (x k ) is said to be 
intuitionistic fuzzy convergent to L £ X if lim^(xfe — L,t) = 1 and lim^(xfc — 

IF 

L,t) = for all t > 0. In this case we write (/x, v)- limx = L or x k — > L as k — > oo. 
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Let (X, n, is, *, (}) be an IFNS. Then, x = (xk) is said to be intuitionistic fuzzy 
Cauchy sequence if lim^(xfe +p — Xk,t) = 1 and lim v{xk+ p — Xk,t) = for allt > 
and p = 1, 2, • • • . 

Let (X, (i, v, *, (}) be an IFNS. Then (X, n, v, *, (}) is said to be complete if 
every intuitionistic fuzzy Cauchy sequence in (X, p,, v, *, <)) is intuitionistic fuzzy 
convergent in (X, fi, v, *, 

The following known theorems will be used to prove our anticipated results. 
Theorem 1.1 (Banach's Contraction principle). Let (X, d) be a complete gener- 
alized metric space and consider a mapping J : X — >• X be a strictly contractive 
mapping, that is 

d(Jx, Jy) < Ld(x, y), Vx, y e X 
for some (Lipschitz constant) L < 1. Then 

(i) The mapping J has one and only one fixed point x* = J(x*); 

(ii) The fixed point x* is globally attractive, that is 

lim J n x = x*, 

n— 7-oo 

for any starting point x € X; 

(iii) One has the following estimation inequalities for all x € X and n > 0: 

d(J n x,x*) < L n d(x,x*) 

d(J n x,x*) < -^—d(J n x,J n+1 x) 
1 — Li 

d(x,x*) < d(x, Jx). 

Theorem 1.2 (The alternative of fixed point) [3]. Suppose we are given a complete 
generalized metric space (X, d) and a strictly contractive mapping J : X — > X, with 
Lipschitz constant L. Then, for each given element x G X, either 

d(J n x,J n+1 x) =+oo, Vn>0 

or 

d( J n x, J n+1 x) < +oo Vn > n 

for some natural number n . Moreover, if the second alternative holds then 

(i) The sequence ( J n x) is convergent to a fixed point y* of J; 

(ii) y* is the unique fixed point of J in the set Y = {y € X, d(J n °x, y) < +00} 

(iii) d{y, y*) < 5^%, Jy), y eY. 



2. Main Results 

Throughout this paper, assume that X is a vector space and that (Y, /i, v) is 
an intuitionistic fuzzy Banach space. 

Theorem 2.1. Let ip : X x X — > [0,oo) be a function such that there exists 
an L < 1 with 

<p{x,y) < -ip(2x,2y), 
for all x, y € X. Let / : X — >• Y be an odd mapping satisfying 

»(Df(x,y),t) > —4 r and u(Df(x,y),t) < ^ {x ' y) (*) 
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for all x, y e X and t > 0. Then there exists a unique cubic mapping T : X — > Y 
such that T(x) = (p, ^dim^oo 8 n f(x/2 n ), 

»(f(x)-T(x),t) > - ( 1 l c 6 ~ l6 y, nN ,ndu(f( X )-T( X ),t) < L ^ 0) 



{16-16L)t + Lip(x,0) ww w ' ; - (16 - 16L)i + L<p(x, 0) ' 

(**) 

for all x e X and t > 0. 

Proof. Letting y = in (*), we get 
/i(2/(2a;) - 16/(x),i) > — ^— and I /(2/(2a;) - 16/(x),i) < r "' ! '- 0) 



t + <^(x,o) v - ,v ' JK h ' - t + ip(x,oy 

(2.1.1) 

for all x e X. 

Consider the set E — {g : X ->• Y,.g(0) = 0} together with the mapping <1m 
defined on E x E by 

d M (g,h) = inf{a G M+ : fj,(g(x)-h(x),at) > — — t — - and u(g(x)-h(x), at) < ^ ^ }, 

for all x € X and t > 0. It is known that c?m(<?i h) is a complete generalized metric 
space by Lemma 2.1 [20]. Now, we define the linear mapping J : E — »■ E such that 

Jg{x) = 8 5 (|). 

Let g, h G E be given such that dpiig, h) < e. Then 
Mx) - h(x),et) > t + ^ o) and - ft(*),et) < J^ l, 

for all x e X and i > 0. Thus 

l*(jg(x) - Jh(x),L€tj=iM^8g{^) - 8/i(|),Le^= M ^(|) - M|). f **> 

Lt Lt . 

> § > 8 - 



f + p(§,0) - f + f^,0) i + 
and similarly, 

^Jg(x) - J/i(x),Le/) = i/(s$(|) - 8/i(|), Let) = i/( fl (|) - |e* 

< ^ _ ¥>(*,<>) 



f + 0) i + ^(x,0) 

for all x e X and £ > 0. 



It follow from (2.1.1) that 
M/W - 8/(f ), ^t) > — ^— and *,(/(*) - 8/(*), < 



'2 y ' 16 y ~ t + ^(x,0) v w v 2" 16 ' ~ t + <p(x,0) 

for all x e X and t > 0. it follows that cZm(/ ; J f) < y|- 

Using the fixed point alternative we deduce the existence of a fixed point of 
J , that is, the existence of a mapping T : X — > Y such that T(f ) = |T(x), for all 

xeX. 
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( M ^)-lim8"/(J)=T( a; ), 



Moreover, We have <Im (J n f, T) — > 0, which implies 

k 2 r ' 

for all x e X. Also 

rfM(/,T) < ^-j-d M (f, Jf) implies rf M (/,T) < 7^61" 

This implies that the inequality (**) holds. 
By (*), 

n(8 n Df(^, ^),8 n t) > * „ . and u(8 n Df(^, #-),8™t) < ^l^l 

for all x, y e X, all f > and all n E N. Thus 

^"Af^^M) > r— ^ r and «/(8 n i) < t 

2 2 ^ + w^y) 2 2 + wvi x ,v) 

for all x, y E X, all i > and all n E N. Letting n — >• oo in the above two equations, 
we get 

fj,(DT(x,y),t) = 1 and u(DT(x,y),t) = 

for all and all t > . Thus the mapping T : X — > Y is cubic, as desired. 

Corollary 2.2. Let 6* > and p be a real number with p > 3. Let X be a 
normed space. Let / : X — > Y be an odd mapping satisfying 

fj,(Df(x,y),t) > W7 r— n n-n-^ and v(Df(x,y),t) < — v " ,, „ ,, , . 

for all x,y E X and f > 0. Then T(x) — {^,v)-\mi n ^ 00 & n f(x/2 n ) exists for each 
x E X and defines a cubic mapping T : X — > Y such that 

H(f{x)-T(x),t) > 0/O „ 2(2 "r 8) i, l ,,„ and u(f(x)-T(x),t) < 



2(2P-8)t + 0||a;||P ww w ' ; " 2(2? - 8)t + 6\\x\\p ' 
for all x E X and t > 0. 

Proof. The proof follows from Theorem 2.1 by taking 

<p(x,y) :=6{\\xf + \\yr) 

for all x, y E X. By choosing L = 2 3 ~ p , we get the desired result. 

Theorem 2.3. Let ip : X x X — >• [0, oo) be a function such that there exists 
an L < 1 with 

'a y s 



2' 2 



for all x,y E X. Let / : X — > Y be an odd mapping satisfying (*). Then T(x) — 
(H, v)- limn^oo ^f(2 n x) exists for each x E X and defines a cubic mapping T : 
X -» Y such that 



(16-16L)t + ip(x,0) ww w ' ; ~ (16- 16L)t + ip(x,0y 
for all x E X and i > 0. 
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Proof. Let {E^cIm) be the generalized metric space denned in the proof of 
Theorem 2.1 Consider the linear mapping J : E — > E such that 

Jg{x) = ±g(2x) 

for all x € X. Let g,h € E be given such that d,M(g, h) = e. Then 

Mx) - h{x),et) > t + ^ 0) and v{g{x) h(x),et) < J^ }, 
for all x e X and t > 0. Thus 
fi[Jg{x) - Jh(x),Let]= J\g{2x) - \h{2x), Let ) = /i ( g(2x) - h(2x),8Let 



8Lt 8Lt t 

~ 8Lt + ip(2x,0) ~ 8Lt + 8L(p(x,0) ~ t + <p(x, 0) 



and similarly, 



;/( .]<)( r) - .//)(./ ). Ld )=v(^g(2x) - ^h(2x),Letj = v[ i/[2.r) - h(2.i ).<SL< / 

8Lip(x,0) _ ip(x,0) 



8Lt + 8L(p(x,0) t + ip(x,0) 
for all x € X and £ > 0. So d,M(g,h) = e implies that d,M{Jg,Jh) < Le. This 
means that 

d M {Jg,Jh) < Ld M (g,h) 
for all 5 , hGE.lt follow from (2.1.1) that 

»(f(x) - lf(2x), -U) > — ^— and !/(/(*) - ^/(2x), 4*) < ' ' °'' 



16 y ~ i + ^(x,0) vw 8 JV y ' 16 y ~ t + <^(a;,0) 

for all x e X and t > 0. Hence that c?m(/ 5 J /) < j^- 

Using the fixed point alternative we deduce the existence of a fixed point of J 
, that is, the existence of a mapping T : X — > Y~ such that T{2x) = 8T(x), for all 

Moreover, We have d,M(J n .f, T) — > 0, which implies 
(M,i/)-Iimi/(2 n x)=T( a; ) ) 

n 8 

for all x e X. Also 

<M/,T) < j^M/, J/) implies d M (/,T) < j^T^- 

This implies that the inequality (**) holds. 

The remaining of the proof is similar to the proof of Theorem 2.1 
Corollary 2.4. Let 6 > and p be a real number with < p < 3. Let X be 

a normed space. Let / : X — > Y~ be an odd mapping satisfying 

f #nirll p 4- \\ii\\ p ) 

VL(Df(x,y),t) > - ■ a ... ,. . and !/(£>/(», y),t) < UM " ! 



for all x,y & X and £ > 0. Then T(x) = (n, v)- lim^oo ^f(2 n x) exists for each 
x e A and defines a cubic mapping T : X — > F such that 



2P)t + 6»||x||P ww w ' y ~ 2(8 - 2P)t + 6\\x\\p' 
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for all x g X and t > 0. 

Proof. The proof follows from Theorem 2.3 by taking 

tp{x,y) :=e{\\xf + \\yr) 

for all x, y € X. By choosing L = 2 3 ~ p , we get the desired result. 

Theorem 2.5. Let ip : X x X — >• [0, oo) be a function such that there exists 
an L < 1 with 

<p{x,y) < —<p{2x,2y), 

for all x,y € X. Let / : X — > V be an even mapping satisfying /(0) = and 
(5.1.1). Then Q(x) = [fi, v)- lim^oo 16 n f(x/2 n ) exists for each ir g X and defines 
a quartic mapping Q : X — > F such that 

fJ.{f{x)-Q{x),t) >—J§^^— a ndu(f(x)-Q(x),t) < M " M)) 



(32-32L)t + Ltp(x,0) w w ^ w ' ; " (32 - 32i)t + Lp(ar, 0) ' 

for all x g X and f > 0. 

Proof. Letting y = in (*), we get 

fi(2f(2x) - 32f(x), t) > t —— and u(2f(2x) - 32f(x),t) < ^ °^ 



t + if(x,0) y ' w ' ' ~ t + ip(x,0)' 

(2.5.1) 

for all x E X. 

Let (E,(Im) be the generalized metric space defined in the proof of Theorem 

2.1. 

We define the linear mapping J : E E such that 

J 5 (x) = 16 5 (|) 

for all x £ X. Let g,h E E be given such that c?m(<?> h) = e. Then 

- Hx),et) > t + ^ 0) and „(<?(*) - h(x),et) < J^ }, 
for all x g X and i > 0. Thus 

- Jh{x),L€tj=fi(l6g{^) - 16hQ,Let)= n(g(^) - /i(|), ^et) 

it Lt , 

-> 16 > 16 _ 1 

- « +VJ (|,0) " fg + ^(a:,0) t + ¥>(z,0) 

and similarly, 

i/j^z) - Jh(x),Let\= ^16. 9 (|) - 16/i(|), Let) = - ft(f ), ^ 



< 



^ _ ¥>(*,0) 



ff + ^(z,0) t + <^(x,0) 

for all x g X and t > 0. 

It follow from (2.1.1) that 

Kf(x) 16/(£), > I , 7 ^ ^d „(/(*;) - 16/(|), 4*) < ' ° 1 



'2" 32 y - t + ip(x,0) ww " v 2" 132 ' ~ t + <p(x,0) 
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for all x e X and t > 0. it follows that cZm(/, J f) < 55 • 

Using the fixed point alternative we deduce the existence of a fixed point of J 
, that is, the existence of a mapping T : X — > Y such that T(|) = j^T(x), for all 
xeX. 

Moreover, We have d,M(J n .f, T) — > 0, which implies 



( M ^)-hml6"/(^)=T(x), 



for all x e X. Also 



d M (f,T) < — L- d M (/,J/) implies d M (/,T) < 



1 _ L ~m w — r ™ w , - , - 32 _ 32L • 

This implies that the inequality (**) holds. 

The remaining of the proof is similar to the proof of Theorem 2.1 

Similarly, we can obtain the following. We will omit the proof. 

Theorem 2.6. Let ip : X x X ^ {0, 00) be a function such that there exists 

an L < 1 with 

fx X 
ip(x, y) < 16Lip[ 



2 2 , 

for all x, y € X. Let / : X — > Y be an even mapping satisfying /(0) = and 
(5.1.1). Then there exists a unique quartic mapping Q : X — > Y~ such that Q(x) = 
(/x, 1/)- lim^oo I | ?r /(2"a;) 

IJ,(f(x)-Q(x),t) > -— (3 2 ~f L) * n , andK/W-QW,*)< /ir !!i 



(32 - 32L)i + <^(x, 0) ww «*v /> /- (32 - 32L)t + (p(x,0) : 

for all x e X and i > 0. 

Corollary 2.7. Let 9 > and p be a real number with < p < 4. Let X be 
a normed space. Let / : X — > Y~ be an even mapping satisfying /(0) = , 

i 6»(lldl p + 

li(Df(x,y),t) > 7 r 7 r r ^ l and v(Df(x,y),t) < — „ n , „ ,, , , 

~ i + 0(||z;||P + ||?/||p) v t + 9(\\x\\p + \\y\\P) 

for all x, y e A and i > 0. Then T(x) = (/x, ^)- lim^oo y|^/(2":r) exists for each 
x £ X and defines a quartic mapping T : X — > Y such that 

^W-rW.') a 2(16^^ *»<M/W-TW,<) < 2(16 _^'; fl | |ir . 

for all x e X and i > 0. 
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ISOMETRIES OF P-NUCLEAR OPERATORS 



ABDELRAHMAN YOUSEF AND ROSHDI KHALIL 



Abstract. For Banach spaces X and Y, the operator ideal of p-nuclear op- 
erators from X into Y is denoted by N P (X,Y). In this paper, we study the 
onto isometries of N P (X, Y) for certain classes of Banach spaces. Full charac- 
terization is given for onto isometries of N P (X,£ P ). 



1. Introduction 

Let X and F be Banach spaces and X* be the dual of X. We denote by L(X, Y), 
the space of bounded linear operators from X to Y. For x* G X* , y G Y, we define 
the one rank operator x* ® y : X — > Y, by (x* <E) y)(z) = x* (z)y. The set of all such 
operators will be denoted by K. 



Let X* <g> Y denote the span(K) in L(X, Y). Clearly, X* ® Y is just the space 
of all finite rank operators from X to Y. So, every T G X* ® F has a form: 

n 

1=1 

where a;* € X*, € F and y\,y2, ■ ■ ■ ,y n are independent. 

On X* <g> Y, one can define so many norms. In this paper, we are interested in 
one particular norm, namely, the p-nuclear norm which is defined as follows: 



|n(p) 



inf 




. sup 



i i 

- + — 
p p 



i. 



where the infimum is taken over all representations of T = Ym=i x i ® 2/i ; 
independent, in X* (8) F. The space (X* ® F, ||.|| n (p)) lS a normed space that need 
not be complete. Let X*^> n ^Y denote the completion of X* ® F with respect 



to 



*(p)' 



The space X* 



»(p) 



F is called the Banach space of p-nuclear operators 



from X to F and is denoted by N p (X, F). 

Now, let IF be a Banach space. Then T e IF) is called an isometry if 

||Tx|| = ||a;|| for all x G IF. 

Many studies about isometries have been done in the literature. For example; 
isometries of the operator ideal of compact operators were studied in [8] . Isometries 
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of bounded linear operators between certain pairs of Banach spaces were studied in 
[1]. The isometries of the Schatten classes on Hilbert spaces were studied in [6]. 

In this paper, we study the onto isometries of N p (X,Y). For certain classes of 
Banach spaces Y, we give a full characterization of such isometries. In the next 
section, we present some known results in the literature. 



2. Basic Results 
Let X and Y be Banach spaces. For 1 < p, q < oo, we set 



F(X) = \ (x n )™ = i :J2\\x n \\ p <oc, x n GX 



n=l 



and 



i q (Y) = (y n ) 



oo 



:i : sup V \(y n ,y*)\ q < oo, y n G Y,y* G Y 



For / e P{X), let ||/|| n(p) = (£~ 1 where / = (x n ). For g e t"(Y), 

1 

!et ||ff|| e (<,) = sup|| y ,|| =1 ($2n=i \(y n ,y*)\ q ) q , where g = (y n ). It is known, sec [7] , 
that both £ P (X) and £ q (Y) are Banach spaces. 

There are two main known characterizations for T to be an element in N p (X, Y), 
which are stated below. 

Theorem 1. Let X and Y be Banach spaces. The following are equivalent: 

(1) Te N P (X,Y), Kp<oo. 

(2) The following diagram commutes: 




where D e L(£°° ,£ p ) is defined as D(ai) — (a,6j) for some fixed (6») G £ p , 
A e L(XJ.°°) and B e L(£P,Y). Furthermore, 

||T|U (p) =inf{||A|| 11(6011 ||S||} 

where the infimum is taken over all possible factorizations ofT. 

Theorem 2. Let X and Y be Banach spaces. The following are equivalent: 

(1) TeN p (X,Y) 

(2) There exists «) G ^(X*), (y n ) G £ p " {Y) such thatTx = Y^ =1 {x* n ,x*)y n , 
and ||T||„( p ) = inf{||(x* )||„( p ) ||(2/n)||e(p*)}; where the infimum is taken 
over all representation ofT — Y^=i x n ® (Vn) independent in Y. 

For more on p — nuclear operators, we refer the reader to [3] and [7]. 
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3. Main Results 

Let X and Y be two Banach spaces, N P (X, Y) be the space of p — nuclear 
operators from X to Y. The problem in studying isometries of N p (X,Y) is that 
extreme points need not be contained in rank-one operators. So the fact that 
isometries preserve extreme points is not useful. Now, we would like to start with 
the following result: 

Theorem 3. Let A be an isometry from X onto X , and B be an isometry from Y 
onto Y. Then J(T) = B T A is an isometric onto operator of N p {X,Y). 

Proof. Let T e N P (X, Y) be such that T = Y,n=i <® 2/m (y n ) independent. Now, 
Tx = En=i«,x)y n . Thus, 

J(T)x = B T Ax 

OO 

= 5>(«,Ar)y n ) 

n=l 

oo 

= ^{A*x* n ,x)By n 

71 = 1 

= (^>2A*x* n ® By r )j x 

Since A is an isometric onto operator of X, then A* is an isometric onto operator 
of X* . Now, we show that J preserves norm. Since A and B are isometric onto 
operators, we have: 



\\J(T)\\ n{p) = inf mL4<|H . sup X>»' B V>I P ' 

\n=l / Hf*ll =1 Vn=l 



OO 



= inf ElKir • ^p £>n,lf>| p * 

= ll^lkp) 

To prove J is onto, let T — Y^hLi X X ® Vu iVi) independent. Since A* is an 
isometric onto operator, then x* = A*z*. Similarly, since B is an isometric onto 
operator, then j/j = Bwi. Therefore, T = x *i ® Vi — A* z* ® Bwi. Now, 

consider T = J27Li z t ® w i- Since (yi) is independent, and B is an isometry, then 
(wi) is also independent. Further, 

oo oo 

J(T) = ]T A*z* ®B Wl =Y^ < ®y l = T 

i=l i=l 

Hence, J is an isometric onto operator. □ 

Now, we define the following sets: let Ni(u) — [u] <8> n ( p ) F = {u ® y : y e F} and 
N 2 (v) = X ®„ (p) [»]={x«»:isl} 

Theorem 4. J/ J G N p (X, Y) is an isometric onto operator that preserves rank, 
then J(Ni(u)) = N\(u) or iV^t)) for some u G X or v G Y . 
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Proof. Let Xi®yi and x 2 ®y 2 be two elements in J(Ni(u)). Then xi®yi — J{u®y{) 
and x 2 <g> y 2 = J(u <g y 2 ). This means, 

x\ <g yi + x 2 <g> y 2 = J(u <g> yi) + J(u <g> y 2 ) 
= J(u<g (yi + y 2 )) 
= 0<g /i 

But this implies by [4, Lemma 2.1, p. 82] that either xi, x 2 or yi, y 2 are linearly 
dependent. Assume that X\, x 2 are linearly independent. This implies that yi, y 2 
are linearly dependent, and therefore x\ (g y x and X2 <g 2/2 are linearly independent. 

Now, if /(g) y e J(iVi(«)), then f ®g = J{u® g). So, 

/ <g 5 + Xi <E> yi = J(u® g) + J(u®yij 
= J{u® {g + yi)) 

= Z\ (g Wi 

Since the above sum is one atom, we have two cases: 

Case 1. If f, xi are independent, then g — Ayi but yi = (y 2 - Hence, J(Ni(u)) = 
N 2 (v). 

Case 2. If /, x\ are dependent, then / = 77x1 which implies that / (g g + x 2 <E> 2/2 = 
fjxiigy+xiigyi. But in this case (7 and yi are independent, so it follows that 
g and 2)2 are also independent, this implies that x 2 and r\X\ are dependent 
which contradicts our assumption. Thus, / and xi are independent. 

Consequently, if X\ and X2 are independent then J(Ni(u)) — N 2 (v). A similar 
argument shows that if yi and y 2 are independent then J{Ni{u)) — Ni(u). □ 

Theorem 5. Let J : N p (X,Y) — > N p (X,Y) be an isometric onto operator that 
preserves rank. Then there exist an isometric onto operators A* G L{X* , A*) and 
B e L(Y, Y) such that J(£~ =1 < ® Vn) = En=i A *< ® = -BTA, w/iere 

Proo/. Let Wi = {x* e A* : J([x*] ®„(p) F) = [x*] <g„( p ) F}, and let 

W 2 = {x* € A* : J([x*] (gi n(p ) F) = A* ®„( p) [y]}. One can easily prove that W x 
and W2 arc subspaces of A*. Moreover, by Theorem 4 we get W\ U W 2 = A*. This 
implies that Wi = A* or W 2 = A*. Without loss of generality, we can assume that 
W\= X* . 

Similarly, let J(A* (g„ (p ) [y]) = A* (g n(p ) [y] for all !/ e 7. Fix x* e A* and 
y a e V such that ||x*|| = 1 and ||y || = 1. Then J([x*] <g„( p ) F = [x~*] <g„( p ) F and 
J(X* <g n(p) [y ]) = A* <g n(p) [y ]. Now, let x* € A* and y e F, then J(x* <g y ) = 
a^* ® y"o, ||y || = 1 and J(x* <g y) = x~* <g> y, ||x*|| = 1. 

Define A : X* -> A* by Ax* = x*, and B : Y ^ Y by By = y. Then A and 
_B are well-defined. Further, since J is an isometry, then A, B are isometries. It 
follows that, J(x* <g y) = Ax* (g £>y, which ends the proof of the theorem. 

□ 

One can ask now: Does there exist examples of A and Y in which each isometric 
onto operator of N p (X,Y) preserves rank?. In the next section we present two 
examples. 
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4. ISOMETRIES OF N p (X,£ p ) 

Any operator T : X — > HP has the form Tx — Y^=i a n(x)5 n , for 1 < p < oo. One 

can easily show that a n (x) = (z*,x), for some z* e X* . So, T = J2^Li z n ®&n and 

z * ' 
for x* = " and A„ = \\z n \\, we can write T as T — Y^=i A„x* <8><5n. Therefore, 
1 1 z n 1 1 

if (A„) G IP, then T e N p (X,£P). 

(OO 
Ei A «i 

Froo/. Let T e A^(X, then T = Y^=i A «< ® 5„. Let T = £^° =1 r/„ y ; ® z„ be 
any other representation of T. Now, we claim that ||(A„)|| P < ||(7?n)||p, and we will 
prove our claim as follows: 




E VnVn ® Z n = E ^nVn ® E 



n=l 



oo / oo 



= E E Vnynanj ® *j 
j=l \„=1 / 

This implies that A^x* = Y^=i r lrianjV n i and since ||x*| 



1 we can see that 



| A j- 1 = E n =i VnO-njiUn^^l^ where Xj G X** and \\xj\\ = 1. Therefore, 



Ei^-n - E 



71=1 



OO oo 



(1) 



oo 

= E^ VnCtjdnjiUnjXj) 
.7,71=1 

where (ay) e £ p * with ||(aj)|| p . = 1 and (fy„) e Since z n = Y^jLi a nj$j € 
and (E~=i l(zn,™*)l p *)^ < 1, it follows that 



^ oo 


oo 




E 


E a "^^' w *) 


•■) 


^n— 1 


3=1 





< 1, Vw* e ^ p suc/i t/iat ||w*|| p < 1. 



Therefore, 



J2ZiPnET=i a nj(S3,w*) < 1 for ||(/3„)|| p < 1. But ((<5„«;*» e F*, 



since w* € £ p . Hence, 



(2) 



E Cn&Or. 

7l,j = l 



<i, V(g,(ft)ef ««it/i||(C„)|| P = ||(^ 



1. 
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Now, since (otj) € £ p and 



Ip* < 1, then (1) can be written as: 



\ ~> Vn 



Ctjdnj {y n i X j) 



< 



\\(Vn)\\ P 



n,j=l 



But \(y* l7 Xj)\ < 1, so according to inequality (2) we have ||(A„)|| p < ||(»?n)|| 



Hence T 



1 1 (A n ) Hp which finishes the proof. 



v 
□ 



As a consequence of the above result, we state the following theorem. 

Theorem 7. Every operator T e N P (X, £ p ) has a representation for which the 
infimum is attained. 



Proof. The proof follows directly from the previous Theorem. 



□ 



Now, one can ask: Do isometric onto operators of N p (X,£ p ) preserve rank?. A 
positive answer is obtained in the next Theorem. 

Theorem 8. Let J be an isometric onto operator of N p (X,£ p ). Then J preserves 
rank. 

Proof. Let J : N p (X,£ p ) -> N p (X,e p ) be an isometric onto operator. If T e 



N p (X, e p '), then T = £~=i A„x* and by Theorem 6, ||T| 



n(p) 



(En=l\*n\ P )*- 



Since J(T) G N p (X,£ p ), then J(T) = £~ x Cn2/* ® «n, where ||(C„)|| P = ||(A„)|| P 
and ||y*|| = ||a;*||. This produces a linear isometry J of £ p . But isometrics of £P 
preserve the support. In other words, if (A„) and (t] n ) are in £ p and supp(X n ) n 
supp(i] n ) — <j>, then supp(J(X n )) n supp(J (r) n )) — <p. This follows from the known 
identity: 

!!■/(/) + ^(5)11? - !!■/(/ + 

= re+iisiis 

= lli(/)ll^ + lli(9)ll^ 

Further, it is known that such identities hold only if / and g have disjoint support. 
Since J is an isometric onto, we must have J (6k) = 6 m . Now, let T = Y^?=i A n x* (g) 
6 n . The rank of T is the same as the cardinality of the support of (A n ). Hence, 
rank(J(T)) = rank(T) and now the proof is complete. 

□ 



Corollary 1. If J : N p (X,£ p ) 
preserves atoms. 



N p (X,£ p ) is an isometric onto operator, then J 



The following is another example of Banach spaces where isometric onto opera- 
tors preserve rank. 

Theorem 9. Let X* and Y be finite dimensional Banach spaces. IfTe. N p (X, Y), 
then T has a representation T = J2k=i x *k ® Vk> where n — dim(Y), such that 

\\T\\n(p) = ll(4)IU(p)IIWIIe(p)- 
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Proof. From the definition of the infimum, there is a sequence of representations 
T m = E , Lixl m ®y? such that \\T\\ n(p) =lim m ^ 00 \\(x^)\\ n{p) \\(y^)\\ e(p y 

Since Y is finite dimensional, the sequence (y™) has a subsequence (t/™ J ) that 
converges to an element in Y call it y\. Let (y™ 3 ) be the subsequence of (y™) that 
corresponds to (y™ 3 ), then there exists a subsequence (y™ Jfc ) that converges say 
to j/2- Clearly, the subsequence (y 1 3k ) of (y™ 3 ) corresponding to the subsequence 
(y™ 3 * 1 ), converges to y\. We continue this process to get subsequences (y{), (y^), 
(yl) that converge to y 1 , y 2 , . ■ . , y n respectively. 

Similarly, let (x* J ) be the subsequence of (x* m ) corresponds to (yf), for 1 < i < 
n. It follows that, there exist x\, • ■ • , x* n G X* such that (x* 3 ) converges to x* 
for alH = 1, 2, . . . , n. 

Hence, for T = Y^l=i x *k® Vki the proof is complete. 

□ 

We end our paper with the following: 
Question: Must every isometric onto operator of an operator ideal preserve rank?. 
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Inequalities of Ostrowski's type for m— and 
(a, m)— logarithmically convex functions via 
Riemann-Liouville Fractional integrals 
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In this paper, we establish some new Ostrowski's type inequalities for to— 
and (a, to)— logarithmically convex functions by using the Riemann-Liouville 
fractional integrals. 



1 INTRODUCTION 



Let /:7c [0, oo] — > R be a differentiable mapping on 7°, the interior of the 
interval 7, such that /' G 7 [a, b] where a, b G 7 with a < b. If |/' (a;)| < M, 
then the following inequality holds (see [7]): 



/( 



b-aj a 



f{u)du 



< 



M 



(x — a) 2 + (b — x) 2 



(1) 



This inequality is well known in the literature as the Ostrowski inequality. 
For some results which generalize, improve and extend the inequality (1) see 
([7, 8, 9, 10, 11, 18]) and the references therein. 

Let us recall some known definitions and results which we will use in this 
paper. The function / : [a, b] — > R, is said to be convex, if we have 

f(tx + (l-t) y)<tf (x) + (1 - t) f (y) 

for all x,y G [a, b] and t G [0, 1] . We can define starshaped functions on [0,6] 
which satisfy the condition 

/ (tx) < tf (x) 

for t G [0, 1] . 

The concept of m— convexity has been introduced by Toader in [5] , an inter- 
mediate between the ordinary convexity and starshaped property, as following: 



Definition 1 The function f : [0, b] 
to G [0, 1] , if we have 



J, b > 0, is said to be to— convex, where 
f(tx + m(l-t)y) <tf (x)+m(l-t)f(y) 



1 
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for all x, y £ [0,6] and t £ [0,1]. We say that f is m— concave if — / is 
to— convex. 

In [4], Mihe§an gave definition of (a, to)— convexity as following; 

Definition 2 The function f : [0, 6] — > R, 6 > is said to fee (a, to) — convex, 
where (a, to) <E [0, l] 2 , zf we Ziawe 

/(to + m(l - < T/(x) + to(1 - t«)/(y) 

/or a// i,i;e [0,6] and t £ [0, 1] . 

Denote by K^(b) the class of all (a, to)— convex functions on [0, 6] for which 
/(0) < 0. If we choose (a, to) = (1, to), it can be easily seen that (a, to)— convexity 
reduces to to— convexity and for (a, m) = (1, 1), we have ordinary convex func- 
tions on [0, b]. For the recent results based on the above definitions see the papers 
[2]-[9]. 

Definition 3 ([1]) A function f : [0, b] — > (0, oo) is said to be to— logarithmically 
convex if the inequality 

f (tx + to (1 - t) y) < [f (x)]* [f (y)r (1 - 4) (2) 

holds for all [0, b], m £ (0, 1], and t £ [0, 1]. 

Obviously, if putting to = 1 in Definition 3, then / is just the ordinary 
logarithmically convex function on [0,6]. 

Definition 4 ([1]) A function f : [0, 6] — > (0, oo) is said to be (a, to) —logarithmically 
convex if 

f(tx + m(l- t) y) < [f (x)f [f (y)] m{1 - ta) (3) 
holds for all x, y £ [0,6], (a, to) £ (0, 1] x (0, 1] , and t £ [0, 1]. 

Clearly, when taking a = 1 in Definition 4, then / becomes the standard 
to- logarithmically convex function on [0,6]. 

We give some necessary definitions and mathematical preliminaries of frac- 
tional calculus theory which are used throughout this paper. 

Definition 5 Let f £ L\[a, b]. The Riemann-Liouville integrals J^+f and Jj}-f 
of order fi > with a > are defined by 

X 

J - +f[x) = fhjl {x ~ tf ~ x mdt ' x > a 

a 

and 

b 

■K- ^ X ^Y{^\^- X ^ X x < b 

X 

oo 

respectively where T{(j) — J e~ t u tl ~ 1 du. Here is J® + f(x) = J®_f(x) — f(x). 

o 

2 
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In the case of /z = 1, the fractional integral reduces to the classical integral. 
For some recent results connected with fractional integral inequalities see [11]- 
[18]. 

The aim of this study is to establish some Ostrowski type inequalities for 
the class of functions whose derivatives in absolute value are to— and (a, to) — 
logarithmically convex functions via Riemann-Liouville fractional integral. 



2 THE NEW RESULTS 



In order to prove our results, we need the following lemma that has been ob- 
tained in [11]: 

Lemma 1 ([11]) Let f : [a, b] — > R be a differentiable mapping on (a,b) with 
a < b. If f e L [a, b] , then for all x e [a, b] and it > we have: 



(x — a) 



b — a 



f iff (tx + (1 - t) a) dt + (6 f 1 iff (tx + (1 - t) b) 

Jo b — a J 



b — a 



dt 



where r(/j) = fe t u tl 1 du. 
o 

Theorem 2 Let f : [0, oo) — > (0, oo) be differentiable mapping with a, b e 
[0, oo) such that a < b. If \f (x)\ is (a, to) — logarithmically convex function with 
\f (x)\ < M, f'eL [a, b] , (a, to) e (0, 1] x (0, 1] and it > 0, i/ien ifte following 
inequality for fractional integrals holds: 

{X - ar + {b - Xr f( X )- r -^[^f(a) + J^f(b 



b — a 



< 



1 

2/1+1 



+ to, i) 



6 — a 

(x - af +1 + (6 - .x)^ 1 
2 (6 - a) 



(4) 



where 



' M 2m (M 



i^i(a,TO,i) = < 



2m / ,.,j-2a — 2a« 



(2a-2ara) In M 
1 



±1 



,M< 1 
,M = 1 



3 
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Proof. By Lemma 1 and since |/'| is (a, m) —logarithmically convex, we can 
write 

{X - ^ + {b ~ Xr f (*) - [J* / (a) + J* / (6)] 



< 



< 



< 



b — a 

( x -af +1 n 



b — a 





b 


— a 


(X 




af +1 




b 


— a 


(X 




af +1 




b 


— a 



f t»\f'{tx+{l-t)a)\dt+Q—^ / t»\f'{tx+{l-t)b)\dt 

Jo o — a J 

t»\f'(x)f\f'(^ 



dt+ y ' 



b — a 



e\f{x)t 



711 



f' 

Jo 



t V M rn+t<*(l-m) dt + 



(b-x) 



H+l r l 



b — a 



t »M m+ta{1 - m) dt. 



2, j2 

By using the elemantery inequality cd < c ~k , we have 



(5) 



< 



b — a 

{x-af +1 n 



b — a 



Jo 



b — a 

^ + M 2( m +t"(l- m )) r b _ 
dt + V 



(-1 



t 2 ^ + M 2 ^ m+ * a ( 1_m ^ 



M 2(m+t a {l-m)) dt 



b — a 

(x - af +1 + (b- xf +1 
2(6- a) 



dt 



.2/i + l Jo 
If we choose M = 1, then 

/ M 2(m+t ° (1 - m)) dt = 1. 
Jo 

If M < 1, then M 2 ( m +* cv ( 1 - m )) < M 2 ^"^ 1 "™)), thus 

/ 

Jo 

which completes the proof. 



, tn v , M 2m (M 2a - 2am - 1) 

M 2(m+ a t(l-m)) dt = _^_V 7. 

(2a - 2am) InM 



Corollary 3 Let f : [0, oo) — ► (0, oo) be differentiable mapping with a, b e 
[0, oo ) such that a < b. If \f'(x)\ is m~ logarithmically convex function with 
\f (x)\ < M,f e L[a, b] , me (0, 1] and \l > 0, then the following inequality 
for fractional integrals holds: 



^-^ + ^ h - *>" / (x) - T 4^1 K _ / (a) + J» + f (b)] 



< 



b — a 

1 M 2 - M 2m 

+ 



2/x+l 21nM-2mlnM 



b — a 

" (x - + (b - xf +1 

2 (6 - a) 



(6) 



4 
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Proof. If we take a = 1 in (4), we get the required result. 



Corollary 4 Let f : [0, oo) — > (0, oo) be differentiable mapping with a,b € 
[0, oo) such that a < b. If\f (x)\ is logarithmically convex function with \f (x)| < 
M,f e L [a, b] and \i > 0, then the following inequality for fractional integrals 
holds: 



< 



2/i+ 1 



b — a 



b — a 

i (u „.\A»+1 



{x-af^ 1 + {b- x y 

2{b-a) 



(7) 



Proof. If we take a — m — 1 in (5), we get the required result. 



Corollary 5 Let f : [0, oo) — > (0, oo) be differentiable mapping with a, b E 
[0, oo) such that a<b.If\f (x)\ is logarithmically convex function with \f (x)\ < 
M and f'&L [a, b] , then the following inequality holds: 



fix) 



b — a 



f(u)du 



< 



3 +M2 



(x — a) 2 + (b — x) 2 
2 (b - a) 



Proof. If we choose fi — 1 in (7), we get the required result. I 

Theorem 6 Let f : [0, oo) — > (0, oo) be differentiable mapping with a,b E 
[0, oo) such that a < b. If \ f (x)\ q is (a, m) —logarithmically convex function 
with \f (x)\ q < M,f E L[a,b], (a,m) E (0,1] x (0,1] and fi > 0, then the 
following inequality for fractional integrals holds: 



(8) 



(X - ^ + {b - Xf f (*) - [■£- / W + / (*)] 



< 



6 — a 
5-1 



(^ 2 (a,m,t))< 



(x - a) M+1 + (6 - s) 



^(g-p) + g- 1 

w/iere q > 1, < p < q and 

M""(r( w +i)-r( w +i,inM'° (m - 1 ')) 



K 2 (a,m,t) = < 



(6 -a) 



,M < 1 



, M = 1 

Proof. From Lemma 1 and by using the properties of modulus, we have 



l 

ij,p+i 



(*-«)" + (>-*)" , (a0 _ £^±11 [ / (o) + / (5)] 



< 



b — a 
{x-af +1 



b — a 



b — a 



f 1 tf \f (tx + (l-t)a)\dt+ {h , Xf+1 f t" |/' (te + (1 - t) 6)| 
Jo — a Jo 



dt. 
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By applying the Holder inequality for q > 1, < p < q, we get 

{X ~ ^ + Xf I (*) - [■£- 1 («) + J» + / (6)] 



b — a 



< 



(x — a) 
b — a 



A»+l 



b — a 



t w \f (tx + (l-t) a)\ q dt 



+ ijA q ^)dt\ Ut^\f(tx + (l-t)b)\ q dt 



It is easy to see that 



/ 



g-i 
m (5 - p) + q - 1 ' 



Hence, by (a, to) —logarithmically convexity of , we have 



{X ~ ^ + ib ~ Xf f (*) - [J* / («) + J£ / (6)] 



< 



6 — a 
(x - af +1 



5-1 



b — a 

2-1 / 1 



6 - a \/x (g -p) + (j - 1 



J*»\fix)f 



qmfl — i a ) 



(9) 



+ 



(6 -x) 



9-1 



6 - a 



\0 

i i 



t w i"|f (a;) | 



qrn(l — t a ) 



dt 



(x — a) 



5-1 



& - a (g -p) + q - 1 



+ 



(b-x) 



5-1 



6 - a (q -p) + q - 1 

If we choose M = 1, then 



/ i 

y t w 'M qm+qtc *( i_m ^ 

L / 1 



t^dt = 



fip+1 



If M < 1, then M« m +« f ( 1 - ra ' < M?"^^ 1 -™), thus 



y t w M qm+qat ^ 1 ^ rr ^ dt — 





M« m (r + i) - r (/ip + ynM'"*™- 1 ')) 



(lnM^l™- 1 )) 
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which completes the proof. 



Corollary 7 Let f : [0, oo) — > (0, oo) be differentiable mapping with a, b € 
[0, oo) such that a < b. If \f'(x)\ q is m— logarithmically convex function with 
\f (x)\ q < M, f e L [a, b] , to € (0, 1] and ji > 0, iften i/ie following inequality 
for fractional integrals holds: 

(x - af + (b- *T f(x) _ L^±ll [J»_f(a) + J» + f(b 



< 



b — a 
5-1 



K fj,(q-p) + q-l 
where q>l, 0<p<q and 



(x - af +1 + (b - x) 
(b-a) 



K 2 (l,m,t) = < 



M'"(r( w +i)-r( w +i,i n M''"-")) 

(lnM»(»-D)» +1 ,M<1 



1 



,M = 1 



Proof. If we set a = 1 in 8, the proof is completed. 



Corollary 8 Let f : [0, oo) — > (0, oo) &e differentiable mapping with a, b e 
[0, oo) smc/i i/iat a <b. If\f (x)\ q is logarithmically convex function with \ f (x)\ q < 
M,f £ L [a, b] and fi > 0, i/ien t/ie following inequality for fractional integrals 
holds: 

(X ~ ^ + {b - xT f (x) - I ^±ll [j* / (a) + / {b 



< M T 



b — a 



1 



(x - af +1 + {b - x) 



^(q-p) +q- I J \np+lj (b-a) 
where q > 1, < p < q. 

Proof. If we set a = to = 1 in 9, the proof is completed. 



Corollary 9 Let f : [0, oo) — ► (0, oo) be differentiable mapping with a, b e 
[0, oo) such that a < b. If \.f (x)\ q is (a, m) —logarithmically convex function 
with \f (x)\ q < M, f e L [a, b] and (a, to) e (0, 1] x (0, 1] , then the following 
inequality holds: 



f(x) 



< 



b 

9-1 



i r l 



2q - p - 1 



f(u)du 



(K 1 (a,m,t))'' 



(10) 



(x — a) 2 + (b — x) 2 



7 
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where q > 1, <p < q and 
K 3 (a,m,t) 



M^(r(p+l)-r(p+l,lnM"°<'"- 1 ))) 

(lnJf..(- D) P+1 ,-M<l 



1 

p+1 



, M = 1 



Proof. If we set = 1 in 8, the proof is completed. 



Corollary 10 Let f : [0, oo) — > (0, oo) &e differentiable mapping with a,b £ 
[0, oo ) swc/i i/iai a < b. If \f (x)\ q is (a, m) —logarithmically convex function 
with \f (x)\ q < M, f £ L [a, b] and (a, to) £ (0, 1] x (0, 1] , then the following 
inequality holds: 



o-a J a 



u)du 



9-1 

ill (ifi(a,m,t))« 



(x — a) 2 + (6 — x) 2 



where q > 1, < p < q and 



M« m (r(2)-r(2,ln M« a < m - 1 >)) 
(lnMi"!"-!)) 2 



K^(a, m,t) = < 

i 

^ 2 

Proof. If we set p = 1 in 10, the proof is completed. 



,M < 1 
, M = 1 
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ON A CLASS OF OPERATORS FROM BERGMAN-TYPE 
SPACES TO WEIGHTED-TYPE SPACES 

LI KE AND JIANG ZHI-JIE 

Abstract. Let D = {z g C : \z\ < 1} be the open unit disk in the complex 
plane C and H(B) be the space of all analytic functions on D. For ip an 
analytic self-map of D and g g H(D), we define two operators on H(B>) by 
DW Vl9 f = (g ■ f o ip)' and W v , g Df = (g ■ f o tp). By using some growth 
properties of the inducing maps ip and g to the boundary of B, we obtain 
an asymptotical expression of the essential norms for operators DW Vl g and 
W Vl gD from Bergman-type to weighted-type spaces in this paper. 



1. Introduction 

Let D be the open unit disk in the complex plane C and H(D) be the set of all 
analytic functions on D. If u is a positive continuous function on [0, 1) and there 
exist positive numbers 8 £ [0, 1), s and t, < s < t, such that u(r)/(l — r) 8 is 
decreasing on [6, 1) and lim^!- u{r)/(l — r) s = 0; u(r)/(l — r)* is increasing on 
[S, 1) and linv^i- u(r)/(\ — r)* = oo, then u is called a normal weight function (see 
[1]). For such normal weights, one can consider the following examples: 

u(r) = (l-r 2 ) a , a£ (0,oo), 
u(r) = (l-r 2 niog 2(1 -r 2 )-Y, a e (0, 1), f3 £ log 2, 0] , 

and 

U (r) = (l-r 2 ) Q {logloge 2 (l-r 2 )- 1 r, Q g(0,l), 7 e[^log2,0]. 

For < p < oo and the normal weight function u, the Bergman-type space AP U 
on D is defined by 

Al = {/ £ H(B) : = £ \f( z )\P^.dA(z) < co}. 

When 1 < p < oo, A v u is a Banach space with the norm || • ||. When < p < 1, it is 
a Frechet space with the translation invariant metric 

d(f,g) = \\f-g\\ p . 

For this space and some operators, see, e.g., [1] and [2]. 

Let < a < oo, and let be the weighted Banach space of analytical functions 
on D satisfying 

\\f\\ H ~ =sup(l-|z| 2 n/(z)| <oo. 

zgB 
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2 LI KE AND JIANG ZHI-JIE 

Let v be a radial bounded continuous positive function D. As the generalization of 
the weighted Banach space, the weighted-type space consists of all / G H(D) 
such that 

H/Htfoo = sup v(z)\f(z) | < oo. 

It is known that is a Banach space under the norm |j • \\h°°- 

Let (p be an analytic self-map of D and g e H(D). For / e i?(D), the weighted 
composition operator is defined by 

W v , g f{z)=g{z)-f(<p(z)). 

When g = 1 on D, W^i := C v is called the composition operator. When ip(z) = z, 
W Zt9 := M s is the multiplication operator. During the past few decades, weighted 
composition operators have been studied extensively on spaces of analytic functions 
on D. For some recent results, see, e.g., [3]- [10]. Using the weighted composition 
operator W v ^ g , we define the following two operators: 

DW v , g f{z) = {g-fo V y(z) 

and 

W v , g Df(z) = (g-fo<p)(z). 

The present author introduced the definitions of DW Vtg and W Vt9 D and studied 
them in [11]. If g = 1 on D, then DW^.i = DC V and W Vt \D — C V D are called the 
products of differentiation and composition. Hibschweiler and Portnoy [12] consid- 
ered the bounded and compact DC V and C V D on Hardy and weighted Bergman 
spaces. Ohno [13] also studied these problems for them on Bloch and little Bloch 
spaces. 

It is well-known that by calculating the essential norm one can also give a char- 
acterization of compactness of the linear operator. Recently, we have obtained 
some asymptotical expression of the essential norms of the weighted composition 
operators from weighted Bergman spaces to weighted-type spaces on the unit disk 
and unit ball in [14] and [15]. It is a natural problem how to express the essential 
norms of DW v ^ g and W v , g D from the Bergman-type spaces to the weighted-type 
spaces. In this paper, we shall consider this problem. 

At the last of this section, we recall the definition of the essential norm of the 
bounded linear operators. Let X and Y be Banach spaces and T : X — > Y be a 
bounded linear operator. The essential norm of the operator T : X — > Y is defined 

by 

\\T\\ etX ^ Y =m{{\\T-K\\:KeIC}, 

where JC denotes the set of all compact linear operators from X to Y. By this 
definition, we have that the bounded linear operator T : X — > Y is compact if and 
only if ||T|| e ,x-yy = 0. 

Throughout this paper, constants are denoted by C, they are positive and may 
differ from one occurrence to the other. The notation oxd means that there is a 
positive constant C such that a/C < b < Ca. 
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on a class of operators 3 
2. The main results 

The following lemma is also right for the bounded operator W v , g D : A p u — > H^°. 
Since the proof is standard, it is omitted (see, e.g., Proposition 3.11 in [16]). 

Lemma 2.1. Suppose that ip is an analytic self-map of D, g G £T(B) and the 
operator DW v , g : A p -> is bounded, then the operator DW v , g : A p -> 

is compact if and only if for bounded sequence (/„)„gN in A p u such that f n — > 
uniformly on every compact subset of B as n — > oo 7 it follows that 

lim HDW^/nllffoo = 0. 

For the cases of n = and n = 1, the following lemma had been obtained in [2]. 
However, here we shall give the proof for n G N + . 

Lemma 2.2. For n G N+, there is a positive constant C independent of f G A^ 
such that for every z G D the following inequality holds 

f{n) 



\f (n \z)\ < C ^ r . 

U(\z\)(l-\z\ 2 ) n+ * 

Proof. For / G A p , by Lemma 2.1 in [2] we have that 

«(|2|)(1 — p 

Since u is normal, it is not difficult to see that for each w G {z + £ : £ G <9B} = 
D(z, ), the following relationship holds 

«(|*|) x «(«,), (2) 

where -D(z, 1 J 2 ^ ) denotes the disk with center z and radius 1 . 

Since 1 — \z + 1- j z ^ | 2 > for all £ G 9B, by the Cauchy integral formula 

we get that 

(i-N 2 n/ w wi< — / \f{z+^-i)\m. 0) 

T JOB 1 

By (1), (2) and (3) we have that 

Jan z 
^ c 11/11 

MMXi-M 2 ) 1 ' 

from which the desired result follows. 

In fact, the next result was obtained in [2]. 

Lemma 2.3. Suppose that ip is an analytic self-map o/B and g G H(D), then the 
operator DW v ^ g : A p — > is bounded if and only if the following conditions are 
satisfied: 

ft) 

M :=sup V MIM r<00 , 

zeo u(|^)|)(1-|^)|2)p 
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LI KE AND JIANG ZHI-JIE 



(ii) 



M 1 := sup v nyK v n r < oo. 

u{\<p{z)\){\-\<p{z)\*) 1+ ' 



Now we begin to formulate and proof the main result of this paper. 

Theorem 2.4. Suppose that ip is an analytic self-map o/B, g € H(V>) and DW v , g : 
A v u — > is bounded, then 

\\DW vg \\ e A ,^ H - x limsup ^MIM r + limsup "MMzjWW 

" m^-lDli-l^)! 2 )' «(l^i)l)(i-|^i)l 2 ) 1+ ' 

Proof. Suppose that {<p{zj)}j^ is a sequence in D such that |y(2j)| — > 1~ as 
j — > oo. For this sequence {^?(2j)}.;eN> by taking {f v ( Zj )} the functions in the proof 
of Lemma 2.3, we have seen that maxj £ n 11/^,(^)11 < C and f v ( Zj ) ~~ uniformly 
on compacta of D as j — > oo. Hence for every compact operator K : A v u — > we 
have 11^/^(^)11//^ — > as j — > oo. Thus it follows that 

pJW^ - -K"|| = sup \\{DW Vt9 -K)f\\ H ~ 
ll/ll=i 

> hm sup — j: — 3 - 

ll^, 9 / y(Zj )ll^-|l^/ yfe )l| g g° 

> hm sup J i| — — 

j-HX \\J<p(Zj)\\ 

> C" 1 limsup ^M^MM _ (4 ) 

,•-«> m^.)i)(i-i^)i 2 ) 1+ - 

By taking the infimum in (4) over the set of all compact operators K : A? — > , 
we obtain that 

II DWyiWeA'^H-Xr 1 limsup _ (5 ) 

" 9 " " ^ - ^oo p m^.)i)(i-i^)i 2 ) 1+ ^ 

By using the similar method, we also can prove that 



J->oo W (|^(^.)|)(l - \<p{Zj)\ 2 )* 

Consequently, we have obtained that 



\ DW <P,g\\e,A p u^H?> > C limsup 

j-s-oo 

tly, we have obtained that 

\\DW v , g \\ eA v^ >C( limsup 

V J^oo u(|(^(2:j)l)(l - b(^)| 2 ) p 

+ limsup ^mm^m _ y (6) 

Now suppose that {rjjjgN is a positive sequence which increasingly converges to 
1. For each rj, consider the operator DW ripig . By Lemma 2.3, the boundedness 
of DW^^g : A v u -> H^ 3 implies that the operator DW r . v ^ g : A p u -> is bounded. 
Since |rj^(,z)| < rj < 1, by Lemma 2.1 we have that the operator DW rjV . g : A? — > 
is also compact. Hence we have that 

\\DW v , g - DW rjV , g \\ = sup \\{DW v , g -DW rjV , g )f\\ H ~ 
ll/ll=i 
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= sup sup f(z)\(g(z)(f oip(z))) - (g(z)(f or j<p(z))) \ 
||/||=izeB 

= sup supu(z) g'(z)f(ip(z)) +g(z)f'(<p(z))ip'(z) 
||/||=i zea 

- 9'(z)f(rMz)) - r j g(z)f / (r J (p(z))(p / (z) 

< sup sup v(z)\g'(z)\\f(ip(z)) - f(rjip(z))\ 

\\f\\=izen 

+ sup supu{z)\g{z)\y{z)\\f'{^{z))-r j f'{r j ip{z))\ 
||/||=izeD 

< sup sup u(z)\g'(z)\\f(ip{z)) - f(rjip(z))\ 

\\f\\=izen 

+ (l-rj) sup supj/(z)|g(2;)||^'(z)||/'(r^(2;))| 
||/||=izeD 

+ sup S upv( Z )\g(zW(z)\\f( V (z)) - f(rMz))\ 

\\f\\=izen 

< sup sup u(z)\g'(z)\\f{ip(z)) - f(rjip(z))\ 

\\f\\ = lMz)\<8 

+ sup sup u(z)\g'(z)\\f{ip(z)) - f(rjip{z))\ 

Wf\\ = lMz)\>8 

+ C(l- rj) sup «H r 

zen u(rj\ip(z)\)(l - r 2 \tp(z)\ 2 ) 1+ ? 

+ sup sup v(z)\g{z)\\<f/{z)\\f'(<p(z))-f'(rM*))\ 

\\f\\ = l\ V (z)\<6 

+ sup sup v(z)\g(zW(z)\\f'( V (z))-f'(rMz))\ 

\\f\\ = lMz)\>8 

< \\DW Vi gl\\ H ^ sup sup \f(<p(z)) - f(rj<p(z))\ 

\\f\\=l\<p(z)\<8 



+ C sup 



Hz)\g'(z)\ 



Mz)\>s u(\<p(z)\)(l-\<p(z)\ 2 )p 
v{z)\g'{z)\ 



+ C sup 



Mz)\>s u( rj \ip(z)\)(l - r 2 \<p(z)\ 2 )p 



+ C(l — rj) sup 



v{z)\g{zW(z)\ 



hu{\<p{z)\){\-\<p{z)\*) 1+ $ 

p'{z)\ sup sup 
Wf\\=iW(z)\: 

v{z)\g{z)W{z)\ 



+ sup v{z)\g{z)\\ip'(z)\ sup sup \f'(<p(z))-f'(rj<p(z))\ 
zeo ||/||=i |v(-=)l<5 



+ C sup 



Mz)\>8 U (|^(z)|)(l-|^(z)|2) 1+ ? 

v{z)\g{z)W{z)\ 



+ C sup 



W(z)\>8 u(rj\(p(z)\)(l - r 2 \if(z)\ 2 ) 1+ p 



(7) 



We consider 



L° := sup sup \f(tp(z)) - f(rjip(z))\. 



\\ = l\ V (z)\<8 
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By using the mean value theorem and the subharmonicity of / and Lemma 2.2 we 
have 

7° < sup sup {l- rj )\ip{z)\ sup \f'(z)\ 

\\f\\ = l\ V (z)\<S \z\<6 

< - r . (8) 

max w(r)(l — S 2 ) + p 

0<r<8 

By (8), we obtain that 7° — >• as j — > oo. Using the same method, we also have 
that /• = sup sup \f'(ip(z)) — f'(rjip(z))\ — > as j —¥ oo. Letting j — > oo in 
ll/ll=i|vWI<« 

(7), from the above discussions and the boundedness of DW Vt(j : A p a — > i7^° we 
obtain that 

||I>W Vlfl - DW TiV , g \\ <2C sup Kz)lg ' (z)l r 

Mz)\>5 u(\ip(z)\)(l - \<p(z)\ 2 )p 

+ 2C sup , 
W*)|>«u(|¥>(aO|)(l- M*)l 2 ) +5 
as j — > oo. Since H-OW^Ug ^S-^ff 00 < ll-^Wy.s — DW rjV>ig \\, we end the proof. 

Corollary 2.5. Suppose that ip is an analytic self-map ofQ, g G i?(D) and DW vg : 
— > H^ 3 is bounded, then DW v , g : A? — > i7£° is compact if and only if the 
following conditions are satisfied: 

(i) 

lim 1= 0, 

IvWhi" u(|y>(z)|)(l- |v(*)l 2 ) F 



Um ^M*)ll^)l _ 

IvWKi- u(|y>(z)|)(l- |<^(z)| 2 ) 1+ ? 



Similar to Theorem 2.4, we can prove the following result. 

Theorem 2.6. Suppose that tp is an analytic self-map o/B, <? € iJ(D) and W Vt9 D : 
A£ — > i7£° is bounded, then 

\\W V g D\\ e A p^ H oo x lim sup K^)|g(^j)l 

^ " " i-» «(l^i)l)(l-|^i)l a ) 1+ i 

By Theorem 2.6, we have 

Corollary 2.7. Suppose that ip is an analytic self-map ofD, g e H(D) and W Vt3 D : 
A v u — > i7£° is bounded, then W v , g D : A? — > is compact if and only if 

Um - r=0 . 

IvWhi" u(|^(z)|)(l- |^(z)| 2 ) 1+ p 
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GENERALIZED JORDAN HOMOMORPHISMS IN FRECHET 

ALGEBRAS 

MADJID ESHAGHI GORDJI 1 , M. BAVAND SAVADKOUHI 2 , CHOONKIL PARK* 3 

AND JUNG RYE LEE 4 

Abstract. A linear mapping h : A — > B is called a generalized Jordan homomorphism 
if there exists a homomorphism h! : A^r B such that h(a 2 ) — h(a)h'(a) for all a e A. 

In this paper, we investigate generalized Jordan homomorphisms in Frechet algebras, 
associated with the following functional equation 

Moreover, we prove the Hyers-Ulam stability of generalized Jordan homomorphisms 
in Frechet algebras. 



I. Introduction 

The stability problem of functional equations originated from a question of Ulam [30] 
in 1940, concerning the stability of group homomorphisms. In 1941, Hyers [20] gave a first 
affirmative answer to the question of Ulam for Banach spaces. In 1978, Th. M. Rassias 
[26] provided a generalization of Hyers' Theorem which allows the Cauchy difference to be 
unbounded. The stability problems of several functional equations have been extensively 
investigated by a number of authors and there are many interesting results concerning 
this problem (see [3, 4, 6, 7, 10, 11, 12, 15, 21, 24, 25, 28]). 

Definition 1.1. A topological vector space X is a Frechet space if it satisfies the following 
three properties: 

(1) it is complete as a uniform space, 

(2) it is locally convex, 

(3) its topology can be induced by a translation invariant metric, i.e., a 
metric d : X xX —>R such that d(x, y) = d(x + a,y + a) for all a, x, y G X. 

2010 Mathematics Subject Classification. 39B52; 46Hxx; 46K05; 39B82; 47B47. 

Key words and phrases. Hyers-Ulam stability; generalized homomorphism; generalized Jordan homo- 
morphism; Frechet algebra. 
* Corresponding author. 
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For more detailed definitions of such terminologies, we can refer to [8]. Note that a 
ternary algebra is called ternary Frechet algebra if it is a Frechet space with a metric d. 

Frechet algebras, named after Maurice Frechet, are special topological algebras as fol- 
lows. 

Note that the topology on A can be induced by a translation invariant metric, i.e. a 
metric <i:Ixl4l such that d(x, y) = d(x + a,y + a) for all a,x,y G X. 

Trivially, every Banach algebra is a Frechet algebra as the norm induces a translation 
invariant metric and the space is complete with respect to this metric. 

Definition 1.2. Let A and B be two algebras. A linear mapping h : A — > B is called a 
generalized Jordan homomorphism if there exists a homomorphism h' : A — >■ B such that 
h(a 2 ) = h(a)h'(a) for all a,b e A. 

For example, every Jordan homomorphism (resp., homomorphism) is a generalized 
Jordan homomorphism (resp., generalized homomorphism), but the converse is false, in 
general. For instance, let A be an algebra over C and let h : A — > A be a non-zero Jordan 
homomorphism (resp., homomorphism) on A. Then we have ih(a 2 ) = ih(a) 2 = ih(a)h(a), 
(resp., ih(ab) = ih(a)h(b) = ih(a)h(b)). This means that ih is a generalized Jordan 
homomorphism (resp., generalized homomorphism). It is easy to see that ih is not a 
Jordan homomorphism (resp., homomorphism). 

Th.M. Rassias [27], Gajda [19] and Bourgin [5] proved the stability problem of ring 
homomorphisms between unital Banach algebras. Badora [1] proved the Hyers-Ulam 
stability of ring homomorphisms, which generalizes the result of Bourgin. Miura al et. 
[22] proved the Hyers-Ulam stability of Jordan homomorphisms. For more details about 
the results concerning stability of functional equations on Banach algebras, the reader 
refer to [2, 13, 14, 16, 17, 18]. 

Recently, Eshaghi Gordji and Bavand Savadkouhi [9] proved the Hyers-Ulam stability 
of generalized homomorphisms in quasi-Banach algebras. 

In this paper, we prove the Hyers-Ulam stability of generalized Jordan homomorphisms 
in Frechet algebras. 

2. Hyers-Ulam stability of generalized Jordan homomorphisms in 

Frechet algebras 

In this section, we prove the Hyers-Ulam stability of generalized Jordan homomorphisms 
in Frechet algebras. 
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Lemma 2.1. ([23]) Let X and Y be linear spaces and let f : X — )■ Y be an additive 
mapping such that f((J,x) = fif(x) for all x G X and all (j, G T 1 := {/i G C : — 1}. 
Then the mapping f is C-linear. 

Theorem 2.2. Let A be a Frechet algebra with metric d and unit e, and B a Banach 
algebra with norm || ■ || and unit I. Let f,g : A — >■ B be mappings with /(0) = ; g(0) = 
and g(e) = I for which there exists a function <fi : A 3 — > [0, oo) such that 



fa,y,z) :=^2^<f)(2 j x,2 j y,2 j z) < oo, 

3=1 



(2.1) 



./ 



fix + \iy 



fix - fiy 



- iif{x) + f{z)g{z) 



<<f>(x,y,z), (2.2) 



2# ( ^ J~ — ) - ng(x)g(y) - fig(z) 



< <f>(x,y,z) 



(2.3) 



for all x,y,z G A and all \i G T 1 . Then there exist a unique generalized Jordan homomor- 
phism H : A — )■ 5 and a unique homomorphism G : A ^ B such that 

H(x 2 ) = H(x)G(x), 



\\f(x)-H(x)\\<t(x,0,0), 



(2.4) 



|b(x)-G(x)|| <fee,0) 

/or a// igA 

Proof. Putting y = z = and /x = 1 in (2.2), we get 

2/ (f )-/(*) I 0,0) 



and so 



/(2s) 



-/(*) 



< 



0(2x,O,O) 



(2.5) 



(2.6) 



for all x <E A. Using the Rassias' method on (2.6) ([19]), one can use induction on n to 
show that 



f(2 n x) 



/(*) 



3=1 



(f)(2 j x, 0, 0) 
2^ 



(2.7) 
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for all x G A and all nonnegative integers n. Hence 

0(2%, 0,0) 



fC2 h '".,■) f(2 m x) 



Qn+m 



j=m+l 



2i 



for all nonnegative integers n and m with n > m and all x G A. It follows from (2.1) 
that the sequence is Cauchy. Due to the completeness of B, this sequence is 

convergent. So one can define the mapping H : A — > B by 

f(2 n x) 



H{x) := lim 



(2.f 



rt^oo 2™ 

for all rr G A. Letting z = and replacing x,y by 2 n x,2 n y, respectively, in (2.2) and 
multiplying both sides by ^, we get 



H 



fj,x + fiy 



+ H 



fix- fiy 



lim — 

n— >oo 2 n 



f 



2 n fx(x + y) 



+ f 



— /iH(x 
2 n fi{x - y) 



- /i/(2 n x) 



< lim t^^y^ 



n— >oo 2 n 

for all x, y G A, fi G T 1 and all nonnegative integers n. Taking the limit as n — > oo, we 
obtain 

' fix + fiy \ ( fix — fiy 



H 



+ H 



fiH(x) 



(2.9) 



for all x,y G A and all fi G T 1 . Letting fi — 1 in (2.9), we can easily show that i7 is 
additive. Letting y = in (2.9), we get 

tf(^) = 2tf (^) = Mff(x) 

for all x G A and all fi G T 1 . By Lemma 2.1, the mapping i7 : A — > B is C-linear. 
Moreover, it follows from (2.7) and (2.8) that 

\\f(x) - H(x)\\ <0(z,O,O) 

for all iGA 

Putting |/ = e, 2 = and /x = 1 in (2.3), we get 

g(x) <0(x,e,O) 



and so 



*(§)- 



< 



0(2x,e,O) 
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for all x £ A. 

By the same method as above, one can show that there is a C-linear mapping G : A — > B 
satisfying (2.5). The mapping G : A — > B is given by 

G(x) = lim 3(2 " X) 



n-^oo 2 r 



for all x G A. 

Putting z = and /i — 1 in (2.3), we get 



2<?(y) -g(x)g(y)\\ <<f>(x,y,0) 



and so 



1 

4 n 



2g 



4 n xy 



g(2 n x)g(2 n y) 



< ^0(2^2^,0) < ^0(2"*, 2^,0), 



which tends to zero as n ->■ oo. Thus = 2G (^) = G{x)G{y) for all 1,1/6 A So 

G : A — > B is a homomorphism. 

Putting x = y = and /x = 1 in (2.2), we get 



and so 



(z 2 )-f(z)g(z)\\<<f>(0,0,z) 



l - ||/ (4V) - f(2 n z)g(2 n z) || < ^0(0, 0,2"*) < ^0(0,0,2"*), 



^ n II" V / v /jv /|| — r v 7 1 "' — 2 r> 

which tends to zero as n — > oo. Thus H(z 2 ) = H(z)G(z) for all z G A. So iJ : A — > B is 
a generalized Jordan homomorphism. 

Now, let H' : A — > B be another generalized Jordan homomorphism satisfying (2.4). 
Then we have 

\\H{x)-H\x)\\ = ^ n \\H{2 n x)-H\Tx)\\ 

< ±(\\H(rx) - f(2 n x)\\ + ||/(2»x) - H'(2 n x)\\) 

< ^(2 n x, 0, 0) 

which tends to zero as n — > oo for all x G A. So we can conclude that = H\x) for 

all x e A. This proves the uniqueness of H. Thus the mapping : A — > B is a unique 
generalized Jordan homomorphism satisfying (2.4). 

Similarly, one can prove the uniqueness of G. □ 
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Corollary 2.3. Let A be a Frechet algebra with metric d and unit e, and B a Banach 
algebra with norm \\ • \\ and unit I. Let < p < 1. Let f,g : A — >■ B be mappings with 
/(0) = 0, g(0) = and g(e) = I such that 



f 



fix + fiy 2 \ ( fix - fiy 

n 1" Z I +J 



- nf{x) + f{z)g{z) 



< d(x,oy + d(y,o) p + d(z,oy, 



2g 



fixy + fiz 



< d(x,oy + d( y ,oy + d(z,oy 



for all x,y,z G A and all /iST 1 . Then there exist a unique generalized Jordan homomor- 
phism H : A — > B and a unique homomorphism G : A — >■ B such that 

H{x 2 ) = H{x)G{x), 



\\f(x) - H(x)\\ < 
\g(x)-G(x)\\ < 



2 p d(x,0) p 
2-2P ' 

2 p (d(x,0) p + d(e,0y) 
2-2P 



for all x G A. 



Proof. Note that d(2x, 0) < 2d(x, 0). It follows from Theorem 2.2 by putting <p(x, y, z) = 
d(x, 0) p + d(y, 0) p + d(z, 0) p for all x, y, z G A. □ 

Theorem 2.4. Let A be a Banach algebra with norm \\ ■ \\ and unit I , and B a Frechet 
algebra with metric d and unit e. Let f,g : A — > B be mappings with /(0) = ; g(0) = 
and g(I) — e for which there exists a function (f> : A 3 — > [0, oo) such that 



j=0 



x y z \ 

, — < oo, 

' 23) 



d f 



2i 2i 
fix - fiy 



(2.10) 



,pif(x)-f(z)g(z) <4>{x,y,z), (2.11) 



d [2g ( ^y± ^ j , w(x)g(y) + m(z)J <(f>(x,y,z) (2.12) 

for all x,y,z G A and all ji G T 1 . Then there exist a unique generalized Jordan homomor- 
phism H : A B and a unique homomorphism G : A — >■ B such that 

H(x 2 ) = H(x)G(x), 



d(f(x),H(x))<<Kx,0,0), 
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d(g(x),G(x))<t(x,I,0) (2.14) 

for all x G A Here 

oo 

$(x,y,z) :=E 2 ^(|'|4) <0 ° 

j=0 

for all x,y,z G A 

Proof. Putting y — z — and /x = 1 in (2.11), we get 

d (2/ (!),/(*))<#*, 0,0) (2.15) 

for all £ G A Using the Rassias' method on (2.15) ([19]), one can use induction on n to 
show that 

n-l 

d ( 2 V©,/(*))<£*>(|^ (2 ' 16) 

j"=o 

for all x G A and all nonnegative integers n. Hence 

n+m—l 

<< (2" + "7 (^) . 2™/ E 2, >(|'°'°) 

for all nonnegative integers n and m with n > m and all x G A It follows from (2.10) 
that the sequence {2 n f (^r)} is Cauchy. Due to the completeness of B, this sequence is 
convergent. So one can define the mapping H : A — > B by 

for all rr G A 

Letting z = and replacing x,y by ^, ^, respectively, in (2.11), we get 

< lim 2>f— ,^,o) 
- ^ V2 n 2 n / 

for all x, y G A, /x G T 1 and all nonnegative integers n. Taking the limit as n — > oo, we 
obtain 
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for all x,y G A and all /i G T 1 . Letting /x = 1 in (2.18), we can easily show that H is 
additive. Letting y = in (2.18), we get 



H{px) = 2H (^) = pH{x) 



for all x G A and all /i G T 1 . By Lemma 2.1, the mapping H : A — > B is C-linear. 
Moreover, it follows from (2.16) and (2.17) that 

d(f(x),H(x))<fa,0,0) 

for all x G A. 

Putting y = I, z = and /x — 1 in (2.12), we get 

d(2</ (!),0(a;)) 0) 

for all x e A. 

By the same method as above, one can show that there is a C-linear mapping G : A — > B 
satisfying (2.14). The mapping G : A — > B is given by 

G(x) = lim Tg 

for all x G A. 

Putting z = and /x = 1 in (2.12), we get 

d<2g (^y g (x)g( y )} <(/>(x,y,0) 

and so 

- r \2 n '2" / 

which tends to zero as n ->■ oo. Thus G(xy) = 2G (^) = G(x)G(y) for all 1,1/6 A So 
G : A — ?• i? is a homomorphism. 

Putting a; = y = and /x = 1 in (2.11), we get 

d(/ (^ 2 ),/(^)) < 0(0,0, z) 

and so 

« (/ (£) , / (£) , (£) ) < 4 v (o, o, £) , 

which tends to zero as n — > oo. Thus H(z 2 ) = H(z)G(z) for all z e A. So : A — > B is 
a generalized Jordan homomorphism. 
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Now, let H' : A — > B be another generalized Jordan homomorphism satisfying (2.13). 
Then we have 



<2 n d(H(-),H'(- 



<2" + '*(!,0,0) 



which tends to zero as n — > oo for all x G A. So we can conclude that H(x) = H'(x) for 
all x E A. This proves the uniqueness of H. Thus the mapping H : A — > B is a unique 
generalized Jordan homomorphism satisfying (2.13). 

Similarly one can prove the uniqueness of G. □ 

Corollary 2.5. Let A be a Banach algebra with norm \\ ■ \\ and unit I , and B a Frechet 
algebra with metric d and unit e. Let 9,p be positive real numbers with p > 2. Let 
f,g:A^?-B be mappings with /(0) = 0, g(0) = and g(I) = e such that 

d(f( +A+f( ^j^l] , „/(*) - f(z)g(z)) < 6(\\xr + \\ y r + \\ z \n 



for all x,y,z G A and all \x G T 1 . Then there exist a unique generalized Jordan homomor- 
phism H : A B and a unique homomorphism G : A — >■ B such that 

H{x 2 ) = H(x)G(x), 
d(f(x),H{x))<^L\\x\\>, 



W x), G (x))<«^ttl) 



for all x G A. 



Proof. Note that d(2x, 0) < 2d(x, 0). It follows from Theorem 2.4 by putting <f>(x, y, z) = 
6(\\x\\ p + \\y\\ p + ||^|| p ) for all x, y, z G A. □ 
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An note on 5 r -covering approximation spaces * 

Bin Qint Xun Ge* 
February 21, 2013 

Abstract: In this paper, we prove that a covering approximation space 
(U, C) is an SV-covering approximation space if and only if {N(x) : x G U} 
forms a partition of the universe of discourse U. Furthermore, we give some 
simple characterizations for SV-space (U, C) by using only a single covering ap- 
proximation operator and by using only elements of covering C. Results of this 
paper answer affirmatively an open problem posed by Z.Yun et al. in [16]. 

Keywords: Universe of discourse; Covering approximation space; S r -covering 
approximation space; Covering lower (upper) approximation operation; Neigh- 
borhood; Partition. 

1 Introduction 

Rough set theory, which was first proposed by Z.Pawlak in [4], is a useful tool 
in researches and applications of process control, economics, medical diagno- 
sis, biochemistry, environmental science, biology, chemistry, psychology, conflict 
analysis and other fields [2, 3, 5, 6, 10, 14, 15, 18, 19]. In the classical rough 
set theory, Pawlak approximation spaces are based on partitions of the universe 
of discourse U, but this requirement is not satisfied in some situations [20]. In 
the past years, Pawlak approximation spaces have been extended to covering 
approximation spaces [1, 8, 12, 13, 16, 21]. 

Definition 1.1 ([21]). Let U, the universe of discourse, be a finite set andC be 
a family of nonempty subsets of U . 

(1) C is called a covering of U if [J{K : K € C} = U. Furthermore, C is 
called a partition of U if also K f)K' = for all K, K' e C, where K ^ K' . 

(2) The pair (U,C) is called a covering approximation space (resp. a Pawlak 
approximation space) if C is a covering (resp. a partition) of U . 

*This work is supported by the National Natural Science Foundation of China 
(No. 11226085), the Natural Science Foundation of Guangxi Province in China 
(2012GXNSFDA276040) and the Science Foundation of Guangxi College of Finance and Eco- 
nomics(No.2012ZD001) . 

t School of Information and Statistics, Guangxi College of Finance and Economics, Nan- 
ning, Guangxi 530003, China, binqinl00@gmail.eom 

i Corresponding Author, School of Mathematical Sciences, Soochow University, Suzhou 
215006, China, zhugcxun@163.com 
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(3) f\{K : x G K G C} is called the neighborhood of x and denoted as 
Neighbored). When there is no confusion, we omit C at the lowercase and 
abbreviate Neighbor c{x) to N(x). 

For a covering approximation spaces (U,C), it is interesting to study the 
condition for {N(x) : x G U} to form a partition of universe U. In particular, 
it is an important issue in covering approximation spaces theory to characterize 
this condition by covering lower (upper) approximation operations [8, 16]. In 
order to give a more detailed description for this issue, we present some covering 
lower (upper) approximation operations as follows. 

Definition 1.2 ([16]). Let (U, C) be a covering approximation space andX C U. 
Put 

(1) Capf) = {J{K -.KeCAKCX}, MX) = U- MJJ - X); 

(2) Ci{X) = {x G U : N(x) C X}, MX) = {x G U_N(x) f| X 56 0}; 

(3) Ca{X) = {x G U : 3u{u G N(x) A N(u) C X)}, C 4 (X) = {x G U : Vu(u G 
N(x) -» JV(u) fll^ 0)}; 

(4) Cb(X) = {x G U : Vu(x G JV(u) -» C X)}, C 5 (X) = U{W(*) : x G 

c/A7V(x)H^^0}; 

^ C@(X) = {ie(7 : \/u(x G JV(u) -» u G X)}, C 6 (X) = \J{N(x) : x G X}. 



Then Cj_ (resp. d) is called a covering lower (resp. upper) approximation 
operation and Ci(X) (resp. Ci{X)) is called covering lower (resp. upper) ap- 
proximation of X. Here, 1 = 2,3,4,5,6. 



Remark 1.3. In [8], Ci andd are denoted byCi-i and Cj_i respectively. Here, 
i = 2,3,4,5,6. 

K.Qin ct al. gave the following theorem. 

Theorem 1.4 ([8]). Let (U,C) be a covering approximation space. Then the 
following are equivalent. 

(1) {N(x) : x G U} forms a partition of U. 

(2) Cs(X) = Ce(X) for each XCU. 

(3) Cs(X) = Ci(X) for each XCU. 

(4) (MX) = Ci(X) for each XCU. 

(5) Ce(X) = Ci{X) for each XCU. 

(6) Qs{X) = Ce(X) for each XCU. 

(7) (MX) = MX) for each XCU. 

Recently, taking Theorem 1.4 into account, Z. Yun et al. [16] investigated 
the following question. 

Question 1.5 ([16]). Can we characterize the conditions under which {N(x) : 
x € U} forms a partition of U by using only a single covering approximation 
operator among C2-CQ? 
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The following results were obtained. 

Theorem 1.6 ([16]). Let (U,C) be a covering approximation space. Then the 
following are equivalent. 

(1) {N{x) : x <E U} forms a partition of U . 

(2) (MCsiX)) = Ca(X) for each X<ZU. 

(3) C 6 {Ce(X)) = Ce(X) for each X C U. 

(4) Ci(X) C X for each X C U. 

Theorem 1.7 ([16]). Let (U,C) be a covering approximation space. 

(1) IfC2(C2(X)) = C2_(X) for each X C U, then {N(x) : x £ U} forms a 
partition of U , not vice versa. 

(2) Lf{N{x) : x eU} forms a partition of U , then C 5 {C^{X)) = C^{X) for 
each X C U, not vice versa. 

As an open problem, the following question is raised in the end of [16]. 

Question 1.8 ([16]). How to give sufficient and necessary conditions for {N(x) : 
x € U} to form a partition of U by using only a single covering approximation 
operator d (i — 2,5)? 

In this paper, we investigate Question 1.5 and Question 1.8 by 5 r -covering 
approximation spaces. Here, SV-covering approximation spaces was introduced 
by X.Gc in [1]. 

Definition 1.9 ([1]). A covering approximation space (U,C) is called an S r - 
space (S r -space is the abbreviation of S r - covering approximation space) if x e 
K e C implies D(x) C K, where D(x) = U - \J{C - C x ). 

In this paper, we gives a "nice" characterization for 5V-space. By this re- 
sult, we translate the condition for {N(x) : x e U} to form a partition of the 
universe of discourse U into /SV-space (U, C) in Question 1.5 and Question 1.8. 
Furthermore, we obtain some simple characterizations for SV-space (U,C) by 
using only a single covering approximation operator and by using only elements 
of covering C, which answer Question 1.5 and Question 1.8 and improve some 
results obtained in [16]. 

2 Preliminaries 

For a covering approximation space (U,C), we say that {N(x) : x £ U} forms 
a partition of U if for every pair x, y e U, N(x) = N(y) or N(x) f] N(y) = 0. 
Before our discussion, we give some notations. 

Note 2.1. Let (U,C) be a covering approximation space. Throughout this paper, 
we use the following notations, where x £ U, X C U and T C 2 U . 

(1) f]^=f]{F:F£T}. 

(2) {\T=[\{F :F £T}. 
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(3) C x = {if : x G K G C}. 

(4) N(x)=C\C x . 

(5) D(x) = U-\J(C-C x ). 

Remark 2.2. It is clear that x G N{x) and x G D(x). Note that x G if G C if 
and only if K eC x , we also replace x G if G C by if G C x in this paper. 

The following three lemmas are known. 

Lemma 2.3 ([8, 9]). Let (U,C) be a covering approximation space and X, Y C 
U. Then the following hold. 

(1) Ci{U) = U = CdU), C0) = = Ci{<D) for i = 2,3, 4, 5, 6. 

(2) Ci(X) CXC d(X) for i = 2,3, 5, 6. 

(S) XCYCU =*■ Ci{X) C CiiY), Ci{X) C £(y) /or^= 2,3,4,5,6. 
M r) = C^X) C,(n W U Y) = d(X) {J C<(Y) for i = 3, 5, 6. 
f5) Ci(X) = £7 - C,(C/ - X), Cj(X) = U-Ci(U-X) for i = 2, 3, 4, 5, 6. 

Lemma 2.4 ([8]). Le£ (t/,C) &e a covering approximation space. Then the 
following are equivalent. 

(1) {N{x) : x G U} forms a partition of U. 

(2) For every pair x,y G U, x G N(y) =^> y G N(x). 

Lemma 2.5 ([1]). Let (U,C) be a covering approximation space and ije U. 
Then the following are equivalent. 

(1) xGN(y). 

(2) Cy C X ■ 

(3) N(x) C N(y). 

(4) D(y)CD(x). 

(5) yeD(x). 

Proposition 2.6. Let (U,C) be a covering approximation space. Then the fol- 
lowing are equivalent. 

(1) (U,C) is an S r -spaces. 

(2) {N{x) : x G U} forms a partition of U. 

Proof. (1) =^> (2): Suppose that (U,C) is an S^-spaces. Let x,y G U and 
x G N(y). Then y G D(x) by Lemma 2.5. For each if G C x , £>(#) C if, we 
have y G if. This proves that y G N(x). By Lemma 2.4, {iV(a;) : a; G U} forms 
a partition of U. 

(2) =>■ (1): Suppose that {N(x) : x G U} forms a partition of U. Let if G C 
and x G if . Then AT (or) C if . If y G D(a;), then .x G N(y) by Lemma 2.5. 
By Lemma 2.4, y G 7V(x) C if. This proves that D(x) C if. So (Z7,C) is an 
<SV-space. □ 

Proposition 2.6 gives a "nice" characterization for SV-space, which is help 
for us to further comprehend [1, Remark 1.2]). 

4 
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3 The main results 

Theorem 3.1. Let (U, C) be a covering approximation space. Then the following 
are equivalent. 

(1) (U,C) is an S r -space. 

(2) C 2 ({x}) C if for each x £ U and each if £ C x . 

Proof. (1) =4> (2): Suppose that (U,C) is an 5 r -space. Let and if £ C x . 

Then D{x) C if . If y G ^({x}) = U- C^U - {x}), then y C^iU - {x}). So, 
for each if' £ C, if A"' C U-{x} then y £ if'. That is, for each if' £ C, if x £ if' 
then y if', and hence y \J(C - C x ). It follows that y £U - \J(C - C x ) = 
D(x) C if. This proves that C^({x}) C X. 

(2) (1): Suppose that (2) holds. Let x G U and if G C x . Then C 2 ({x}) C 
if. If y G D(a;) = J7 - |J(C - C x ), then y £ (J(C - C x ). So y £ if for each 
if G C - C x . That is, for each if G C, if x £ if then y g if. Note that 
X £ if if and only if if C [7 - {x}. Thus, y £ (^([7 - {x}). It follows that 
yeU- C2_{U - {x}) = Ch{{x}) C if. This proves that D(x) C if. So (U, C) is 
an S'r-space. □ 

Let (U,C) be a covering approximation space. It is clear that if C 2 (C2(X)) = 
C^X) for each X C U. Then C^(if) = if for each if G C. So the following 
corollary improves Theorem 1.7(1), and the proof is quite simple. 

Corollary 3.2. Let (U,C) be a covering approximation space. Lf C 2 {K) = if 
for each if G C, then {U,C) is an S r -space. 

Proof. Let C^(K) = if for each if £ C. If x G U and if G C X) then C^({x}) C 
C 2 (if) = if from Lemma 2.3(3). By Theorem 3.1, (U,C) is an S r -space. □ 

Remark 3.3. [16, Example 3.9] and Proposition 2.6 show that Corollary 3.2 
can not be reversed. 

What are sufficient and necessary conditions such that C 2 (if) = if for each 
if £ CI The following proposition gives an answer. 

Proposition 3.4. Let (U,C) be a covering approximation space. Then C 2 (K) = 
if for each if £ C if and only if the following hold. 

(1) (U,C) is an S r -space. 

(2) C~ 2 {K) = {j{C~ 2 ({x}) : x £ if} for each if G C. 

Proof. Necessity: Let C~ 2 (K) = if for each if £ C_ By Corollary 3.2, (U,C) 
is an SV-space. Let if £ C. By Lemma 2.3(3), C 2 ({x}) C C 2 (if) for each 
x £ if . Thus \J{C^({x}) : x £ if } C C^(if). On the other hand, by Lemma 
2.3(2), x G C~ 2 {{x}) for eachx G if, so C^(if) = if C \J{C~ 2 {{x}) ■ x £ K}. 
Consequently, C 2 {K) = \J{C 2 {{x}) : x £ if}. 

Sufficiency: Suppose that (1) and (2) hold. Let if G C. By Theorem 3.1, 
C~ 2 ({x}) C if for eachx G if. Thus, G~ 2 {K) = \J{(h{{x}) : x £ if} C if. On 
the other hand, if C C 2 (if) by Lemma 2.3(2). So C 2 (if) = if . □ 
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Similarly, the following proposition is obtained, which gives sufficient and 
necessary conditions such that Ci{C2{X)) = ^{X) for each X C U. We omit 
its proof. 

Proposition 3.5. Let(U,C) be a covering approximation space. Then 62(^2 (X)) 
= C 2 (X) for each X QU if and only if the following hold. 

(1) (U,C) is an S r -space. 

(2) C'2(X) = {J{C'2({x}) ■ x G X} for each union X of elements of C. 

Lemma 3.6. Let (U, C) be a covering approximation space. Then the following 
are equivalent. 

(1) (U,C) is an S r -space. 

(2) Qs{{x}) C if for each x eU and each K eC x . 

Proof. (1) => (2): Suppose that (U, C) is an S r -space. Let x G U and if G 
C x . Then D(x) C if. If y G Cs({z}) = {z G U : N(z)f]{x} ^ 0}, then 
iV(y) f]{x} ^ 0, so x G N(y). By Lemma 2.5, y G £>(a;) C if. This proves that 
C~ 3 ({x}) C X. 

(2) => (1): Suppose that (2) holds. Let x £ U and if G C x . Then C 3 {{x}) C 
if. If y G L»(x), then a; G iV(y) from Lemma 2.5, i.e., N(y) f]{x} ^ 0. It follows 
that y G {z G U : N(z) f]{x} ^ 0} = G}{{x}) C if. This proves that £>(a;) C if. 
So (U,C) is an SV-space. □ 

Theorem 3.7. Le£ ({/, C) be a covering approximation space. Then the following 
are equivalent. 

(1) (U,C) is an S r -space. 

(2) Cs(if) = if for each if G C. 

Proof. (1) => (2): Suppose that (U,C) is an S r -space. Let if G C. By Lemma 
3.6, Q}({x}) C if for each x G if . By Lemma 2.3(4), Cl{K) = \J{C^{{x}) = x G 
if} C if. On the other hand, by Lemma 2.3(3), if C C^{K). Consequently, 
Cl{K) = if. 

(2) (1): Suppose that (2) holds. Let x G U and if G C x . Then C 3 (if) = 
if. By Lemma 2.3(3), Q}({x}) C Cg(if) = if. By Lemma 3.6, (U,C) is an 
Sr-space. □ 

The following shows that u Ci{X) C X" in Theorem 1.6(4) can not be re- 
placed by a CU(X) = X" 

Example 3.8. There exists a covering approximation space (U, C) such that 
(U,C) is an S r -space and C^{X) ^ X for some X C U. 

Proof. Let U = {a, b.c} and C = {{a, b},{c}}. Then (U,C) is a Pawlak ap- 
proximation space. It is known that each Pawlak approximation space is an 
SV-space (see [1, Remark 3.4]). Put X = {a, c}. It is not difficult to check that 
Ci{X) = {c}. So Ci{X) 56 X. □ 

However, we have the following. 
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Theorem 3.9. Let(U,C) be a covering approximation space. Then the following 
are equivalent. 

(1) (U,C) is an S r -space. 

(2) Ci{K) = K for each K G C. 

Proof. (1) =>■ (2): Suppose that (U,C) is an 5 r -space. Let K G C. By Theorem 
1.6 and Proposition 2.6, Ci(K) C K. On the other hand, Let x G K . Then 
x G N(x) and N(x) C if ."By the definition of C|(if), x G (^(if ). This proves 
that if C C^if). Consequently, Gt(if) = if. 

(2) (1): Suppose that (2) holds. Let a; G U and X G C x , then Gt(if) C 
if. If y G £>(x), then x G iV(j/) from Lemma 2.5. Note that N(x) C X. So 
y G {z G U : 3u(u G JV(z) A N(u) C if)} = Cl{K) C X. This proves that 
£>(x) C if. So (£/,C) is an SV-space. □ 

Lemma 3.10. Let (U,C) be a covering approximation space and X C U. Then 
C^X) =X if and only ifC~ 5 {X) = X. 

Proof. Necessity: Suppose that C^X) = X. Let y G Ci{X) = \J{N(x) : x G 
UAN(x) f| X ^ 0}. Then there is z G 17 such that y G /V(z) and iV(z) f| X ^ 0. 
Pick v G 7V(z) fl X, then u G X = C$(X) = {x G U : Vu(x G AT(u) => iV(u) C 
X)}. It follows that N(z) C X since u G JV(z). So y G 7V(z) C X. This proves 
that Cs(X) C X. By Lemma 2^3(2), X C Cs(X). Consequently, Cs(X) = X. 

Sufficiency: Suppose that C^(X) = X. By Lemma 2.3(2), Cs(X) C X. It 
suffices to prove that X C C 5 (X). Xi X % C§(X), then there is y G X such that 
y g Cs(X) = {a; G £7 : Vu(x~G => iV(u) C X)}. So there is « G [7 such 

that y G iV(v) % X. Pick z G N(v) such that z £ X. Note that y GjV(u) f]X. 
So f| X ^ 0. Thus z G \J{N{x) '■ x <E U A N(x) f| X ^ 0} = Cg(X) = X. 
This contradicts that z G" X. □ 

Lemma 3.11. Let (U,C) be a covering approximation space. Then the following 
are equivalent. 

(1) (U,C) is an S r -space. 

(2) Cs({x}) C if for each x G U and each if G C x . 

Proof. (1) =^> (2). Suppose that (U,C) is an 5 r -space. Let x G U and if G C x , 
then £)(x) C if. If y g C^({x}) = U{M*0 = * e U A x G JV(z)}, then there 
exists z G U such that x G N(z) and y G iV(z). By Lemma 2.5, z G D(x) C X, 
hence iV(z) C X. It follows that y G iV(z) C if. This proves that Q>{{x}) C X. 

(2) => (1). Suppose that (2) holds. Let x G U and if G C x , then C^({x}) C 
if. If y G L»(x),_then x G N(y) from Lemma 2.5. So N(y) C U{- /v (^) : 2 e 
C7 Ax G 7V(z)} = C 5 ({x}) C if. It follows that y G N(y) C if. This proves that 
L>(x) C if. So (U,C) is an 5" r -space. □ 

Theorem 3.12. Let (U,C) be a covering approximation space. Then the fol- 
lowing are equivalent. 

(1) (U,C) is an S r -space. 



7 



420 



QIN ETAL 414-423 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.3, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



(2) C 5 {K) = if for each if G C. 

(3) Cs{K) = if for each if eC. 

Proof. (1) =4> (2): Suppose that (U,C) is an SV-space. Let if G C. By Lemma 
3.11, C~ 5 ({x}) C if for each x G if. By Lemma 2.3(4), C^(K) = \J{Cs({x}) : 
x G if} C K. On the other hand, by Lemma 2.3(2), if C C 5 (K). Consequently, 
Ci{K) = if. 

(2) => (1): Supposethat (2) holds. Let x G U and if G C X) then C 5 (if) = 
A". By Lemma 2.3(3), Cl{{x}) C Cg(if) = X. By Lemma 3.11, (C/,C) is an 
SV-space. 

(2) 4=> (3): It holds by Lemma 3.10. □ 

Theorem 3.13. Let (U,C) be a covering approximation space. Then the fol- 
lowing are equivalent. 

(1) (U,C) is an S r -space. 

(2) Cq(K) = if for each if G C. 

Proof. (1) =^> (2): Suppose that (U,C) is an SV-space. Let if G C. Then 
Ce(K) Cifby Lemma 2.3(2). It suffices to prove that if C Cq(K). Let x G if, 
then D{x) C K since (U,C) is an S r -space. For each u G U, if x G N(u), then 
m € £>(x) by Lemma 2.5. It follows that w G if . So x e {z E U : Vu(z G 
AT(u) -» u G if)} = Ce(if). This proves that if C Ce(if). 

(2) (1): Suppose that (2) holds. Let x G U and if G C x , then Ce(if) = 
if. If y G then x G iV(j/) from Lemma 2.5. ar G if = C 6 (if) = {x G 

{/ : \/u{x G JV(u) — > u G if)}, so x G iV(u) implies u G if for each w G U. It 
follows that y G if since x G This proves that -D(x) C if. So (U,C) is an 

Sr-space. □ 

4 Conclusions 

This paper answers an open problem posed by Z.Yun et al. in [16]. We give 
some simple characterizations for S r -space (U, C) by using only a single covering 
approximation operator and by using only elements of covering. The main 
results arc summarized as follows. 

Theorem 4.1. Let (U, C) be a covering approximation space. Then the following 
are equivalent. 

(1) (U,C) ia an S r -space. 

(2) {N(x) : x G U} forms a partition of U. 

(3) Ch,{{x}) C if for each x G U and each if eC x . 

(4) Cz{K) = if for each if G C. 

(5) Ci{K) = if for each if G C. 

(6) Cs(if) = if for each if G C. 
(7J Cs(if) = if /or each if G C. 
(«) Ce(if) = if /or eac/i if G C. 
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In the previous sections, covering approximation operators C^-C^ are used 
for our discussion. However, there are also other useful covering approximation 
operators, which play an important role in research of covering approximation 
spaces [7, 11, 17, 20, 21]. 

Definition 4.2 ([20]). Let (U, C) be a covering approximation space and x e U. 

Md{x) = {K : K GC X A(\/S €C X AS C K ^ K = S)} 
is called the minimal description of x. 

Definition 4.3 ([20]). Let (U,C) be a covering approximation space and X C U. 
Put 

(1) CL(X) = \J{K : K e C A K C X}; 

(2) FH(X) = CL(X) \J{Md(x) : x e X - CL(X)}; 

(3) SH(X) = \J{K : K eC AKf]X ^ 0}; 

(4) TH{X) = \J{Md{x) : x G X}; 

(5) RH(X) = CL(X) \J{K :KeCAK f](X - CL{X)) ^ 0}; 

(6) IH(X) = CL(X) \J{N(x) :xeX- CL(X)}. 

CL is called covering lower approximation operation. FH, SH, TH, RH 
andlH are called the first, the second, the third, the fourth, and the fifth covering 
upper approximation operations, respectively. 

Can we characterize the conditions under which (U,C) space by 

using only a single covering approximation operator in Definition 4.3? It is an 
interesting question and is still worthy to be considered in research of covering 
approximation spaces. 
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Abstract 

We characterized the difference of generalized composition operator on the bounded 
analytic function space to the Bloch space in the disk. The boundedness and compact- 
ness of it were investigated. 



1 Introduction 

Let D be the unit disk of the complex plane, and 5(D) be the set of analytic self-maps of D. 
The algebra of all holomorphic functions with domain D will be denoted by if(O). 
The Bloch space B consists of all / € H (D) such that 

||/|| B = S u P (l-M 2 )|/'W|<oo, 

then is a complete semi-norm on B, which is Mobius invariant. 
The space B becomes a Banach space with the norm 

11/11 = 1/ (o)| + ||/|| B . 

Denote H°° (D) by H°° ,the space of all bounded analytic functions in the unit disk with 
the norm 

||/|U=sup|/(z)|. 

Let ip be an analytic self-map of D, and g E H(D) , the generalized composition operator 
Cfp induced by ip and g is defined by 



Jo 



for z e D and / € H(B). 

The definition of the generalized composition was first introduced by S. Li, S. Stevic 
in [9], and in the paper, the boundedness and compactness of the generalized composition 
operator on Zygmund spaces and Bloch type spaces were investigated by them. 

In the past few decades, boundedness, compactness, isometries and essential norms of 
composition and closely related operators between various spaces of holomorphic functions 
have been studied by many authors, see, e.g., [1, 2, 6, 14, 18, 19, 21, 22]. Recently, many 
papers focused on studying the mapping properties of the difference of two composition 
operators, i.e., 

(cv-cv)(/) = /op-/o^. 



The authors were supported in part by the National Natural Science Foundation of China (Grant Nos. 
11126165) 
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Differences of composition operators were studies first on hardy space H 2 (D) (see,e.g[3]). 
In [13], MacClucr, Ohno and Zhao, characterized the compactness of the difference of two 
composition operators on iJ°°(0) in terms of the Poincare distance. A fewer years later, 
these results were extended to the setting of H°°(B n ) by Toews [20] . In [23], Z. H. Zhou and 
L. Zhang discussed the differences of the products of integral type and composition operators 
from H°° to the Bloch space, more results ,for example, can be seen in [4, 5, 8, 15, 16, 17]. 

Building on those foundation, this paper continues the research of this part, and discusses 
the difference of two generalized composition operators from the bounded analytic function 
space to the Bloch space in the disk. 



2 Notation and Lemmas 



First, we will introduce some notation and state a couple of lemmas. 

For a G D, the involution ip a which interchanges the origin and point a, is defined by 

<Pa(z) 



1 — az 

For z, w in D, the pseudo-hyperbolic distance between z and w is given by 

p(z,w) = \tp z (w 
and the hyperbolic metric is given by 
/3 (z, w) = inf 



1 — zw 



1 l + p(z,w) 

l-iei 2 2 og i-p(z, w y 



where 7 is any piecewise smooth curve in D from z to w. 
The following lemma is well known in [24] . 



Lemma 1. For all z,w € D, we have 



1 - p 2 {z, w) 



(l-|z| 2 )(l-M 2 ) 



|1 — zw\ 

A little modification of Lemma 1 in [7] shows the following lemma. 
Lemma 2. There exists a constant C > such that 



(l-\z\ 2 )f(z)-(l-\w\ 2 )f'(w) 
for all z, w G D and f € B. 



<C\ 



lis • 



p(z,w) 



Lemma 3. Assume that f G _ff°°(D) 7 then for each n e N, there is a positive constant C 
independent of f such that 

su P (|i-|zir /(">(*) <c\\f\\ 00 . 

z£D 

Remark The Lemma 3 can be concluded from [11]. 

jl |2 

Throughout the remainder of this paper, we will denote 1 _|J^|2 by the <p* and constants 
are denoted by C , they are positive and not necessarily the same in each appearance. 
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3 Main theorems 



Theorem 1. Let <pi,<fi2 be analytic self-maps of the unit disk and gi,g 2 € H(D). Then the 
following statements are equivalent. 

(1) Cg\ - C 9 \ :H°°^B is bounded; 

(ii) 

sup \ip\{z)\ \gi(z)\ p(<pi(z), ip 2 (z)) < 00 



and 



zED 

sup \v* 2 (z)\ |520z)| p(<fii{z), tp 2 (z)) < 00 

zED 



sup \<ft(z)gi(z) - Lp 2 (z)g 2 (z)\ < 00. 

zED 



(1) 

(2) 
(3) 



Proof. We first prove (ii) => (i). Assume that (1), (2), (3) hold. 
As the definition of Cg, obviously, \(Cg\ - C£ 2 2 )/(0) = 0| 
By Lemma 2 and Lemma3, for every / <G H°° , we have 

= sup(l - \z\ 2 ) \f{ Vl {z)) gi {z) - f'( V2 {z))g 2 {z)\ 

zee 



sup 

ZED 



(1 - \Mz)\ 2 )<PK*)f(Mz))9i(z) (1 - \Mz)\ 2 M(z)f(Mz))92(z) 



2\ tU 



zEO 

+ sup(l - |^ 2 (z)| 2 ) \f'{<p 2 {z))\ \gx{z)<p\(z)) - g2(zM(z))\ 

zEB 

< C sup \<pt(z)g! (z)\p(ip!(z), ip 2 (z)) \\f\\ B 

zEB 

+ sup \g 1 (z)(p* 1 (z)) -g 2 (z)p* 2 (z 

zEB 



< c\\ 



That is Cg 1 - Cg 2 is bounded. 



Next we show that (i) implies (ii). We assume Cg\ — Cg\ : H°° — »■ B is bounded. 
For every w e D, we take the test function 



f(pi,io( z ) 



1 - (fi(uj)z 

< 1. 



We can obtain easily that f Vl>u € H°° and ||/ Vl , w ||oo 
Therefore, we have 



c>\\(c^-c^)u uu \\ B 

= sup(l - |z| 2 ) |/^. w (^i(z)).9i(z) - /^.uMOO^O)! 

zGB 

> (i - M 2 ) - Z^toMtoMl 

*, x , x (l-|y>iH| 2 )(l-|y 2 HI 2 ) w , 

(1 - ^i(w)^ 2 (w)) 2 

> llViHsiMI - (1 - p(>i(u;),</? 2 (u;)) 2 \(p 2 (w)g 2 (u)\ I . 
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This is 

\\<pt(u)gi(u))\ - (1 - p(</?iH,<^ 2 H) 2 \ip 2 (uj)g 2 (uj)\\ < C. 
Similarly,letting the test function f V2M (z) — ^Sj=k=-, we can obtain 

\\ip* 2 (u)g 2 (u)\ - (1 - p(tpi(uj),ip2{u)) 2 \<pt(u)9i(u)\\ < C. 
We take the test functions as follow: 



) ,g{z) = UiA z ) = ( 



/(*) = /^» = (f 

1 - tpi(U))Z 

The following conclusions can be easily concluded 



12 M - Z ^ 2 
1 - lfi2(u)z 



2(1 - p(if 1 (uj),(p 2 (uj)) 2 )p((p 1 (oj),Lp2(oj)) \(f 2 (w)g 2 (w)\ < C\ 



(4) 



(5) 



(6) 



(7) 



2(l-p(^(u;),^ 2 (u;)) 2 )p(^i(a;),^2M)|^(w)5iH| <C. (8) 
If p(ipi(iL>),(p 2 (uj)) < | ,then by (8), we have 

\f*{z)gi(z)\ p(<pi(z),<p 2 (z)) < C. 
If p((fi(uj), ip2{oj)) > \ ,then by (7), we have 

(1 -p(<pi(w),<p 2 (w)) 2 ) \ip 2 (uj)g 2 (uj)\ < C, 
then, \ip\(w))gi{u))\ < C is followed by (4), so 

\<P* Ml IffiMI/K^iM^M) < C. 

We can get (1) by use of the arbitrary of to. Analogously, (2) was also can be obtained. 
Finally, in order to prove the condition (3), using Lemma 2 and Lemma 3, we have 



c>\\(c^-c^)u uU ,\\ B 

> \9i(u)<P*(u) -02(w)v 2 (w)| 

(1 - ^i(cj)<^ 2 (w)) 2 

- | 52 H^H| |(i - kiH| 2 )/; i;W (^M) - (i - b2MI 2 )/; iiW (^M)| 

> - g 2 (w)<£ 2 (w)| - C |5 2 (w)^(o;)| p(v?i(w), <p 2 M). 



Then, 



sup |^(2)5i(z) - <^(z)# 2 (z)| < 00. 



This is completes the proof of this theorem. 



□ 



By the studying similarly to the proof of Theorem 3.2 in the paper [7], the following 
theorem can be obtained. 
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Theorem 2. Let ipi,ip 2 be analytic self-maps of the unit disk and gi,g 2 € H(D), 0-^,0-^ 
H 00 — > B are bounded but not compact, Then the following statements are equivalent. 

(i) C%\ - Cg : H°° B is compact; 

(ii) Both (a) and (b) hold: 

(a)T*(<p 1 ) = T*(ip 2 ) J t(!),thenr*(<p 1 )cT(tp 1 )nr(tp 2 ) 



and 



(Hi) 



and 



{b)For{z n } e%)nr(vj), 

lim |Vl(Zn)| \9l(Zn)\ P(V\{z n ),^ 2 (z n )) = 

n— >oo 

lim \<p* 2 (z n )\ \g 2 (z n )\ p(<Pi(z n ), V2{z n )) = 

n— >oo 

lim \ip* 1 (z n )g 1 (z n ) - f 2 (z n )g 2 (z n )\ = 



lim l|(C£-C^> A || B = 

I A|->1 



lim \\(C° > \-C%)(y x ) 2 \\ B = Q. 

I A|->1 



Here, r((/3i) is the set of sequence {z n } in D such that |<^i(z n )| — > 1. r*(y>i) is the set of 
sequence {z„} in D such that |</? 1 (z„)| — > 1 and ¥>i(z n )Si( z n) does not approach the 0. 
Next, the other major theorem will be given 

Theorem 3. Let ipi,ip 2 be analytic self-maps of the unit disk and gi,g 2 & H(Bi), C^\,C^ 2 2 : 
H°° — > B are bounded, Then the following statements are equivalent. 

(i) C%\ - : H°° -+B is compact; 

(ii) 

1™ , \f*i( z )\ |. 9l (z)|p(( y5l (z),^ 2 (z)) = 



and 



lim 1^2 p(ViW, ^2(2)) =0 



, M ^^^^(^ _ ^2(^)32(2:)| = 0. 

\<pi(z)\,\tp 2 (z)\->l 



Proof. We first prove (i) => (ii).We assume that — Cg : H°° — > Z? is compact, then, 
C^\,C^ 2 2 are compact or noncompact. 

If they are compact, the following conclusions are obtained obviously by the Theorem 2 
in [12], 

lim >I(*)ll0i(*)l=O,, lim >S(*)IM*)l=0, 

then, the (ii) holds by them. 

If they are all noncompact, for a sequence {z n }, such that |<pi(,z n )| — > 1, if 

then, 

lim \ifit(z n )\ \g 1 (z n )\p((f 1 (z n ), tp 2 (z n )) = 0; 

n— >oo 

if 

lim \fl(z n )\ \gi(z n )\ ^ 0, 
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then {z n } e r*Oi). By Theorem 2, 

K}er(^)c%)n%), 

and 

lim \(fil(z n )\ \gi(z n )\ p{ipi(z n ), <p 2 (z n )) = 0. 

n— ¥oo 

Hence, 

lim , \9\{z)\p{^i{z),ip 2 {z)) = 0. 

\ Vl (z)\-+\ 

According to similarly proof, we can get 

lim \vt{z)\ \9i{z)\ p{Pi{z), ip 2 (z)) = 0. 

|V2(«)|->1 

For {2;„} such that |<£i(2 n )| , |v?2(<Zn)| — > 1, using Theorem 2, we have 
lim |(^*(z„) ffl (z„) - ^2(^)52(^)1 = 0. 

n— >oo 

Due to the arbitrary of {z n }, we have 

t MT m . \ 1 , IVlW^lW - ^2(^)52(^)1 = 0. 
This is completes the proof of (i) (ii). 

(ii) => (i) If the operators C^, are all noncompact, (i) holds obviously by Theorem 
2. If one of the operators C^\,C^ 2 is compact, we may also assume that Cj^ is compact, 
then by the Theorem 2 in [10], we have 

lim y i {z)\\g 1 {z)\=0. 

Let {£„} be an arbitrary sequence in D, such that |<^ 2 (zn)| — > 1 as n — > 00. 
If |</?i(2 n )| approach 1, since 

|¥H(*)I.|V2(«)|->1 

We obtain 

lim (^(^n)! |ff2(^n)| = 0. 
If |(/3i(z„)| does not approach 1, then p((fi(z), ^> 2 {z)) docs not approach 0, since, 

lim Ifl2(«)l P(¥>i(*). ^2(2)) = °- 

We also obtain 

lim 1^2(^)1 |52(^n)| = 0. 

n— >oo 

Due to the arbitrary of {z n }, we have 

lim |^(z)|| 52 (z)|=0. 

|V2(«)|->1 

Therefore, is a compact operator, therefore, — C^ 2 2 is compact. 

This is completes the proof of this theorem. □ 
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Abstract 

In this paper, we characterize the isometries among the generalized composition 
operators on Bloch type spaces in the disk. 

1 Introduction 

Let D be the unit disk of the complex plane, and 5(D) be the set of analytic self-maps of D. 
The algebra of all holomorphic functions with domain D will be denoted by H(D). 
We recall that the Bloch type space B a (a > 0) consists of all / £ H (D) such that 

ii/n e£V = sup(i-|z| 2 n/'(z)i<^, 

then H'llgQ is a complete semi-norm on B a , which is Mobius invariant. 
It is well known that B a is a Banach space under the norm 

11/11 = 1/ (0)| + ||/|| B „. 

Let ip be an analytic self-map of D, and g £ H(D) , the generalized composition operator 
C$ induced by ip and g is defined by 



Jo 



for z £ D and / € H(B). 

The definition of generalized composition operator was first introduced by S. Li, S. Stevic 
in [20], and in the paper, the boundedness and compactness of the generalized composition 
operator on Zygmund spaces and Bloch type spaces were investigated by them. 

If we use the derivative of some function g to instead of g in operator C^, we can get a new 
integral operator which is also called generalized composition operator. Let ip £ 5(D) 
and g £ if(O), the operator L"£ induced by ip and g is defined by 



for z £ D and / £ H(D). 

More results about boundedness, compactness, differences and essential norms of com- 
position and closely related operators between various spaces of holomorphic functions have 
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been studied by many authors, see, e.g., [12, 18, 19, 21, 25, 27]. Recently, many papers fo- 
cused on studying isometries of the composition operators on various spaces of holomorphic 
functions. 

Let X and Y be two Banach spaces, and recall that a linear isometry is a linear operator 
T from X toY such that ||T/|| y = for all / € X. 

In [3], Banach showed great intcret in the form of an isometry on a specific Banach space. 
In most cases the isometries of a space of analytic functions on the disk or the ball have the 
canonical form of weighted composition operators, which is also true for most symmetric 
function spaces. For example, the surjective isometries of Hardy and Bergman spaces are 
certain weighted composition operators. See [13, 14, 15]. 

The description of all isometric composition operators is known for the Hardy space H 2 
(see [8]). An analogous statement for the Bergman space A\ with standard radial weights 
has recently been obtained in [7], and there is a unified proof for all Hardy spaces and also 
for arbitrary Bergman spaces with reasonable radial weights [24]. In [9], Colonna gave a 
characterization of the isometric composition operators on the Bloch space in terms of the 
factorization of the symbol in H°° , which shows that there is a very large class of isometries 
besides the rotations. By contrast, in [26], Zorboska showed that in the case a/1, the 
isometries of the composition operators on B a are the operators whose symbol is a rotation. 

Continued the work of isometry, in 2008, Bonet, Lindstrom and Wolf [4] studied isometric 
weighted composition operators on weighted Banach spaces of type H°° . Cohen and Colonna 
[6] discussed the spectrum of an isometric composition operators on the Bloch space of the 
polydisk. In 2009, Allen and Colonna [1] investigated the isometric composition operators on 
the Bloch space in C n . They [2] also discussed the isometries and spectra of multiplication 
operators on the Bloch space in the disk. Isometries of weighted spaces of holomorphic 
functions on unbounded domains were discussed by Boyd and Rucda in [5]. In 2010, Li and 
Zhou discussed the isometries on products of composition and integral operators on Bloch 
type space in [10]. more results ,for example, can be seen in [11, 16, 17, 22, 23]. 

The paper continues the research of it, and discusses the isometries among the generalized 
composition operators on Bloch type space in the disk. 



2 Notation and Lemmas 



First, we will introduce some notations and state a couple of lemmas. 

For a € D, the involution ip a which interchanges the origin and point a, is defined by 



a 



1 — az 

For z, w in D, the pseudohyperbolic distance between z and w is given by 

p(z,w) = \tp z (w)\ = ' 



1 



zw 



The following lemma is well known [25]. 
Lemma 1. For all z,w € D, we have 

1 - p 2 (z,w) = 



(l-|z| 2 )(l-M 2 ) 



zw\ 



For ip e S(D), the Schwarz-Pick lemma shows that p(tp(z),<p(w)) < p(z,w), and if 
equality holds for some z ^ w, then ip is an automorphism of the disk. It is also well known 
that for ip e 5(D), C v is always bounded on B. 

A little modification of Lemma 1 in [4] shows the following lemma. 
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Lemma 2. There exists a constant C > such that 

(l - \z\ 2 Y f'(z) (l - \w\ 2 Y f(w)\ < C \\f\\ Ba ■ p{z,w) 

for all z, w £ D and f £ B a . 

Throughout the rest of this paper, C will denote a positive constant, the exact value of 
which will vary from one appearance to the next. 

3 Main theorems 

Theorem 1. Let ip be analytic self maps of the unit disk and g £ H(D) . Then the operator 
C^:B a — > B 13 is an isometry in the semi-norm if and only if the following conditions hold: 

(B) For every a GD, there at least exists a sequence {z n } inB, such that lim p((p(z n ),a) 

n—too 

Proof. We prove the sufficiency first. 

By condition (A), for every f £ B a , we have 

\\C3f\\ B e = supCL-MVI/'K*))! \9(z)\ 
zeD 

zen (f - \<p(z)\ ) a 

< II/IIb- 

Next we show that the property (B) implies ||C^/||g/3 > ||/||b° 

Given any / £ B a , then ||/||b° = lim (f — |a m | 2 ) Q |/'(a m )| for some sequence {a m } C D. 

m— >oo 

For any fixed m, by property (B), there is a sequence {z™} C D such that 

p{ip{zf),a m ) -> and -i 1 k 1 ' \g(z%)\ -> f 

(1- \<p(z?)\ 2 ) a 

as fe — > oo. By Lemma 2, for all m and fc, 

|(1 - \<p{z?)\ 2 ) a f{<pW)) - (1 - |a m | 2 ) Q /'(a m )| < CH/Hb- ■ p(ip(z^),a m ). 
Hence 

(f - l^zDI 2 )" \f{vW))\ > (1 - l« m | 2 )"l/'(a m )l - C||/|| B - • P(<p(z?),a m ) 
Therefore, 

ii^/ii^ = sup (1 ; N ^ | g (z)i (t - M Z )\ 2 r \n<p(z))\ 

zeo (1 - \tp(z)\ ) a 



> limsup ^ ; 7J ' (1 - Hzn 2 ) a \f'{<p(z?))\ 



fc^cc* (1-|^)| 2 ) C 

(l-|a m | 2 ) a |/'(a m )|. 



The inequality ||C^/||g/3 > ||/||b° follows by letting m — > oo. 
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From the above discussions, we have ||C^/||b/3 = ||/||b<*, which means that is an 
isometry operator in the semi- norm from B a to . 
Now we turn to the necessity. 
For any a € D, we begin by taking test function 



'«(*) = f 
Jo 



(i-H 2 r 

(1 - at) 2a 



dt. 



It is clear that f' a (z) — ^ J°])2 a ■ Using Lemma 1, we have 

I 1 - ) \.ta( z )\ = m _ - , 2a = I 1 - P K z )) 



So 



||/a||B«.=SU P (l-|«m/^)|<l. 

z6lD> 



(1) 



(2) 



(3) 



On the other hand, since (1 - |a| 2 )"|/^(a)| = [j:|°| a j 2Q 
isometry assumption, for any a £ D, we have 



1, we have ||/ a ||g<* = 1. By 



1 - ll/ V (o)l|B° - \ \C 9 v f v (a) 

{l-\z\ 2 f 



= sup 



> 



ZED (1 - \<p(z) 

(l-HY 

(l-|^(a)| 2 )« 



g{zMl-\<p{z)\*) a f v(a) {<p{z)) 



\9(a)\. 



So (A) follows by the arbitrariness of a. 

Since ||/ ||b° = ||C$/a||B0 = 1, there exists a sequence {z m } C D such that 



((i-WY 



d(C»/ a ) 



dz 



(z m ) 



as m — > oo. 

It follows from (A) that 



(1- WTI/i(^))ll5(«m)l 

n (1 ;' Zml 'L (i - koui 2 r 

(1 - \<p(z m )\ )<* 



< {l-\v{z m )\ 2 T\f a { V {z m ))\. 
Combining (4) and (6), it follows that 



1 < hminf(l-|^(z m )| 2 n/>(z m ))| 

m— ^oo 

2\a I rl , 



< hmsup(l - \<fi(z m )\ z r \f' a (<p(z m ))\ < 1. 



(4) 



(5) 
(6) 



The last inequality follows by (2) since ip(z m ) e D. 
Consequently, 

lim (l-|^(z m )| 2 n/Xz m ))|= lim (l-p 2 Mz m ),a)) a = l. 

m— >oo m— >oo 

That is, lim p((p(z m ),a) = 0. 



(7) 
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Combining (4), (5) and (7), we know 

Um (i-IZmlT | g(z )| =1 . 

This completes the proof of this theorem. □ 

Corollary 1. Let U denote unitary transformation in the unit disk, then C\j : B a — > B 13 is 
an isometry in the semi-norm. 

□ 

If we use the derivative of some function g to instead of g in operator , by the above 
theorem, we can easily get the following result about the operator 

Theorem 2. Let ip be analytic self maps of the unit disk and g € if(O) . Then the operator 
C£ : B a — > B 13 is an isometry in the semi-norm if and only if the following conditions hold: 

(D) For every a £ D, there at least exists a sequence {z n } in 3, such that lim p(<p(z n ),a) 

n—toc 

and lim 'Y'^'^w W ( z n)\ = 1. 

Remark If a = 1, (i = 1, then B a and B 13 will be Bloch space B. There are similar 
results on the Bloch space B corresponding to Theorems 1 and 2. 
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In the setting of partially ordered metric spaces, we introduce the notion of generalized 
symmetric g-Meir-Keeler type contractions and use the notion to establish the existence 
and uniqueness of coupled common fixed points. Our notion extends the notion of gener- 
alized symmetric Meir-Keeler contractions given by Berinde et. al. [V. Berinde, and M. 
Pacurar, Coupled fixed point theorems for generalized symmetric Meir-Keeler contractions 
in ordered metric spaces, Fixed Point Theory and Appl., 2012, 2012:115, doi:10. 1186/1687- 
1812-2012-115] to a pair of mappings. We also give some applications of our main results. 

AMS Subject Classification: 47H10, 46T99, 54H25 . 

Key Words : partially ordered metric space, fixed point, generalized symmetric con- 
tractions, coupled fixed point. 

1 Introduction 

Banach [1] in his classical work gave the following contractive theorem: 

Theorem 1.1. Let (X,d) be a metric space and T : X — > X be a self mapping. If (X,d) is 
complete and T is a contraction, that is, there exists a constant k G [0, 1) such that 



then, T has a unique fixed point u G X and for any xq € X , the Picard iteration {T n (xo)} 
converges to u. 

This contraction principle proved to be a very powerful tool in nonlinear analysis, and dif- 
ferent authors have generalized it in many ways. One can refer to the works noted in references 
[2]- [17]. Meir and Keeler [9] generalized the contraction principle due to Banach by considering 
a more general contractive condition in their work as follows: 

Theorem 1.2. [9] Let (X, d) be a complete metric space and T : X — > X be a given mapping. 
Suppose that, for any e > 0, there exists 5(e) > such that 



M. Jain 1 , K. Tas * 2 , B.E. Rhoades 3 , and N. Gupta 4 



February 20, 2013 



Abstract 



d(Tx, Ty) < kd(x, y),\fx,y G X 



(1.1) 



e < d{x, y)<e + 5{e) => d{T(x),T{yj) < e 



(1.2) 
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for all x, y G X. Then T admits a unique fixed point xq G X and for all x G X, the sequence 
{T n (x)} converges to Xq. 

By extending the Banach contraction principle to partially ordered sets, Turinici [16] laid 
the foundation for a new trend in fixed point theory. Ran and Reurings [f 7] developed some 
applications of Turinici's theorem to matrix equations. The work of Bhaskar and Lakshmikan- 
tham [18] is worth mentioning, as they introduced the new notion of fixed points for mappings 
having domain the product space X x X, which they called coupled fixed points, and thereby 
proved some coupled fixed point theorems for mappings satisfying the mixed monotone prop- 
erty in partially ordered metric spaces. As an application, they discussed the existence and 
uniqueness of a solution for a periodic boundary value problem. Lakshmikantham and Ciric 
[19] extended the notion of the mixed monotone property to the mixed g-monotone property 
and generalized the results of Bhaskar and Lakshmikantham [18] by establishing the existence 
of coupled coincidence points, using a pair of commutative maps. This proved to be a milestone 
in the development of fixed point theory with applications to partially ordered sets. Since then 
much work has been done in this direction by different authors. For more details the reader 
may consult [20]-[31]. 

Gordji et. al. [32], extended the results of Bhaskar and Lakshmikantham [18], and Samet [33] 
by introducing the concept of generalized g-Meir-Keeler type contractions. Abdeljawad et. al. 
[34] and Jain et. al. [ ] proved some interesting results in partially ordered partial metric 
spaces and remarked that the metric space case of their results, proved recently in Gordji et. 
al. [32] has gaps. They claimed that some of the results proved by Gordji et. al.[32] cannot be 
true if obtained via nonstrongly minihedral cones. On the other hand, Berinde et. al. [35] with 
their outstanding new approach introduced the notion of generalized symmetric Meir-Keeler 
contractions and complemented the results due to Samet [33]. In this paper, we introduce the 
notion of generalized symmetric g-Meir-Keeler type contractions that extends the concept of 
generalized symmetric Meir-Keeler contractions given by Berinde et. al. [35] to a pair of map- 
pings. Following Abdeljawad et. al. [34], we establish the existence and uniqueness of coupled 
common fixed points for mixed g-monotone mappings satisfying generalized symmetric condi- 
tions in partially ordered metric spaces. To validate our results we also give some applications. 
Before we proceed, we first summarize some basic results and definitions useful in our study. 

Definition 1.3. [18] Let (X, <) be a partially ordered set and F:Ixl4l. The mapping 
F is said to have the mixed monotone property if F(x, y) is monotone non-decreasing in x and 
monotone non-increasing in y; that is, for any x, y G X, 

xi,x 2 G X, xi < x 2 implies F(x 1 ,y) < F(x 2 ,y) 

and 

2/i, V2 e X, yi < y 2 implies F(x, yi) > F(x, y 2 ) 

Definition 1.4. [18] An element (x, y) G X x X, is called a coupled fixed point of the mapping 
F : X x X ->■ X if F(x, y) = x and F(y, x) = y. 

Definition 1.5. [19] Let (X, <) be a partially ordered set and F : X x X ^ X and g : X — > X. 
We say F has the mixed g-monotone property if F(x, y) is monotone g-nondecreasing in its first 
argument and is monotone g-nonincreasing in its second argument; that is, for any x,y G X, 
xi,x 2 G X, g(x 1 ) < g{x 2 ) implies F{x u y) < F(x 2 ,y) 
and 

2/1,2/2 € X,g(y 1 ) < g(y 2 ) implies F{x,yi) > F(x,y 2 ) 

Definition 1.6. [19] An element (x,y) G X G X, is called a coupled coincidence point of the 
mappings F : X x X —> X and g : X —> X if F(x, y) — gx and F(y, x) = gy. 

Definition 1.7. [ ! «)] An element (x,y) G X G X, is called a coupled common fixed point of 
the mappings F : X x X — > X and g : X — > X \i x — gx — F(x, y) and y = gy = F(y, x). 
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Definition 1.8. [19] Let X be a non-empty set and F : X x X — s- X and g : X —> X. We say 
that F and g are commutative if gF(x, y) — F(gx,gy) for all x, y G X. 

Later, Choudhury and Kundu[ ] introduced the notion of compatibility in the context of 
coupled coincidence point problems and used this notion to improve the results noted in [19]. 

Definition 1.9. [20] The mappings F:IxI->I and g : X — > X are said to be compatible 
if lim^oo d(g(F(x n ,y n ), F(gx n , gy„)) = and lim n - ) . 00 d(g(F(y n ,x n ),F(gy n ,gx n )) = when- 
ever {x n } and {y n } are sequences in X such that lim,,.-^ F(x n , y n ) = lim n _ > . 00 gx n — x and 
lim^oo F(y n ,x n ) = lim^oo gy n = y for some x, y G X. 

Recently, Gordji et. al. [ !] replaced the mixed g-monotone property with the mixed strict 
g- monotone property and extended the results of Bhaskar and Lakshmikantham [18]. 

Definition 1.10. [32] Let (X, <) be a partially ordered set and F : X x X — > X and g : X — > X. 

We say F has the mixed strict g-monotone property if for any x, y G X, 

xi,x 2 G X,g(xt) < g(x 2 ) implies F(xi,y) < F(x 2 ,y) 

and 

2/1,2/2 G X,g(y 1 ) < g(y 2 ) implies F(x,yi) > F(x,y 2 ) 

Here if we replace g with identity mapping in Definition 1.10, we get the definition of mixed 
strict monotone property of F. 

Theorem 1.11. [36] Let (X, <) be a partially ordered set and suppose there exists a metric 
d on X such that (X, d) is a complete metric space. Let F : X x X — > X be a mapping 
having the mixed monotone property on X such that there exist two elements Xo,j/o G X with 
x a < F(xo,yo) and yo > F(yo,xo). Suppose that there exists a real number k G [0, 1) such that 

d(F{x, y), F(u, v)) + d(F(y, x),F(v, «)) < k[d(x, u) + d(y, v)\ (1.3) 

for all x, y, u, v G X with x > u, y < v. Suppose that either 

(a) F is continuous 
or 

(b) X has the following property: 

(i) if a non- decreasing sequence {x n } — > x, then x n < x for all n > 0; 

(ii) if a non- decreasing sequence {y n } —> y, then y <y n for all n > 0; 
Then F has a coupled fixed point in X . 

We now introduce our notion. 

Definition 1.12. Let (X, <) be a partially ordered set and d be a metric on X. Let F : 
X x X — > X and g : X — > X be two mappings. We say that F is a generalized symmetric 
g-Meir-Keeler type contraction if, for any e > 0, there exists a 8(e) > such that , for all 
x, y, u, v G X with g(x) < g(u) and g(y) > g(v) ( or g(x) > g(u) and g(y) < g(v)), 

e< ^[d{g{x),g(u)) + d{g(y),g(v))} <e + S{e) 

implies 

^[d(F(x 1 y),F(u,v))+d(F(y,x),F(v,u))] <e (1.4) 

If, in Definition 1.12, we replace g by the identity mapping, we obtain the definition of a 
generalized symmetric Meir-Keeler type contraction due to Berinde et. al. [35]. 

Definition 1.13. [35] Let (X, <) be a partially ordered set and d be a metric on X. Let 
F : X x X — > X be the given mapping. We say that F is a generalized symmetric Meir-Keeler 
type contraction if for any e > 0, there exists a 5(e) > such that , for all x,y,u,v G X with 
x < u and y>v(ovx>u and y < v), 
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e < -[d{x,u)+d(y,v)} <e + S(e) 

implies 

^[d(F(x,y),F(u,v)) + d(F(y,x),F(v,u))} < e (1.5) 

Proposition 1.14. Let (X, d, <) be a partially ordered metric space and F : X x X ^ X be a 

given mapping. If contractive condition (1.3) is satisfied for < k < 1 , then F is a generalized 
symmetric Meir-Keeler type contraction. 

Proof. Assume that (1.3) is satisfied for < k < 1. For all e > , it is easy to check that (1.5) 
is satisfied with 5(e) = (4 — l) e. □ 

Lemma 1.15. Let (X, <) be a partially ordered set and d be a metric on X. Let F : X x X — > 
X and g : X — > X be two mappings. If F is a generalized symmetric g-Meir-Keeler type 
contraction, then we have 

d(F(x, y), F(u, v)) + d(F(y, x),F(v, u)) < d(g(x), g(u)) + d(g(y),g(v)) (1.6) 

/or all x,y,u,v e X wit/i g(x) < g(u),g(y) > g(v) (or g(x) < g(u),g(y) > g(v)). 

Proof. Without loss of generality, we may assume that g(x) < g{u),g(y) > g(v) where x, y,u,v G 
X. Then d(g(x),g(u)) + d(g(y),g(v)) > 0. Since F is a generalized symmetric g-Meir- Keeler 
type contraction, for e = (|)[<i(<7(a;), g(u)) + d(g(y), g(v))], there exists a <5(e) > such that , 
for all x 0l y a ,uo,v a e X with ^(xo) < ff(uo) and 5(y ) > g(vo), 

e< ^[%(x ),5(u )) +%(y ),.o(wo))] <e + (5(e) 

implies 

-[d(F(x ,y ),F(u ,v )) + d{F(y ,x a ), F(v a ,u ))} < e 
Then the result follows by choosing x = Xo, y = yo, u = Uo, v = Vo; that is, 

d(F(x, y), F(u, «)) + d(F(y, x),F(v, u)) < %(x), «,(«)) + d(g(y),g(v)) 

□ 



2 Existence of Coupled Coincidence Points 

We now establish our first main result. 

Theorem 2.1. Le£ (X, <,rf) 6e a partially ordered metric space. Suppose that X has the 
following properties: 

(i) if {x n } is a sequence such that x n +i > x n for each n = 1,2,... and x n -4- x, then x n < x 
for each n — 1,2,.... 

(ii) if {y n } is a sequence such that y n +i < y-n for each n = 1,2,... and y n — > y, then y n > y 
for each n — 1,2,.... 

Let F : X x X -> X and g : X ->• X be mappings such that F(X x X) C p(X) anrf is a 

complete subspace of(X,d). Also, suppose that 

(a) F has the mixed strict g-monotone property; 

(b) F is a generalized symmetric g-Meir-Keeler type contraction; 

(c) there exists x ,yo € X such that g(x ) < F(x ,y n ) and g(y ) > F(y ,x n )(or g{x ) < 
F(x a ,y ) and g(y ) > F(y ,x )). 

Then, there exist x, y e X such that g(x) — F(x,y) and g(y) = F(y,x). 
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Proof. Without loss of generality, we may assume that there exist Xo, yo € X such that g(xo) < 
F(x n ,y ) and g(yo) > F(y ,x ). Since F(X x X) C g(X), we can choose X\,y\ € X such 
that <?(a;i) = F(xo,yo), g(yi) = F(yo,xo)- Again we can choose £2,2/2 € A such that #(22) = 
F(x\,y\),g{y2) — F{y ll x\). Continuing this process, we construct sequences {gx n } and {gy n } 
such that 

g{x n+ i) = F(x n ,y n ),g(y n+1 ) = F(y n ,x n ),\/n > (2.1) 
Using conditions (a), (c) and mathematical induction, it is easy to see that 

g(x ) < g( Xl ) < g(x 2 ) < ... < g{x n ) < g(x n+1 ) < ... (2.2) 

and 

g(y n +i) < g(y n ) <■■■< g(y 2 ) < g(yi) < g(yo)- (2.3) 

Denote by 

5 n := d(g(x n ),g(x n+1 )) + d(g(y n ), g(y n+1 )) (2.4) 

Using (2.1) of Lemma 1.15, and condition (b), we have 

S n := d(g(x n ),g(x n+1 )) + d(g(y n ), g(y n+1 )) 
= d(F(x n - 1 ,y n - 1 ),F(x n , y n )) + d(F(y n _ 1 ,x n - 1 ),F(y n ,x n )) 

< d(g(x n -i),g(x n )) + d{g(y n - 1 ), g{y n )) = 5 n -i (2-5) 

Thus, the sequence {5 n } is a decreasing sequence. Therefore there exists some S* > such that 
lim^co S n = 5*. 

We claim that 5* = 0. Suppose, to the contrary, that 5* ^ 0. Then there exists a positive 
integer m such that, for any n > m, we have 

S 1 

e< y = ^[d{g(x n ),g(x n+1 )) + d(g(y n ),g(y n+1 ))] < e + 5{e) (2.6) 

where e = S* /2 and 5(e) is chosen by condition (b). 
In particular, for n = m, we have 

5 1 

e < y 1 = ^(^"O'ff^+i)) + d (5(ym),.9(ym+i))] < £ + S(e) (2.7) 
Then, by condition (b), it follows that 

^[d(F(x m ,y m ),F(x m+1 ,y m+1 )) + d(F(y m ,x m ),F(y m+1 ,x m+1 ))] < e (2.8) 
and hence, from (2.1), we have 

^[d(g(x m+ i),g(x m+2 )) + d(g(y m+1 ) , g(y m+2 ))\ < e (2.9) 

a contradiction to (2.6) for n = m + 1. Thus we must have 5* = and hence 

lim <5„ = lim [d(g(x n ), g(x n+1 )) + d(g(y n ), g(y n+1 ))] = (2.10) 

We now prove that {g(x n )} and {g(y„)} are Cauchy sequences. Take an arbitrary e > 0. 
Then, by (2.10), it follows that there exists some k € N such that 

^ [d{g(x k ), g(x k +i)) + d(g(y k ),g(y k+l ))] < 8(e) (2.11) 

Without loss of generality, assume that k has been chosen so large that 5(e) < e and define the 
set 

A := {(g(x),g(y)) : (x,y) e X 2 , d(g(x), g(x k )) + d(g(y), g(y k )) < 2(e + 5(e)), and 

g(x) >g(x k ),g(y) < g(y k )} (2.12) 
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We claim that (g(x),g(y)) G A implies that 

(F(x,y),F(y,x))€A (2.13) 

where x, y G X. 

Take (g(x),g(y)) G A. Then, using the triangle inequality and (2.11), we have 

^[d(g(x k ),F(x,y)) + d(g(y k ), F(y,x))] < ^[d(g(x k ),g(x k+1 )) + d(g(x k +i),F(x,y))] 

+ 7,[d(g(y k ),g(yk+i)) + d(g(y k+1 ),F(y,x))} 

= \ [d(g{x k ), g{x k+ i)) + d(g(y k ),g(y k+1 ))] 

+ \[d(g(x k +i),F(x,y)) + d(g(y k+1 ),F(y,x))] 

< 5(e) + X - [d(F(x, y),F(x k ,y k )) + d(F(y, x),F{y k , x k ))\ (2.14) 
We distinguish two cases. 

First Case: \ [d(g(x k ), F(x, y)) + d(g(y k ) 1 F(y 1 x))\ < e. By Lemma 1.15 and Definition of A , 
the inequality (2.14) becomes 

l -[d{g{x k ),F(x,y)) + d(g(y k ),F(y,x))} < 5(e) 

+ ^[d(F(x 7 y),F(x k , y k )) + d(F(y, x), F(y k ,x k ))} 

< S{e) + ^[d(g(x),g(x k )) + d(g(y), g(y k ))] 

<5(e)+e (2.15) 
Second Case: e < | [d(g(x), g(x k )) + d(g(y), g(y k ))} < 5(e) + e. In this case, we have 

e < 1 [d(g(x), g(x k )) + d(g(y), g(y k ))] < 5(e) + e (2.16) 
Then, since g(x) > g(x k ) and g(y) < g(y k ) , by condition (b), we have 

l - [d(F(x, y),F(x k , y k )) + d(F(y, x),F(y k ,x k ))} < e (2.17) 
Using (2.17) in (2.14), we get 

1 -[d(g(x k ),F(x,y)) + d(g(y k ),F(y,x))]<5(e)+e (2.18) 

Since F satisfies the mixed strict g -monotone property and (g(x),g(y)) G A , it follows that 

F(x, y) > g(x k ), F(y, x) > g(y k ) (2.19) 

Also, F(X x X) C g(X). Consequently, wc have (F(x,y),F(y,x)) G A ; that is (2.13) holds. 
By (2.11), we have (g(x k+ i), g(y k +i)) G A. Then, using (2.13), we have 

(g( x k+i),g(y k +i)) e a d(F(x k+1 ,y k+1 ),F(y k+1 ,x k+1 )) = (g(x k+2 ),g(y k+ 2) e A 

d(F(x k+2 ,y k+ 2),F(y k+ 2,x k+2 )) = (g(x k+3 ),g(y k+3 ) G A 
=*>... =*>(g(x n ),g(y n ))€ A =*>... (2.20) 
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Then, for all n > k, we have (g(x n ), g(y n )) € A . This implies that, for all n,m > k, we have 

d(g(x n ),g(x m )) + d(g(y n ),g(y m )) < d(g(x n ), g(x k )) + d(g(x k ), g{x m )) 
+ d(g(y n ),g(y k )) + d(g(y k ),g(ym)) 

= [d(g(x n ), g{x k )) + d(g(y n ), g(y k ))} + [d(g(x k ),g(x m )) + d{g(y k ), g(y m ))} 
< 4(e + <5(e)) < 8e 

Therefore, the sequences {g(x n )} and {g{y n )} are Cauchy. Since (g(X),d) is complete, there 
exist x, y <E X such that 

lim d{g(x n ),g(x)) = 0, lim d(g(y n ),g{y)) = (2.21) 

n—too 71— >oo 

Since the sequences {g(x n )} and {g(y n )} are monotone increasing and monotone decreasing, 
respectively, by conditions (i) and (ii), we have 

g(x n ) < g(x), g(y n ) > g{y) (2.22) 

for each n > 0. Therefore, by (2.22) and Lemma 1.15, along with condition (b), we obtain 

d(g(x n+1 ),F(x,y)) + d(g(y n+1 ), F(y,x)) 

= d(F(x n ,y n ), F(x, y)) + d(F(y n ,x n ), F(y, x)) 

< d(g(x n ),g(x))+d(g{y n ),g(y)) (2.23) 
Letting n — > oo in (2.23) and using (2.21), we get 

d(g(x), F(x, y)) + d(g(y), F(y,x)) < lim [d(g(x n ), g{x)) + d{g{y n ), g{y))] (2.24) 

n— >oo 

which yields F{x,y) — g(x), F(y,x) = g(y). This completes the proof. □ 

Corollary 2.2. Let (X,<,d) be a partially ordered metric space. Suppose that (X,d) is com- 
plete and has the following properties: 

(i) if {x n } is a sequence such that > x n for each n — 1,2,... and x n — > x, then x n < x 
for each n = 1,2,.... 

(ii) if {y n } is a sequence such that y n +\ < Un for each n = 1,2,... and y n — ¥ y, then y n > y 
for each n — 1,2,.... 

Let F:XxI->X be a mapping. Also, suppose that 

(d) F has the mixed strict monotone property; 

(e) F is a generalized symmetric Meir-Keeler type contraction; 

(f) there exists XQ,yo £ X such that xq < F(xo,yo) and yo > F(jjq, xo)(or xo < F(xo,yo) and 
Vo > F{y Q ,x )). 

Then, there exist x, y G X such that x = F(x, y) and y — F(y, x). 

Remark 2.3. If, in Theorem 2.1 condition (c) is replaced by the following condition: 

(g) there exist x ,y e X such that g(x ) > F(x ,y a ) and g{y ) < F(y ,x ) (or g(x ) > 
F(x ,yo) and g(y ) < F(y ,x ) ), 

then we also get the existence of some x, y e X such that g(x) — F{x, y) and g(y) — F(y, x). 
And, if in Corollary 2.2, condition (f) is replaced by the following condition: 

(h) there exist £0,2/0 ^ ^ such that Xq > F(xo,yo) and yo < F(y ,Xo) 
(or x > F(x ,yo) and y < F(y Q ,x ) ), 

then we also get the existence of some x, y G X such that x = F(x, y) and y = F(y, x). 

Remark 2.4. Corollary 2.2, along with Remark 2.3, improves on the result of Berinde et. al. 
([35], Theorem 2) by removing the continuity assumption on the mixed monotone operator F. 



AAA 

JAIN ET AL 438-454 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.3, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



3 Existence and Uniqueness of Coupled Fixed Points 

In this section we prove the existence and uniqueness of coupled fixed points. Before we proceed, 
we need to consider the following. 

For a partially ordered set (X, <), we endow X x X with the following order < g 

{u,v) < g (x,y) g{u) < g(x),g{y) < g(v),V(x,y),{u,v) £ X x X (3.1) 

In this case, we say that (u, v) and (x, y) are g -comparable if either (u, v) < g (x, y) or 

(x, y) < g (u, v) . If g = Ix, then we simply say that (u, v) and (x, y) are comparable and denote 

this fact by (u, v) < (x,y). 

Lemma 3.1. Let F : X x X — > X and g : X — > X be compatible maps and suppose there exists 
an element (x,y) £ X x X such that g(x) = F(x,y) and g(y) = F(y,x). Then gF(x,y) = 
F(g(x),g(y)) andgF(y,x) = F(g(y), g(x)). 

Proof. Since the pair (F, g) is compatible, it follows that 

lim d(gF(x n ,y n ),F(g(x n ),g(y n ))) = 

n— ^oo 

and 

lim d(gF(y n ,x n ), F(g(y n ), g(x n ))) = 

whenever {x n } and {y n } are sequences in X such that lim^oo F{x n , y n ) — limn^oo g(x n ) = a, 
lim„^oo F(y n , x n ) = Yaan^^ g(y n ) — b for some a,b £ X. 

Taking x n = x,y n = y and using the fact that g(x) — F(x,y), g(y) — F(y,x) , it follows 

immediately that d(gF(x,y),F(g(x),g(y))) = and d(gF(y,x),F(g(y),g(x))) = 0. 

Hence, gF(x, y) = F(g(x),g(y)) and gF(y, x) = F(g(y), g(x)). □ 

Theorem 3.2. In Theorem 2.1, assume, in addition, that, for all non g-comparable points 
(x,y),(x* ,y*) £ X x X, there exists a point (a, b) £ X x X such that (F(a,b), F(b,a)) is 
comparable to both (g(x),g(y)) and (g(x*),(y*)) . Also assume that F and g are compatible. 
Then,F and g have a unique coupled common fixed point; that is, there exists a point (u, v) £ 
X x X such that 

u = g(u) = F(u, v),v = g(v) = F(v, u) (3.2) 

Proof. From Theorem 2.1 it follows that the set of coupled coincidence points of F and g is 
non-empty. We shall first show that, if (x,y) and (x*,y*) are coupled coincidence points, that 
is, if g{x) = F(x,y) , g(y) = F(y,x) and g{x*) = F(x*,y*) , g(y*) = F(y*,x*) , then 

g(x) = g(x*)andg(y) = g(y*) (3.3) 

For this, we distinguish the following two cases. 

First Case. (x,y) is g-comparable to [x* ,y*) with respect to the ordering in X x X, where 

F(x,y)=g(x),F(y,x)=g(y),F(x*,y*)=g(x*),F(y*,x*)=g(y*) (3.4) 
Without loss of generality, we may assume that 

g(x) = F{x,y) < F(x*,y*) = g(x*),g(y) = F(y,x) > F(y*,x*) = g(y*) (3.5) 
Using Lemma 1.15 we have 

< d(g(x), g(x*)) + d(g(y*), g(y)) - d(F(x, y), F(x*,y*)) + d(F(y*,x*),F(y, x)) 

< d(g(x),g(x*)) + d(g(y*),g(y)) 

a contradiction. Therefore, we have (g(x),g(y)) = (g(x*), g(y*)) ■ Hence (3.3) holds. 
Second Case. (x,y) is not g-comparable to (x*,y*). 
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By assumption, there exists a point (a, b) e X x X such that (F(a,b),F(b,aj) is comparable 
to both (g(x),g(y)) and (g(x*),g(y*)). Then we have 

g(x) = F(x,y) < F(a,b), F(x* ,y*) = g(x*) < F(a,b), (3.6) 

and 

g(y) = F(y,x)>F(b,a), F(y* ,x*) = g{y*) > F(b,a), (3.7) 

Further, setting x = x n ,y = y ,a = a n ,b = b and x* = Xq, y* = j/q as in the proof of Theorem 
2.1, we obtain 

g{x n +i) = F{x n ,y n ), g{y n+ \) = F(y n ,x n ),Vn = 0, 1, 2, . . . 

g{a n+ i) = F(a n ,b n ), g{b n+ i) = F(b n , a n ), Vn = 0, 1, 2, . . . (3.8) 

9«+i) =F{x* n ,y* n ), g{y* l+1 ) = F(y^,x* n ),Vn = 0,1,2, .. . 

Since (F(x,y),F(y,x)) = (g(x),g(y)) = {g{xi),g{yi)) is comparable with 
(F(a,b),F(b,a)) = (g(ai),g(bi)), we have g(x) < g{a\) and g{y) > g(bi). Using the fact that F 
has the mixed strict g -monotone property, g(x) < g(a n ) and g(b n ) < g(y) for all n > 2. Thus, 
by Lemma 1.15, we have 

< d(g(x), g(a n+1 )) + d(g{y) , g(b n+1 )) = d(F(x, y),F{a n , b n )) + d(F(y, x),F{b n , a n )) 

< d(g(x),g(a n )) + d(g(y),g(b n )) (3.9) 

Let a n — d(g(x), g(a n )) + d(g(y), g(b n )). Then, by (3.9), it follows that {«„} is a decreasing 
sequence, and hence converges to some a > 0. We claim that a — 0. Suppose, to the contrary, 
that a > 0. Then there exists a positive integer p such that, for n > p, we have 

e<^ = \[d{g{x),g{a n )) + d{g(y),g{b n ))]<e + 5{e), (3.10) 

where e = f and 8(e) is chosen by condition (b) of Theorem 2.1. In particular, for n = p, 

t<Y = \\. d i9{x),g{a p )) + d{g(y),g{b p ))\ < e + 6(e), (3.11) 
Then, by condition (b) of Theorem 2.1, we have 

^[d(F(x,y),F(a p ,b p )) + d(F(y,x),F(b p ,a p ))] < e, (3.12) 

and hence 

-[d{g(x),g(a p+1 )) + d(g(y),g(b p+1 ))} < e, (3.13) 
a contradiction to (3.10) for n = p + 1. Thus a = 0, and hence 

lim a n = lim [d{g(x),g(a n )) + d(g(y),g(b n ))} = (3.14) 

n— >oo n— >oo 

Similarly, it follows that 

lim [d(g(x*),g(a n ))+d(g(y*),g(b n ))} = (3.15) 

n— >oo 

Using the triangle inequality, we get 

d{g(x),g(x*))+d(g(y),g(y*)) < d{g(x),g(a n )) + d(g{a n ),g(x*)) 

+ d(g(y),g(b n )) + d(g(b n ),g(y*)) 
= [d(g(x), g{a n )) + d(g(y), g(b n ))\ 
+ [d{g{x*),g(a n )) + d{g{y*),g{b n ))] -+ (3.16) 

446 

JAIN ET AL 438-454 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.3, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



as n — > oo. 

Hence, it follows that d(g(x),g(x*)) — and d(g(y), g{y*)) = 0. Therefore, (3.3) holds immedi- 
ately. Thus, in both the cases, we have proved that (3.3) holds. 

Now, since g(x) = F(x,y), g(y) — F(y,x) and the pair (F, g) is compatible, by Lemma 3.1, it 
follows that 

g(g(x)) = 9 F ( x ,y) = F (g^,gy) and g(g(y)) = gF{y,x) = F(gy,gx). (3.17) 

Denote g(x) — z,g(y) — w. Then by (3.17), 

g{z) = F(z, w) and g(w) = F(w, z). (3.18) 
Thus (z, w) is a coupled coincidence point. 

Then by (3.3) with x* = z and y* = w , it follows that g(z) = g{x) and g{w) = g(y), that is, 

g(z) = z and g(w) — w. (3.19) 

By (3.18) and (3.19), 

z = g(z) = F(z, w) and w = g(w) = F(w, z). Therefore, (z, w) is a coupled common fixed point 
of F and g. 

To prove uniqueness, assume that (p,q) is another coupled common fixed point of F and g. 
Then by (3.3) we have p = g(p) — g{z) — z and q — g(q) — g(w) = w. This completes the 
proof. □ 

Corollary 3.3. Suppose that all the hypotheses of Corollary 2.2 hold, and further, for all 
(x,y), (x* ,y*) iE X x X, there exists a point (a, b) G X x X that is comparable to (x,y) and 
(x* , y* ) . Then F has a unique coupled fixed point. 

4 Results of Integral Type 

Inspired by the work of Suzuki [37], we prove the following result, which will be useful in 
developing some applications of the main results proved in Section 2. 

Theorem 4.1. Let (X,d,<) be a partially ordered metric space. Let F : X x X — > X and 
g : X — > X be two given mappings. Assume that there exists a function 9 : [0, +oo) — > [0, +oo) 
satisfying the following conditions: 

(I) 0(0) = and 6(t) > for any t > 0; 

(II) 9 is increasing and right continuous; 

(III) for any e > 0, there exists 5(e) > such that, for all x,y,u,v € X with g(x) < g(u) and 

g(y) > g(v), 

e < 9( l -[d(g(x),g(u)) + d(g(y), g(v))}) < e + 5(e) 

implies 9(^[d(F(x,y),F(u,v)) + d(F(y,x),F(v,u))}) <e (4.1) 
Then F is a generalized symmetric g-Meir-Keeler type contraction. 

Proof. For any e > it follows from (I) that 9(e) > 0, and so there exists an a > such that, 
for all u, v, u*,v* € X with g(u) < g(u*) and g(v) > g(v*), 

0(e) < 9( l -[d(g(u),g(u*)) + d(g(v), g(*v))}) < 9(e) + a 

implies 9(^[d(F(u,v),F(u*,v*)) + d(F(v,u), F(v* ,u*))}) < 9(e) (4.2) 
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By the right continuity of 9 , there exists S > such that 9(e + 8) < 9(e) + a. 
For any x, y, u, v e X such that g(x) < g(u), g(y) > g(v) and 



e<\[d(g(x),g(u))+d(g(y),g(v))]<e + 5. (4.3) 



and hence, 



2 

Then, since 9 is an increasing function, we get the following: 

0(e) < 9( l -[d(g(x), g(u)) + d(g(y), g(v))}) < 6(e + a) < 9(e) + a. (4.4) 
By (4.2), we have 

9( l -[d(F(x, y), F(u, v)) + d(F(y, x),F(v, «))]) < 9(e) 

^[d(F(x,y),F(u,v))+d(F(y,x),F(v,u))]) < e. 

Therefore, it follows that F is a generalized symmetric g-Meir-Keeler type contraction. This 
completes the proof. □ 

The following result is an immediate consequence of Theorems 2.1 and 4.1. 

Corollary 4.2. Let (X,d,<) be a partially ordered metric space. Given F : X x X — > X 
and g : X — > X such that F(X x X) C g(X),g(X) is a complete subspace and the following 
hypotheses hold: 

(IV) F has the mixed strict g-monotone property; 

(V) for every e > , there exists 5(e) > such that 

f (l/2)[d{g(x),g(u))+d(g(y),g(v))] 

e< 4>(t)dt <e + 6(e) 

Jo 

Al/2)[d(F(x,y),F(u,v))+d(F(y,x),F(v,u))] 

implies / 4>(t)dt < e (4.5) 

Jo 

for all gx < gu and gy > gv , where <j) : [0, +oo) — > [0, +oo) is a locally integrable function 
satisfying J Q S (f>(t)dt > for all s > 0; 

(VI) there exist Xo,yo £ X such that g(x ) < F(xg,yo) and g(y$) > F(y ,x a ). Assume that the 
hypotheses (i) and (ii) given in Theorem 2.1 hold. Then,F and g have a coupled coincidence 
point. 

Corollary 4.3. Let (X,d,<) be a partially ordered metric space. Given F : X x X — > X 
and g : X — > X such that F(X x X) C g(X),g(X) is a complete subspace and the following 
hypotheses hold: 

(VII) F has the mixed g-monotone property; 

(VIII) for all gx < gu and gy < gv 



f 

Jo 



(l/2)[d{g(x),g(u))+d(g(y),g(v))\ Al/2)[d(F{x,y),F{u,v))+d(F(y,x),F(v,u))\ 

(j)(t)dt < k / (j)(t)dt (4.6) 



where k e (0, 1) and </> is a locally integrable function from [0, +oo) into itself satisfying 
/p 4>(t)dt > for all s > 0; 

(IX) there exist XQ,yo € X such that g(xo) < F(xo,yo) an d g(yo) > F(yo, x o)- 

Assume that the hypotheses (i) and (ii) given in Theorem 2.1 hold. Then,F and g have a 

coupled coincidence point. 

Proof. For each e > , take 8(e) = (| — l)e and apply Corollary 4.2. □ 
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5 Applications to Integral Equations 

As an application of the results proved in Sections 2 and 3, we study the existence of solutions 
for the following system of integral equations: 

x(t) = f (K 1 {t,s) + K 2 (t,s))(f{s,x(s))+g(s,y(s)))ds + h(t) 

J a 

y(t) = I (K 1 (t,s) + K 2 (t,s))(f(s,y(s))+g(s,x(s)))ds + h(t) (5.1) 

J a 

where t £ I = [a,b]. 

Let $ : [0, +oo) — > [0, +oo) denote the class of functions <j> : [(),)—>• [0, ) which satisfies the 
following conditions: 

(i) <fi is increasing; 

(ii) for each x > 0, there exists a k £ (0, 1) such that 4>{x) < 
We assume that K\ , K 2 , f, g satisfy the following conditions. 

Assumption 5.1. (i) Ki(t,s) > and K2(t,s) < for all t,s £ [a,b]; 
(ii) There exist A, [i > and £ 3> such that for all x, y e R, x > y, 

0<f(t,x)-f(t,y)<\<f>{x-y) (5.2) 

and 

- H>(x -y)< g{t, x) - g(t, y) < 0; (5.3) 

(iii) 

(A + M )sup f {K 1 (t,s)-K 2 (t,s))ds<l; (5.4) 
tei J a 

Definition 5.2. An element (a,/3) e X x X with X = C(I,M) is called a coupled lower and 
upper solution of the integral equation (5.1) if for alH e I , 

a(t) < [ (K 1 (t,s)(f(s,a(s))+g( S ,f3(s)))ds+ [ K 2 (t, S ))(f(s,/3(s))+g(s,a(s)))ds + h(t) 



and 

0(t) > [ (K 1 (t,s)(f(s,(3( S ))+g( S ,a(s)))ds+ [ K 2 (t, s))(f(s,a(s)) + g(s, 0(s)))ds + h{t) 

J a J a 

Theorem 5.3. Consider the integral equation (5.1) with Ki,K 2 £ C(I,M), f,g € C(I x K,R) 
and h £ C(7,R). Suppose that there exists a coupled lower and upper solution (a, ft) of (5.1) 
with a < ft and that Assumption 5.1 is satisfied. Then the integral equation (5.1) has a solution. 

Proof. Consider the natural order relation onI = C(J,R) ; that is, for x,y £ C(I,M) 

x<y^> x(t) < y{t)yt £ I 

It is well known that A is a complete metric space with respect to the sup metric 

d(x,y) = sup \x(t)-y(t)\,x,y£ C(J,R). 
tei 

Suppose that {u n } is a strictly increasing sequence in X that converges to a point u £ X. Then 
for every t £ I, the sequence of real numbers 

m(t) < u 2 (t) < ... < u n (t) < ... 

converges to u(t). Therefore, for all t £ I, n £ N,u n (t) < u{t). Hence, u n < u for all n. 
Similarly, it can be verified that, if for all t £ I,v{t) is a limit of a strictly decreasing sequence 
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v n (t) in X, then v(t) < v n (t) for all n and hence v < v n . Therefore conditions (i) and (ii) of 
Corollary 2.1 hold. 

Also, X x X = C(J,R) x C(I,R) is a partially ordered set under the following order relation 
in X x X 

{x,y), (u, v) e X x X, (x, y) < (u,v) x(t) < u{t) and y(t) > v(t),Vt e I . 

For any x,y e X , max{i(t), y{t)} and min{x(t), y(t)}, for each t € I, are in X and are the 
upper and lower bounds of x, y, respectively. Therefore, for every (x, y), (u, v) e X x X, there 
exists a (max{i, u}, min{y, v)}) ^ X x X that is comparable to (x,y) and 
Define F : X x X ^ X by 

F(x, y)(t) - J a b Kiit, s)(f(s, x(s)) + g(s, y(s)))ds + f a K 2 (t, s)(f(s, y(s)) + g(s, x(s)))ds + h(t) 
for all t e [a, b]. We now show that F has the mixed strict monotone property. For xi(t) < x 2 (t) 
for all t e [a,b] we have 

F(an,y)(t) - F(x 2 ,y)(t) = [ K 1 (t, S )(f(s,x 1 ( s )) + g( S ,y(s)))ds 



+ I K i {t,a){f{a,y{a))+g{a,xx{a)))da + h{t) 

J a 

- f K 1 {t,a){f{a,x 2 {3))+g{8,y{a)))da 

J a 

- I K 2 {t,s){f{s,y{s))+g(s,x 2 {s)))ds-h{t) 

J a 

= I K 1 (t,s)(f( S ,x 1 (s))-f( S ,x 2 (s)))d S 

J a 

+ [ K 2 (t,s)(g(s,x 1 (s)) - g(s,x 2 (s)))ds <0 



by Assumption 5.1. Hence F(xi,y)(t) < F(x 2 ,y)(t),yt e I ; that is, F(x 1: y) < F(x 2l y). 
Similarly, if y\ > y 2 , that is, y\{t) > y 2 (t), for all t e [a, b], we have 

F(x, yi )(t) - F(x,y 2 )(t)= [ Jfi(t,«)(/(a,a5(s)) + (/(«, yi (s)))ds 

+ f K 2 (t,8)(f(8, yi (8))+g(8,x(8)))d8 + h(t) 
J a 

- f Ki[t,8)(f(8,x(8))+g(a,y2(8)))d8 

J a 

- I K 2 (t,s)(f(s,y 2 (s))+g(s,x(s)))ds-h(t) 

J a 

= / K 1 (t,s)(g(s,y 1 (s)) - g(s,y 2 (s)))ds 

+ ( K 2 {t,s){f{s, yi {s))-f{sMs)))ds<Q 



by Assumption 5.1. Hence F(x,y 1 )(t) < F(x,y 2 )(t),\/t e I ; that is, F(x,yi) < F(x,y 2 ). 
Therefore F satisfies mixed strict monotone property. 

Next, we verify that F satisfies (1.3). For x > u,y < v, that is, x(t) > u(t),y(t) < v(t) for all 
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t £ I, we have 

F(x,y)(t)-F(u,v)(t) = [ K 1 (i,s)(/(s,a ; ( S ))+ 5 ( S ,y 1 ( S )))d S 

J a 

+ / K 2 (t,s)(f(s,y(s))+g(s,x{s)))ds 



- f Ki{t t 8)(f{8,u{8))+g{8,v(8)))d8 
J a 

- [ K 2 {t,s){f(s,v{s))+g{s,u(s)))ds 

J a 

= ( K 1 (t,s)(f(s,x(s)) - f(s,u(s)) - g(s,y(s)) - g(s,v(s)))]ds 

J a 

+ f K 2 (t,s)[(f(s,y(s))-f(s,v(s)))-g(s,x(s))-g(s,u(s)))ds 

J a 

- / K 2 (t,s)[f(s,v(s)) - f(s,y(s)) - (g(s,x(s)) - g(s,u(s))]ds 

J a 

< [ K 1 (t,s)[X(t){x(s)-u{s)) + ^{v(s)-y(s))}ds 

J a 

K 2 (t, s)[\(j>(v(s) - y(s)) + fx<j){x{s) - u(s))]ds (5.5) 



Since the function <p is increasing and x > u and y < v, we have 

(p(x(s) - u(s)) < 0(sup \x(t) - u(t)\) = cf)(d(x, u)) 
tei 

and 

4>(v(s) - y(s)) < 0(sup \v(t) - y(t)\) = <f>(d(v, y)) 
tei 

Hence, using (5.5) and the fact that K 2 (t, s) < , we obtain 

\F(x,y)(t)-F(u,v)(t)\ < f X 1 (t, S )[A0(d(x, U ))+ M 0(rf(«, 2 ;))]d S 

J a 

- I K 2 (t,s)[\0(d{v,y)) + ficj>{d(x,u))]ds (5.6) 

J a 

Since all of the quantities on the right hand side of (5.5) are non-negative, inequality (5.6) is 
satisfied. 

Similarly, we can show that 

\F(y,x)(t)-F(v,u)(t)\ < [ X 1 (t, s )[A0(d( u ,j/))+ M 0(d(x, u ))]d s 

- [ K 2 (t,s)[X^(d(x,u))+ncP(d(v,y))]d S (5.7) 

J a 

Summing (5.6) and (5.7), dividing by 2 , and then taking the supremum with respect to t we 
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get, by using (5.4) that 



d{F(x, y) + F{u, v)) + d(F(y, x) + F(v, u)) 



2 



< (A + </>) sup / (K 1 (t,s)-K 2 (t,s))d. 



<f>(d(v,y)) + <j>(d(x,u)) 



tei J a 



2 



<P{d{v,y)) + (f>(d(x,u)) 
2 



Since <fi is increasing, 



<j>(d(x, u)) < <t>(d(x, u) + d(v, y)), <j)(d(v, y)) < <j)(d(x, u) + d(v, y)) 



and hence 



<f>(d{v,y)) +4>{d{x,u)) 
2 



< <t>{d(x,u)+d(v,y)) < (-)[d(x,u)+d(v,y)} 



by the definition of (f>. Thus 



d(F(x, y) + F(u, v)) + d{F(y, x) + F(v, «)) 



< (^)[d(x,u) + d(v,y)] 



2 



which reduces to the symmetric contractive condition (1.3). 

Then, by Proposition 1.14, F is a generalized symmetric Meir-Keeler type contraction. 
Finally, let (a, (i) be a coupled lower and upper solution of the integral equation (5.1), then 
we have a(t) < F(a,/3)(t) and j3{t) > F(/3,a)(t) for all t e [a, b] , that is, a < F(a,P) and 

Therefore, Corollaries 2.2 and 3.2 yield that F has a unique coupled fixed point (x, y) and hence 
the system (5.1) has a unique solution. □ 
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Pointwise Superconvergence Patch Recovery for 
the Gradient of the Linear Tetrahedral Element 

Jinghong Liu*and Yinsuo Jia* 

We consider the finite element approximation to the solution of a self-adjoint, 
second-order elliptic boundary value problem in three dimensions over a fully 
uniform mesh of piecewise linear tetrahedral elements. First, the supercloseness 
of the gradients between the piecewise linear finite element solution Uh and the 
linear interpolation ui is derived by using a weak estimate and an estimate of 
the discrete derivative Green's function. We then analyze a superconvergence 
patch recovery scheme for the gradient of the finite element solution, showing 
that the recovered gradient of Uh is superconvergent to the gradient of the true 
solution u. 

1 Introduction 

Superconvergence of the gradient for the finite clement approximation is a phe- 
nomenon whereby the convergent order of the derivatives of the finite elemen- 
t solutions exceeds the optimal global rate. Up to now, superconvergence is 
still an active research topic; see, for example, Babuska and Strouboulis [1], 
Chen [2], Chen and Huang [3], Lin and Yan [4], Wahlbin [5] and Zhu and Lin 
[6] for overviews of this field. Nevertheless, how to obtain the superconver- 
gent numerical solution is an issue to researchers. In general, it needs to use 
post-processing techniques to get recovered gradients with high order accura- 
cy from the finite element solution. Usual post-processing techniques include 
Interpolation technique, Projection technique, Average technique, Extrapola- 
tion technique, Superconvergence Patch Recovery (SPR) technique introduced 
by Zicnkicwicz and Zhu [7-9] and Polynomial Patch Recovery (PPR) technique 
raised by Zhang and Naga [10]. In previous works, for the linear tetrahedral 
element, Chen and Wang [11] obtained the recovered gradient with 0(h 2 ) order 
accuracy in the average sense of the L 2 -norm by using SPR. Using the L 2 - 
projection technique, in the average sense of the L 2 -norm, Chen [12] got the 
recovered gradient with 0(h 1+mm ( a '^) order accuracy. Goodsell [13] derived 
by using the average technique the pointwise superconvergence estimate of the 
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LIU, JIA: POINTWISE SUPERCONVERGENCE PATCH RECOVERY 

recovered gradient with 0(h 2 ~ £ ) order accuracy. 

Unlike the results in [11-13], this article will show a pointwise superconver- 
gcncc estimate with 0(h 2 \ ln/i|s) order accuracy for the recovered gradient by 
using SPR. In this article, we shall use the letter C to denote a generic con- 
stant which may not be the same in each occurrence and also use the standard 
notations for the Sobolev spaces and their norms. 

2 Model Problem and Finite Element Space 

Suppose O C R 3 is a rectangular block with boundary, <9f2, consisting of faces 
parallel to the x-, y-, and z-axes. We consider the self-adjoint, variable coeffi- 
cients second-order elliptic problem 

3 

Cu= — ^ dj(a,ijdiu) = f in O, ti = on dfl. (2.1) 

Here we assume / is smooth enough, and A = (a^) is a 3 x 3 symmetric 
matrix function in (X°°(f2)) 3x3 and uniformly positive definite. Set d\u = 
— and d%u — Thus, the variational formulation of (2.1) is 

a(u, v) = (f,v) VveH^(n), (2.2) 

where 

r 3 

a(u, v) = 2, aijdiudjV dxdydz 

and 

(/ , v) = / fv dxdydz. 
Jn 

To discretize the problem (2.2), one proceeds as follows. The domain Q is 
firstly partitioned into cubes of side h, and each of these is then subdivided into 
six tetrahedra (see Fig. 1). We denote by T h this partition. 




Figure 1: A tetrahedral partition 
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For this fully uniform mesh of tetrahcdral elements, let 5g(f2) C Hq(£Y) 
be the piecewise linear tetrahedral finite element space, and Ui G Sq{£1) the 
Lagrange interpolant to the solution u of (2.2). 

Discrctizing (2.2) using Sq as approximating space means finding Uh G Sq 
such that a(uh , v) = (/ , v) for all v G Sq. Here Uh is a finite element approxi- 
mation to u. Thus we have the Galerkin orthogonality relation 

fl(«-u k ,») = 0V»eSj(fi). (2.3) 

To derive the main result of this article, for every Z G ft, we need to introduce 
the discrete derivative Green's function dz,eG z G Sq(CI) defined by 

a(«, a z/ G|) = V« G S%{Q). (2.4) 

Here, for any direction I G i? 3 , |f| = 1, dz,tG z and dev(Z) stand for the 
following onesided directional derivatives, respectively. 

fe^= hm g V/" G| ,W= lim ^ + A^)-^) z = 
' z \az\^o \AZ\ y ' \az\^o \AZ\ ' 1 1 

Remark 1. Since AZ = \AZ\£, that is, AZ is of the same direction as I. Thus, 
provided that the direction I is given, the above limits exist. Hence, no matter 
what direction is given, the above definition has good meaning. 



3 Gradients Recovered by SPR and Supercon- 
vergence 

SPR is a gradient recovery method introduced by Zicnkicwicz and Zhu. This 
method is now widely used in engineering practices for its robustness in a pos- 
terior error estimation and its efficiency in computer implementation. 

For v G Sq(Q), we denote by Rh the SPR-recovery operator and begin by 
defining the point values of R^v at the element nodes. After the recovered 
gradient values of all nodes are obtained, we give a linear interpolation by using 
these values, namely SPR-recovery gradient R^v. Obviously RhV G Sq(£1). 

Let us firstly assume N is a interior node of the partition T'\ and denote 
by to the element patch around N containing 24 tetrahedra. Under the local 
coordinate system centered N, we let Qi be the barycenter of a tetrahedron 
d C co, i = 1,2, •••,24. SPR uses the discrete least-squares fitting to seek 
linear vector function p G (Pi (a;)) 3 , such that 

24 

£>(Qi) - Vv(Qi)]q(Qi) = \fq G Pi(w), (3.1) 

where v G Sq (fi). The existence and uniqueness of the minimizer in (3.1) can 
be found in [14]. 
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We define Rhv(N) = p(0). Then the following Lemma 3.1 and Lemma 3.2 
hold. 

Lemma 3.1. Let lj be the element patch around an interior node N, and 
u e W z '°°(uj). For ui e Sq(Q) the interpolant to u, we have 

\Vu(N) - R hUl (N)\ < Ch 2 \\u\\ s ^ u . 

Lemma 3.2. The recovery operator Rh satisfies 

24 



R h v{N) = ±-Y j Vv{Q i ). 



24... 
i=i 

Lemma 3.3. For v e Sq (O), we have the weak estimate 
|a(u - ui,v)\ < Ch 2 \\u\\ 3tOCtn \v\i tlt n- 

Lemma 3.4. For dz,iG z the discrete derivative Green's function defined in 
(2.4), we have the following estimate 

\dz,(G h z \ hl < C|ln/i|t. 

Remark 2. The proofs of Lemma 3.1 and Lemma 3.2 can be seen in [11], 
Lemma 3.3 in [13], and Lemma 3.4 in [15]. 

Theorem 3.1. For ui and Uh, the linear interpolant and the linear tetrahedral 
finite element approximation to u, respectively. Thus we have the following 
supercloseness estimate 

\ u h ~ w /li,oo,o ^ Gh |]nft|3||u||3 i0Oi fi. 

Proof. For every Z € f2 and any direction £, from (2.3) and (2.4), 

d e (u h - iij ) (Z) = a(u h - it j , d z ,eG'z) = a(u - u/, d Z jG h z ). 

Hence, using Lemma 3.3, 

\8 t (u h - UI ) (Z)\ < Ch 2 \\u\\ 3 oo n \d Z jG z \ l i n , 

which combined with Lemma 3.4 completes the proof of Theorem 3.1. 
Theorem 3.2. For uj e Sq (fi) the linear interpolant to u, the solution of (2.2), 
and Rh the gradient recovered operator by SPR, we have the superconvergent 
estimate 

\Vu - RhUi\ oo Q < C/i 2 ||u|| 3:00i n- 

Proof. Denote by F : e — > e an affine transformation. Obviously, there ex- 
ists an element e e T h , using the triangle inequality and the Sobolcv Embedding 
Theorem [16], and considering Lemma 3.2, such that 

|Vw--R^j| 0;CX) ,n = |Vu- RhUi\ 0>oo>e 

< Ch-^Vu-RhUj^e 
Ch- 1 



< Ch- 1 
Ch- 1 



l V "l ,oo,e + \ R hUl\ ,CK 

l V «lo,co,x + l^ll,co,x 
fi H3,oo,*' 
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where x is a small patch of elements surrounding the tetrahedron, e. Due to 
the fact that, for u quadratic over \, 

Vu — RhUi = in e, 

so, from the Bramble-Hilbert Lemma [17], 

|VU- flfc«j| ,oo,n ^ GhrX l fi ls,oo,« ^ Ch2 l u k oo.il > 

which completes the proof of Theorem 3.2. 

Theorem 3.3. For Uh € Sq(£Y) the linear finite element approximation to u, 
the solution of (2.2), and Rh the gradient recovered operator by SPR, we have 
the superconvergent estimate 

\Vu - R h u h \ >0O >n < C/i 2 |lnft,|3||u|| 3:0o n . 

Proof. Using the triangle inequality, we have 

|Vu- fifcttfclo.oo ,n ^ \ R h{uh-ui)\ oo n 
+ |Vu-iifc«j| 0iOO|n 

< - u /ll,oo,f2 

which combined with Theorems 3.1 and 3.2 completes the proof of Theorem 3.3. 
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Abstract. Lin [18, 19] introduced and investigated the following quadratic functional equations 



c 



/ E 3 * +E/ I>-(n+c-i)^ (o.i) 

\*=1 / j=2 \i=l / 

(n n / n— 1 N 

i=2 i<j J=3 \i=2 / 

Q[Y J d l xA+ didjQixi-Xj) - (E*) (E^Q(^) ) • (°- 2 ) 

\i=l / l<i<j<n \i=l / \i=l / 

In this paper, we prove the Hyers-Ulam stability of the above quadratic functional equations in para- 
normed spaces. 



1. Introduction and preliminaries 

The concept of statistical convergence for sequences of real numbers was introduced by Fast [7] and 
Steinhaus [31] independently and since then several generalizations and applications of this notion have 
been investigated by various authors (see [8, 16, 20, 21, 29]). This notion was defined in normed spaces 
by Kolk [17]. 

We recall some basic facts concerning Frechet spaces. 

Definition 1.1. [33] Let X be a vector space. A paranorm P : X — > [0, oo) is a function on X such 
that 

(1) P(P) = 0; 

2010 Mathematics Subject Classification: 35A17; 39B52; 39B72. 

Keywords: paranormed space; fixed point; quadratic functional equation; Hyers-Ulam stability. 
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(2) P(-x) = P(x) ■ 

(3) P(x + y) < P{x) + P(y) (triangle inequality) 

(4) If {t n } is a sequence of scalars with t n — > t and {x n } C A with P(x n —x) — > 0, then P(t n x n —tx) — > 
(continuity of multiplication). 

The pair (A, P) is called a paranormed space if P is a paranorm on X. 
The paranorm is called total if, in addition, we have 

(5) P(x) = implies x = 0. 

A Frechet space is a total and complete paranormed space. 

The stability problem of functional equations originated from a question of Ulam [32] concerning the 
stability of group homomorphisms. Hyers [11] gave a first affirmative partial answer to the question of 
Ulam for Banach spaces. Hyers' Theorem was generalized by Aoki [2] for additive mappings and by 
Th.M. Rassias [23] for linear mappings by considering an unbounded Cauchy difference. A generaliza- 
tion of the Th.M. Rassias theorem was obtained by Gavruta [10] by replacing the unbounded Cauchy 
difference by a general control function in the spirit of Th.M. Rassias' approach. 

In 1990, Th.M. Rassias [24] during the 27 th International Symposium on Functional Equations asked 
the question whether such a theorem can also be proved for p > 1. In 1991, Gajda [9] following the 
same approach as in Th.M. Rassias [23], gave an affirmative solution to this question for p > 1. It was 
shown by Gajda [9], as well as by Th.M. Rassias and Semrl [28] that one cannot prove a Th.M. Rassias' 
type theorem when p = 1 (cf. the books of P. Czerwik [5], D.H. Hyers, G. Isac and Th.M. Rassias [12]). 

The functional equation 

fix + y) + f{x -y) = 2 f{x) + 2/(y) 
is called a quadratic functional equation. In particular, every solution of the quadratic functional 
equation is said to be a quadratic mapping. A Hyers-Ulam stability problem for the quadratic functional 
equation was proved by Skof [30] for mappings / : X — > Y, where A is a normed space and Y is a 
Banach space. Cholcwa [3] noticed that the theorem of Skof is still true if the relevant domain X is 
replaced by an Abelian group. Czerwik [4] proved the Hyers-Ulam stability of the quadratic functional 
equation. The stability problems of several functional equations have been extensively investigated by a 
number of authors and there are many interesting results concerning this problem (see [1, 6], [13]— [15], 
[22], [25]-[27]). 

Throughout this paper, assume that (A, P) is a Frechet space and that (Y, || • ||) is a Banach space. 

This paper is organized as follows: In Section 2, we prove the Hyers-Ulam stability of the quadratic 
functional equation (0.1) in paranormed spaces. In Section 3, we prove the Hyers-Ulam stability of the 
quadratic functional equation (0.2) in paranormed spaces. 

2. Hyers-Ulam stability of the functional equation (0.1) in paranormed spaces 
For a given mapping /, we define 

(n \ n / n 

i=l / j=2 \i=l 

(n n / n— 1 

fix 1 )+C^2fix i )+ ]T (^fiXi-Xj) 
i=2 i<j,j=3 \i=2 

In this section, we prove the Hyers-Ulam stability of the functional equation Dfixi, ■ ■ ■ ,x n ) = in 
paranormed spaces. 

Throughout this section, assume that v := 2 — n — c is an integer greater than one. 
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Note that P{vx) < vP(x) for all x £ Y. 
Theorem 2.1. Let r, 6 be positive real numbers with r > 2. Let f : Y — > X be a mapping such that 

n 

P(Df( Xl ,--- ,*„))< £ Hziir (2.1) 
1=1 

for all Xi, ■ ■ ■ ,x n £Y. Then there exists a unique quadratic mapping R:Y^rX such that 

P(f(x) - R(x)) < -^\\x\\ r (2.2) 

for all x e Y. 

Proof. Putting x 2 = ^ and x\ — x 3 = X4 = ■ ■ ■ = x n = in (2.1), we get 

p(/»-^/(*))<« 



for all x e Y 
Hence 

holds for all non-negative integers I and to with to > / and all x £ Y. It follows from (2.3) that the 
sequence {w 2fc /(^)} is a Cauchy sequence for all x e Y. Since X is complete, the sequence {w 2fe /(^)} 
converges. So the mapping R : Y — > X can be defined as 



i?(x) := lim « 2fc .f(4) 



for all x € y. 
By (2.1), 



P(DR( X1 ,. ■ ■ ,*„)) . & P(*D* (*, - , "J)) < Hm „*P ( M (*,..., *•)) 

for all £1, • • • , x n e Y. So DR(x\, ■ ■ ■ ,x n ) = 0. So the mapping R : Y — > X is quadratic. Moreover, 
letting Z = and passing the limit to — > 00 in (2.3), we get (2.2). So there exists a quadratic mapping 
R:Y -> X satisfying (2.2). 

Now, let T : Y — > X be another quadratic mapping satisfying (2.2). Then we have 

P(R(x)-T(x)) = p(v 2q R(—)-v 2q T /J 



v qJ \ v q 



< -^—\\ x \\ r .—, 

- y r_ v 2" II v rq> 

which tends to zero as q — > 00 for all x e y. So we can conclude that R(x) = T{x) for all x e Y. This 
proves the uniqueness of i?. Thus the mapping i? : y — > X is the unique quadratic mapping satisfying 
(2.2). □ 

Theorem 2.2. Let r, be positive real numbers with r < 2. Let / : X — > y fco mapping such that 

n 

\\Df(x u --- ,x n )\\<6j2P(xiY (2-4) 
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for all Xi, ■ ■ ■ , x n G X . Then there exists a unique quadratic mapping R : X — > Y such that 



-p{ x y 



\\f( x )-R( x )\\<-_ i 
for all x G X. 

Proof. Putting X2 = x and x\ = x 3 = x 4 = ■ ■ ■ = x n = in (2.4), we get 

\\f(vx)-v 2 f(x)\\<6P(xy 



and so 



for all x G X 
Hence 



f( x ) - ~^f(vx) 



< e\p( x y 

V 2 



i,2m 



f(v m x) 



< 



E 



1 v r iP(x) r 



(2.5) 



(2.6) 



holds for all non-negative integers I and to with m > I and all x G X. It follows from (2.6) that 
the sequence {^kkf(v k x)} is a Cauchy sequence for all x G X. Since Y is complete, the sequence 
f(v kx )} converges. So the mapping R : X — >• Y can be defined as 



R(x) := lim -^f (v k x) 

V ' fe^oo V 2k V ' 



for all x G X. 
By (2.4), 



\\DR(x 1 , ■ ■ ■ ,x n )\\ = lim 

k— >00 



^DR(v k Xl ,--- ,v k x n ) 



< lim ^H^^X!, 



for all xi, • • • , x„ G X. So DR(xi, • • • , x„) = 0. So the mapping R : X — > y is quadratic. Moreover, 
letting Z = and passing the limit to — > oo in (2.6), we get (2.5). So there exists a quadratic mapping 
R : X y satisfying (2.5). 

Now, let T : X — > y be another quadratic mapping satisfying (2.5). Then we have 



\\R(x)-T(x) 



< 



< 



1 

v 2q 

29 



(R(v q x)- f(v q x)) 



+ 



,2q 



(T (v«x) - f (v«x)) 



-p{ x y 



which tends to zero as q — > oo for all x G X. So we can conclude that R(x) = T(x) for all x G X. This 
proves the uniqueness of R. Thus the mapping R : X — > y is the unique quadratic mapping satisfying 
(2.5). □ 
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3. HYERS-ULAM STABILITY OF THE FUNCTIONAL EQUATION (0.2) IN PARANORMED SPACES 

For a given mapping /, we define 

(n \ n / n \ 

^fe + ^2 didjQ (xi - xj) -^dA ^d l Q{x i ) J . 
i=\ ) l<i<j<n i=l \i=l / 

In this section, we prove the Hyers-Ulam stability of the functional equation DQ(x\, • • • , x n ) = in 
paranormed spaces. 

Throughout this section, assume that d :— Y^j=i dj is an integer greater than one. 
Note that P(dx) < dP(x) for all x e Y. 

Theorem 3.1. Let r, 9 be positive real numbers with r > 2. Let Q : Y — > X be a mapping such that 

n 

P(DQ(x ir -- , Xn )) <0^2\\xi\\ r (3.1) 

i=i 

for all x\, ■ ■ ■ ,x n G Y . Then there exists a unique quadratic mapping R : Y — > X such that 

nO 

P(Q(x)-R(x))<— - 2 \\x\Y (3.2) 

for all x G Y . 

Proof. Putting x\ = ■ ■ ■ = x n = | in (3.1), we get 

for all x e X 
Hence 

(?) <«> 

holds for all non-negative integers I and m with m > I and all x G Y. It follows from (3.3) that the 
sequence {c? 2fe Q( Jr)} is a Cauchy sequence for all x GY. Since X is complete, the sequence {d 2k Q( j^)} 
converges. So the mapping R : Y — > X can be defined as 



*(*):= ton 



for all x E Y. 
By (3.1), 



P(^ 1; • • • ,*„)) = V*P(J*DR ■ ■ ■ , 5)) < lim (Mg, , dk , , 

< lim d 2k 9 1 V 



\i=l 



x% 
\dF 



= lim ^(ELdMn =0 



for all xi, • • • ,x„ G Y". So DR(xi, ■ ■ ■ ,x n ) = 0. So the mapping i? : Y~ — > X is quadratic. Moreover, 
letting I = and passing the limit m — > 00 in (3.3), we get (3.2). So there exists a quadratic mapping 
: y -5- X satisfying (3.2). 

Now, let T : Y — > X be another quadratic mapping satisfying (3.2). Then we have 
P(BW-TM) = P(^fl(|)-^T(|)) 

S P (<?< (« © - «/ (£))) + (" 2a ( T (!) ~ « GJ))) 

2n6> cP? 
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which tends to zero as q — > oo for all x e Y. So wc can conclude that R(x) = T{x) for all This 
proves the uniqueness of R. Thus the mapping R : Y — > X is the unique quadratic mapping satisfying 
(3.2). □ 

Theorem 3.2. Let r, 9 be positive real numbers with r < 2. Let Q : X — > Y &e a mapping such that 

n 

\\DQ(x u --- ,x n )\\ <6j2P(xiY (3-4) 

i=l 

/or all Xi, - ■ ■ ,x n £ X . Then there exists a unique quadratic mapping R : X — > Y smc/i i/iai 



||Q(z)-i2(s)ll< 



rf 2 - d> 



■P(.x) r 



/or all x e X. 
Proof. Putting X\ 

and so 



for all x € X 
Hence 



x in (3.4), we get 

\\Q(dx) - d 2 Q(x)\\ <n6P{x) r 



Q{x) - -^Q(dx) 



1 eW-^Q(ft) 



J=2 



(3.5) 



holds for all non-negative integers I and m with m > I and all x e X. It follows from (3.5) that 
the sequence {jmQ(d k x)} is a Cauchy sequence for all x E X. Since Y is complete, the sequence 
{jkkQ(d k x)} converges. So the mapping R : X — > Y can be defined as 



fe-5-OO (i 2fe 

for all x e X. 

The rest of the proof is similar to the proofs of Theorems 2.2 and 3.1 
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Abstract. The aim of this article is to lay a foundation for providing a soft algebraic tool in considering many 
problems that contain uncertainties. In order to provide these soft algebraic structures, the notion of union soft 
commutative BCI-ideals is introduced, and related properties are investigated. Relations between a union soft 
commutative BC I -ideal and a (closed) union soft i3C7-ideal are displayed. Conditions for a union soft BCI- 
ideal to be a union soft commutative i?C7-ideal are established. Characterizations of a union soft commutative 
£?C7-ideal are considered, and a new union soft commutative -BCT-ideal from an old one is constructed. 

I. Introduction 

The real world is inherently uncertain, imprecise and vague. Various problems in system 
identification involve characteristics which are essentially non-probabilistic in nature [26]. In 
response to this situation Zadeh [27] introduced fuzzy set theory as an alternative to probability 
theory. Uncertainty is an attribute of information. In order to suggest a more general framework, 
the approach to uncertainty is outlined by Zadeh [28]. To solve complicated problem in economics, 
engineering, and environment, we can't successfully use classical methods because of various 
uncertainties typical for those problems. There are three theories: theory of probability, theory 
of fuzzy sets, and the interval mathematics which we can consider as mathematical tools for 
dealing with uncertainties. But all these theories have their own difficulties. Uncertainties can't 
be handled using traditional mathematical tools but may be dealt with using a wide range of 
existing theories such as probability theory, theory of (intuitionistic) fuzzy sets, theory of vague 
sets, theory of interval mathematics, and theory of rough sets. However, all of these theories have 
their own difficulties which are pointed out in [23]. Maji et al. [19] and Molodtsov [23] suggested 
that one reason for these difficulties may be due to the inadequacy of the parametrization tool 
of the theory. To overcome these difficulties, Molodtsov [23] introduced the concept of soft set 
as a new mathematical tool for dealing with uncertainties that is free from the difficulties that 
have troubled the usual theoretical approaches. Molodtsov pointed out several directions for the 
applications of soft sets. Worldwide, there has been a rapid growth in interest in soft set theory 
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°Keywords: Exclusive set, Union soft algebra, (Closed) union soft BCT-ideal, Union soft c-_BC/-ideal. 
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and its applications in recent years. Evidence of this can be found in the increasing number 
of high-quality articles on soft sets and related topics that have been published in a variety of 
international journals, symposia, workshops, and international conferences in recent years. Maji 
et al. [19] described the application of soft set theory to a decision making problem. Maji et 
al. [18] also studied several operations on the theory of soft sets. Akta§ and Qagman [2] studied 
the basic concepts of soft set theory, and compared soft sets to fuzzy and rough sets, providing 
examples to clarify their differences. They also discussed the notion of soft groups. Jun and Park 
[17] studied applications of soft sets in ideal theory of BCK/BC /-algebras. Jun et al. [14, 15] 
introduced the notion of intersectional soft sets, and considered its applications to BCK/BCI- 
algebras. Also, Jun [10] discussed the union soft sets with applications in BCK/BC /-algebras. 
We refer the reader to the papers [1, 3, 5, 6, 7, 9, 11, 12, 13, 16, 24, 25, 29] for further information 
regarding algebraic structures/properties of soft set theory. 

In this paper, we discuss applications of the union soft sets in a commutative .BCI-ideals of 
.BCI-algebras. We introduce the notion of union soft commutative .BCI-ideals, and investigated 
related properties. We consider relations between a union soft commutative BCI-ideal and a 
(closed) union soft .BCI-ideal. We provide conditions for a union soft .BCI-ideal to be a union 
soft commutative .BCI-ideal, and establish characterizations of a union soft commutative BCI- 
ideal. We construct a new union soft commutative .BCI-ideal from an old one. 

2. Preliminaries 

A BCK/BC I- algebra is an important class of logical algebras introduced by K. Iseki and was 
extensively investigated by several researchers. 

An algebra (X; *, 0) of type (2, 0) is called a BCI-algebra if it satisfies the following conditions: 

(I) (Vx, y,z G X) (((x * y) * (x * z)) * (z * y) = 0), 
(II) (Vx, yeX) ((x *(x*y))*y = 0), 

(III) (Vx G X) (x*x = 0), 

(IV) (Vx, y G X) (x*y = 0,y*x = =>- x = y). 
If a BCI-algebra X satisfies the following identity: 

(V) (Vx G X) (0 * x = 0), 
then X is called a BCK -algebra. Any .BCiiV-BCI-algebra X satisfies the following axioms: 
(al) (Vx G X) (x*0 = x), 

(a2) (Vx, y,z G X) (x < y =>• x * z < y * z, z *y < z * x), 
(a3) (Vx, y, z G X) ((x * y) * z = (x * z) * y), 
(a4) (Vx, y,z E X) ((x * z) * (y * z) < x * y) 

where x < y if and only if x * y = 0. In a .BCI-algebra X, the following hold: 

(bl) (Vx, y G X) (x * (x * (x * y)) = x * y) , 
(b2) (Vx, y G X) (0 * (x * y) = (0 * x) * (0 * y)) . 
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A BCI-algebra X is said to be commutative (see [22]) if 

(Vx, y G X) (x < y =>- x = y * (y * x)) . (2.1) 

Proposition 2.1. A BCI-algebra X is commutative if and only if it satisfies: 

(Vx, y G X) (x * (x * y) = y * (y * (x * (x * y)))) . (2.2) 

A nonempty subset S of a BCK/BC /-algebra X is called a subalgebra of X if x * y G S 1 for all 
x,y e S. A subset / of a BCI- algebra X is called a BC I -ideal of X if it satisfies: 

G /, (2.3) 
(Vx e X)(\/y e I)(x*y e I xel). (2.4) 

A BCZ-ideal / of a BCI-algebra X satisfies: 

(Vx G X)(Vy G /) (x < y xel) (2.5) 

A BCZ-ideal / of a BCI-algebra X is said to be closed if it satisfies: 

(VxGX)(xG/ 0«Gl) 

A subset / of a BCI-algebra X is called a commutative BCI-ideal (briefly, c-BCI-ideat) of X 
(see [20]) if it satisfies (2.3) and 

(x * y) * z G I, z G I =>- x * ((y * (y * x)) * (0 * (0 * (x * y)))) G / (2.6) 

for all x,y,z G X. 

Proposition 2.2 ([20]). ^4 BCI-ideal I of a BCI-algebra X is commutative if and only ifx*y G / 
implies x * ((y * (y * x)) * (0 * (0 * (x * y)))) G /. 

Proposition 2.3 ([20]). Let I be a closed BCI-ideal of a BCI-algebra X. Then I is commutative 
if and only if it satisfies: 

(Vx, y G X) (x * y G / =>- x * (y * (y * x)) G /) 

Observe that every c-BCJ-ideal is a BCI-ideal, but the converse is not true (see [20]). 

We refer the reader to the books [8, 21] for further information regarding BCX/BCJ-algebras. 

A soft set theory is introduced by Molodtsov [23], and Cagman et al. [4] provided new defini- 
tions and various results on soft set theory. 

In what follows, let U be an initial universe set and E be a set of parameters. We say that the 
pair (U, E) is a soft universe. Let &(U) denotes the power set of U and A, B, C, • • • C E. 

Definition 2.4 ([4, 23]). A soft set & ~ A over U is defined to be the set of ordered pairs 

■= {(x, f A (x)) : x G B, f A (x) G &>(U)} , 
where f A : E ->■ &(U) such that f A (x) = if x£ A. 
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The function f A is called the approximate function of the soft set ^ A . The subscript A in the 
notation Ja indicates that Ja is the approximate function of 
In what follows, denote by S(U) the set of all soft sets over U. 

Let &a £ S(U) and let r C U. Then the r-exclusive set of J^a is defined to be the set 
e{^ A ; r) := {x e A \ f A (x) C r} . 

Obviously, we have the following properties: 

(1) e(& A ;U) = A. 

(2) f A {x) = r\{rCU\xee{^ A -T)}. 

(3) (Vn, r 2 C U) (n C r 2 e^; n) C e(J^; r 2 )) . 

3. Union soft c-5C/-ideals 

Definition 3.1 ([10]). Let (U, E) = (U,X) where X is a £>d-algebra. Given a subalgebra A of 
E, let G S(U). Then is called a union soft BC I -ideal (briefly, U-soft BC I -ideal) over U 
if the approximate function f A of & a satisfies: 

(V* g A) (/ A (0) C , (3.1) 
(Vx, t/GA) (/ A (x) C * y) U / A (y)) . (3.2) 

Definition 3.2. Let ([/, E) = (U, X) where X is a £?Ci-algebra. Given a subalgebra A of E, let 
G S(U). Then ^4 is called a union soft commutative BC I -ideal (briefly, U-soft c-BCI-ideal) 
over U if the approximate function /a of J^a satisfies (3.1) and 

f A (x * {{y *{y* x)) * (0 * (0 * (x * y))))) C / A ((x * y) * z) U f A (z) (3.3) 

for all x,y,z G A. 

Example 3.3. Let ([/, £7) = ([/, X) where X = {0, a, 1, 2, 3} is a BCJ-algebra with the following 
Cayley table: 



* 





a 


1 


2 


3 











3 


2 


1 


a 


a 





3 


2 


1 


1 


1 


1 





3 


2 


2 


2 


2 


1 





3 


3 


3 


3 


2 


1 






Let Ti, r 2 and r 3 be subsets of U such that Ti C r 2 C r 3 . Define a soft set over U as follows: 

= {(0, n), (a, r 2 ), (1, r 3 ), (2, r 3 ), (3, r 3 )} . 
Routine calculations show that is a U-soft c-.BC/-ideal over U. 

Theorem 3.4. Let (U, E) = (U,X) where X is a BCI-algebra. Then every U-soft c-BCI-ideal 
is a U-soft BCI -ideal. 
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Proof. Let ^ A be a U-soft c-.BC/-ideal over U where A is a subalgebra of E. Taking y = in 
(3.3) and using (al) and (III) imply that 

f A (x) = f A (x * 0) = f A (x * ((0 * (0 * x)) * (0 * (0 * (x * 0))))) 
C f A ((x *0)*z)U f A (z) = f A (x * z) U f A (z) 

for all x, z G A. Therefore & A is a U-soft _BC/-ideal over U. □ 

The following example shows that the converse of Theorem 3.4 is not true. 

Example 3.5. Let (U, E) = (U, X) where X = {0, 1, 2, 3, 4} is a Ed-algebra with the following 
Cayley table: 



* 
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3 


4 
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1 





1 
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2 


2 











3 
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3 


3 








4 


4 


4 


4 


3 






Let T±, r 2 and r 3 be subsets of U such that t± C r 2 C r 3 . Define a soft set over [/ as follows: 

^ = {(0, n), (1, r 2 ), (2, r 3 ), (3, r 3 ), (4, r 3 )} . 

Routine calculations show that is a U-soft £?Ci-ideal over U. But it is not a U-soft c-BCI- 
ideal over {7 since 

/ B (2 * ((3 * (3 * 2)) * (0 * (0 * (2 * 3))))) = r 3 n = f E ((2 * 3) * 0) U f E (0). 

We provide conditions for a U-soft £?Ci-ideal to be a U-soft c-5C/-ideal. 

Theorem 3.6. Let (U,E) = (U,X) where X is a BCI-algebra. For a subalgebra A of E, let 
,^ A £ S(U). Then the following are equivalent: 

(1) & A is a U-soft c-BC I -ideal over U. 

(2) & A is a U-soft BCI-ideal over U and its approximate function f A satisfies: 

(Vx, ye A) (f A (x * ({y * (y * x)) * (0 * (0 * (x * y))))) C f A (x * y)) . (3.4) 

Proof. Assume that & A is a U-soft c-5C/-ideal over U. Then & A is a U-soft £?C7-ideal over U 
(see Theorem 3.4). If we take z = in (3.3) and use (al) and (3.1), then we have (3.4). 

Conversely, let ^ A be a U-soft £?Ci-ideal over U such that its approximate function f A satisfies 
(3.4). Then f A (x * y) C * y) * z) U /a(^) for all x,y, z e A hy (3.2), which implies from 

(3.4) that 

f A (x * {{y *{y* x)) * (0 * (0 * (x * y))))) C / A ((x * y) * z) U / A (^) 
for all x,y,z G A. Therefore ^4 is a U-soft c- -BCI-ideal over U. □ 
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Definition 3.7 ([10]). Let (U,E) = (U,X) where X is a £?C7-algebra. Given a subalgebra A of 
E, let &a £ S(U). A U-soft .BCI-ideal & A over U is said to be closed if the approximate function 
f A of & A satisfies: 

(VxeA)(f A (0*x)Cf A (x)). (3.5) 

Lemma 3.8 ([10]). Let (U,E) = (U,X) where X is a BCI -algebra. Given a subalgebra A of E, 
let & A e S(U). 

(1) If &a is a U-soft BCI-ideal over U, then the approximate function fA satisfies the fol- 
lowing condition: 

(Vx,y,zeA)(x*y<z f A (x)Cf A (y)\Jf A (z)). (3.6) 

(2) If the approximate function f a of &a satisfies (3.1) and (3.6), then # A is a U-soft BCI- 
ideal over U. 

Theorem 3.9. Let (U, E) = (U,X) where X is a BCI -algebra. For a subalgebra A of E, let ^a 
be a closed U-soft BCI-ideal over U. Then the following are equivalent: 

(1) &a is a U-soft c-BC I -ideal over U. 

(2) The approximate function f'A of J£ 'a satisfies: 

(Vx, ye A) (f A (x *(y*(y* x))) C f A (x * y)) . (3.7) 
Proof. Assume that & A is a U-soft c- .BCI-ideal over U. Note that 

(x * (y * (y * x))) * (x * ((y * (y * x)) * (0 * (0 * (x * y))))) 

< ((y * (y * x)) * (0 * (0 * (x * y)))) * (y * (y * x)) 

— {{y * (y * x )) * (y * (y * x ))) * (o * (o * (x * y))) 

= * (0 * (0 * (x * y))) = * (x * y) 

for all x,y E A. Using Lemma 3.8(1), (3.4) and (3.5), we have 

f A (x* (y * (y*x))) 

C f A (x * ((y *(y* x)) * (0 * (0 * (x * y))))) U f A (0 * (x * y)) 
Q /a(x *y)U /a(0 *{x* y)) = f A (x * y) 

for all x,y E A. Now suppose that the approximate function f A of &a satisfies (3.7). Since 

[x * ((y * (y * x)) * (0 * (0 * (x * y))))) * (x * (y * (y * x))) 

< (y * (y * x)) * ((y * (y * x)) * (0 * (0 * (x * y)))) 
<0*(0*(x*y)), ^ 
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it follows from Lemma 3.8(1), (3.5) and (3.7) that 

f A (x * ((y *(y* x)) * (0 * (0 * (x * y))))) 

Q Ja(x *(y*(y* x ))) U / A (0 * (0 * (x * y))) 

Q Ja{x * y) U f A (0 * (0 * (x * y))) = f A (x * y) 
for all x, y G A. By Theorem 3.6, & A is a U-soft c--BC7-ideal over U. □ 

Theorem 3.10. Let (U,E) = (U,X) where X is a commutative BCI-algebra. Then every closed 
U-soft BCI-ideal is a U-soft c-BC I -ideal. 

Proof. Let & 'a be a closed U-soft SCi-ideal over U where A is a subalgebra of E. Using (a3), 
(bl), (I), (III) and Proposition 2.1, we have 

(x * (y * (y * x))) * (x * y) = (x * (x * y)) * (y * (y * x)) 
= (y * (y * (x * (x * y)))) *(y*(y* x)) 
= (y*(y*(y* x))) *(y*(x*(x* y))) 
= (y * x) * (y * (x * (x * y))) 
< (x * (x * y)) * x = * (x * y) 
It follows from Lemma 3.8(1) and (3.5) that 

f A (x *(y*(y* x ))) C f A (x * y) U f A {0 * (x * y)) = f A (x * y), 
for all x, y G A. Therefore, by Theorem 3.9, ^ A is a U-soft c-_BCJ-ideal over U. □ 
Using the notion of r-exclusive sets, we consider a characterization of a U-soft c-i?C/-ideal. 

Lemma 3.11 ([10]). Let (U, E) = (U,X) where X is a BCI-algebra, Given a subalgebra A of 
E, let cP A G S(U). Then the following are equivalent. 

(1) & A is a U-soft BCI-ideal over U. 

(2) The nonempty r-exclusive set of & A is a BCI-ideal of A for any r C U. 

Theorem 3.12. Let (U, E) = (U,X) where X is a BCI-algebra, Given a subalgebra A of E, let 
J^A G S(U). Then the following are equivalent. 

(1) & A is a U-soft c-BCI-ideal over U. 

(2) The nonempty r-exclusive set of & A is a c-BCI-ideal of A for any r C U. 

Proof. Assume that & A is a U-soft c--BC/-ideal over U. Then & A is a U-soft £?Ci-ideal over U 
by Theorem 3.4. Hence e(^ A ; r) is a _BC/-ideal of A for all r C U by Lemma 3.11. Let r C U 
and x, y G A be such that x *y G e{^A\ Then f A (x * y) C r, and so 

f A (x * ((y *(y* x)) * (0 * (0 * (x * y))))) C f A (x * y) C r 

by Theorem 3.6. Thus 

x * ((y * (y * x)) * (0 * (0 * (x * 7 ^)))) G e(^ A ; r). 
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It follows from Proposition 2.2 that e(^A] t) is a c--BC7-ideal of A. 

Conversely, suppose that the nonempty r-exclusive set of &a is a c-5C/-ideal of A for any 
tCU. Then e( J^; r) is a BC I-ideal of A for all r C U. Hence & A is a U-soft BC I -ideal over [/ 
by Lemma 3.11. Let x, y £ A be such that /a(x * y) = t. Then x * y £ e{& A \ t), and so 

x * ((y * (y * x)) * (0 * (0 * (rr * 1/)))) G e(^45 7") 

by Proposition 2.2. Hence 

/a (x * ((y *(y* x)) * (0 * (0 * (x * y))))) Cr = f A (x * y). 

It follows from Theorem 3.6 that & A is a U-soft c-5CJ-ideal over U. □ 

The c-5CJ-ideals e(& A ] t) in Theorem 3.12 are called the exclusive c-BCI-ideals of &a- 

Theorem 3.13. Let (U,E) = (U,X) where X is a BCI-algebra. Let & E ,& E G S{U) such that 

(i) (Vx G f?) (/ £ (x) C g E {x)) , 

(ii) and & E « r e U-soft BC I -ideals over U. 

If is closed and W E is a U-soft c-BCI-ideal over U, then ^ E is also a U-soft c-BCI-ideal 
over U. 

Proof. Assume that ^ E is closed and is a U-soft c-_BC/-ideal over U. Let r be a subset of U 
such that e{& E \ r) / ^ e{W E ; r). Then e(JP E ; T ) and e(W E ] r) are BCJ-ideals of E and obviously 
e(^ E ; t) D e(W E ; t). Let x G e{& E \ r). Then f E (x) C r, and so /e(0*x) C /e(x) C r since J^e is 
closed. Thus * x G e(JP E ; t), and thus e(^ E ; t) is a closed .BCI-ideal of E 1 . Since £fg is a U-soft 
c-5CJ-ideal over [/, it follows from Theorem 3.12 that e(^f E ; r) is a c-5C/-ideal of E. Let x,y £ E 
be such that x * y £ e(JP E ; r). Then * (x * y) £ e(^ E ; t). Since (x * (x * y)) * y = G e(5fe; r), 
it follows from Proposition 2.2 that 

(x * (x * y)) * (y * (y * (x * (x * y)))) 

= (x * (x * y)) * ((y * (y * (x * (x * y)))) * (0 * (0 * ((x * (x * y)) * y)))) 

G e(0fc; r) C e(^ E ; r) 

so from (a3) that 

(x * (y * (y * (x * (x * y))))) * (x * y) £ e{^ E ; r). 
Hence x * (y * (y * (x * (x * y)))) £ e(JP E ; r) by (2.4). Note that 
(x * (y * (y * x))) * (x * (y * (y * (x * (x * y))))) 

< (y * (y * [x * (x * y)))) * (y * (y * x)) 

< (y * x) * (y * (x * (x * y))) 

< (x * (x * y)) * x = * (x * y) £ e(JP E ; r). 

Using (2.5) and (2.4), we have x * (y * (y * x)) £ e(JP E ; r). Hence e(JP E ; r) is a c-£?C7-ideal of E 
by Proposition 2.3. Therefore ^ E is a U-soft c-5C/-ideal over U by Theorem 3.12. □ 
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Union soft sets applied to commutative J3C7-ideals 

Theorem 3.14. Let (U,E) = (U,X) and &a G S(U) where X is a BCI-algebra and A is a 
subalgebra of E. For a subset r of U, define a soft set &\ over U by 

} A .E^^{U), otherwise _ 
If ^ a is (i U-soft c-BCI-ideal over U, then so is &* A . 

Proof. If &a is a U-soft c-5C/-ideal over U, then e(^A] t) is a c-BCI-ideal of A for any r C U. 
Hence G e(^ A ;r), and so f A (0) = f A (0) C f A (x) C /^(x) for all x G A Let x,y,z G A. If 
(i*i/)*zG e(^4; r) and z G e(#A; 7"), then x * ((y * (y * x)) * (0 * (0 * (x * y)))) G e{^A\ t) and 
so 

f* A (x * {(y * (y * x)) * (0 * (0 * (x * y))))) 
= f A (x * ((y *(y* x)) * (0 * (0 * (x * y))))) 
C f A ((x *y)*z)U f A (z) = f* A ((x *y)*z)U f A {z). 

If (x * y) * z ^ e{&A\ r) ot z ^ e(J?A', t), then f* A ((x * y) * z) — U or f* A {z) = U. Hence 

f* A (x * ((y * (y * x)) * (0 * (0 * (x * y))))) CU = f* A ((x * y) * z) U f* A (z). 

This shows that & A is a U-soft c-£?C7-ideal over U. □ 

Theorem 3.15. Let (U,E) = (U,X) where X is a BCI-algebra. Then any c-BCI-ideal of E 
can be realized as an exclusive c-BCI-ideal of some U-soft c-BCI-ideal over U. 

Proof. Let A be a c-i?C/-ideal of E. For any subset r C U, let & A be a soft set over U defined 
by 

t if x G A, 
U if x <£ A. 

Obviously, /a(0) C /a(x) for all x E E. For any x, y, z G i?, if (x * y) * z G A and z G A then 
x * ((y * (y * x)) * (0 * (0 * (x * y)))) G A. Hence 

f A {{x *y)*z)U f A {z) = t = f A {x * ((y * (y * x)) * (0 * (0 * (x * y))))). 

If (x * y) * z A or z £ A then /a((x * y) * 2) = U or = U. It follows that 

/a (a: * ((y * (y * x)) * (0 * (0 * (x * y))))) CU = f A ((x *y)*z)U f A {z). 

Therefore &a is a U-soft c-5C/-ideal over U, and clearly c(^a] t) = A. This completes the 
proof. □ 
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Abstract 

Let H(D) be the linear space of all analytic functions defined on the 
open disc D = {z\ \z\ < 1}. A log-harmonic mappings is a solution of the 
nonlinear elliptic partial differential equation 

_ 7 

/* = w-f z 

where w(z) G H{D) is second dilatation such that < 1 for all z G D. 

It has been shown that if / is a non-vanishing log-harmonic mapping, then 
/ can be expressed as 



/(*) = h(z)g(z) 

where h(z) and g(z) are analytic function in D. On the other hand, if / 
vanishes at z = but it is not identically zero then / admits following 
representation 

f(z) = z\z\ w ' h(z)g(z) 

where Re (3 > —\,h and g are analytic in D, g(0) = 1, h(0) ^ 0. Let 
/ = z | z | 2/3 hg be a univalent log-harmonic mapping. 

2000 AMS Mathematics Subject Classification 30C45. 

Keywords and phrases: Starlike log-harmonic functions, univalent func- 
tions, distortion theorem, Marx-Strohhacker inequality 
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We say that / is a starlike log-harmonic mapping of order a if 
d ^ g ii reiO)) =Re Zf '-/ h >a,0<a<l. (Vz G U) 

and denote by Sf h (a) the set of all starlike log-harmonic mappings of order 
a. 

The aim of this paper is to define some inequalities of starlike log-harmonic 
functions of order a (0 < a < 1). 

I. Introduction 

Let Q be the family of functions <f)(z) regular in the unit disc D and 
satisfying the conditions 0(0) = 0, \<f>(z)\ < 1 for all z G D. 
Next, denote by P(a)(0 < a < 1) the family of functions 

p(z) = 1 +piz + ... 
regular in D and such that p(z) in P{a) if and only if 

l + (l-2a) 4,(z) 

v(z) = i-m 

for some functions z6ll and every z G D. 

Let Si(z) and 5*2 (z) be analytic functions in the open unit disc, with 
Si(0) = 5*2(0), if Si(z) = S2((j>(z)) then we say that Si(z) is subordinate to 
S2(z), where <f>(z) G ^([4]), and we write Si(z) -< S2 (z). 

Let H(D) be the linear space of all analytic functions defined on the open 
disc D = {z\ \z\ < 1}. A log-harmonic mappings is a solution of the nonlinear 
elliptic partial differential equation 

_ 7 

fz = Wjf z 

where w(z) G H(D) is second dilatation such that |w(z) | < 1 for all z G D. 

It has been shown that if / is a non-vanishing log-harmonic mapping, then 
/ can be expressed as 

f(z) = h(z)g(zj 
where h(z) and g(z) are analytic function in D. 

2 
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On the other hand, if / vanishes at z = but it is not identically zero 
then / admits following representation 

f(z) = z\z\ 2f) h{z)g{z) 
where Re(3 > — |, h and g are analytic in D, g(0) = 1, h(0) 7^ 0. 

O p 

Let / = z \ z\ hg be a univalent log-harmonic mapping. We say that / 
is a starlike logharmonic mapping of order a if 

<9(arg f(re ie )) v zf z -zf^ „ , . , w _ n 

— = Re > a , < a < 1. (Vz G £/) 

9^ / 

and denote by S* h (a) the set of all starlike log-harmonic mappings of order 
a([3]). 

If a = 0, we get the class of starlike log-harmonic mappings. Also, let 

ST(a) = {/ e S^a) anrf/ G fT(i/)} . 

If / G 5*^(0) then F(^) = log(/(e' r )) is univalent and harmonic on the 
half plane {^| Re {<;} < 0}. It is known that F is closely related with 
the theory of nonparametric minimal surfaces over domains of the form 
-co < u < u Q (v) , u (v + 2tt) = u Q (v), see ([1],[2]). 

In this paper, we obtain Marx-Strohhacker Inequality and new distortion 
theorems using the subordination prinsiple for the starlike log-harmonic map- 
pings of order a, previously studied by Z. Abdulhadi and Y. Abu Muhanna [3] 
who obtained the representation theorem and a different distortion theorem 
for the same class. 



3 
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II. Main Results 



Theorem 2.1. Let f(z) = zh(z)g(z) be an analytic logaritmic harmonic 
function in the open unit disc U. If f(z) satisfies the condition 

m _ m , ^ = Fiz) (1) 

h(z) g(z) 1-z 

then / G Sf h (a). 

Proof. We define the function by 

h - = (1 - Hz)r 2(1 - a) (2) 

where (1 — 0(z)) _2( ' 1_a - ) has the value 1 at z — 0. Then w(z) is analytic and 
0(0) = 0. If we take the logarithmic derivative of (2) and the after brief 
calculations, we get 

h\z) J{z) j 2{l-a)z4f{z) 



h(z) g(z) 1 - <f>(z) 

Now it is easy to realize that the subordination (1) is equivalent to 
\4>(z)\ < 1 for all z G U. Indeed assume the contrary: then there is a 
z\ G U such that |</>(zi)| = 1, so by I.S. Jack Lemma Zi<f>'(zi) = k(f>(zi) for 
some k > 1 and for such z\ G U, we have 

^(zi) 1 - <f>(zi) 

but this contradicts (1); so our assumption is wrong, i.e, \<f>(z)\ < 1 for all 
z G u. By using condition (1) we get 

_ ^) _ 1 + (1 - 2oMg) 
The equality (3) shows that f(z) G Sf h (a). 



4 
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Corollary 2. 2. For the starlike logharmonic functions of order a, we have 
Marx-Strohhacker Inequality is 



1 - 



g \ 2(l-a) 
h 



< 1 



g and hare analytic in u and ^ hg(u). 
Proof. Using theorem 2.1 we have 



(1 



;i - 0(z))~ 2(1 - a) = \ 



{\-4>(z)) 2{1 - a) 



i-4>(z) 



i-m = (f) 2(i -' ^i-(i) 2(i 

Theorem 2.3. If / G Sf h (a) then 

1 



a) 



0(z) 



l-(f) 2(1 - 



a) 



( 1 + r )2(l-a) 



< 



< 



(1 _ r )2(l-a) 



W*)|<1. 



(4) 



Proof. The set of the values of the function ( 2 (i_°j z ) is the closed disc 
with the centre C and the radius p, where 



C = C{r) 



2(1 - a)r 2 



,0 



\ 1 r 1 

Using the subordination, we can write 

2(1 -a)r 2 



, p = p{r) = 



2(1 - a)r 



' h!{z) J{z) 
v h(z) g(z) 
Therefore we have 



< 



2(1 -a)r 



1 + r 
On the other hand 



h(z) g(z) 



< 



2(1 -a)r 



If we consider the relations (5), (6), (7) together we obtain 

2(1 -a) d |7| , , 2(1 -a) 

— V— - < 7T log h - log g ) < A. 

1 + r or 1 — r 

After the integrating we obtain (4). 



(5) 



(6) 



(7) 



(8) 



482 



AYDOGAN ET AL 478-485 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.3, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



Theorem 2.4. If / G Sf h (a) then 



'1 _^2(l-a) < < 



Proof. Using theorem 2.3 we can write 



\bi 




ai r 


ai 




6i 


r 



|6i 


+ 


a±\r 


ai 


+ 


bi 


r 



(1 + r) 



2(l-a) 



(9) 



(l _ r) 2(l-a)<|WI < (l + r) 2(l-a) 



(10) 



On the other hand, since f is solution of the non-linear elliptic partial 
differential equation 



then we obtain 



wiz) 



_ f 

fz = W-f z 
h'(z) _ Oi 



h(z) 



+ 



ai 



Now we define the function 



, . . wiz) — w(0) „ 

Mz) = V = V - , z G D. 

n ' l-w(0)w(z) 



(11) 



(12) 



Therefore (f>(z) satisfies the condition of Schwarz lemma. Using the esti- 
mate the Schwarz lemma \<f>(z)\ < r,which given 



w(z) — w(0) 



< r 



l-w(0)w(z) 

The inequality (13) can be written in the following form 



(13) 



wiz) - ^ 
V ; - ai w(z) 



< r 



w(z) 



< r 



i &1 ( \ 
1 — = W (^J 



(14) 



The inequality (14) is equivalent 

w(z) 



(1 -r 2 ) 


h. 




ai 



1 - (^) 2 r 2 



< 





bi 




oi 


1 - 


&1. 




ai 



(15) 
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The equality holds in the inequality (15) only for the function 

«-« = S < 16 > 

h(z) 

From the inequality (15) we have 

(17) 









r 




ai 






1 




bi 


r 






ai 





< w z) < 



1 + 



Considering the relation (10), (17) together, end after the simple calculations, 

< ±_ < - ' — _ (18) 







a\ 


r 


9(*) 


ai 




bi 


r 


h(z) 



h>(z) 



using inequality (4) in the inequality (18) we get (8). 



|6i 


+ 




r 


9{z) 


\ai 


+ 


bi 


r 


h(z) 
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Abstract 

In this paper, we characterize nth differentiation composition operators from weight- 
ed Banach space of holomorphic function to weighted Bloch space, and give some nec- 
essary and sufficient conditions for the boundedness and compactness of the operators. 



1 Introduction 

Let 17(D) and 5(D) denote the class of analytic functions and analytic self-maps on the unit 
disk D of the complex plane of C, respectively. Let v and w be strictly positive continuous 
and bounded functions (weight) on D. 

Weighted Banach spaces of holomorphic functions is defined by 

HT = If G H(B) ■■ WfWv ■■= supv(z)\f(z)\ < 

endowed with the weighted sup-norm ||.||„. 

An / e 17(D) belongs to weighted Bloch spaces B w if 

M/) = S ^-Vw{z)\f'(z)\ < oo. 

zSB 

The quantity b w (f) defines a seminorm on B w , while a natural norm is given by 

ll/lk, = 1/(0)1 + M/)- 

This norm makes B w into a Banach space. 

By B Wy o we denote the little weighted Bloch space, the subspace of B w , consisting of all 
/ G B w such that 

lim w{z)\f{z)\=Q. 

Each <j> in 5(D) induces through composition a linear composition operator : 77(D) — > 
H(D), f i — ^ f o (p. And n-differentiating composition operator is a linear operator defined by 

1 The authors were supported in part by the National Natural Science Foundation of China (Grant Nos. 
10971153, 11126164, 11201331) 
* Corresponding author. 

2010 Mathematics Subject Classification. Primary: 47B38; Secondary: 30H30, 30H05, 47B33, 47G10. 
Key words and phrases. n-differcntiation composition operator, weighted Banach spaces, weighted Bloch 
space, compact, difference. 
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Chen, Zeng and Zhou: N-differentiation composition operators 



D$ : H(D) -> H(D)J ^ ((f)). We are interested in acting from weighted Banach 
spaces of holomorphic functions to weighted Bloch spaces. 

In the setting of weighted spaces the so-called associated weight plays an important role. 
For a weight v its associated weight v is defined follows: 

v(z) 



su P {|/(z)| :f&H^,\\f\\ v <\} \\5 Z \\ H ^ 

where S z denotes the point evaluation of z. By [1] the associated weight v is continuous, 
v > v > and for every z £ D we can find f z e with \\f z \\v < 1 such that |/z(z)| = j^jy. 

We say that a weight v is radial if v(z) — v(\z\) for every z £ D. A positive continuous 
function v is called normal if there exist 8 <E [0, 1) and s, t(0 < s < t) such that for every 
z e D with \z\ e [8, 1), 

v(\z\) v(\z\) 

is decreasing on [8, 1) and lim — — = 0; 



(1-1*1)' ' 

v(\z\) . . . K n , ,. v(\z\) 
— — is increasing on [8,1) and hm — — = oo. 

(i-\z\y \z\-n(i-\z\y 

A radial, non-increasing weight is called typical if lim v(z) — 0. When studying the struc- 

ture and isomorphism classes of the space H"^ (see [6, 7]), Lusky introduced the following 
condition (LI) (renamed after the author) for radial weights: 

{LI) inf V(1 - 2 r 1] > 0, 

which will play a great role in this article. Moreover, radial weights with (LI) (for example, 
see [2]) are essential, that is, we can find a constant k > such that 

v(z) < v(z) < kv(z) for every zGD. 

Now, let ifi a (z) = fEi^iZ G D, be the Mobius transformation that interchanges a and 0. 
We will use the fact that derivative of ip a is given by 

1 - lal 2 

= ~ (i_ az )2 for cver y zeD - 

Our aim in this note is to characterize boundedness and compactness of operator 
from weighted Banach spaces of holomorphic functions to weighted Bloch spaces in terms of 
the involved weights as well as the inducing map. For n — and n = 1, as corollaries we get 
a characterization of boundedness and compactness of and C^D that act from weighted 
Banach spaces of holomorphic functions to weighted Bloch spaces. 

Throughout this paper, we will use the symbol C to denote a finite positive number, and 
it may differ from one occurrence to the other. 



2 Background and Some Lemmas 

Now let us state a couple of lemmas, which are used in the proof of the main results in the 
next sections. The first lemma is taken from [9] . 
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Lemma 1. Let v be a radial weight satisfying condition (LI). There is a constant C > 
( depending only on the weight v ) such that for all f € , 



|/<-'M|<c f- (D 



for every z € D and n £ N. 



Proof. We will prove the theorem by mathematical induction. 
For n = 1, see Lemma 2 in [9]. 

If (1) is true for n — 1. Then for n, let u(z) — v(z)(l — Izl 2 )™" 1 , since 
\f (n ~ 1] {z)\<C 



v(z)(l- H 2 )™" 1 ' 
then e 

For using the result of n = 1 the lemma is proved. □ 

The following result is well-known (see, e.g. [3, 8]) 

Lemma 2. Suppose that w is a normal weight and v is a radial weight satisfying (LI ). Then 
the operator : — > B w (or B w fi) is compact if and only if whenever {f m } is a bounded 
sequence in with f m — > uniformly on compact subsets o/D, and then \\D^f m \\s m — > 0. 

The following lemma can be proved similarly to Lemma 1 in [4] (see, also [5]). It will be 
useful to give a criterion for compactness in B w .o- 

Lemma 3. Assume w is normal. A closed set K in B w _ is compact if and only if it is 
bounded and satisfies 

lim supw(z)\f(z)\=0. (2) 
khi feK 

3 The Boundedness of : — )• B w {or B wfi ) 

In this section we formulate and prove results regarding the boundedness of the operator 
: H™ ->• B w (or B wfi ). 

Theorem 1. Suppose that w be arbitrary weight, v be a radial weight satisfying condition 
(LI), then : — > B w is bounded if and only if 

SU P 777 wit i 77 ^ I i < 00, (3) 

Proof. First, we assume that the operator : ~ > B w is bounded. Fix a point a e D, 
and consider the function 

/ a (z) = <^™ +1 (z).g a (z) for every z G D, 
where g a is a function in the unit ball of such that g a (a) = Then 

||/ a ||v = SUP V(z)\f a (z)\ < SUp v(z) \g a (z) \ < 1. 

It is easy to check that 

« +1 )W(a)=0, fc = 0,l,...,n; 
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) W a _| mn+l ' 



(i-N 2 ) r 

So 

Ja l a J-2^ G «+l^« > W9a W ~ Q _ \ a \2)n+ly( a )- 

k=0 V 1 1 ' V ' 

Then by the boundedness of : — »■ B w , we have 

oo > > sup W (z)|47+ 1) (0(^))0'(^)| 

^ i wM+^im \\aJ( w {n + \)\w{a)\<j)'{a)\ 

Since v has (LI), the weights v and v are equivalent then v can be replaced by v, and 
combine with the arbitrariness of a e D, we obtain (3). 
Conversely, an application of Lemma 1 yields 

»<« , " t ' , l*»*'«' s c , M «S!pf. '^- < 4 > 



and 



I f {n) (4>(0))\ < C — 

Combine with this and taking the suprcmum in (4) over D, then employing condition (3), 
we see that : — > B w must be bounded. □ 

By the similar proof of Theorem 1 we see that the following result is true. 

Theorem 2. Suppose that w be arbitrary weight, v be a radial weight satisfying condition 
(LI), then : H£° — > B Wi o is bounded if and only if 

Hm = o f5) 

W->it;(0(*))(l-M*)l 2 ) n+1 ' [) 

Especially, for n = 0, we obtain necessary and sufficient conditions for the boundedness 
of the operators : H£° — > B w (ov B w .o)- 

Corollary 1. Suppose that w be arbitrary weight, v be a radial weight satisfying condition 
(LI), then the following statements hold: 

(i) Cj, : — > B w is bounded if and only if 

w{z)\<P'{z)\ 

^«(0(*))(i- W*)l 2 ) <0 °' 

(it) : — > B w _ is bounded if and only if 

hm ^MM =0 . 

\zHiv(<f>{z))(l-\<t>{z)\*) 

For n = 1, D 1 } is the operator C^D, then we have the following corollary . 
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Corollary 2. Suppose that w be arbitrary weight, v be a radial weight satisfying condition 
(LI), then the following statements hold: 

(i) C^D : LL^° — > B w is bounded if and only if 

w{z)\4>'{z)\ 

JU(<^))(i-|<M*)l 2 ) 2 • 

(ii) C^D : — > B W fl is bounded if and only if 

ton W -^MM = 

|z|-lt;(^))(l-|^)|2)2 

4 The Compactness of D 1 ^ : H%° ->• B w (or B wfi ) 

In this section, we turn our attention to the question of compactness. 

Theorem 3. Suppose that w be arbitrary weight, v be a radial weight satisfying condition 
(LI). Then D 7 } : — > B w is compact if and only if 



w(zW(z)\ 

' r '~ l \i(z)\>r V{<j){z)){l - \4>{Z)\ 



ii- sup (6) 



Proof. First, we assume that the operator D 1 ^ : — > B w is compact. Let {z m } m C D be 
a sequence with |</>(z m )| — > 1 such that 

,. w{z) \<j>'{z)\ w{z m )\4>' {z m )\ 

hm sup — 7T7 — v\~7i ' = hm 



,1 Wz {{ >r V(4>(Z)){1 \Hz)\ 2 ) n+1 — V(<t>(z m ))(l - \HZm)\ 2 ) n+1 • 

By passing to a subsequence and still denoted by {z m } m , we assume that there is N e N, 
such that \<j)(z m )\ m > \ for every m > N. For every m € N, we consider functions 

f m (z) = z m ^+ 1 m) (z)g 4>{Zm) {z) for every z e D, 

where g^,( Zm ) is a function in the unit ball of such that \g ( p( Zm ){(j)(z rn ))\ = ^ . 

Again since w has (LI), v may be replaced by v. Obviously, {f m }m C is a bounded 
sequence that tends to zero uniformly on the compact subsets of D. Hence by Lemma 2, we 
have that ||-D^/m||B„ — > 0. Moreover, 

(^+ 1 m) )«(0(z m )) = O, fe = 0,l,...,n; 



\2\n+l 



Since 



n+l 



fe=0 

Therefore |/„T +1) (^ m ))l = g^^S)^ ' and for m ^ N 

<- ||I>J/ m |k > w(z m )\f£ +1 \<j>(z m ))<j>'(z m )\ 
(n + l)\w(z m )\<l>'(z m )\\<l>(z m )\ m 



> 



«(^ m ))(l-|0(z m )| 2 )«+i 
1 w(z m )\<p'(z m )\ 
2 U (0(z m ))(l-|0(z m )| 2 )™+ 1 ' 
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and the claim follows. 

Conversely, suppose that (6) holds. Let {f m }m C H^f be a bounded sequence which 
converges to zero uniformly on the compact subsets of D, we may assume that ||/ m ||-y < 1 
for every m G N. By Lemma 2 we have to show that 

\\D%f m \\B w -> if m-> oo. 

Let us fix e > 0. By hypothesis there is < r < 1 such that 

w(z)\cj>' (z)\ e 

< 777^ if \4>{z)\ > r, 



where C is the constant given in Lemma 1. Thus, if \<p(z)\ > r, by Lemma 1, 

Now, we can find M > such that 

sup w(z)\<t>'(z)\ < M. (8) 

|0(z)|<r 

Moreover, since {f m }m converges to uniformly on compact subsets of D as m — > oo. 
Cauchy's integral formula gives that {fm +1 ^} m also converges to uniformly on compact 
subsets ofDasm^oo. So there is N\ e N such that 

sup | (</>(*)) I < T7J for every m > A^. (9) 

Also, {fm\<ft(0))} m converges to as m — > oo, then there exists -/V2 > such that 
|/i n) (0(O))| < § for every m > N 2 . Finally, together with (7) (8) and (9) we can conclude 
that 

PJ/mlk = |/i" ) (0(O))|+sup W (z)|^'(z)||/(r +1) (0(z))| 

< l/i n) (0(O))|+ sup sup |/£ n+1 >(*(z))| 

\4>(z)\<r \4>(z)\<r 

+ sup W (z)|0'(z)||/^ +1 )(^(z))| 

\4>{z)\>r 

< e, 

for every m > A, where A := max{Ai, A2}. Hence the claim follows. □ 

Theorem 4. Suppose that w be a normal weight, v be a radial weight satisfying condition 
(LI). Then D 1 ^ : — > S^.o is compact if and only if 

lim U ^MM =0 . (10) 

Proof. Suppose that D 1 ^ : — > S„, ; o is compact. Then Z)^ : — > B w is compact. 
Hence, by Theorem 3 we see that (6) holds. Then for every e > there exists a r <G (0, 1) 
such that 

< £ if r<W*)|<l. 



v^{z)){l-\^zW) 



2^71+1 



491 



CHEN ET AL 486-493 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.3, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



Chen, Zeng and Zhou: N-differentiation composition operators 



On the other hand, since h(z) = ^qrjyy £ H™, from the compactness of : — > B Wt o, 
it follows that <j> £ B w fi. Then there exists a p £ (r, 1) such that 

w(zM(z)\ <s inf v(t)(l - \t\ 2 ) n+1 if p < \z\ < 1, (11) 

te[0,r] 

Therefore, when p < \z\ < 1 and r < \<f>(z)\ < 1, we have that 

mm < £ (12) 

If p < |z| < 1 and |^>(z)| < r, combine with (11), we have that 

™W(*)I < w(z)W(z)\ 

vU(z))(l- |0(z)| 2 )™+ 1 " inf w(i)(l - |*| 2 ) n+1 ' 1 j 

te[o,r] 

Inequalities (12) and (13) imply (10) holds. 

Conversely, assume that (10) holds. Then (3) holds, which along with (4) implies that the 
set £>$({/ £ : \\f\\ v < 1}) is bounded in B wfi . By Lemma 3 we see that D% : -> B wfi 
is compact if and only if 

lim sup w(z)\f n+1) (<f>(z))<f/(z)\ =0.. (14) 
N-^ll/ll^i 

Taking the supremum in (4) over the unit ball of -ff£°, then letting \z\ — > 1, we obtain (14), 
from which the compactness of : — > B m $ follows. □ 

Noticing the results of Theorem 2 and Theorem 4, we conclude that the boundedness 
and compactness of the operator : — > B w $ is equivalent. Similarly, for n = 0, we 
obtain necessary and sufficient conditions for the compactness of the operators C$ : — > 
B w {or B w>0 ). 

Corollary 3. Suppose that w be a normal weights, v be a radial weight satisfying condition 
(LI). Then the following statements hold: 

(i) Cff, : — > B w is compact if and only if 

w{z)\<P'(z)\ _ 

™l|«(Xr«(0W)(l-|^)| 2 ) " ' 

(ii) Ccj, : — > B W fi i g compact if and only if 

l im = 

|z|->lt>(0(*))(l- W*)| 2 ) 

And for n = 1, is the operator C^D. 

Corollary 4. Suppose that w be a normal weights, v be a radial weight satisfying condition 
(LI). Then the following statements hold: 

(i) C^D : — > B w is compact if and only if 

w(z)\<P'{z)\ 

™i*S)f>r«(^))(l-|^)| 2 ) 2 " ' 



(m,) C^-D : — > B w fi is compact if and only if 

w(z)W(z)\ 
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FUZZY n-JORDAN *-DERIVATIONS ON INDUCED FUZZY (7*- ALGEBRAS 
CHOONKIL PARK 1 , KHATEREH GHASEMF 2 , SHAHRAM GHAFFARY GHALEH 3 

Abstract. Using the fixed point method, we prove the fuzzy version of the Hyers-Ulam 
stability of n- Jordan *-derivations on induced fuzzy C* -algebras associated with the following 
functional equation 

' (40 + '(^) + '( ?t: t ± *) -'<•>• 



1. Introduction and Preliminaries 

The stability of functional equations originated from a question of Ulam [36] concerning the 
stability of group homomorphisms in 1940. More precisely, he proposed the following problem: 
Given a group Q, a metric group (Q',d) and e > 0, does there exist a 5 > such that if 
a function / : Q — >■ Q' satisfies the inequality d(f(xy),f(x)f(y)) < 5 for all x,y G Q, then 
there exists a homomorphism T : Q — >■ Q' such that d(f(x),T(x)) < e for all x G Q1 In 
1941, Hyers [16] gave a partial solution of the Ulam's problem for the case of approximate 
additive mappings under the assumption that Q and Q' are Banach spaces. In 1950, Aoki [1] 
generalized the Hyers' theorem for approximately additive mappings. In 1978, Th. M. Rassias 
[33] generalized the theorem of Hyers by considering the stability problem with unbounded 
Cauchy differences. The stability problems of several functional equations have been extensively 
investigated by a number of authors and there are many interesting results concerning this 
problem (see [7, 9, 11, 12, 13, 14, 19, 30, 31, 34, 35]). 

Let X be a set. A function d : X x X — > [0, oo] is called a generalized metric on X if d 
satisfies 

(1) d(x, y) = if and only if x = y\ 

(2) d(x, y) = d(y, x) for all x, y G X; 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y, z G X. 

We recall a fundamental result in fixed point theory. 

Theorem 1.1. ([4, 10]) Let (X,d) be a complete generalized metric space and let J : X — > X 
be a strictly contractive mapping with Lipschitz constant L < 1 . Then for each given element 
x £ X, either 

d{J n x, J n+1 x) = oo 

for all nonnegative integers n or there exists a positive integer uq such that 

(1) d{ J n x, J n+1 x) < oo, Vn > n ; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y G X \ d(J n °x, y) < oo}; 

2010 Mathematics Subject Classification. Primary 46S40; 47S40; 39B52; 47H10; 46L05. 
Key words and phrases. Fuzzy n- Jordan *-derivation; induced fuzzy C*-algebra; Hyers-Ulam stability. 
'Corresponding author. 
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(4) d(y, y*) < ^d{y, Jy) for all y€Y. 

In 1996, G. Isac and Th.M. Rassias [17] were the first to provide applications of stability 
theory of functional equations for the proof of new fixed point theorems with applications. By 
using fixed point methods, the stability problems of several functional equations have been 
extensively investigated by a number of authors (see [5, 6, 27, 28, 32]). 

Katsaras [18] defined a fuzzy norm on a vector space to construct a fuzzy vector topological 
structure on the space. Some mathematics have defined fuzzy normed on a vector space from 
various points of view [15, 21, 23, 24, 25, 29, 37]. In particular, Bag and Samanta [3] following 
Cheng and Mordeson [8], gave an idea of fuzzy norm in such a manner that the corresponding 
fuzzy metric is of Kramosil and Michalek type [20]. They established a decomposition theorem 
of a fuzzy norm into a family of crisp norms and investigated some properties of fuzzy normed 
spaces [2]. 

We use the definition of fuzzy normed spaces given in [3, 23, 24] to investigate a fuzzy version 
of the Hyers-Ulam stability of n-Jordan *-derivations in induced fuzzy C*-algebras associated 
with the following functional equation 

/(^) + /(^)+/(^)^>. 

Definition 1.2. ([3, 23, 24, 25]) Let X be a complex vector space. A function N : XxR ->• [0, 1] 
is called a fuzzy norm on X if for all x,y £ X and all s,f£l, 
Ni: N(x,t) = for t < 

N 2 : x = if and only if N(x, t) = 1 for all t > 

N 3 : N(cx, t) = N(x, A) if c G C - {0} 

N 4 : N(x + y,s + t) > min{N(x, s), N(y, t)} 

N§: N(x, •) is a non-decreasing function of R and lim^oo N(x, t) = 1 
Nq: for N(x, .) is continuous on R. 

The pair (X, N) is called a fuzzy normed vector space. 

Definition 1.3. ([3, 23, 24, 25]) Let (X, N) be a fuzzy normed vector space. 

(1) A sequence {x n } in X is said to be convergent if there exists an x £ X such that 
lim n _ 5>00 N(x n — x, t) = 1 for all t > 0. in this case, x is called the limit of the sequence {x n } 
and we denote it by — lim^oo x n = x. 

(2) A sequence {x n } in X is called Cauchy if for each e > and each t > there exists an 
no G N such that for all n > no and all p > 0, we have N(x n+P — x n , t) > 1 — e. 

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If 
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy 
normed vector space is called a fuzzy Banach space. 

We say that a mapping / : X — > y between fuzzy normed vector space X, y is continuous 
at point Xq G X if for each sequence {x n } converging to xq in X, then the sequence {f(x n )} 
converges to /(xq). If / : X — > y is continuous at each x € X, then / : X — > y is said to be 
continuous on X (see [2]). 

Definition 1.4. Let X be a *-algebra and (X, N) a fuzzy normed space. 
(1) The fuzzy normed space (X, N) is called a fuzzy normed *-algebra if 

N(xy,st)>N(x,s)-N(y,t) k N(x* ,t) = N(x,t) 
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(2) A complete fuzzy normed *-algebra is called a fuzzy Banach *-algebra. 

Example 1.5. Let (X, \\ • ||) be a normed *-algebra. let 

4-nr, t > 0, x G X 



N[x,t) = | J+IWI 



t < 0, x G X. 

Then N(x,t) is a fuzzy norm on and (X,N(x,t)) is a fuzzy normed *-algebra. 

Definition 1.6. Let (X, \\ • ||) be a C*-algebra and N a fuzzy norm on X. 

(1) The fuzzy normed *-algebra (X, N) is called an induced fuzzy normed *-algebra 

(2) The fuzzy Banach *-algebra (X, N) is called an induced fuzzy C*-algebra. 

Definition 1.7. Let (X,N) be an induced fuzzy normed *-algebra. Then a C-linear mapping 
D : (X, N) — > (X, N) is called a fuzzy n-Jordan ^-derivation if 

D{a n ) = D{a)a n - 1 + aD{a)a n - 2 + ... + a n - 2 D{a)a + a n - 1 D{a) & D{a*) = D(a)* 

for all a G X. 

Throughout this paper, assume that (X, N) is an induced fuzzy (7*-algebra. 

2. Main results 

Lemma 2.1. Ze£ (Z, N) be a fuzzy normed vector space and let f : X — > Z be a mapping such 
that 

n (/ (^) + / (^) + / (^f^) ,«) >_ N (m, (2.1, 

/or all x,y, z £ X and all t > 0. T/ien / is additive, i.e., f(x + y) = f(x) + f(y) for all x,y G X. 
Proof. Letting x = y = z = in (2.1), we get 

iV(3/(O),i) = 7V^/(O),0 > AT (/(O),^ 

for all i > 0. By iV 5 and iV 6 , N(f(0),t) = 1 for all i > 0. It follows from N 2 that /(0) = 0. 
Letting y = x = in (2.1), we get 

i' 



iV(/(0) + /(-z) + /(z),t)>iV^/(0), 2 

for all t > 0. It follows from iV 2 that /(-z) + /(z) = for all z £ X. So 

/(-z) = -/(z) 

for all z G X. 

Letting x = and replacing y, z by 3y, —z, respectively, in (2.1), we get 
N(f(y) + f(z) + f(-y - z), t)>N (7(0), ^ = 1 



for all i > 0. It follows from N 2 that 

/(*/) + /(*) + /(-y-*) = o (2.2) 

for all y,z e X. Thus 

/(y + z) = /(y) + /(z) 

for all y, z £ X, as desired. □ 
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Using the fixed point method, we prove the Hyers-Ulam stability of fuzzy n-Jordan *- 
derivations on induced fuzzy C*-algebras. 

Theorem 2.2. Let (p : X 3 — > [0, oo) be a function such that there exists an L < with 

(x y z\ L 

Hs'S'sJ- 3^ (w) (2 - 3) 
for all x,y, z G X . Let f : X — >■ X be a mapping such that 

n (W (^) + ,f (^) + ,f ( :ir ;;- :5: ) - m * 

> T r , (2-4) 

t + (f(x,y,z) 

N(f(w n ) - f{w)w n ~ 1 - wf{w)w n ' 2 w n - 2 f{w)w - w^fiw) 

+ '<»*> -'«*•<> 2 (2 ' 5) 

for all x,y,z,w,v G X, all t > and all \x G T 1 := {A G C : |A| = 1}. Then D(x) = N - 
lim n _ 5>00 3 n /( Jf) exists /or eac/i i£ ^ and defines a fuzzy n-Jordan ^-derivation D : X ^ X 
such that 

W ( /W - DW ,t)> ir -J^ig_ (2 . 6) 

/or all x £ X and all t > 0. 

Proof Letting /x = 1, y = 2x and z = in (2.4), we get 



A/ 



3/(|)-/W, t )> t + y( ^ Xi0) (") 



for all a; G Af. 
Consider the set 



5 := {g : X -»• 
and introduce the generalized metric on 5: 

d( 5 ,/i) = hu> G M+ : iV( 5 (z) - h(x),at) > - - - * — Q , Vx G *,V* > 0}, 

where, as usual, inf cf> = +oo. It is easy to show that (S, d) is complete (see the proof of [22, 
Lemma 2.1]). 

Now we consider the linear mapping J : 5 — > S such that 



Jg(x) := 35 (|) 



for all x G X. 

Let g, h G S be given such that o!(g, /i) = e. Then 

N(g(x) - h(x),et) > 



t + ip(x,2x,0) 
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for all x G X and all t > 0. Hence 



N(Jg(x)-Jh(x),Lst) = N (3g(^)-3h^),Let)=N(g(^)-h{£),^st 



Lt Lt 

> 3 > 3 

" ¥ + ¥»(f.T' ) " f + ^(x,2x,Q) 
t 



t + (p (x, 2x, 0) 

for all x G X and all i > 0. So d(g, h) = e implies that d(Jg, Jh) < Le. This means that 

d(Jg,Jh) < Ld(g,h) 

for all g,h £ S. 

It follows from (2.7) that d(f, J /) < 1. 

By Theorem 1.1, there exists a mapping D : X ^ X satisfying the following: 
(1) D is a fixed point of J, i.e., 

D (fH D <*> < 2 - 8 > 

for all x £ X. The mapping D is a unique fixed point of J in the set 

M = {g£ S :d(f,g) < oo}. 

This implies that D is a unique mapping satisfying (2.8) such that there exists a a G (0, oo) 
satisfying 

iV(/(s)-D(x),trf)> 



i + p(x,2x,0) 
for all x G Af; 

(2) d(J k f,D) — >■ as fc — >■ oo. This implies the equality 



for all x G Af; 

(3) d(f,D) < i^d(f, J/), which implies the inequality 

d(/,-D)< j4x- 

This implies that the inequality (2.7) holds. 
It follows from (2.3) that 

oo 



E^S'ii) <o ° 



fc=0 



for all x,y, z G A\ 

By (24), 



-3*/(??),3*t]> 



3 fe ' ' i + V^fc ) 3fe I 3*: , 
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for all x,y,z G X, all £ > and all fi G T 1 . So 

* (SV (^) + 3V/ ) + 3V/ (^^) 



> 



3* 



for all x,y, z G Af, all £ > and all u G T 1 . Since Hindoo fc , | — 5 — = 1 for all i,|/,z6^ 
and all £ > 0, 

n Ld (y^) +liD ( ^) + , D ( * x -y + * z ) _ D{tix) ,t] = ! 



for all x,y,z G -Y, all £ > and all /jCT 1 . Thus 

f ^ + mD f ^1 + vD ( 3x -y + 3z ) = D^x) (2.9) 



for all x,y,z G X, all £ > and all fi G T 1 . Letting x = y = z = 0in (2.9), we get D(0) = 0. 
Let fi = 1 and x = in (2.9). By the same reasoning as in the proof of Lemma 2.1, one can 
easily show that D is additive. Letting y = 2x and z = in (2.9), we get 

/xD(a;) = 3^1) (-) = D(ftx) 



,3, 

for all x G * and all /i G T 1 . By [26, Theorem 2.1], the mapping D : X — > X is C-linear. 
By (2.5) and letting v = in (2.5), we have 

" { snkf (S) - 3nfe/ S) - 3n/w S) - n ~ 2 - • • • - 3nfc ^~ 2/ S) * 

-3^ n - 1 /(J),3 nfc £ N ) > 



£ + 99(f ,0,0) 



for all io G and all £ > 0. So 



N { rkf - 3nfe/ S) u,B_1 - 3n/w © ^ n ~ 2 — 3nfc ^ 2/ ( 



w 



3 fc ^ W " ^+^f,0,0) £ + (3"- 1 L)VK0,0) 
for all ttJ G and all £ > 0. Since lim^^ i+ ( 3n -i^fc y ( w ^ = 1 for all w G X and all £ > 0, 

N(D(w n ) - D(w)w n - 1 - wD(w)w n - 2 ■ ■ ■ w n - 2 D(w)w - w^D^t) = 1 
for all to G X and all £ > 0. Thus 

D(w n ) - D(w)w n - 1 - wD{w)w n - 2 ■ ■ ■ w n ~ 2 D(w)w - w nr - 1 D{w) = 

for all w G X . 

By (2.5) and letting w = in (2.5), we have 



£ + y?(0,^,0) 
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for all v G X and all t > 0. So 

N { 3kf (p) " ^ (#) '*) " JT^p) = t + 3^(0,^,0) 
for all f G and all i > 0. Since lim^oo t+3 fc y * jl ) = 1 for all u G and all i > 0, 

N(D(v*) — D(v)*,t) = 1 

for all x G * and all t > 0. Thus D(v*) - D(v)* = for all v€X. 

Therefore, the mapping D : X — > X is a fuzzy n-Jordan *-derivation. □ 

Corollary 2.3. Let # > and let p be a real number with p > n. Let X be a normed vector 
space with norm \\ ■ \\. Let f : X — > X be a mapping satisfying 

N (m/ (^) + „f (^) + M/ ( 3 ?^|±^) - ,(„*>,( 

t 

~ t + 9(\\x\\P+ \\y\\P+ \\z\\p) 7 ( ' ^ 

A r (/(^") - /H^™ -1 - w/(u-)u; n - 2 u- ra - 2 /(^)w - u> n-1 /M 

+/(«*) " *) > (2-11) 

v ; v y ' ~ t + 6(\\w\\P+ \\v\\p) y ' 

for all x, y, z,w,v G all t > and all (16T 1 , T/ien = N — lim„_ s>00 3 n f(^) exists for 
each x £ X and defines a fuzzy n- Jordan *- derivation D : X — > X such that 

^(/w-jw.«)> (3 ,_ ( ^; 3 ^ n , 

for all x G X and all t > 0. 

Proof. The proof follows from Theorem 2.2 by taking 

<p(x,y,z) = e(\\x\\P+\\y\\P+\\z\\P) 
and L = S 1 ^. □ 
Theorem 2.4. Let </? : X 3 — >■ [0, 00) 6e a function such that there exists an L < 1 wft 

(x z \ 
3' 3' 3/ 

for all x,y,z G A'. Let / : A' — > X be a mapping satisfying (2.4) and (2.5). TTien -D(x) = N — 
lim n _ 5 . 00 ^f(3 n x) exists for each x G X and defines a fuzzy n- Jordan ^-derivation D : X — > X 
such that 

for all x G X and all t > 0. 

Proof. Let (5, cf) be the generalized metric space defined in the proof of Theorem 2.2. 
Consider the linear mapping J : S — > S such that 

Jg{x) ■= g5(3z) 

for all x £ X. 
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It follows from (2.7) that 



N ( f(x) - lf(3x), \t ) > - ~~ ^ > 



3 v " 3 J ~ t + ip(3x, 0, 0) - t + 3Ltp(x, 0, 0) 
for all x e X and all t > 0. So d(f, J f) < L. Hence 

d(f,D)< ' 



l-L 1 

which implies that the inequality (2.12) holds. 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 2.5. Let 9 > and let p be a positive real number with p < 1. Let X be a normed 
vector space with norm \\ • \\. Let f : X — > X be a mapping satisfying (2.10) and (2.11). Then 
D(x) = iV-lim n^oo -m/(3 n x) exists for each x £ X and defines a fuzzy n- Jordan ^-derivation 
D : X — > X such that 

for all x £ X and all t > 0. 

Proof. The proof follows from Theorem 2.4 by taking 

<p(x,y,z) = e(\\x\\P+\\y\\'+\\z\\P) 
and L = 3 p -K □ 
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Abstract. In this paper, we investigate the Hyers-Ulam stability of the Tribonacci functional equation 

f{x) = f{x - 1) + fix - 2) + fix - 3) 

in 2-Banach spaces. 

Keywords: Hyers-Ulam stability, 2-Banach space, Fibonacci functional equation, Tribonacci func- 
tional equation. 



1. Introduction and preliminaries 

The concept of 2-normed spaces was first introduced by S. Gahler [8]. Let X be a 
complex vector space of a dimension greater than one. Suppose that || •, • || is a real valued 
mapping on X x X satisfying the following conditions 
Nl: ||6,a|| = ||a,6|| 

N2: ||a, 6|| = <^ a and b are linearly dependent 

N3: \\aa, b\\ = \a\ ||a, 6|| 

N4: jja + a,b\\ < \\a,b\\ + ||a,6|| 

for all a,b G X and a G C. Then ||-,-|| is called a 2-norm on X and the pair (X, ||-,-||) 
is called a 2-normed space. Some of the basic properties of 2-norms are that they are 
non-negative and \\a,b + aa\\ = \\a,b\\ for all a,b G X and a G C. As an example of 
a 2-normed space, we may take an inner product space (X, < •, • >), and define the 
standard 2-norm on X by 

< a, a > < a,b > 
<b,a> <b,b> 

A sequence {x n } in a 2-normed space (X; ||-, -||) is said to converge to some x G X in 
the 2-norm if ||x — x n , u\\ — > as n — > oo for all u G X. A sequence {x n } in a 2-normed 

E-mails^Madjid. EshaghiOgmail . com; 2 Ali .DivandariSgmail . com; 

3 rostamian333@gmail . com; 4 baak@hanyang . ac . kr ; 5 dyshin@uos . ac . kr . 
*Corresponding author. 
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space (X, || •, -||) is said to be Cauchy with respect to the 2-norm if 

lim \\x n — x m , u\\ = 

n,m— >oo 

for all u G X. If every Cauchy sequence in X converges to some x G X, then X is said 
to be complete with respect to the 2-norm. Any complete 2-normed space is said to be 
2-Banach space. 

Throughout this paper, we denote by T n the nth Tribonacci number for n G N. In 
particular, we define T = 0, Ti = T 2 = 1 and T n = T„_i +T n _ 2 + T'„-3 for n > 3. Similar 
application of Pascal's triangle in the Fibonacci numbers can be applied to calculate the 
Tribonacci numbers. 
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(a) Numbers in the n th row are the sum of three neighbours: 25 = 13 + 5 + 7. 
(b) Sums of shallow diagonals giving Tribonacci numbers: 4= 1+3. 
Let X be 2-Banach space. A function / : R — > X is called a Tribonacci function if it 
satisfies 

fix) = f{x - 1) + f{x - 2) + fix - 3). (1.1) 

The stability of functional equations originated from a question of Ulam [15] in 1940. 
In the next year, Hyers [9] proved the problem for the Cauchy functional equation. The 
stability problems of several functional equations have been extensively investigated by 
a number of authors and there are many interesting results concerning this problem (see 
[1,2,3,4,5,6,10,11,12,13,14]). 

Recently, Bidkham and et al. [7] investigated the solution and the Hyers-Ulam sta- 
bility of (1.1) in normed spaces. 

In this paper, we establish the Hyers-Ulam stability of (1.1) in 2-normed spaces. 

We denote the roots of the equation x 3 — x 2 — x — 1 = By a, (3 and 7. j3 and 7 are 
complex, |/3 1 = I7I and a is greater than one. We have 

a + f3 + 7 = 1 , a/3 + cry + ^7 = -1, a/3>y = 1. (1.2) 
2. Main result 

As we shall see in the following theorem, the general solution of the Tribonacci func- 
tional equation is strongly related to the Tribonacci numbers T n . 

Theorem 2.1. ([7]) Let X be a real vector space. A function f : R — >■ X is a 
Tribonacci function if and only if there exists a function g : [—2, 2] — > X such that 

f{x) = T [x]+2 gix - [x]) + T' x] gix - [x] - 1) + T [x]+l gix - [x] - 2), 

where TL = TL ]+3 - TLi+2 for all x G R. 
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Tribonacci functional equation in 2-normed spaces 

In the following theorem, we prove the Hyers-Ulam stability of the Tribonacci func- 
tional equation (1.1) in 2-Banach spaces. We try to prove this theorem under condition 

\\f(x) - [f(x - 1) + f(x - 2) + f(x -3)],z\\ <e 

for all x £ R and z £ X, but this condition is very heavy and often inaccessible. In the 
following we offer a condition to obtain a best result. 

Theorem 2.2. Let (X, ||-,-||) be a real 2-Banach space. If a function / : R — >■ X 
satisfies the inequality 

||/(x),/(x-l) + /(x-2) + /(x-3)|| <6 

for all x £ R and some e > 0, then there exists a Tribonacci function G : R — > X such 
that 

\\f (x) G(x) \\ < 1 2(1 + ^)+^ 

for all x £ R. 

Proof. By (1.2), it follows from (1.1) that 

||/(x), (a + (3 + 7 )/(x - 1) - (a(3 + a 7 + M)f{x - 2) + a/3 7 /(x - 3)|| < e 
for all re £ R. If we replace x by x — r and x + r in the last inequality, then we have 
||/(x - r), a[/(x - r - 1) - 7 /(a; - r - 2)] 

+/3 [/(x - r - 1) - (a + 7 )/(x - r - 2) + a 7 /(x - r - 3)] + 7 /(x - r - 1) || < e, 
||/(x-r),a[/(x-r-l)-/3/(x-r-2)] 

+ 7 [/(x - r - 1) - (a + /3)/(x - r - 2) + «/3/(x - r - 3)] + (3f(x - r - 1)|| < e, 
||/(x + r), a[/(x + r - 1) - 7 /(x + r - 2)] 

+/3 [/(x + r - 1) - (a + 7 )/(x + r - 2) + a 7 /(x + r - 3)] + 7 /(x + r - 1)|| < e 

for all x £ 1R and all r £ Z. Hence we have 

||/(x - r), /Ta[/(x - r - 1) - 7 /(x - r - 2)] + [/(x - r - 1) 

_ ( a + l)f ( x - r -2) + a 7 /(x - r - 3)] + /7 7 /(x - r - 1)|| < |/3 r |e, (2.1) 
||/(x - r),Y(3[f(x - r - 1) - a/(x - r - 2)] + Y +1 [f(x - r - 1) 

- (a + /3)/(x - r - 2) + a/3/(x - r - 3)] + 7 r a/(x - r - 1) || < | 7 r |e, (2.2) 
||/(x + r), a- r /3[/(x + r - 1) - 7 /(x - r - 2)] + aT^ 1 [/(x + r - 1) 

--(/3 + 7 )/(x + r-2) + /3 7 /(x + r-3)]«- r /3/(^-^-l)ll < l«" r |e (2.3) 
for all x £ R and all r £ Z. Then we have 
||/(x),a[/(x-l)- 7 /(x-2)]+ 7 ^ 

71=1 

< ^||/(x-r),/3^[/(x-r-l)- 7 /(x-r-2)] + /3 r+1 [/(x-r-l)-(a + 7 )/(x-r-2) 

r=0 

n-1 

+ a7/ ( x _ r _3)] +/ 3r 7/ ( a; _ r _l)|| < ^|/T|e, (2-4) 
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\\f( x ),f3[f(x-l)-af(x-2)]+af(x-l) +1 n [f(x-n)-(a+f3)f(x-n-l)+af3f(x-n- 

n=l 

< ^||/(x-r),7 r /3[/(^-r-l)-a/(x-r-2)]+ 7 r+1 [/(^-r-l)-(a + /3)/( a :-r-2) 



r=0 

n-1 



+ aPf(x-r-3)]+Yaf(x-r-l)\\ < ]T | 7 r |e, ^ 



r=0 

||/(x), 7 [/(x-l)-/3/(x-2)]+7/(x-l)+a- n [/(x-n)-(/3+7)/(x-n-l)+/3 7 /(^-n-2)]|| 

n=l 

< ^2\\f(x+r),a- r P\f(x+r-l)-'yf(x-r-2)]+a- r+1 [f(x+r-l)-(P+-f)f(x+r-2) 

r=0 

n-1 

+ ^ 7/ ( x + r _ 3 )] +a - W ( a; _ r _l)|| < J2\»~ r \e (2.6) 

r=0 

for all x G R and all r G Z. 

By (2.1), (2.2) and (2.3), we obtain that 

{/T [/(:r - r - 1) - (a + 7 )/(x - r - 2) + a 7 /(x - r - 3)]}, 

{ 7 "[/> - r - 1) - (a + (3)f(x - r - 2) + a/9/(a; - r - 3)]}, 

{a~ n [f(x + r - 1) - (/3 + 7 )/(x + r - 2) + /? 7 /(x + r - 3)]} 

are Cauchy sequences for any fixed ig8. Hence we can define the functions G\ : R — > 
X, G 2 : R ->■ X and G 3 : R ->■ X by 

d = lim /^[/(x - r - 1) - (a + 7 )/(x - r - 2) + 07/(0; - r - 3)], 

n^oo 

G 2 = lim 7 n [/(x - r - 1) - (a + f3)f(x - r - 2) + a/3/(a; - r - 3)], 
G 3 = lim oT n [/(a; + r - 1) - {(3 + 7 )/(x + r - 2) + ^ 7 /(x + r - 3)] 

for all x G R and all r G Z. Using the above definition of G\, G 2 and G 3 , we show that 
there are Tribonacci functions 

d(x - 1) + d(x - 2) + Gi(x - 3) 

= lim^oo P n+l [f(x-(n + l))-(a + 7 )/(x - (n + 1) - 1) + c* 7 /(x - (n + 1) - 2)] 
+/3" 2 lim^oo P n+2 [f(x - (n + 2)) - (a + 7 )/(x - (ra + 2) - 1) + a 7 /(x - (n + 2) - 2)] 
+/3" 3 lim^ /3 n+3 [/(:r - (n + 3)) - (a + 7 )/(x - (n + 3) - 1) + try/(x - (ra + 3) - 2)] 
= r 1 ^^) + p~ 2 G-y(x) + r 3 GiW = 
G 2 (x - 1) + G 2 (x - 2) + G 2 (:r - 3) 

= T 1 lim^oo T +1 [f{x - (n + 1)) - (a + /?)/> - (ra + 1) - 1) + a/3/(x - (ra + 1) - 2)] 
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Tribonacci functional equation in 2-normed spaces 
+7~ 2 lim^oo Y l+2 [f(x - (n + 2)) - (a + $)f(x - (n + 2) - 1) + a(3f(x - (n + 2) - 2)] 

+ 7 ~ 3 lim^oo 7™+ 3 [/(a; - (n + 3)) - (a + - (n + 3) - 1) + a(3f(x - (n + 3) - 2)] 

= T" 1 ^) + T 2 G 2 (x) + 7 - 3 G 2 (a;) = G 2 (x), 

G 3 (x-l) + G 3 (x-2) + G 3 (x-3) 

= a' 1 lim^ [f(x -(n + l))-(/3 + 7 )/(x - (n + 1) - 1) + hf{x - (n + 1) - 2)] 

+a- 2 lim^oo a-™+ 2 [/(x - (n + 2)) - (0 + 7 )/(x - (n + 2) - 1) + P 1 f(x - (n + 2) - 2)] 

+a- 3 lim^oo oT"+ 3 [/(a; - (n + 3)) - (0 + >y)f{x - (n + 3) - 1) + p>yf(x - (ra + 3) - 2)] 

= cT^aO) + «" 2 G 3 (a:) + or 3 G 3 (:r) = G 3 (x) 
for all x el. It follows from (2.4), (2.5) and (2.6) that 

||/(x),(a + 7)/(x-l)-a7/(a;-2) + G 2 ( a ;)|| < ^-^e, (2.7) 
||/(x),(a + /3)/(x-l)-a/3/(x-2) + G 2 (x)|| < ^-^e = y-^e, (2.8) 



\\f(x),(P + 1 )f(x-l)-W(x-2) + G 3 (x)\\ < itj^rf = r^Wf (2 ' 9) 
for all x e R. Now, put A = a 2 (/3 - 7 ) + /3 2 ( 7 - a) + 7 2 (a - /?), and define 

G(«) := + ?^W) + 5^>G,(*) 

for all i6R, By (2.7), (2.8) and (2.9), we have 

ll/C*).G(*J|| 

< j^f W - « 2 )/(^ - 1) - /? 2 (7 - a)«7/(s - 2) + /3 2 ( 7 - a)^ 

+ \\f(x), 7 2 (a 2 - /3 2 )/(x - 1) - 7 2 (a - /3)a/3/(x - 2) + 7 2 (a - fi)G 2 \\ 
+ \\f(x), a\f? - 7 2 )/(x - 1) - a\d - 7 )/3 7 /(x - 2) + a 2 (/3 - 7 )G 3 ||] 

" |A| [ l-|/3r 1-|/3| 2J 

1 2(1 + l/3j) + I/?) 2 
"|A| [ 1 — |/3| 2 JC 
for all i6l 

507 

PARK ET AL 503-508 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.3, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



M. Eshaghi Gordji, A. Divandari, M. Rostamian, C. Park, D. Shin 

On the other hand, it is easy to show that G is a Tribonacci function and this completes 
the proof. □ 

Acknowledgments 

C. Park was supported by Basic Science Research Program through the National 
Research Foundation of Korea funded by the Ministry of Education, Science and Tech- 
nology (NRF-2012R1A1A2004299). D. Y. Shin was supported by Basic Science Research 
Program through the National Research Foundation of Korea funded by the Ministry of 
Education, Science and Technology (NRF-2010-0021792). 

References 

[1] I. Chang, Stability of higher ring derivations in fuzzy Banach algebras, J. Computat. Anal. Appl. 
14 (2012), 1059-1066. 

[2] I. Cho, D. Kang, H. Koh, Stability problems of cubic mappings with the fixed point alternative, J. 

Computat. Anal. Appl. 14 (2012), 132-142. 
[3] M. Eshaghi Gordji, M. Bavand Savadkouhi, M. Bidkham, Stability of a mixed type additive and 

quadratic functional equation in non- Archimedean spaces, J. Computat. Anal. Appl. 12 (2010), 

454-462. 

[4] M. Eshaghi Gordji, A. Bodaghi, On the stability of quadratic double centralizers on Banach algebras, 

J. Computat. Anal. Appl. 13 (2011), 724-729. 
[5] M. Eshaghi Gordji, R. Farokhzad Rostami, S.A.R. Hosseinioun, Nearly higher derivations in unital 

C* -algebras, J. Computat. Anal. Appl. 13 (2011), 734-742. 
[6] M. Eshaghi Gordji, S. Kaboli Gharetapeh, T. Karimi, E. Rashidi, M. Aghaei, Ternary Jordan 

derivations on C* -ternary algebras, J. Computat. Anal. Appl. 12 (2010), 463-470. 
[7] M. Eshaghi Gordji, M. Naderi and W. Y. Lee, Solution and stability of Tribonacci functional 

equation, Discrete Dynamics in Nature and Society 2012, Article ID 207356, 11 pages (2012). 
[8] S. Gahler, 2-mctriche Raumc und ihre topologische struktur, Math. Nachr. 26 (1963), 115-148. 
[9] D.H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci. USA 27 (1941), 

221-224. 

[10] H.A. Kenary, J. Lee, C. Park, Non- Archimedean stability of an AQQ-functional equation, J. Com- 
putat. Anal. Appl. 14 (2012), 211-227. 

[11] C. Park, Y. Cho, H.A. Kenary, Orthogonal stability of a generalized quadratic functional equation 
in non- Archimedean spaces, J. Computat. Anal. Appl. 14 (2012), 526-535. 

[12] C. Park, S. Jang, R. Saadati, Fuzzy approximate of homomorphisms, J. Computat. Anal. Appl. 14 
(2012), 833-841. 

[13] S. Shagholi, M. Eshaghi Gordji, M. Bavand Savadkouhi, Stability of ternary quadratic derivations 
on ternary Banach algebras, J. Computat. Anal. Appl. 13 (2011), 1097-1105. 

[14] S. Shagholi, M. Eshaghi Gordji, M. Bavand Savadkouhi, Nearly ternary cubic homomorphism in 
ternary Frechet algebras, J. Computat. Anal. Appl. 13 (2011), 1106-1114. 

[15] S.M. Ulam, Problems in Modern Mathematics, Chapter VI, Science ed., Wiley, New York, 1940. 



508 



PARK ET AL 503-508 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO. 3, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



An identity of the twisted g-Euler polynomials with weak 
weight a associated with the £>-adic g-integrals on 7L V 

C. S. Ryoo 

Department of Mathematics, Hannam University, Daejeon 306-791, Korea 

Abstract : In [7], we studied the twisted g-Euler numbers and polynomials with weak weight a. By 
using these numbers and polynomials, we investigate the alternating sums of powers of consecutive 
integers. By applying the symmetry of the fermionic p-adic g-integral on Z p , we give recurrence 
identities the twisted Euler polynomials with weak weight a. 

2000 Mathematics Subject Classification - 11B68, 11S40, 11S80. 

Key words : Euler numbers and polynomials, g-Eulcr numbers and polynomials, g-Euler numbers 
and polynomials, alternating sums, the twisted q-Eulcr polynomials with weak weight a. 

1. Introduction 

The Euler numbers and polynomials possess many interesting properties and arising in many areas 
of mathematics and physics(see [1-12]). Throughout this paper, we always make use of the following 
notations: C denotes the set of complex numbers, Z p denotes the ring of p-adic rational integers, 
Q p denotes the field of p-adic rational numbers, and C p denotes the completion of algebraic closure 
of Q p . 

Let Up be the normalized exponential valuation of C p with \p\ p — p~ u p(p"> = When one 
talks of g-extension, q is considered in many ways such as an indeterminate, a complex number 
q € C, or p-adic number q e C p . If q € C one normally assume that \q\ < 1. If q £ C p , we normally 
assume that \q — l| p < p^p~^ so that q x = exp(xlogg) for \x\ p < 1. Throughout this paper we use 
the notation: 

1 - a x 1 - (—a) x 

[x] q = [x]- q = (cf. [1-6]) . 

Hence, lim^ifx] = x for any x with \x\ p < 1 in the present p-adic case. For 

g G UD(Z p ) = {g\g : 7L p — > C p is uniformly differentiable function}, 
the p-adic q-integral was defined by Kim as follows: 

p n — l 

I-M = [ 9{x)dH- q {x) = lim ^ g(x)(-qr, see [1-5] . (1.1) 

If we take gi(x) = g(x + 1) in (1.1), then we easily see that 

qi- q (9i) + i- q (g) = m q g(o). (1.2) 

Let T p = Un>iC p n = limAT^co C p w, where C p w = {(|C pN = 1} is the cyclic group of order p N . For 
( £ T p , we denote by <j)Q : Z p — > C p the locally constant function x \ — > ( x . 

In [7], we defined the twisted g-Euler numbers and polynomials with weak weight a and in- 
vestigate their properties. For a € Z, q <G C p with |1 — q\ p < 1, and £ <G T p , the twisted g-Eulcr 
polynomials ^ (x) with weak weight a are defined by 

F«(M) = E/ScWS = c^TT 6 "' (L3) 
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The twisted g-Eulcr numbers E^ ^ with weak weight a are defined by the generating function: 

^w-g^cS-s^Vr- (L4) 

The following elementary properties of the q-Euler numbers E^ q( . and polynomials E^ q( .(x) with 
weak weight a are readily derived form (1.1), (1.2), (1.3) and (1.4) (see, for details, [7]). We, 
therefore, choose to omit details involved. 

Theorem l(Witt formula). For a e Z, q e C p with |1 — q\ p < 1, and ( G T p , we have 

^lc=/ C^_ 9 .(x), E%l < (x)=[ (y(x + y) n d^ qa (y). 
Ji p Ji, p 

Theorem 2. For any positive integer n, we have 



k=0 



In this paper, by using the symmetry of p-adic g-integral on Z p , we obtain the recurrence 
identities the twisted g-Eulcr polynomials with weak weight a. 

2. The alternating sums of powers of consecutive ^-integers 

Let q be a complex number with \q\ < 1 and £ be the p^-th root of unity. By using (1.3), we 
give the alternating sums of powers of consecutive (^-integers as follows: 



n=0 sy n=0 



■ n! C<7 a e* + 
From the above, we obtain 

oo oo k— 1 



^ V ^^ n ^ n g an g( n +^)^ _(_ ^ V l) n— ^£ n— kqOt(n— k)^nt ^ ^ ■y'yi—k^n—k^Oi{n—k)^r\ 



n— n— n— 

Thus, we have 



[2],- ^(-l)"C> Q "e (n+fc)t + [2] 9 o(-l)- fe C fe ^ Qfc ^(- 1 ) n C™9 a "e n * 

(2-1) 



= [2]^ (-l)- fe CV Qfe ^(-l)"C™9 a "e 

n=0 

By using (1.3)and (1.4), and (2.1), we obtain 

CO j oo 



/ -i \ — t'j. — — /it \ / CtTl i 1 

,1 Z ■ , : - . I Z 1 I Z / ^ 111 



By comparing coefficients of — in the above equation, we obtain 



fe-i 



£(-l) n C n «/ an n' = 



n=0 

By using the above equation we arrive at the following theorem: 
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Theorem 3. Let k be a positive integer and q e C with \q\ < 1. Then we obtain 

fc-1 I i\k+l/-k n akfi(a) (l,\,p( a ) 



n=0 

Remark 4. For £ = 1, we have 



n— 

where £j(x) and Ej denote the Euler polynomials and Euler numbers, respectively. 

Next, we assume that q e C p and ( £ T p . We obtain recurrence identities the g-Euler polyno- 
mials and the g-analogue of alternating sums of powers of consecutive integers. By using (1.1), we 
have 



q n i- q (g n ) + {-it-'i-m = [2], ^i-ir^-Wgii), 

1=0 

where g n {x) — g(x + n). If n is odd from the above, we obtain 

n-l 

q n I- q (g n ) + I- q (g) = [^^(-lr 1 -'^) (<* [1-5])- (2.2) 

z=o 

It will be more convenient to write (2.2) as the equivalent integral form 

^ ^ n— 1 

W g{x + n)d»- q *{x)+ 3 (x)d M _ gQ (x)-[2] 9 .^(-l)V fe .9(fc). (2.3) 
Jz p Jz p fc _ 

Substituting g(x) = ( x e xt into the above, we obtain 

n-l 



j=0 



CY*"/ Ce {x+n)t d^(x)+ f Ce xt d^ qa (x) = [2] qa J2(- i yC 3 q aJ ^ t . (2.4) 
After some elementary calculations, we have 



By using (2.4) and (2.5), we have 

cr/ ce {x+n)t d^ q ,(x)+ ( cvww = !2 ^g^. 

From the above, we get 

[2] ga (l + C"g a "e nt ) _ [ 2 Wz p Ce^^g"^) 

C<? a e* + 1 ~ / ^q^-^e^dfi-qa (x) ' 

By substituting Taylor series of e xt into (2.4), we obtain 



V (CV" / Q x {x + n) m d^ qa {x)+ f 

m=0 V H 



(x)+ I Cx m d^ qa (x) m] 



CO / n — 1 

£ [2]^£(-i)WV 

m=0 \ j=0 



m! ' 



(2.5) 



(2.6) 
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t m 

By comparing coefficients — r in the above equation, we obtain 

mi 



ajjm 



C n Q m Yl U P"*"* / Cx k d^ q .{x) + / Cx m d^ qa (x) = [2],. 

By using Theorem 3, we have 

C^t^n^i Cx k d»- q «(x)+ I Cx m d»- qa {x) = \2] qa f£i c {n-l). (2.7) 
fe=0 \ K / Jz P Jz p 

By using (2.6) and (2.7), we arrive at the following theorem: 

Theorem 5. Let n be odd positive integer. Then we have 

L ( x e xt du„ a (x) ~ > 
J liZ P q V y = V fT (Q) fn-11 



m! 



Let id! and w 2 be odd positive integers. By (2.5), Theorem 5, and after some elementary 
calculations, we obtain the following theorem. 

Theorem 6. Let wi and W2 be odd positive integers. Then we have 

J ^ 2 x w 2 xt d (a.) m °° t m 

j ■ £ WlW2Xqa ( WlW2 -i) Xe w lW2 t xd ^ ( x ) [2] „ ^im!' 1 J 



By (1.1), we obtain 

Jz iz C lXl+W2X2 e (wiXl+W2X2+ "' 1 "' 2x)t ^-< z »i«(^i)rfM-9»2«(a;2) 



Jz ( W2X2 q a ( WlW2 - 1 ) x e WlW2Xt diJ,- q * (x) 
e w lW2 xt j ^ x ie WlXlt dfj,- q w ia (xi) / ( W2X2 e W2X2t d^ q ™ 2a (x 2 ) 

J z £w 1 w 2 x q a(w 1 w 2 ~l)x e w 1 w 2 xt ( ] j ^_ (}a ( x ^ 

By using (2.8) and (2.9), after elementary calculations, we obtain 

j z ^ 2x 2e x 2 io a t dAi _ (jB , 2a ( a . 2 ) 



(2.9) 



a = 



Jz ( w i W2X q a ( u >i W2 - 1 ) x e WlW2Xt d(j,-q<* (x) 



\m=0 / \ L iq m=0 ' , 



(2.10) 



By using Cauchy product in the above, we have 

«= t{^t$^ S- (2 - n) 

By using the symmetry in (2.10), we obtain 



J z ( ! wiw 2 x q cx(w 1 w 2 ~l)x e w 1 w 2 xt ( ] i ^_ cia ( x j 
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Thus we obtain 

By comparing coefficients — - in the both sides of (2.11) and (2.12), we arrive at the following 
theorem. 

Theorem 7. Let w\ and w 2 be odd positive integers. Then we obtain 



where ^ (x) and ^ (A;) denote the twisted g-Eulcr polynomials with weak weight a and the 
g-analogue of alternating sums of powers of consecutive integers, respectively. 

By using Theorem 2, we have the following corollary: 

Corollary 8. Let w\ and w 2 be odd positive integers. Then we obtain 

TO j 



j=ofe=o U / W 



j=0 fe=0 

By using (2.9), we have 



J z t»w 1 W2X q a(w 1 W2-l)x e w 1 w 2 xt ( ln_ qa (j.) 



[2] 



MJi — 1 



1»2, 

J2(-iy( W23 q W2a] C" lXl eV d/i-^-fci) (2.13) 



= E Iff E (-tfc^^Skc-i «•,<••/' 5 - 1 ; 

By using the symmetry property in (2.13), we also have 



W\l ] n\ 



0\W 2 Xt I 

Jz 



f ^ix le x lWl t d 

a= I e w lW2 xt 1 C, W2X2 e X2W2t da^ 2 c(x 2 ) 1 [ -j— 

1 \ f 1V)^1.)„I"1"J / A">22;2„\ 

[2] 9 <> 



\2] n ^ ia W21 . f [x2+W 1 X+j \(w 2 t) 

^(-iyC 1J q Wiaj C 2X2 e\ W ^J d^ q ^(x 2 ) (2.14) 



^W 1 W 2 X q a(w 1 W 2 -l)x e W 1 W 2 Xt ( ] j i 1 _ qa 



J<? 

j=0 



By comparing coefficients — in the both sides of (2.13) and (2.14), we have the following theorem. 
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Theorem 9. Let w\ and w 2 be odd positive integers. Then we have 

Wl — l 



(2.15) 



Remark 10. Let wi and w 2 be odd positive integers. If q — >• 1 and £ = 1, we have 

UJl — 1 / s W2 — 1 



Wl—l / \ UJ2 — i / 

^ (-i)^„ ) < = £ ( wix + 

3=0 ^ Wl ' J=0 ^ 

Substituting w\ = 1 into (2.15), we arrive at the following corollary. 
Corollary 11. Let w 2 be odd positive integer. Then we obtain 

E {a) (r) - V l-lVC j a ai E {a) ( x + ^\ 



w 2 y 



w. 



2 • 
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Two- Level Hierarchical Basis Preconditioner for 
Elliptic Equations with Jump Coefficients* 

Zhiyong Liu} Yinnian He* 
November 1, 2013 



Abstract. This paper provides a proof of robustness of the two-level 
hierarchical basis preconditioner for the linear finite element approximation 
of second order elliptic problems with strongly discontinuous coefficients. 
As a result, we prove that the convergence rate of the conjugate gradient 
method with two-level preconditioner is uniform with respect to large jumps 
and mesh sizes. 

Key words. Jump Coefficients, Conjugate Gradient, Effective Condi- 
tion Number, Two-Level Hierarchical Basis 
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1 Introduction 

In this paper, we will discuss the two-level hierarchical basis preconditioned 
conjugate gradient methods for the linear finite element approximation of 
the second order elliptic boundary value problem 

( -V • (wVu) = / in Q 

u = g D on T D ^ 1 

du ^ 

~ L °dn = 9N ° n 

where € R d (d = 1,2 or 3) is a polygonal or polyhedral domain with 
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Z. Liu and Y. He, Two-Level Hierarchical Basis Preconditioner 



2 



Dirichlet boundary To and Neumann boundary T^. The coefficient to = 
lo{x) is a positive and piecewise constant function. More precisely, we assume 
that there are M open disjointed polygonal or polyhedral regions 0, m (m = 
M) satisfying u£f =1 H m = Tt with 



where each uj m > is a constant. The analysis can be carried through to a 
more general case when u{x) varies moderately in each subdomain. 

We assume that the subdomain 0, m : m = 1, ■ ■ ■, M are given and fixed 
but may possibly have complicated geometry. We are concerned with the ro- 
bustness of the preconditioned conjugate gradient method in regard to both 
the meshsize and jump coefficients. This model problem is relevant to many 
applications, such as groundwater flow [1, 15], fluid pressure prediction [19], 
electromagnetics [13] , semiconductor modeling [9] , electrical power network 
modeling [14] and fuel cell modeling [20, 21], where the coefficients have large 
discontinuities across interfaces between subdomains with different material 
properties. 

The goal of the current paper is to provide proof of the robustness of the 
two- level hierarchical basis preconditioner (Two-Level-PCG). 

The rest of the paper is organized as follows. To the paper is compre- 
hensive and self-contained, we refer directly to parts of contents in [23] and 
[25]. (Section 2 in the paper). In Section 2, we introduce some basic nota- 
tion, the PCG algorithm and some theoretical foundations. In Section 3, 
we introduce the two-level hierarchical basis method and preconditioner. In 
Section 4, we analyze the eigenvalue distribution of the two-level precondi- 
tioned system and prove the convergence rate of the PCG algorithm. Section 
5 is the conclusions. Following [22], short notation x < y means x < Cy; 
and x~y means cx < y < Cx. 

2 Preliminaries 

2.1 Notation 

We introduce the bilinear form 

M 



= u\n m ,m = 1, • • -,M 




m=l 
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where Hj)(Cl) = {v G H l (tl) : v\r D = 0}, and introduce the i/ 1 -norm and 
seminorm with respect to any subregion Q m by 

|«|i,n m = ||V«|| ,n m) IMIiAn = (||«|lo,n m + Mi,nJ*- 

Thus, 

M 

a(u,u) = J2uj m \u\l Qrn := \u\\^. 

m=l 

We also need the weighted L 2 -inner product 

M 
m=l 

and the weighted I?- and i^-norms 

i j 

IM|o,u, = («,«)o,a;. = (ll«llo^ + Ml, J 5 - 

For any subset Ocfl, let | ii| i,oj,o and ||m||o,w,0 be the restrictions of \u\\^ 
and 1 1 tx 1 1 o,oj on the subset O, respectively. 

For the distribution of the coefficients, we introduce the index set 

I = {m : meas(dQ m nr^) =0} 

where meas(-) is the d — 1 measure. In other words, / is the index set of 
all subregions which do not touch the Dirichlet boundary. We assume that 
the cardinality of / is ijiq. We shall emphasize that rriQ is a constant which 
depends only on the distribution of the coefficients. 

2.2 The Discrete Systems 

Given a quasi-uniform triangulation 7^ with the meshsize h, let 

V h = {v G H 1 ^) : v\ T G Pi(r),Vr G %} 

be the piecewise linear finite element space, where V\ denotes the set of 
linear polynomials. The finite element approximation of (1.1) is the function 
u G Vh, such that 

a(u, v) = (f, v) + / g N v, Vv G Vh- 
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We define a linear symmetric positive definite operator A : Vh — ► Vh by 

(Au,v) 0> w = a(u,v). 
The related inner product and the induced energy norm are denoted by 

(;-) A ■■= a(-,-)> || • |U := y/a{-, •)• 
Then we have the following operator equation, 

Au = F. ( 2.1) 

2.3 Preconditioned Conjugate Gradient (PCG) Methods 

The well known conjugate gradient method is the basis of all the precondi- 
tioning techniques to be studied in this paper. The PCG methods can be 
viewed as a conjugate gradient method applied to the preconditioned system 

BAu = BF. 

Here, B is an SPD operator, known as a preconditioner of A. Note that 
BA is symmetric with respect to the inner product (-, ■) (or {■■,■) a)- 
For the implementation of the PCG algorithm, we refer to the monographs 
[2, 17, 18]. 

Let Uk, k = 0, 1, ■ ■ be the solution sequence of the PCG algorithm. It 
is well known that 

which implies that the PCG method generally converges faster with a smaller 
condition number k(BA). 

Even though the estimate given in (2.2) is sufficient for many applica- 
tions, in general it is not sharp. One way to improve the estimate is to 
look at the eigenvalue distribution of BA(see [2, 12] for more details). More 
specifically, suppose that we can divide a(BA), the spectrum of BA, into 
two sets, ao(BA) and ai(BA), where do consists of all "bad" eigenvalues 
and the remaining eigenvalues in o\ are bounded above and below, then we 
have the following theorem. 

Theorem 2.1 Suppose that a(BA) = gq{BA) Uai(BA) such that there are 
m elements in ao(BA) and X G [a, b] for each A G a\{BA). Then 

fb/a-1 



Uk\\A < 2K ||«-«o|U, (2.3) 
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where 



K = max j | 

Xecri(BA) 11 



A 

1 - - 



// there are only m small eigenvalues in ao, say 

< Ai < A 2 • •• < A m < A m+ i < • • • < A 

then 

m 



A; 



i=i 

In this case, the convergence rate estimate (2.3) becomes 

''"-^^m-ir hf "M . (2.4) 



Hw-uolU ' \y/b/a + l 

Based on (2.4), given a tolerance < e < 1, the number of iterations of the 
PCG algorithm needed for |^_"^|^ < e is given by 

k>m + (log Q + mlog(k(BA) - l)j /log + ^ ■ ( 2 - 5 ) 

Observing the convergent estimate (2.4), if there are only a few small 
eigenvalues of BA in ao(BA), then the convergent rate of the PCG methods 

will be dominated by the factor ^Z^ + | , i.e., by b/a where b = \ n {BA) and 

a = A m+ i(£L4). We define this quantity as the "effective condition number" . 

Definition. ([23]) Let V be a Hilbert space. The m-th effective condition 
number of an operator A : V — > V is defined by 

A m +l(AJ 

where X m+ i(A) is the (m+l)-th minimal eigenvalue of A. 

To estimate the effective condition number, we need to estimate \ m +i(A). 
A fundamental tool is the following Courant- Fisher min-max theorem. 

Theorem 2.2 The eigenvalues of a SPD operator A : V — ► V are charac- 
terized by the relation 

X m+ i(A) = min max — — ^— . ( 2.6) 

S,dim{S)=n-m. xeS,x^0 (x,X) 
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Especially, for any subspace Vo C V with dim(Vo) = n — m, the following 
estimation of X m+ i(A) holds: 

X m +i{A) > min ( 2.7) 

+ V ' ~ o^eVo (x,x) V ' 

3 Two-Level Hierarchical Basis Preconditioner 

The classical two-level hierarchical basis method was proposed and devel- 
oped by Axelsson, Bank, Dupont, and Yserentant [3, 4, 5, 6, 24]. As usual, 
we assume that V is decomposed as a direct sum 

V = SV S ®PV C . (3.1) 

for some components V s and V c isomorphic to R" s and M nc respectively, with 
n = n s + n c . A typical and simple example to keep in mind is S = ^ ^ 
f W \ 

and P = I J for some W such that the square matrix (S, P) is unit 
upper triangular, and hence invertible. 

3.1 Some notation 

Two ingredients (the space decomposition (3.1) and the smoother M) are 
important in the two-level hierarchical basis method. Various restrictions 
of M and A to the subspaces mentioned before will be needed. We first 
define the exact coarse grid matrix A c and its hierarchical complement A s 
as follows 

A c = P T AP, A s = S T AS. 

Later we will see, in the case of a two level hierarchical basis preconditioner, 
one needs M to be well-defined only on the first component SV S . In that 
case, we refer to M as M s . Then 

M s = S T MS. 

In order to define the hierarchical basis preconditioner, we also need two 
symmetrized version of the smoother M: 

M = M T (M T + M - A)- 1 M, (3.2) 

M M{ M 1 ■ M A ) \l r . (3.3) 
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Figure 1: Quadratic element (left) and piecewise linear element (right). 

If we assume that A = D — L — L T where D, L, L T are the diagonal, lower 
triangle, and upper triangle part of A, and let M = D — L T , then 

M' 1 = (D - L T )- l D s {D - L)-\ ( 3.4) 

where D s = S T DS, {D-L T ) S = S T {D-L T )S, and (D — L) s = S T {D-L)S. 

3.2 The Element Stiffness Matrix for The Hierarchical Basis 

In this subsection, we consider the stiffness matrix for the hierarchical basis 
in each element. Following Braess [7], and Bank [6], simply we let to = 1 
in (1.1) and let t be a triangle with vertices Vi, edges e*, and angles 6i, 
1 < i < 3. Here, we consider two kinds of different hierarchical basis: the 
quadratic element and piecewise linear element. 

For the space of continuous quadratic finite elements (illustrated on the 
left in Figure 1), we let 4>iA — * — 3 denote the linear basis functions for 
element t. Then on element t, the subspace PV C will be the span of (4>i)f =1 . 
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And the subspace SV S is composed of the quadratic bump functions (ipi)i =1 , 
where ipi = 4fa<pk, and k) is a cyclic permutation of (1, 2, 3). 

For the space of continuous piecewise linear polynomials on a refined 
mesh (illustrated on the right in Figure 1), let PV C be defined as the quadratic 
finite elements above. But the subspace SV S contains the continuous piece- 
wise polynomials on the fine grid that are zero at the vertices of t. Then 
on element t, the subspace SV S = (fa)f =1 , where fa is the standard nodal 
piecewise linear basis functions associated with the midpoint of edge of t. 

Following [6] and [7] , we can establish the relation 

Li = cotOi = -2\t\Vfa ■ V(j) k , ( 3.5) 

where \t\ is measure of element t, it is about h d , d = 1,2, 3. 

Then the element stiffness matrix for the quadratic hierarchical basis can 
be shown to be 

Ah = ( ! * A t ), ( 3.6) 



where A l s is the restriction of A s on the element t, and 

a I L\ + L2 ~\- L% — L% — L'} 

A t s = -\ -La Lr + L 2 + L 3 -L x I . ( 3.7) 




The diagonal of A\ is 




(3.8) 



The element stiffness matrix for the piecewise linear hierarchical basis is 
given by 



* K 



l = ( . At ) • ( 3-9) 



In this case, 




( 3.10) 



and 




D t a =\ L 1 + L 2 + L 3 . (3.11) 
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3.3 The Two-Level Hierarchical Basis Preconditioner 

In this subsection, we can define the two-level hierarchical basis precondi- 
tioner using some notations in above subsections. Let 

Btl ~ \ P T ASM- 1 I ) V A c ) V / 
Then, the two-level hierarchical basis preconditioner is defined by 

B T l = (S,P)B T l(S,P) T . (3.13) 

4 The Condition Number Analysis of B^\A 

Following [11], for the two- level hierarchical basis preconditioner B^\, we 
have following estimate. 

Lemma 4.1 Assume that (M s + M S T -A a ) is S.P.D, for any v G V , the 
following bounds hold: 

\ 7 v T B TL v < v T Av < v T B TL v, K < sup — ^J— . ( 4.1) 

K w \(M S 1 A S ) 

If M" 1 is given by (3.4), then we have the following relationship between 
the symmetric Gauss-Seidel preconditioner and the Jacobi preconditioner. 

Lemma 4.2 For any v G V, we have 

^v T D s v < v T M s v < v T D s v. ( 4.2) 

Proof: 

M S = {D-L) S D-\D-L T ) S . 

Following the Schwarz inequality we can prove the second inequality. Then, 
we prove the first inequality. 

Using the fact that D s and A s are S.P.D, then for any v € V we have 

((£> - L) s v,v) A = -((A 8 + D s )v,v) A > -(D 3 v,v) A . 

Taking v = (D — L T )j 1 w, we have for all w G V: 

l 2 (D s (D-L)- T w,(D-L)- T w) A < ((D-L); l w,w) A = (D s (D-L); T w, D- l w) A . 
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On the other hand, 

^(M- 1 w,w) A < (M~ lr w, w)]( 2 (D~ 1 w, w)]( 2 . 

Consequently, 

(M- 1 w,w) A < A(D- 1 w,w) A , 
and ^ 

(M s v,v) A > -(D s v,v) A - 

The proof of Lemma 4.2 can be found in [26]. 

Following lemma provides the eigenvalue estimate of Jacobi precondi- 
tioner. 

Lemma 4.3 For any v G V, we have 

v T D s v~h' 2 \\v\\l t0J . 
Proof: Note that on each element, we have 

3 

U = -2/i d (V(/>iV02 + V^iV03 + V^ 2 V0 3 )~/i d 



,d-2 

ui — —ah y v yj\ v (fJ2 T vipiv^T v yj 2 v 
i=l 

Consequently, following [23] we have 

v T D s v~h d ~ 2 (v,v)p :UI ~h~ 2 1 1 u 1 1 o,w ■ 

This completes the proof. 

In order to research the effective condition number for the Jacobi pre- 
conditioner, we need to define the space 



V h =\veV h : v = 0,m€l\. 

On this space, the following Poincare-Friedrichs inequality holds: 

IMko, < ||Vu|| ,o), Vw £ V h . ( 4.3) 

Then, we have following important lemma. 

Lemma 4.4 Assume that the triangulation 7^ is quasi-uniform, then we 
have 

h 2 J{uj)- 1 v T D s v < v T A s v, Vv e U n , ( 4.4) 

and 

h 2 v T D s v < v T A s v, Vv G V h . ( 4.5) 

where J (to) = ™£ m " m ■ 

v / min m u) m 
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Proof: In fact, we have 

a{v,v) >mm{u m }\v\ i a >mm{u m } \\v on > j ^/t (/t ) u on . 

Applying Lemma 4.3 and inequality (4.3), we also have 

M 

v T D s v < fr~ 2 |MI<Ur = h~ 2 um\\v\\in m < h~ 2 \v\l^ = h- 2 v T A s v. 

reT h m=l 

This completes the proof. Followed by Lemmas 4.1-4.4, we have the following 
results regarding the condition number of B^ L A. 

Theorem 4.1 For the hierarchical basis preconditioner B7f} L defined by (3.13), 
the condition number and rriQ-th effective condition number satisfies: 

k{B T \A) < J{uo)h' 2 , k mo+1 (B^ L A) < h' 2 . 

Theorem 4.2 For the hierarchical basis preconditioned conjugate gradient 
methods, we have the following convergence rate 

II II / 9 \ m 

I I, < 2(Ci J{u)h~ 2 - l) m ° ( 1 - — ^— ,k>m . ( 4.6) 

5 Conclusions 



In this paper, we provided a proof of robustness of the two-level hierarchical 
basis preconditioner for the linear finite element approximation of second or- 
der elliptic problems with strongly discontinuous coefficients. We discussed 
the eigenvalue distribution of the Two-Level-preconditioner and found that 
only a few small eigenvalues infected by the large jump. 
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A New Fourth-Order Explicit Finite Difference Method for the 
Solution of Parabolic Partial Differential Equation with Nonlocal 

Boundary Conditions 

M. Ghoreishi? A.I.B.Md.Ismail* and A. Rashidt 



Abstract 

In this paper, a new fourth-order explicit finite difference method is proposed for solving linear 
and nonhomogeneous parabolic partial differential equation with nonlocal boundary conditions. The 
advantage of the explicit finite difference methods is easier to implement than the implicit methods. 
Moreover, the explicit method need lesser CPU time than the implicit schemes. Numerical results 
show that the proposed method is very accurate and effective. 

Key words: Finite difference method, Fourth-order explicit method, Nonlocal boundary conditions, 
nonhomogeneous parabolic partial differential equation. 

1 Introduction 

Many physical phenomena can be modelled by parabolic partial differential equations which involve 
integral terms in the boundary conditions. These boundary conditions are called nonlocal boundary 
conditions. One-dimensional parabolic equation with nonlocal boundary conditions have important ap- 
plications in electro-chemistry, porous media flow, thermo-elasticity, heat conduction and several others. 
The existence, uniqueness and theoretical aspects of these equations have been studied by [17, 20, 35]. 
Generally, it is difficult to find the analytical solution of parabolic partial differential equations with 
nonlocal boundary conditions. 

Approximate and numerical techniques for obtaining approximate solution of these equations have 
been developed by many researchers [5, 6, 7, 8, 9, 11, 19, 23, 27, 29, 28]. Some standard numerical 
methods have been used for the solution of one dimensional diffusion equation with nonlocal bound- 
ary conditions such as finite difference method, finite element method, adomian decomposition method 
(ADM), Chcbyshev spectral collocation method, reducing kernel space method and method of lines 
[1, 13, 21, 24, 25, 26, 30]. 

In this paper a method based on explicit finite difference method is introduced and applied to obtain 
the numerical solution of the following parabolic equation: 

^T=0^ +«(*'*)' O^^ 1 - 0<t<T, (1.1) 

with initial condition 

u(x,0) = f(x), 0<ar<l, (1.2) 
and subject to the boundary conditions 

u(0,t)= [ (f>(x,t)u(x,t)dx + gi(t), 0<t<T 7 (1.3) 

Jo 

u(l,t)= [ ip(x,t)u(x,t)dx + g 2 (t), 0<t<T, (1.4) 

Jo 
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where q(x,t), f(x), gi(t), <?2(i), <fi{x,t) and tp(x,t) are known functions. 

Many authors applied various type of finite difference methods to obtain the numerical solution of 
equations (1.1)-(1.4). Dchghan [15, 16] applied the forward Euler, backward Euler, BTCS (backward in 
time and centered in space) schemes, Crandall's implicit formula, FTCS (forward in time and centered 
in space) method for the heat equation. The nonlocal boundary conditions have been approximated by 
Trapezoidal rule and fourth-order Simpson composite formula. Zhou et al. [36], Mu and Du [25] intro- 
duced an efficient technique based on reproducing kernel space to solve the partial differential equations 
with nonlocal boundary conditions. The BTCS and explicit Crandall's formula have been developed by 
Martin- Vaquero and Vigo-Aguiar [32, 31] to solve the above mentioned equations . 

The aim of this paper is to describe an efficient technique based on explicit finite difference method 
to find out the numerical solution of parabolic equation with nonlocal boundary conditions. The new 
method is of fourth order and it is compared with BTCS, Crank-Nicolson and Crandall's formula. The 
basic idea of this approach is to write q{x,t) as a linear combination of q™\ , q" +1 , q"+i, q™ and 

The objective of this technique is to improve the results obtained by many researchers in some 
papers [3, 10, 16, 26, 31, 32, 36]. We considered that coefficient qV^ , <j£j^ and q?_ 1 , q" +1 are not equal. 
The nonlocal boundary conditions are solved by higher order Integration rules. 

This paper is organized as follows: In section 2, the new fourth-order explicit technique is presented, 
the composite Simpson rule and sixth-order formula for the nonlocal boundary conditions are also intro- 
duced. Numerical results are presented in section 3. Finally conclusion is given in section 4. 



2 Explicit Finite Difference Method 

The domain [0, 1] x [0, T] is divided into anMxJV mesh with a spatial size of h = 1 jM and temporal 
size k — T/N. The grid points (xi,t n ) are defined by 

Xi = ih, i = 0, 1, M, 

t n = nk, n = 0, 1, N, 

where M and N arc integers. The notation uf, qf, </>™, ipf, g™ and gV; represents, respectively, the 
finite difference approximations of u{xi,t n ), q{xi,t n ), <f>(xi,t n ), ip{xi,t n ), g\(t n ) and g2(t n ). The FTCS 
(forward in time and centrad in space) finite difference scheme for the heat equation (1.1) can be written 
as 

< +1 = ruU + (1 - 2r)«? + ru? +1 + kq?, (2.1) 

for i = 1, M — 1, n = 0, 1, N — 1 and r = The stability condition for this method is proved in 
[16]: 

1 

r < -. 
~ 2 

The local truncation error of this method can be written as [31, 33]: 

T=(u t - u xx -q) + — h z + — /i 4 + O(h ). (2.2) 

Now it can be verified that 

u t t = u xxxx + q xx + q t . (2.3) 
By substituting (2.3) into (2.2) the truncation error can be obtained as 



r 



6rq t + 6rq xx + (6r - l)u xxxx 2 60r 2 u m - u 



K 2 + m ■■,.r.r,,, jr (Hj u ] _ (24) 



12 360 



It is clear that (2.4) is second order. Now, we write qf using a linear combination of q"^i, ; 
Q?-ii an d t nen we have 

!h _ za i J_ a i-l , n+1 , „ „n+l , „ n n+l , _ „n , _ _n , _ n n / 9 r\ 

^ — p t-aiQi-i + a 2<?i + a 3 q l+1 + a 4: q l _ 1 + a 5 q { + a 6 q l+1 . (Z.b 
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By using the Taylor's expansion in (2.5), we can obtain 

di - 1 + h(a 3 - ai - a 4 + a e )q x + rh 2 {ai + a 2 + a 3 )q t + — (ai + a 3 + 
Vi=i / (2.6) 

«4 + a6)fc - ^( a 6 - a i)qxxx + rh 3 (a 3 - ai)q xt + A(u(x, t),q)h A + 0(h 6 ) = 0. 

where 

i ,x x -15?tt + lOutt - 15fc xx - 6u xxxxxx + (60 - 180a 5 )gr xxt 

t), g) = — . (2.7) 

By substituting (2.4), (2.6) and (2.7) into (2.5), we get the following system of linear equations 

a 3 - ai - a 4 + a 6 = 0, 

ai + a 2 + a 3 = ^, (2.8) 

ag — a4 = 0, 
a 3 - ai = 0, 
oi + a 3 + a 4 + a 6 = r, 

and r = 1/6. By selecting a^ — ra thus equation (2.5) can be written as 

< +1 - ruU + (1 - 2r)< + r< +1 + A [(6to _ 2 )( g ™+ 1 + g^ 1 ) 

+ (10 - 12m)^ +1 - (6m - 3)(qti + + 12m«?]. 

It should be noted that this technique is fourth order accurate when r — 1/6. By considering (2.9), 
we can consider many values for m such that the solution of these equation become converges to the 
exact solution. Our goal in this paper is to improve the results obtained in the literature. To find the 
optimal value of m, we can apply the following algorithm. 

1. Step 1: We consider, mi = ^, m 2 — 

h b 2 



2. Step 2: We calculate, E mi and E m2 

3. Step 3: II A m , < tL mo then, m 2 = — , else mi = -: — 

oi + o 2 0i + 6 2 

4. Step 4: If |i£ mi | < Z then m = m, is optimal i = 1 or 2, else we repeat Step 1. 

Equation (2.9) has M— 1 linear equations and M + l unknowns. Thus two more equations are needed. 
The integral in the boundary conditions can be approximated by composite Simpson rule and sixth order 
formula. 

2.1 Composite Simpson formula 

The Simpson composite formula for solving the nonlocal boundary conditions (1.3) and (1.4) can be 
written as [16, 31]: 



= f 4>(x, r+>(*, t n+1 )dx + g^ 1 = I (r +1 < +1 

M/2 M/2-1 (2.10) 

+ E 2 + 1 <+ 1 + ^M +1 <+ 1 ) + 3 r 1 + O(/, 4 ), 



i=i »=i 
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and 



= f\{x,t n+1 )u{x,t n+1 )dx + g ^ = 

M/2 M/2-1 

+^E^i+ 2 E ^ 1 ^ 1 +^ +1 < 1 )+5 2 n+1 +o(^ 4 )- 

i=l i=l 



(2.11) 



Thus 



M/2 M/2-1 

- 3)^ +1 + 4ft £ CLX 1 ^ + 2fe ^^t 1 + ^m +1 «m +1 - -3.9" + \ (2-12) 

i=l i=l 
M/2 M/2-1 

/#o" +1 < +1 + ^ E ^"St 1 ! + 2h E + (^m 1 ~ 3 )"m +1 = -3ffi +1 , (2-13) 

i=l i=l 

Combining (2.12) and (2.13) with (2.9) gives (M + 1) x (M + 1) linear system of equations. We can 
obtain 

n+i F^wwit 1 -*) hF 2 ^,U)<t> n + 1 

' ./.:<!.. >i'.r i ' 

n+i _ F 2 (V, U)(h^ +1 - 3) - fegUg, £/)^ " +1 
J($, *, (7) 



where 



'm/2 \ /M/2-1 

F^, U) = -4ft I E ^tiSt 1 ! - 2ft E I - 3<ff +1 , 



^M/2 \ /M/2-1 

F 2 (*, t/) = -4ft I E ^i^-i - 2ft 2 ^V 1 ^ 1 1 - 3.9; 



n+l 
2 ' 



and 



J($,*, C/) - (ft^ +i - 3)(ft^ M +i - 3) - ft^s+vr 1 ^ 0. 



2) Sixth-order formula 

The sixth-order integration formula can be used to approximate numerically the integral present in 
the boundary conditions (1.3) and (1.4). We can write the sixth-order formula as [31]: 

Mo +1 = u(0, i„+i) = / 0(x, i„ + i)u(x, t n+ i)dx + gi(t n+1 ) 
Jo 

M/2 M/4-1 

= ^[^r 1 < +1 +32E^2+>2+ 1 i + 12 E <i2< + + 2 (2.14) 

i=l i=0 

M/4-2 

+ 14 e ^iXi4+7^ M fl < 1 ]+^ +1 +o(ft 6 ), 

i=0 



and 



"a/ 1 = "(Mn+l) = / V<Mn+l) u OMri+l) rfa; + fi ( l(Wl) 

Jo 



M/2 M/4-1 

+ 32 E^+W+A + 12 2 C>4 t + +2 (2.15) 

i=l i=0 



M/4-2 

+14 e V' 4 n iXi 1 4+7V' M +i < i ]+^ +i +o(ft 6 ), 



i=0 
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where M should be a multiple of 4. So 

(Uh^ +1 - 45K+ 1 + 14^ +1 <f +1 = U), (2.16) 

Uhr +1 K +1 + (UHlt 1 - 45X 1 - F 2 (*, U), (2.17) 

where 

M/2 M/4-1 M/4-2 

F 1 ^,u) = -64hj2^_\u^_\-24h w&Kt 1 *- 28 * «i 1 4<i 1 4-45 5 r l , 

i=l i=0 i=0 

M/2 M/4-1 M/4-2 

F 2 (*,C/)^-64^V^- 1 i«2 i f -i-24^ ]T V 4 "i 1 2 <i 1 2"28/ i £ ^&u£& - 45tf +1 , 

1=1 2 = j=0 

Combining (2.16), (2.17) with (2.9) gives (M + 1) x (M + 1) linear system of equations. We can obtain 

n+1 _ Fi(<fr, ?7)(14fe^ +1 - 45) - UhF 2 (V, U)^ 1 

„+i _ F 2 (^, £/)(14^ +1 - 45) - 14/tfUS, £/)^ " +1 
Um J($, *, C/) 

where 

J($, *, (7) = 196^ 2 (0 o l+1 ^ +1 ~ r M +1 K +1 ) - 63O/ i (0 o l+1 + r M +1 ) + 2025. 

It should be noted that the system (2.8) does not have unique solution. Thus it can help us to obtain 
the optimal value of m whilst it was not considered in [31]. To check the accuracy of present method, 
we compared our results with the results obtained in [31]. It should also be noted that the explicit finite 
difference methods are easier to implement than the implicit schemes or Crank-Nicolson method, because 
in explicit schemes there is only one unknown is involved in the finite difference formula. Moreover, 
implicit finite difference schemes require the solution of a large number of simultaneous linear algebraic 
equations at each steps resulting in an extensive amount of CPU time utilized compared to explicit finite 
difference methods for the same values of s and h. 



3 Illustrative Examples 

In this section, the new explicit finite difference method (NFTCS) applied to linear and nonhomo- 
geneous parabolic partial differential equation (1.1) with nonlocal boundary conditions (1.3)-(1.4). The 
results show that the described method is very accurate, capable and powerful. The numerical results 
indicate that the approximate solution convergence to the exact solution as h tends to zero. The Simpson 
formula and sixth-order formula arc used to approximate the integral in the examples. The MATHE- 
MATICA software is used to find the approximate solution and CPU time. For describing the error, we 
define relative error Er and the absolute error Ea as follows: 



E (u(x t)) - \ U ( ih ' J fc )approx ~ u(jh, jfc) cxact | 

\u(ih,jk) cxact \ 



and 

E A (u(x,t)) = \u(ih, jfc) a p pr ox - u(ih,jk) 

exact | 

where u(ih,jk) approK is the approximate solution and u(ih, jk) cxact is the exact solution. 
Example 1: 

We consider the nonhomogeneous parabolic partial differential equation [16, 31, 32, 33, 36] 

-jX = +l{x,t), 0<x<l , 0<t<T, (3.1) 
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with the following initial and boundary conditions 

f(x)=x\ 
4>{x, t) = x, 
tp(x, t) — x, 



9i(t) 
92 (t) 



-1 



4(t + l) 2 ' 
3 



4(t + l) 2 ' 
-2(x 2 + t+l) 
qM= ft +1)3 ■ 

It can be verified that the exact solution is 



< x < 1, 
< or < 1, < * < 1, 
< or < 1, < t < 1, 

< i < 1, 
< i < 1, 
< i < 1, < a; < 1. 



t) 



t+1 



By applying the algorithm which is introduced in section 2, we take m = 0.427487 in (2.9) and 
obtained results are shown in tables 1 and 2 for various values of x and h. The Simpson composite rule 
and sixth-order formula are used to approximate the nonlocal boundary conditions (1.3) and (1.4). It 
can be seen that the errors are very small. In the last row in each table, we have obtained the CPU time 
consumed in the implementation of NFTCS for various step size h and x at t = 1. As expected, the CPU 
time increases as the step size h decrease. 

Table 1: Absolute error NFTCS at t = 1 by using the Simpson formula. 



x/h 


0.25 


0.125 


0.0625 


0.03125 





1.97727xl0~ 9 


2.73501xl0~ 13 


4.75005xl0~ 14 


1.46390X10" 14 


0.25 


8.07057xl0~ 8 


4.87357xl0~ 9 


3.03945xl0~ 10 


1.89884X10" 11 


0.5 


3.92653X10- 8 


2.26709x10-° 


1.40977X10- 10 


8.80097X10- 12 


0.75 


3.27403X10- 8 


2.21648x10-° 


1.39182X10" 10 


8.70845X10- 12 


1 


1.97727xl0" 9 


2.73392xl0~ 13 


4.75009xl0~ 14 


1.43112X10" 14 


CPU 


0.078 


2.248 


76 


1006.45 



Table 2: Absolute error NFTCS at t = 1 by using the sixth-order formula. 



x/h 


0.25 


0.125 


0.0625 


0.03125 





2.32131X10" 10 


7.89537xl0~ 13 


5.05059xl0~ 14 


3.47797xl0~ 14 


0.25 


7.77293xl0~ 8 


4.86301 xl0~ 9 


3.03905X10- 10 


1.89883X10- 11 


0.5 


3.60167X10- 8 


2.25557xl0~ 9 


1.40933x10" 10 


8.80078X10- 11 


0.75 


3.57167x10-* 


2.22705xl0~ 9 


1.39223X10" 10 


8.70862X10" 12 


1 


2.32131 xlO -10 


7.89538xl0~ 13 


5.05068xl0~ 14 


3.47777xl0~ 14 


CPU 


0.078 


1.391 


53.687 


807.840 



The relative error Er for u(0.5, 1) is obtained for different step size h and compared the results obtain 
by [31] (scheme FTCS4). We used the algorithm introduced in section 2 with optimal value of m. The 
Simpson formula (NFTCS4) and sixth-order formula (NFTCS6) have been used for approximating the 
integrals in the nonlocal boundary conditions. 



Table 3: Relative error En for u(0.b, 1) at various spatial length. 



h 


FTCS4 [31] 


NFTCS4 


NFTCS6 


0.25 


0.000127462 


6.28724X10" 7 


5.76746X10- 7 


0.125 


7.96658X10- 6 


3.63034x10-8 


3.61190x10-8 


0.0625 


4.97912xl0~ 7 


2.25753x10-° 


2.25683xl0~ 9 


0.03125 


3.11195X10- 8 


1.40816xl0~ 10 


1.40812X10" 10 



In table 4, we compared the relative error En at x = 0.5 and t = 1 by using NFTCS described in this 
paper and FTCS, explicit Crandall's formula (ECF) and implicit Crandall's formula (ICF) obtained in 
[31]. It is observed that the our results are better than the obtained results in [31]. 
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Table 4: Comparison between relative error En in [31] and our solution for it(0.5, 1). 



h 


FTCS [31] 


ECF [31] 


ICF [31] 


Our method 


1/8 


7.96658X10" 6 


6.19972X10" 6 


1.32985X10- 5 


3.63034X10" 8 


1/16 


4.97912X1CT 7 


3.87463X10- 7 


8.31040xl0~ 7 


2.25753xl0~ 9 


1/32 


3.11195X10" 8 


2.42163X10" 8 


5.19395xl0~ 8 


4.37617X10- 11 



In Figure 1, we show the absolute error using the NFTCS at x — 0.125 and x — \ with h = 1/8, 
while the Simpson formula is used for approximating the integrals in the boundary conditions. Similarly, 
the graph of absolute error NFTCS at x = 0.0625 and x = 1 with h = 1/16 is shown in Figure 2. 



Absolute error for x=0. 125 Absolute error for x= 1 




100 200 300 100 200 300 

k k 



Figure 1: The absolute error between solution obtained by using NFTCS and the exact solution for 
x = 0.125 and x = 1 with h = 1/8, while the Simpson formula is used for approximating the integrals in 
boundary conditions. 



Absolute error for x=0.0625 Absolute error for x= 1 




500 1000 1500 500 1000 1500 

k k 



Figure 2: The absolute error between solution obtained by using NFTCS and the exact solution for 
x = 0.0625 and x = 1 with h = 1/16, while the Simpson formula is used for approximating the integrals 
in boundary conditions. 

The consumed CPU time of three numerical schemes FTCS [31], FTCS4, and FTCS6 is obtained and 
the graph of CPU time is shown in Figure 3. It is clear from the Figure 3 that with the same step size 
h, our method consumed less CPU time than other two numerical schemes. 

Example 2: 

To check the performance of the explicit finite difference scheme described in section 2, we take the 
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Figure 3: The CPU time spent to find the relative error En for u(0.5, 1). 



heat equation (1.1) with the initial condition and the boundary conditions as follows [12, 24, 18]: 



f{x) = x 2 - 2 

<j)(x,t) = -6, 
ij){x, t) = —5, 
5i (t) - 0, 

«te(t) = o, 

q(x,t) = - 



6(1 + J)' 



< x < 1, 
< x < 1, 



< x < 1, 



< x < 1, 

Q< t < 1, 
< t < 1, 
< £ < 1, 
< x < 1, 

< i < 1, 



6(1 + 5) 

with 5 = 0.0144. It can be verified that the exact solution is 

u(x,t)=(x 2 -x+-^ T) 

We take m = 0.5166667, in equation (2.9) and the obtained results are shown in table 5 and table 
6. The Simpson composite rule and sixth-order formula are used to approximate the nonlocal boundary 
conditions (1.3) and (1-4). It can be seen that the errors are very small with different value of x and t. 
In the last row in each table, we observed that the consumed CPU time increase with the decrease of 
step size h . 

Table 5: Absolute error NFTCS at t = 1 by using the Simpson formula. 



x/h 


0.25 


0.125 


0.0625 


0.03125 





7.11516X10" 12 


5.71649X10" 13 


3.62120xl0~ 14 


2.23064X10" 15 


0.25 


1.37993X10- 9 


8.67588X10" 11 


5.42373X10" 12 


3.36300X10" 13 


0.5 


2.54796X10" 9 


1.58515X10" 10 


9.90530X10" 12 


6.22738X10" 13 


0.75 


1.37993X10" 9 


8.67587X10" 11 


5.42373X10" 12 


3.36300X10" 13 


1 


7.11516X10- 12 


5.71649X10" 13 


3.62121X10" 14 


2.23064X10" 15 


CPU 


0.093 


1.407 


53.578 


1670.780 
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Table 6: Absolute error NFTCS at t = 1 by using the Sixth-order formula. 



x/h 


0.25 


0.125 


0.0625 


0.03125 





9.18984X10" 12 


5.79563X10" 13 


3.62435xl0~ 14 


2.23118X10" 15 


0.25 


1.37764xl0~ 9 


8.67501X10- 11 


5.42373X10" 12 


3.36300X10- 13 


0.5 


2.55032xl0~ 9 


1.58524X10" 10 


9.90531X10" 12 


6.22738X10" 13 


0.75 


1.37764xl0~ 9 


8.67501X10" 11 


5.42373X10" 12 


3.36300X10" 13 


1 


9.18984X10" 12 


5.79563X10" 13 


3.62435X10" 14 


2.23117X10" 15 


CPU 


0.079 


1.406 


52.985 


1706.580 



In table 7, we present a comparison between the numerical solution of this problem by using new 
explicit finite difference method and those obtained by the method described in [31]. we observed that 
the relative error Eji of present method is better than the method described in [31]. Further more the 
Simpson formula (NFTCS4) and sixth-order formula (NFTCS6) have been used for approximating the 
integrals in the nonlocal boundary conditions. 



Table 7: Relative error Ej^ for m(0.5, 1) at various spatial length. 



h 


Method in [31] 


NFTCS4 


NFTCS6 


0.25 


3.12655xl0~ 5 


2.79690xl0~ 8 


2.79949xl0~ 8 


0.125 


1.95407xl0~ 6 


1.74002xl0~ 9 


1.74012xl0~ 9 


0.0625 


1.22130xl0~ 7 


1.08731xl0 -10 


1.08731X10" 10 


0.03125 


7.63314xl0~ 9 


6.83580X10- 12 


6.83580X10- 12 



In Figure 4, we show the absolute error Ea using the NFTCS at x = 0.125 and x = 1 with step size 
h = 1/8 when the Simpson formula is used for approximating the integrals in the boundary conditions. 
Similarly, we show the absolute error NFTCS at x = 0.0625 and x = 1 with step size h = 1/16 in Figure 
5. 



Absolute error for x-0. 1 25 Absolute error for x- 1 




100 200 300 100 200 300 

k k 



Figure 4: The absolute error between solution obtained by using NFTCS and the exact solution for 
x = 0.125 and x — 1 with h — 1/8, while the Simpson formula is used for approximating the integrals in 
boundary conditions. 

The consumed CPU time to obtain the numerical solution of the present method with different 
algorithm to to solve the non local boundary conditions are shown Figure 6. It is clear that for the all 
small value of step size h 7 the consumed CPU time in applying the our methods and consumed CPU time 
by the algorithm proposed in [31] are almost same. 

4 Conclusion 

Several approaches have been developed for obtaining the numerical solution of heat equation with 
non-local boundary conditions. A new fourth-order explicit finite difference method has been applied to 
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Absolute error for x=0.0625 Absolute error for x= 1 




500 1000 1500 500 1000 1500 



Figure 5: The absolute error between solution obtained by using NFTCS and the exact solution for 
x = 0.0625 and x — 1 with h — 1/16, while the Simpson formula is used for approximating the integrals 
in boundary conditions. 




Figure 6: The CPU time spent to find the relation error Er for u(0.5, 1) in table 7. 



obtain numerical solution of one dimensional linear and non-homogeneous parabolic partial differential 
equation with nonlocal boundary conditions in this paper. The present method is also capable for solving 
parabolic type partial differential equations with non-local boundary conditions. 
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Abstract . In this paper, the numerical treatment of a fourth order Lidstone 
boundary value problem is proposed with the use of a discrete quintic spline 
based on central differences. It is shown that the method is of order 4 if a 
parameter takes a specific value, else it is of order 2. A well known numer- 
ical example is presented to illustrate our method as well as to compare the 
performance with other numerical methods proposed in the literature. 

Keywords : Discrete quintic spline, central difference, Lidstone boundary value 
problem, numerical solution, fourth order. 

1 Introduction 

We consider the fourth order Lidstone boundary value problem 

y^\x) = f(x)y(x) + g(x), a < x < b 

y(a) = A 1 , y(b) = B u y"(a) = A 2 , y"{b) = B 2 

where f(x) and g(x) are continuous on [a,b] and Ai,Bi,i =1,2 are arbitrary 
real finite constants. 

Lidstone boundary value problems have received a lot of attention in the lit- 
erature, notably on the existence of positive solutions, see for example [1, 7, 22] 
and the references cited therein. The fourth order Lidstone boundary value 
problem (1.1) considered arises from the physical problem of bending a rectan- 
gular simply supported beam resting on an elastic foundation [14, 17], here y is 
the vertical deflection of the plate. The use of polynomial splines in the numeri- 
cal treatment of (1.1) has gathered substantial interests over the years. Usmani 
and Warsi [20] have used quintic and sextic splines respectively to develop sec- 
ond and fourth order convergent methods for (1.1). Thereafter, quartic splines 
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are employed by Usmani [19] to formulate second order convergent method. 
Also, during their investigation on fourth order obstacle boundary value prob- 
lems, Al-Said and Noor [2] and Al-Said et al [3] have respectively used cubic and 
quartic splines to obtain second order convergent methods for (1.1). Recently, 
nonpolynomial spline functions have been proposed by Ramadan et al [12] to 
obtain second and fourth order convergent methods for (1.1), these methods 
reduced to those of [2, 19, 20] when certain parameters take certain values. A 
related problem to (1.1) arises from the bending of a long uniformly loaded 
rectangular plate supported over the entire surface by an elastic foundation and 
rigidly supported along the edges [14, 17], here the boundary conditions are the 
conjugate type y(a) — A\ = y(b) — B\ = y'(a) — A 2 = y' — B 2 = 0. For this 
problem, second order convergent methods based on quintic splines have been 
established in [13, 16, 18], while fourth order convergent method based on sextic 
splines has been discussed in [18]. The general observation from all these re- 
search is that spline methods usually give better (or comparable) approximation 
than finite difference methods and shooting type methods. 

Motivated by all the above research especially the use of splines in solving 
(1.1), in this paper we shall employ a discrete quintic spline to get a numeri- 
cal solution of (1.1). Our proposed method is fourth-order convergent when a 
parameter takes certain value, else it is second-order convergent. Through a 
well know numerical example, we illustrate that our method outperforms other 
spline methods for solving (1.1) in the literature [2, 3, 12, 19, 20]. 

Discrete splines were first introduced by Mangasarian and Schumaker [11] in 
1971 as solutions to constrained minimization problems in real Euclidean space, 
which are discrete analogs of minimization problems in Banach space whose 
solutions arc generalized splines. Subsequent investigations on discrete splines 
can be found in the work of Schumaker [15], Astor and Duris [4], Lyche [9, 10] 
and Wong et al [5, 6, 21]. Following [9, 10], the discrete spline we use will involve 
central differences. 

The plan of the paper is as follows. In section 2, we shall derive our method. 
The matrix form of the method is presented in section 3 and its convergence 
analysis is performed. In section 4, we present a well known example and 
compare the performance of our method with other methods in the literature. 



2 Numerical Method for (1.1) 

Suppose P : a = xq < x\ < ■ ■ ■ < x n — b is a uniform mesh of [a, b] with 
x,- L — Xi_i = p, 1 < i < n, i.e., the step size p = ^=^. 

Let h € (0,p) be a given constant. We recall the central difference operator 
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Dh applying to a function F(x) gives 

D^F(x) = D^F(x) = ^ + h) ~ F{x ~ k) 



2h 



{2} _ F(x+h)-2F(x) + F(x-h) , 



D^F(x) = 



h 2 



{3 } , , _ Fjx + 2h) - 2F(x + h) + 2F{x - h) - Fjx - 2h) 

{4 } „, , _ F(x + 2h) - AF(x + h) + 6F(x) - AF(x - h) + Fjx - 2h) 

We also use the basic polynomials x^ introduced by [10] 

x^=x j , j = 0,1,2; x^ = x(x 2 -h 2 ), 

x^ = x 2 (x 2 - h 2 ), x^ = x(x 2 - h 2 )(x 2 - Ah 2 ). 

It is noted that D { h 1} x^ = jx^~^ , j = 0, 1,2,3,5 and D { h 1} x^ = 2x(2x 2 + 
h 2 ). 

Definition 1. Let S(x; h) be a piecewise continuous function defined over 
[a, b] (with mesh P) and Si(x) be its restriction in [xi_i,Xj], 1 < i < n passing 
through the points (xj_i,Sj_i) and (xj,s,). We say S(x;h) is a discrete quintic 
spline if Si(x), 1 < i < n is a polynomial of degree 5 or less and 

(Si+x-SiXxi+jh) =0, j = -2,-1,0,1,2, l<i<n-l. (2.1) 

The above definition is in the spirit of discrete cubic spline studied in [10]. 
In fact, in terms of central differences, the condition (2.1) has the following 
equivalent form 

D { h j} S i (x i )=D { h j} S i+1 (x i ), j — 0, 1, 2, 3, 4, l<*<n-l. (2.2) 

Throughout, we shall use the notations 

y ( fc ) = y ( k \ Xi ), fi = f(xi), g t = g(xi), si = Si(xi), 
Mi = D { ^ } S l {x l ), Fi = D { h 4} Si{ Xi ), < i < n. 

We propose sfs to be the numerical solution of (1.1) at the mesh points, i.e., 

Vi = Si, < i < n. (2.3) 
Discretizing (1.1) and noting the Lidstone boundary conditions, we set 
so = Vo = A 1 , s n = y n = B 1 , M = y^ = A 2 , 

(2.4) 

M n = yl = B 2 , Fi = fiSi +g t , 0<i< n. 
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We shall now obtain an explicit expression of Si(x) in terms of its central dif- 
ferences. To begin, let the functions hi(x), hi{x) and hi(x) satisfy the following 
for < i, j < n : 

hi(xj) = 8ij, Dj? } hi(xj) = D^ } hi{xj) = 0, 

Dj? } hi(xj) = Sij, hi(xj) = D^ } hi{xj) = 0, 

Dj^hi(xj) = Sij, hi(Xj) = Dj^hi(xj) = 0. 
By direct computation, we obtain the explicit expressions: 

hi(x) = - — ^_ L x £ \xi-\, xA, l<i<n 
P 

_ Xj+i x . ] 0<i<n— 1 

P 

= 0, otherwise; 

- (x-Xi--L)W (p 2 - h 2 )(x - x^) 
hi{x) = 6~p 6^ ' 

x £ [xi-i,Xi], 1 < i < n 

(Xj+i - x)< 3 > _ (p 2 -h 2 )(x l+1 -x) 
6p 6p 

x £ < i < n — 1 

= 0, otherwise; 
(x-Xi-i)W (p 2 - h 2 ){x - Xi-jW 



hi(x) = 



+ 



120p 36p 

(x-x^ 1 )(p 2 -h 2 )(7p 2 + 2h 2 ) 
:'.()()/- ~"~ ~ ~ ' 

x £ [xi-i, Xj\, l<i<n 

(x i+1 -x)M {p 2 -h 2 ){x l+l -x)^ 
120p 36p 

(x i+1 -x)(p 2 -h 2 )(7p 2 + 2h 2 ) 



+ 360p 

x £ [xi, Xi + i], 0<i<n — 1 
= 0, otherwise. 
Clearly, Si(x), the restriction of S(x; h) in [xi-i,Xi], can be expressed as 
Si(x) = Si-ihi-i(x) + Sih t (x) + Mj_i/ij_i(a;) + Mihi{x) + F i ^ 1 h i ^ 1 (x) 
+Fihi(x), x e [x^^i], l<i<n. 



(2.5) 
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Using (2.5), the 'continuity' requirement Si(xi) — Si+\{xi), 1 < 
i < n — 1 leads to the equation 

(p 2 - h 2 )Mi_ x + 2(h 2 + 2p 2 )M l + (p 2 - h 2 )M l+1 

= 6( Si _x - 2 Sl + 8i+1 ) + [(2/> 2 + Ip^F^ + 4(4p 2 - h 2 )F t 

+(2h 2 + 7p 2 )F l+1 }. 

(2-6) 

Further, the 'continuity' requirement Si(xi) — D^Si + i(xi), 1 < i < n— 1 
yields 

Mi_i - 2M t + M l+1 = l - [{p 2 - /i 2 )F*-i + 2(h 2 + 2p 2 )F t + (p 2 - h 2 )F t+1 ] . 

(2.7) 

Using (2.6) and (2.7) in a lengthy algebraic procedure, we are able to eliminate 
M's and get the '^-equation' as 



ai-Fi-2 + 02-Fi-i + a3Fi + a 2 F i+1 + aiF i+2 

= Si-2 - 4sj_i + 6sj - 4s i+1 + s i+2 , 2<i<n-2 



(2.8) 



where 



(p 2 - h 2 )(p 2 -Ah 2 ) _ 2(p 2 - h 2 )(8h 2 + I3p 2 ) 

120 ' ° 2 _ 120 

6(4h 4 + 5h 2 p 2 + llp 4 ) 



a l = 77^ i °2 

0-3 = 



(2.9) 



120 

Upon substituting Fj — fjSj + gj into (2.8), we see that (2.8) gives (n — 3) 
equations with (n — 1) unknowns Sj, 1 < i < n — 1 . 

In order to solve for the unknown Sj's, we need two more equations which 
we write as 

hFo + b 2 F 1 + b 3 F 2 + b 4 F 3 = p 2 M + b 5 s + & 6 si + b 7 s 2 + b s s 3 (2.10) 

and 

ciF n _3 + c 2 F„_ 2 + c 3 -F n _i + c 4 F n = p 2 M n + c 5 s„_ 3 + c 6 s„_ 2 + c 7 s„_i + c 8 s„ 

(2.H) 

where 6j and Cj, 1 < i < 8 are real numbers. We require the local truncation 
errors in both (2.10) and (2.11) to be 0(p 8 ) (the reason will be clear when we 
perform the convergence analysis in section 3). To fulfill this, we carry out Taylor 
series expansion in (2.10) about x and set the coefficients of Sq , < k < 7 to 
zeros. This yields 8 equations which we can solve to get bi, 1 < i < 8. Similarly, 
in (2.11) we expand about x n and set the coefficients of < k < 7 to zeros, 
then we solve 8 equations to get Cj, 1 < i < 8. The resulting (2.10) and (2.11) 
are given as follows 

^(28F + 245F! + 56^2 + F 3 ) -p 2 M Q = -2s + 5«i - 4s 2 + s 3 , (2.12) 
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„4 

+ 56F„_ 2 + 245F„_! + 28F n ) - p 2 M n = s„_ 3 - 4s„_ 2 + 5s„_! - 2s n . 

(2.13) 

Once again, we substitute Fj = fjsj + gj into (2.12) and (2.13) to give two 
equations in Sj, i = 1, 2, 3, n — 3, n — 2, n — 1. 

Noting (2.4) the values of s , s„, M and M n are already known, hence we 
can now solve (2.8), (2.12), (2.13) to obtain the values of Sj, 1 < i < n— 1. The 
solvability of the linear system will be discussed in section 3. 



3 Convergence Analysis 

In this section, we shall establish the existence of a unique solution for (2.8), 
(2.12), (2.13) and also conduct a convergence analysis for the method presented 
in section 2. To begin, we define the norms of a column vector T = [U] and a 
matrix A = [ay] as follows: 



|T|| = max and \\A\\ = max >^ \a%j\- 



Let a — yi — Si, 1 < i < n — 1 be the errors. Let Y = [yi\, S = [si], W = 
[wi\, T — [ti\ and E — [e^] be (n — l)-dimensional column vectors. The system 
(2.8), (2.12), (2.13) can be written as 



AS= W 



where 



(3.1) 



A = A Q + Q, Q = BF, F = diag(/i), i = 1,2, . . . ,n- 1, (3.2) 
A and B are (n — 1) x (n — 1) five-band symmetric matrices given by 



/ 5 -4 1 

-4 6-4 1 
1-4 6-4 



A = 



\ 



1-46-41 
1-4 6-4 
1-45/ 



(3.3) 
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/ 245p 4 56p 4 p 4 

' 360 360 360 



B 



-02 



-a 3 -a 2 -ai 



-Ol 


-«2 


-a 3 


-O2 


-ai 












-a 2 


-a 3 


-o 2 










-Ol 


-02 


-o 3 


-02 


V 








360 


56p 4 
360 


245p 4 
360 



(3.4) 



and for the vector W — [wi\, we have 

„4 



Wi 



2.s„ - p 2 M + |^(28/ s + 28 5 o + 245 3 i + 56o 2 + o 3 ), 



i = 1 

-s + ai/oSo + oi.9o + «2.9i + 03.92 + 02.93 + oi54, i = 2 

«i.9i-2 + a,29i-i + a 3 gi + a 2 g l+1 + aift+2, 3 < i < n - 3 

-s n + a x g n - A + a 2 g n -3 + ci39n-2 + a 2 g n -\ + a x g n + a x f n s n , 

i = n — 2 

2s„ - p 2 M n + £-(g n -3 + 56 ffn _ 2 + 245.g„_i + 28g n + 28/„s„), 



360 



i = n — 1. 



From (3.1) we have A(F - £) = W or 

= W + T 

where 

T = AS. 

For 2 < i < n — 2, the i-th equation of the linear system (3.7) is 



(3.5) 
(3.6) 
(3.7) 



Vi-2 - 4j/i_i + &Vi - 4y i+ i + y i+2 = + a 2 yf\ + a z yf ] + a 2 y\% + aiy$ 2 + 1, 



where tj's are the local truncation errors given by 

_ p 4 (p 2 - 3h 2 ) (6) p 4 (4p 4 -15 P 2 fe 2 + 8fe 4 ) (8) 



U = 



-v\ + 



(3.8) 



12 ai 240 
For i = 1, n — 1, the i-th equations of the linear system (3.7) are respectively 

4 

-2y + 52/! - 4y 2 + y 3 = ^ (28y< 4) + 245y< 4) + 56^ 4) + t/f) - p 2 y^ + h 



and 



2M-3 - 4y„- 2 + 5y„_i - 2y„ 



P 

360 



(»£s + 56^2 + 245^, + 28 y ( 4 >) - p 2 yl + t n . x 
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where t\ and t n -i are the local truncation errors given by 

^=^ = -6^0^ 8) + °(P 9 )- ^ 
Remark 1. For the special case h = -^=, it is clear from (3.8) that 

** = -2^ofi 8) + °(P 9 )> 2<z<n-2. 
Thus, taking (3.9) into consideration, we have 

241 

\\T\\ = p s L (3.10) 

11 11 6048CT 1 ; 

where L = max x \y( 8 \x)\. 

Lemma 1. [2] The matrix Aq is invertible and 



! 5n 4 + 4n 2 _ 5(6 - a) 4 + 4(6 - a) V 
|A ° 11 " 384 - 38V ' ( j 



Lemma 2. [8] Let Dbea square matrix such that \\D\\ < 1. Then, (J + D) is 
nonsingular and 

ll( ' +Dr ' lls rTDi- 

Our first result guarantees the existence of a unique solution for (2.8), (2.12), 
(2.13). 

Theorem 1. The system (3.1) has a unique solution if 

— Kf < 1 (3.12) 
480 J y ' 

where K = 5(b ~ a) 3g| fc ~ a) P and / = maxi<j<„_i |/;|. 

Proof. If (3.1) has a unique solution, then it can be written as 

S = A~ X W = (A + Q)- X W = [A (I + A^Q^W = (I + A^Q^A^W. 

(3.13) 

From Lemma 1 the inverse A 1 exists, hence it remains to show that (I+A l Q) 
is nonsingular. 

From (3.4), a direct computation gives ||B|| < f§§p 4 - Since Q = BF, we nn d 

489 . ~ 

IIOII < ||B|| \\F\\ < —p\f. (3.14) 
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It follows from (3.11) and (3.14) that 



384p 4 V 480 ^ V 480 ' 

(3.15) 

where we have used (3.12) in the last inequality. Since ||A 1 Q|| < 1, we conclude 
from Lemma 2 that (I+Aq 1 Q) is nonsingular. Hence, (3.1) has a unique solution 
given by (3.13). □ 



The next result gives the order of convergence of our method. 

489 
480 J 



Theorem 2. Suppose WjKf < 1. Then 



\\E\\ = 0{ P A ) if h=^= 

and \\E\\ = 0(p 2 ) for other values of h £ (0,p], i.e., the method (3.1) is fourth 
order convergent if ft = and is second order convergent otherwise. 

Proof. First, we consider the special case when h = From (3.7) we have 

E = A- X T = (A + Q)- X T = (I + A^Q^A^T 
Noting (3.15) we apply Lemma 2, and together with (3.11) and (3.10), we find 

\\e\\ < \\(i+a^q)-i\\ uvii imi 



< 



iVll imi 



- II VQII 

< 5(6-a) 4 + 4(b- a )V / 241 ^ 



384p 4 V 60480 J\l-^Kf 



2AlKLp 



,4 



60480 (l - ^Kf) 



OCp 4 ). 



This inequality shows that (3.1) is a fourth order convergence method when 

h = -2- 

For other values of ft € {0,p], from (3.8) and (3.9) we have ||T|| ^ 0(p 6 ). 
Using a similar argument as above, we see that (3.1) is second order convergent. 
□ 



4 Numerical Example 

In this section, we present a numerical example to demonstrate our proposed 
method as well as to illustrate the comparative performance with some well 
known numerical methods for solving (1.1). 
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Consider the Lidstone boundary value problem 

yW + xy = -(8 + 7x + x 3 )e x , < x < 1 
2/(0) = y(l) = 0, y"(0)=0, y"(l) = -4e. 
The analytical solution of (4.1) is 

y(x)=x(l-x)e x . 

In this example, we have a — 0, 6=1, /(a;) = — x and g(x) = — (8 + 7a; + 
x 3 )e x . So if = 5±||^ an d / < 1. For any p e (0,1), we have ffg-fff < 1 
and hence it follows from Theorem 1 that our method gives a unique numerical 
solution for (4.1). 

To compute the numerical solution of (4.1), first we fix the mesh P (and 
hence the step size p) and choose h = Then, we solve the system (2.8), 
(2.12), (2.13) to get Sj, 1 < i < n — 1, which approximates yi. 

The maximum absolute errors (max^ | j/^ — | ) obtained by our method as well 
as by other methods in the literature are presented in Table 1. From the table 
we can see that our method is fourth-order convergent when h = -^=. Moreover, 
a clear comparison shows that our method outperforms continuous polynomial 
spline (cubic, quartic, quintic, sextic) and nonpolynomial spline (quintic) meth- 
ods. 



Table 1: Maximum absolute errors max, \yi ~ Si 



Methods 


p=l/8 


p= 1/16 


p= 1/32 


Our method 


7.48e - 08 


5.30e - 09 


4.91e 


- 10 


Quintic nonpolynomial 










spline (4th order) 


2.09e - 07 


7.92e - 09 


1.27e 


-09 


Sextic spline [20] 


1.26e-06 


7.87e - 08 


4.91e 


-09 


Quintic nonpolynomial 










spline (2nd order) [12] 


9.42e - 05 


6.17e-06 


3.95e 


-07 


Quartic spline [19] 


4.24e - 04 


1.08e-04 


2.70e 


-05 


Cubic spline [3] 


5.69e - 04 


1.47e-04 


3.71e 


-05 


Quintic spline [20] 


8.67e - 04 


2.16e-04 


5.40e 


-05 


Quartic spline [2] 


1.62e - 03 


6.39e - 04 


5.88e 


-05 


A brief description of the methods listed 


in Table 1: 







(i) In [12], second and fourth order convergent methods are derived using a 
nonpolynomial spline function that has a polynomial part and a trigono- 
metric part. The methods of [2, 19, 20] are special cases of nonpolynomial 
spline methods when certain parameters take certain values. 



(ii) In [20], quintic and sextic splines are employed respectively to establish 
second and fourth order convergent methods. 
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(iii) In [19], a second order convergent method is formulated using quartic 
splines. Here, the consistency relations are obtained at the midknots, 
this approach is different from other spline methods where consistency 
relations arc usually obtained at the uniformly spaced knots. 

(iv) In [3], cubic splines are used to develop a second order convergent method. 

(v) In [2], a second order convergent method is proposed based on quartic 
splines. 

5 Conclusion 

We have developed a numerical method for fourth order Lidstonc boundary 
value problems using discrete quintic splines. The method is shown to be fourth 
order convergent when the parameter h = and second order convergent 
for other values of h £ (0,p\. A well known numerical example is presented to 
demonstrate the outperformance of our method over other continuous spline 
methods in the literature. 
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In this paper we investigate the dynamics and behavior of the recursive 
sequence 

bx n ~i -\- cx n ^ s -j- dx n — r 
x n+ i=ax n - k -\ — — , n = 0, 1,... 

OtX n — l t pX n — s ~t~ 'JXn—'r 

where the parameters a ; b; c; d;a ; and 7 are positive real numbers and the 
initial conditions are positive real numbers. 

1 Introduction 

Recently there has been a lot of interest in studying the global attractivity, 
the boundedness character and the periodicity nature of nonlinear difference 
equations see for example [[1]-[14]]. 

The study of the nonlinear rational difference equations of a higher order is 
quite challenging and rewarding, and the results about these equations offer 
prototypes towards the development of the basic theory of the global behavior 
of nonlinear difference equations of a big order, recently, many researchers have 
investigated the behavior of the solution of difference equations for example: In 
[4] Elabbasy et al. investigated the global stability, boundedness, periodicity 
character and gave the solution of some special cases of the difference equation 

OlX n — y. 



X n +1 



k 

P + 7 n Xn- 

8=0 



Yalnkaya et al. [15], [16] considered the dynamics of the difference equations 

b + CXn ' 



x n +i — u , p , X n+ \ 
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For some related work see [[15]-[19]]. 

Our goal in this paper is to investigate the global stability character and the 
periodicity of solutions of the recursive sequence 

x n+i = ax n-k H —5 T 1 n = 0, 1, ... (1) 

CtX n —l t PXn—s "T ^Y^n—r 

where the parameters a ; b; c; d;a ; /3 and 7 are positive real numbers and the 
initial conditions a;_ t , #-t+i, £_i and x are positive real numbers where 
t = max {k, I, s, r} . 

Here, we recall some basic definitions and some theorems that we need in the 
sequel. 

Let I be some interval of real numbers and let 

F : I k+1 — > / 

be a continuously differentiable function. Then for every set of initial conditions 
X-k, X-k+i, ■■■.,xo G / , the difference equation 

X n +1 — F(%ni %n— 1; — ? Xn — k)i Tl = 0,1, — (2) 

has a unique solution {x n } c ^ = _ k 

Theorem 1.1. [9] Assume that pi G R ,i — 1,2, ...,k and k E {0,1,2,....} 

k 

. Then ^2\pi\ < 1 , is a sufficient condition for the asymptotic stability of the 
i=i 

difference equation 

x n +k +Pix„+k-i + ...+PkX n = ,n = 0, 1, .... 

Theorem 1.2. [10] Let g : [a, b] k+1 — > [a, 6] 6e a continuous function, where k 
is a positive integer, and where [a, b] is an interval of real numbers. Consider 
the difference equation 

x n+i = g(x n ,x n -i, ....,x n - k ),n = 0,1, .... (3) 

Suppose that g satisfies the following conditions: 

1. For each integer i with 1 < i < k + 1 ,the function g{z\, z 2 , z k+ f) is 
weakly monotonic in Zi for fixed z\, z 2 , Zi-\,Zi + \, Zk+\ ■ 

2. If If (m, M) is a solution of the system 

m = g(m 1 ,m 2 , ...,m k+1 ) ,and M = g{M\,M 2 , Mk+i) 
then m = M, where for each i = 1,2, k + 1, we set 



mi 



m if g is non- decreasing in Zi 
M if g is non-increasing in Z{ 



Mi = 



M if g is non- decreasing in 
m if g is non-increasing in m 

Then there exists exactly one equilibrium x of equation (3), and every 
solution of equation (3) converges to x. 
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2 Local Stability of the Equilibrium Point of 
equation (1) 

This section deals with study the local stability character of the equilibrium 
point of Equation (1) .Equation (1) has equilibrium point and is given by x = 
ax + . If a < 1 , then the only positive equilibrium point of equation (1) 

is given by x = (a J+ c 7 j ( l_ a) . 

/ : (0, oo) 4 — > (0, oo) be a continuously differcntiable function defined by 

bv + cw + dt 

}{u,v,w,t) =au-\ — — - (4) 

av + pw + yt 

Therefore it follows that 

df(u,v,w,t) df(u,v,w,t) (b/3 — ca)w + (by — da)t 

du dv (av + j3w + yt) 2 

df(u,v,w,t) —(b[3 — ca)v + (cy — df3)t 
dw (av + pw + yt) 2 

df(u,v,w,t) —(by — da)v—(cy — d(3)w 
dt ~ (av + /3w + yt) 2 

Then we see that 



df(x, x, x, x) 
du 

df(x, x, x, x) (b/3 — ca) + (by — da) (6/3 — ca) + (by — da) 



a = ~a 3 
ou 



dv (a + (3 + y) 2 x ~ (a + /? + 7 )2_|±^_ 

_ [(6/3 - ca) + (by - da)](l - a) 



(a + /3 + y){b + c + d) 



= -a 2 



df(x, x, x, x) [—(6/3 — ca) + (cy — dfi)\(l — a) 
dw ~ (a + j3 + y)(b + c + d) 

df(x,x,x,x) [—(by — da) — (cy — d(3)](l — a) 



-ax 



-a 



dt (a + f3 + y)(b + c + d) 

Then the linearized equation of Equation (1) about x is 

y n +i + a 3 y n + a 2 y n -i + a\y n -i + a y n -3 = (5) 
whose characteristic equation is 

A 4 + a 3 A 3 + a 2 A 2 + aiA + a = (6) 
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(a + /3 + j)(b + c + d)> max {\2a(c + d) - 26(/3 + 7 )|, |2 7 (6 + c) - 2d(a + /3)| 

, \2(3(b + d)-2c(a + 7 )|} (7) 

Tften the positive equilibrium point of Equation (1) is locally asymptotically sta- 
ble. 

Proof. It is follows by theorem (1.1) that equation (5) is asymptotically stable 
if all roots of equation (6) lie in the open disc, |A| < 1 that is if 

H + M + hi + |<xo| < 1 

, , :[(bf3 - ca) + (67 - da)](l - a) , 
' (a + f3 + -y){b + c + d) ' 

, [-(6/3 - ca) + (cry - d/3)](l -a) , , [-(fry - da) - (c 7 - 48)1(1 - a) , 
1 (a + /? + 7 )(fe + c + d) 1 + 1 (a + /3 + 7 )(fe + c + rf) 1 

and so ( after dividing the denominator and numerator by (1 — a) gives ) 
\(b[3 - ca) + (67 - da)\ + \-(bp - ca) + (c 7 - dff)\ 
+ \-{b 1 -da) - (crf-dP)\ < (a + P + -f){b + c + d) (8) 

Suppose that 

B 1 = (6/3 - ca) + (67 - da), B 2 = -(6/3 - ca) + (c 7 - d/3), 
B 3 = -(67 - da) - (07 - c?^) 
We consider the following cases 

1. B\ > 0, B 2 > , and B3 > . In this case we see from equation (8) that 

(6/3 - ca) + (67 - da) - (6/3 - ca) + (c-y - d/3) - (67 - da) - (07 - d/3) 

< (a + /3 + 7 )(6 + c + rf) 

if and only if (a + (3 + 7) (6 + c + d) > which is always true. 

2. Si > 0, B 2 > , and B 3 < . It follows from equation (8) that 

(6/3 - ca) + (67 - da) - (6/3 - ca) + (cj - d/3) + (67 - da) + (07 - d/3) 

< (a + /3 + 7 )(6 + c + d) 

if and only if (o + ^ + 7)(6 + c + d) > 2-/(b + c)-2d(a + (3) which is satisfied 
by Condition (7). 

Also, we can prove the other cases. The proof is complete. □ 
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3 Boundedness of Solutions of Equation (1) 

Here we study the boundedness nature and persistence of solutions of Equa- 
tion (1). 

Theorem 3.1. Every solution of Equation (1) is bounded and persists if a < 1. 

Proof. Let {x n }'^L_ t be a solution of Equation (1). It follows from Equation 
(1) that 

bx n —i ~h cx n — s -j~ dXji—f 
(y.x n —i px n — s -j- / yx n — r 

bx n —i cx n — s 
= ax n -k H — ■ + 



otXji—i ~\- j3Xfi— s H- r ^fx ri — T (y.x n —i -\- [3x n — s -\~ ^yx^ 
diX y> 



OLX n —i -\- pXji—s ~\~ , yx n — r 
Then 

bzx i cx j-^ g diX y\ — f be di 

x n+ i < ax n _ k H + 1 = z„_ fe H h - + - for all n > 1 

CLX n -l Px n ^ s JX n - r a j3 7 

By using a comparison, we see that 

6/3 7 + caj + da/3 

hm supx„ < — — r = M (9) 

n^oo ap7(l — a) 

Thus the solution is bounded. Now we wish to show that there exists m > 
such that x n > m for all n > 1. The transformation x n — — will reduce 
Equation (1) to the equivalent form 

Vn+l = 

Vn-kjaVn-syn-r + f3y n -iy n -r + IVn-lVn-s) 

a(ay n - s yn-r + f3y n -iy n -r + iy n -iy n - s ) + yn-k(by n - s y n -r + cy n -iy n - r + dy n _ t y n _ 
It follows that 

y n -k(ay n - s yn-r + Py n -iy n -r + iyn-iyn-s) 



Vn+l < 



yn-k(by n - s yn-r + cy n -iy n -r + dy n -iy n - s ) 



< ay n - s y n - r (3y n -iy n -r -yy n -iy n -s _ a /? 7 
~ by n - s y n - r cy n -iy n - r dy n -iy n - s bed 

acd + /3bd + 76c 

= — = H for all n > 1 

oca 

Thus we obtain 

x n = — > ^ = — , . ^ — iT = TO for a11 n - 1 ( 10 ) 
y n H acd + pbd + *ybc 

From Equations (9) and (10) we see that m < x n < M for all n > 1 . 
Therefore every solution of Equation (1) is bounded and persists. □ 
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Theorem 3.2. Every solution of Equation (1) is unbounded if a > 1. 

Proof. Let {x„}^L_ t be a solution of Equation (1). Then from Equation (1) we 
see that 



b%n—l ~t~ CX n — s -\- dx n ~ r r 

x„ + i = ax„_ fe H — — — > ax n -k for ah n > 1 

exX n —l ~r pX n — s ~t~ 'Y^n— r 

We see that the right hand side can write as follows 

2M+1 = a^n-fe 2/fcn+i = a n y k+i , i = 0, f , fc, 
and this equation is unstable because a > f , and lim y„ = oo Then by using 

n— >oo 

ratio test {x„}^L_ t is unbounded from above. □ 

4 Existence of Periodic Solutions 

In this section we study the existence of periodic solutions of equation (1). 
The following theorem states the necessary and sufficient conditions that this 
equation has periodic solutions of prime period two and there is clear that there 
exists a sixteen cases of the indexes s, I, k, r as we see in the following theorem 
and lemmas. 

Theorem 4.1. Equation (1) has positive prime period two solutions if and only 
if one of the following statements holds 

1. (b + d-c)(a+j-/3)(l + a)+4:(af3(b + d)+c(a + -f)) > 0,a + j > (3,b + d > c 
and l,r-odd, k,s-even. 

2. (c + d- b)(l3 + 7 - a)(l + a) + 4(aa(c + d) + b(/3 + 7)) > 0, f3 + 7 > a, 
c + d> b and k, r-odd, /, s-even. 

3. {b + c- d)(a + - 7)(1 + a) + 4(a 7 (fe + c) + d(a + P)) > 0, a + P > 7, 
b + c > d and k, l-odd, r, s-even. 

4. (b-c-d)(a- p- 7 )(1 + a) + 4(ab(P + 7) + a(c + d)) > 0, a > P + 7, 
b > c + d and l-odd, k, s, r-even. 

5. {c-b-d){P-a- 7)(1 + a) + 4(ac(a + 7) + P(b + d)) > 0, P > a + 7, 
c > b + d and k-odd, Z, s, r-even. 

6. (d-b- c)(7 -a- p){l + a) + 4(ad(^ + a) + 7(6 + c)) > , 7 > a + p, 
d > b + c and r-odd, I, k, s-even. 

7. (c + d- b)(a - p - 7) - Ab(P + 'j)>0,a<l,a>P + j,c + d>b and 
k, s, r-odd, l-even 

8. (b + d- c)(P - a - 7) - 4c(a + j)>0, a<l, p>a + j,b + d>c and 
I, s, r-odd, k-even. 
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9. (b + c - d)(7 - a - /3) - 4d(a + /3) > 0, a <1, -f > a + (3, b + c> d and 
k,s,l-odd, r-even. 

10. (d-b- c)(a + /3 - 7) - 47(6 + c) > 0, a < 1, a + (3 > j, d > b + c and 
s, r-odd, I, k-even 

11. (c - b - d)(a + 7 - /3) - 4/3(6 + d) > 0, a < 1, a + -f > (3, c> b + d and 
s, k-odd, I, r-even. 

12. (b - c - d)(f3 + 7 - a) - 4a(c + d) > 0, a < 1, /3 + 7 > a, b > c + d and 
s, l-odd, r, k-even. 

Proof. We will prove the theorem when Condition (1) is true and the proof of 
the other cases are similar and so we will be omitted. First suppose that there 
exists a prime period two solution ...,p 1 q,p, q, of equation (1). We will prove 
that Condition (1) holds. We see from equation (1) that 

bp + cq + dp ep + cq 

P = a 1+ m — , =aq+ ~r — — 5" 

ap + pq + jp jp + pq 

where e = b + d, f = a + 7, and 

bq + cp + dq eq + cp 

1 = a P H — , =ap+ -, — — 5- 

aq + f3p + jq TQ + PP 

Then 

fp 2 +/3pq = afpq + af3q 2 +ep + cq, (11) 
fq + (3pq = afpq + a(3p 2 + eq + cp, (12) 

Subtracting (11) from (12) gives f(p 2 - q 2 ) = -a/3(p 2 - q 2 ) + (e - c)(p - q) . 
Since p ^ q, it follows that 

Again, adding (11) and (12) yields 

(/ - ap)(p 2 + q 2 ) + 2(/3 - af)pq = (e + c){p + q) (14) 

It follows by (13), and (14) that 

_ (ea(3 + cf)(e-c) 
Pq -(f + am -/)(! + «) ( j 

Now it is clear from equation (13) and equation (15) that p and q are the two 
distinct roots of the quadratic equation 

it , «u2 / u , (ea/3 + cf)(e - c) 

{f + aft - (e - c)t + {f + am ^ m + a) = 0, (16) 
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and so (e - c) 2 - ^fg±ygg^ > . Therefore Inequality (1) holds. 
Conversely , suppose that Inequality (1) is true. We will show that equation (1) 
has a prime period two solution. Assume that 

e-c+C e - c - C 

p = WT^y and q = W^W) 

where £ — (e — c) 2 — 4 ^^^| e a ~^ ■ We see from Inequality (1) that 

(e - c)(/ - + a)+ 4(eaf3 + cf) > 0, e > c, f > /3, 

which equivalents to (e — c) 2 > ^ e ^^yj^~^ ■ Therefore p and q are distinct 
real numbers. Set £_ 3 = p, x_ 2 = %-i = P an d x a = q. We wish to show that 
x\ = X-i = p and x 2 = x = q .It follows from equation (1) that 

ep + cq , e-c-( , e( gj^gy ) + c( gjjgj ) 
1 + ^ WW + /(^)+/*(^j) 

Dividing the denominator and numerator by 2(f + a/3) gives 
e-c-Cs , (e-c)[(e + c)+C] 



iri = a( 



2(/ + a/3) y (/ + /3)(e-c) + (/-/?)£ 



Multiplying the denominator and numerator of the right side by 
(/ + /3)(e-c)-(/-/?)C gives 

(e - c){2(e - c)[/c + /3e - 2 fe^)] + 2C(/3e - cf)} 

Multiplying the denominator and numerator of the right side by (1 + a) we 
obtain 

ae — ac — a( + (e — c)(l — a) + ((1 + a) e — c + ( 
Xl = Kf + aP) = 2(f + *P) =P ' 

Similarly as before one can easily show that x 2 = q. Then it follows by 
induction that x 2n — q and x 2n+ i = p for all n > — l.Thus equation (1) has the 
prime period two solution ...,p,q,p,q, where p and q are the distinct roots of 
the quadratic equation (16) and the proof is complete. □ 

Lemma 4.2. If I, k, s, r-even. Then there exists a prime period two solutions if 
and only if a = — 1 . 
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Proof. First suppose that there exists a prime period two solution ...,p, q,p, q, 
then we see from equation (1) that when I, k, s, r-even 

b + c + d 

P = aq+ — , a , , 17 
a + p + 7 

b+c+d . . 

q = ap+ 18 
a + p + 7 

Subtracting equation (17) from equation (18) gives p — q = —a(p — q). Since 
p 7^ q, it follows that a = —1. Again, adding equation (17) and equation (18) 
yields p + g = . If we take 

P= — a , ,Q= — — 5-; — ; lf b + c^d. 

Set x_ s = = p , = q,...,a;_ 2 = g, = p and x = q.We wish to 

show that xi = x_\ = p and x 2 = x a = q. It follows from equation (1) that 
x\ — aq + ^^p*^ = p ■ Similarly as before one can easily show that x 2 = q. 
Then it follows by induction that x 2n = q and x 2n +i = P for all n > — 1. Thus 
equation (1) has the prime period two solution and the proof is complete. □ 

Lemma 4.3. If I, k, r-odd, s-even. Then there exists a positive prime period 
two solutions if and only if a = — 1. 

Lemma 4.4. If I, k, s, r-odd (or I, k, r-even, s-odd). Then there no prime period 
two solution. 



5 Global Attractor of the Equilibrium Point of 
Equation (1) 

In this section we investigate the global asymptotic stability of equation (1). 

Lemma 5.1. For any values of the quotient and ^ the function f(u,v,w,t) 
defined by equation (4) has the monotonicity behavior in its three arguments. 

Proof. The proof follows by some computations and it will be omitted. □ 

Remark 5.2. It follows from equation (1), when ^ = ^ = ^ , that x n+ i = 
& x n-k + ^ f° r ah n > —t and for some constant A. Whenever the quotients ^, 
-§ and ^ are not equal, we get the following result. 

Theorem 5.3. The equilibrium point x is a global attractor of equation (1) if 
one of the following statements holds 

(1) - > %, > ~ and d>b + c (19) 
a p 7 

(2) - > - > ^ and c>b + d (20) 

a 7 p 
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(3)^ > - > - and d>b + c (21) 
p a 7 



c 



d b 



(4) ^ > - > - and b>c + d (22) 
p 7 a 

(5) - > % > - and b>c + d (23) 
7 p a 

(6) - > - > £ and c>6 + d (24) 

7 a /3 

Proof. Let {a; n }^L_ t be a solution of equation (1) and again let / be a function 
defined by equation (4). We will prove the theorem when case (1) is true and 
the proof of the other cases are similar and so we will be omitted. Assume that 
(19) is true, then it is easy from the equations after equation (4) to see that the 
function f(u,v,w,t) is non-decreasing in u, v and non-increasing in t and it is 
not clear what is going on with w. So we consider the following two cases:- 
Case(l) Assume that the function f(u,v,w,t)is non-decreasing in w. Sup- 
pose that (m, M) is a solution of the system M = f(M,M,M,m) and m = 
g{m,m,m, M). Then from equation (1), we see that 

(a + f$)(l - a)M 2 + 7(1 - a)Mm = (b + c)M + dm, 

(a + (3)(1 - a)m 2 + 7(1 - a)Mm = (b + c)m + dM 
Subtracting this two equations we obtain 

(M - m){{a + /3)(1 - a){M + m) + (d - b - c)} = 0, 

under the conditions d > b + c, a < 1, we sec that M — m. It follows by 
theorem (1.2) that x is a global attractor of equation (1) and then the proof is 
complete. 

Case(2) Assume that the function f(u,v,w,t)is non-increasing in w. Sup- 
pose that (ra, M) is a solution of the system M — f(M,M,m,m) and m = 
g(m, m, M, M).Then from equation (1), we see that 

, , bM + cm + dm .„ , bm + cM + dM 

M(l - a) = —— , mil — a) = 



aM + (3m + ^m am + @M + 7M 

then under the conditions d > b + c, a < 1, we see that M — m. It follows by 
theorem (1.2) that x is a global attractor of equation (1) and then the proof is 
complete. □ 



6 Numerical examples 

For confirming the results of this paper, we consider numerical examples which 
represent different types of solutions to equation (1). 

Example 6.1. Sec Fig.l, since / = 0, k — 1, s = 2, r = l,x_ 2 = 3,x_i = 
0.4, x = 0.2, a = 0.8, b = 0.4, c = 0.8, d = 2, a = 0.1, (3 = 1, 7 = 0.8. 
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plot of x(n+1 )= ax(n-k)+(bx(n-l)+cx(n-s)+dx(n-r))/(alpha x(n-l)+beta x(n-s)+ gama x(n-r)) 

9 1 1 1 1 1 1 1 1 




Q i I I I I I I I I 

10 20 30 40 50 60 70 80 



n 

Example 6.2. See Fig. 2, since I = 3, k = 0, s = 1, r = 2,x_3 = 3,x_2 = 
7,X-x =2,x = 1.5, a = 1.2,6= 3, c = 5, d = 2, a = 1,0 = 2.1, 7 = 1.1. 
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plot of x(n+1)= ax(n-k)+(bx(n-l)+cx(n-s)+dx(n-r))/(alpha x(n-l)+beta x(n-s)+ gama x(n-r)) 




2 4 6 8 10 12 14 16 18 
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Abstract. Let A be an algebra and X be an A-module. A quadratic mapping D : A — > X is called a quadratic 
derivation if 

D(ab) = D(a)b 2 + a 2 D(b) 

for all ai,a2 £ A. We investigate the Hyers-Ulam stability of quadratic derivations from a non- Archimedean 
Banach algebra A into a non- Archimedean Banach Amodule. 

1. Introduction 

A definition of stability in the case of homomorphisms between metric groups was proposed by a problem by Ulam 
[32] in 1940. In 1941, Hyers [17] gave a first affirmative answer to the question of Ulam for Banach spaces. Hyers' 
Theorem was generalized by Rassias [27] for linear mappings by considering an unbounded Cauchy difference (see 
[3, 4, 8, 10, 18, 19, 22, 25, 29]). 
The functional equation 

f(x + y) + f(x - y) = 2f(x) + 2f(y). (1.1) 
is related to symmetric bi-additive function. It is natural that this equation is called a quadratic functional 
equation. In particular, every solution of the quadratic equation (1.1) is said to be a quadratic mapping. It is 
well known that a mapping / between real vector spaces is quadratic if and only if there exits a unique symmetric 
bi-additive mapping B such that f(x) = B(x,x) for all x (see [1, 20]). The bi-additive mapping B is given by 

B{x,y)= 1 A {f{x + y)-f{x-y)). 

The Hyers-Ulam stability problem for the quadratic functional equation (1.1) was proved by Skof for mappings 
/ : A — > B, where A is a normed space and B is a Banach space (see [31]). Cholewa [6], Czerwik [7] and Grabiec 
[16] have generalized the results of stability of quadratic mappings. Borelli and Forti [5] generalized the stability 
result as follows (cf. [23, 24]): Let G be an Abelian group, and X a Banach space. Assume that a mapping 
/ : G — > X satisfies the functional inequality 

II f(x + V) + fix — y) — 2f{x) - 2f(y)\\ < ip(x, y) 
for all x,y € G, where (p : G x G — > [0, oo) is a function such that 

$(x, y) := JI+T^ 2 ^ 2 V) < oo 

i=0 

for all x,y G G. Then there exists a unique quadratic mapping Q : G — !■ X with the property 

\\f(x)-Q(x)\\<$(x,x) 
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Keywords: non- Archimedean Banach algebra; non- Archimedean Banach module; quadratic functional equa- 
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for all x G G. 

Let K be a field. 

A non- Archimedean absolute value on K is a function ■ | : K — > E such that for any a, b G K we have 
(i) \a\ > and equality holds if and only if a = 0, 
(it) \ab\ = \a\\b\, 
(Hi) \a + b\ < max{|a|, |6|}. 

The condition (Hi) is called the strict triangle inequality. By (ii), we have 1 — \ — 1\ = 1. Thus, by induction, it 
follows from (Hi) that \n\ < 1 for each integer n. We always assume, in addition, that | • | is nontrivial, i.e., that 
there is an ao G K such that |ao| ^ {0, 1}. 

Let X be a linear space over a scalar field K with a non- Archimedean nontrivial valuation ■ |. A function 
|| • || : X — > E is a non- Archimedean norm (valuation) if it satisfies the following conditions: 

(NA1) \\x\\ = if and only if x = 0; 

(NA2) \\rx\\ = \r\\\x\\ for all r G K and x G X; 

(NA3) the strong triangle inequality (ultrametric) ; namely, 

\\x + y\\ <max{||a;||,||y||} (x,y <E X). 

Then (X, \\ ■ \\) is called a non- Archimedean space. It follows from (NA3) that 

\\x m — x e \\ < max{||x J+ i — x 3 \\ : £ < j < m — 1} (m > £). 

Therefore, a sequence {x m } is Cauchy in X if and only if {x m+ i — x m } converges to zero in a non-Archimedean 
space. By a complete non-Archimedean space we mean one in which every Cauchy sequence is convergent. A 
non- Archimedean Banach algebra is a complete non- Archimedean algebra A which satisfies ||a&|| < ||a||||fo|| for all 
a, b G A. A non- Archimedean Banach space X is a non- Archimedean Banach A-bimodule if X is an A-bimodule 
which satisfies max{||a;a||, ||aa;||} < ||a||||x|| for all a G A, x G X. For more detailed definitions of non- Archimedean 
Banach algebras, we can refer to [30]. 

Let A be a normed algebra and let X be a Banach A-module. We say that a mapping D : A — > X is a quadratic 
derivation if D is a quadratic mapping satisfying 

D( Xl x 2 ) = D( Xl )x 2 2 + xlD(x 2 ) (1.2) 

for all xi, X2 G A. 

Recently, the stability of derivations has been investigated by a number of mathematicians including [2, 11, 12, 
13, 14, 15, 21, 26, 28] and references therein. More recently, Eshaghi Gordji [9] established the stability of ring 
derivations on non- Archimedean Banach algebras. 

In this paper, we investigate the approximately quadratic derivations on non-Archimedean Banach algebras. 



2. Main results 

In the following we suppose that A is a non- Archimedean Banach algebra and X is a non- Archimedean Banach 
A-bimodule. Assume that |2| / 1. 

Theorem 2.1. Let f : A — > X be a given mapping with /(0) = and let ipi : A x A — > E + and if2 : A x A — > E + 
be functions such that 

\\f(xix 2 ) - f(xi)xl - xlf(x 2 )\\ <<pi(xi,x 2 ), (2.1) 
\\f(x + y) + f(x-y)-2f(x)-2f(y)\\< lp2 (x,y) (2.2) 
for all x\ , x 2 , x, y G A. Assume that for each x G A 



n— >oc 



denoted by ty(x,x), exists. Suppose 

lim ^ 2 "*,V 2 "^ = lim ^f;f^=0 

rwoo |2| 4n rwoo |2| 2n 

for all xi,x 2 ,x,y G A. Then there exists a unique quadratic derivation D : A — > X such that 

\\D(x)-f(x)\\<J(x,x) (2.3) 
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for all x £ A. 

Proof. Setting y — x in (2.2), we 



\\f(2x)-4f(x)\\< l p 2 (x,x) 



for all x G A, and then dividing by |2| 2 in (2.4), we obtain 



f(2x) 



fix) 



ip 2 (x,x) 



for all x £ A. Replacing x by 2x and then dividing by |2| 2 in (2.5), we obtain 



fC2 2 x) f(2x) 



2 4 



2 2 



< 



ip2(2x, 2x) 



Combining (2.5), (2.6) and the strong triangle inequality (NA3) yields 



/(2 2 x) 



2 4 



< max 



(P2(2x,2x) <p2{x,x) 



Following the same argument, one can prove by induction that 



2 2 " 



< max 



1 <p 2 {2 k x,2 k x) _ 



I2P 



|2| 2fc 



: < k < n - 1 



(2.4) 
(2.5) 

(2.6) 

(2.7) 

(2.8) 



Replacing x by 2 n ~ 1 a; and dividing by j2j 2(n ~ 1) in (2.5), we find that 



/(2"x) f(2"' 1 x) 



22(n-l) 



<p 2 (2 n ' L x,2 n - L x) 



for all positive integers n and all x G A. Hence i 1 ^ 2 } is a Cauchy sequence. Since X is complete, it follows 



that { 



} is convergent. Set -D(:c) = lim,, 



2 -2n ■ By taking the limit as n — > oo in (2.8), we see that 



\\D(x) - f{x) || < and (2.3) holds for all x G A. 

In order to show that D satisfies (1.2), replacing Xi,x 2 by 2 n x 1 ,2 n x 2 in (2.1), and dividing both sides of (2.1) 
by \2\ 4n , we get 



f(2 n xi ■ 2 n x 2 ) f{2 n Xl ) 



2 4n 



2 4 " 



(2 n ^ 2 ) 2 - (2 n x 1 y 



f(2 n x 2 



2 4n 



Taking the limit as n — > oo, we find that D satisfies (1.2). 

Replacing x by 2 n x and y by 2 n y in (2.2) and dividing by |2| ", we get 

f(2 n x + 2 n y) + f(2 n x~ 2 n y) _ J (Fx) _ 2 /(2"y) 



22n 1 2 2 ™ 2 2n 

Taking the limit as n — > oo, we find that D satisfies (1.1). 



2 2 " 



<p 1 j2 n Xl ,2 n x„) 

| 2 |4n 



|2| 2 ™ 



Now, suppose that there is another such mapping D' : A —¥ X satisfying D' (x+y)+D' (x— y) = 2D' \x)+2D' (y) 
and \\D\x) - /(x)|| < *(x, x). Then for all x G A, we have 

||£(:r) -D'(z)||= lim |-^-||£)(2"a;) — D'{2 n x)\\ 

n — ^ oo Z 

< lim -^max{p(2" a; )-/(2^)||,||D'(2"x)-/(2^)||} 

< lim lim max{ = n < j < fe + n - 1} = 0. 

It follows that D[x) = D'(x). □ 

Corollary 2.2. iei #i and 6 2 be nonnegative real numbers, and let p be a real number such that p > 4. Suppose 
that a mapping f : A —¥ X satisfies 

\\f{xix2) - f{x,)x% - x\f{x 2 )\\ < + \\x2\n 

\\fix + y) + fix -y)- 2fix) - 2jjy)\\ < <h{\\x\\* + \\y\\ p ) 
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for all xi,X2,x,y G A. Then there exists a unique quadratic derivation D : A — > X such that 

lim max (W , 

n->cx> \ |2|.|2| fe ( 2 -P) 

for all x £ A. 

Proof. Let ipi : A x A — > E + and y> 2 : A x A -> K + be functions such that <£i(xi, ,2:2) = #i(||a;i|| p + ||£ 2 || p ) and 
<fi2{x, y) — #2(||x|| p + \\y\\ p ) for all xi,X2, x,y G A. Then we have 

lim V2{2 ^T V) = lim & ■ ■ (\\x\r + \\y\n = (x, y G A), 

n— >oc |2| n^oo 

Applying Theorem 2.1, we conclude the required result. □ 

Theorem 2.3. Let f : A X be a mapping and let ip\ : A x A — > E + , if 2 '■ A x A — > E + be functions such that 

||/(:EiiE2) - f(xi)xi - xlf(x 2 )\\ < <pi(xi,x 2 ), (2.9) 

\\f(x + y) + f(x-y)-2f(x)-2f(y)\\<< fi 2(x,y) (2.10) 
for all Xi,x 2 ,x,y G A. Assume that for each x G A 

i m L max{j2|^ 2 ( 2 ^, 2 ^ T ):0</c<n-l} 
denoted by^{x,x), exists. Suppose 

V lo|4n ^2 \ .. |0 ,2n ( X y \ 

for all xi,X2,x,y G A. Then there exists a unique quadratic derivation D : A — > X such that 

\\D(x)-f(x)\\<V(x,x) (2.11) 

for all x £ A. 

Proof. Setting y = x in (2.10), we obtain 

||/(2x)-4/(x)|| < V 2{x,x). (2.12) 

Replacing x by | in (2.12), one obtains 



x x 



||/(*)-4/yil<K 2 , 2 )- ( 2 - 13 ) 

Again replacing a; by | in (2.13) and multiplying by |2| 2 , we obtain that 

|| 2 v(!Hv(i)||<i2iv,(ii). (xmj 

By using (2.13), (2.14) and strong triangle inequality (NA3), we get 

||/(-) - 2V (^) || < m a. (|, |) , |2|V 2 (J, ^) } (2-15) 

for x £ A. 

Next we prove by induction that 

\\f(x) 2 2 "/ (J) J < max {|2| 2 V 2 ^) = < k < n - l} . (2.16) 

Replacing x by 2 „ 3 L 1 and multiplying by |2| 2 ^™ -1 ^ in (2.13), we obtain 

l^- 1 '/ (j£r) ~ 2 2 "/ (J) I < !2| 2 ^^ 2 (J, J) (2.17) 

for all x G A. Hence {2 2n /( 2 5 r )} is a Cauchy sequence. Since X is complete, it follows that {2 2n /(^-)} 

is convergent. Set D(x) = lim„ >O0 {2 2 "/( ^)}. By taking the limit as n -> 00 in (2.16), we see that 

||/(x) - L>(x)|| < *(x,x) and (2.11) holds for all x G A. 
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Replacing xi,X2 by in (2.9) and multiplying by |2| 4n , we get 

\^n f (Xl.X2\_^n f (Xl\ ( X*\ 2 _ 2 . /*2\ < ^ ( Xl X2 N 

| J V2" 2™/ \2 n / \2 n J \2 n J \2 n ) ~ \2 n 2 n J 

Taking the limit as n — > oo, we find that D satisfies (1.2). 

Replacing x by ^ and iy by ^ in (2.10) and multiplying by |2| 2n , we have 

|| 2 2n f fx_ y\ ^ fx V_\ (JL) _ 2 2 " • 2/ m II < |2| 2 > 2 C ^, V- 

II \2 n 2 n / \2 n 2" J \2 n J J \2 n J \\ ~ \2 n 2 n 

Taking the limit as n — > oo, we find that D satisfies (1.1). 

Now, suppose that there is another such mapping D' : A — > X satisfying D'(x + y) + D'(x — y) = 2D'(x) + 2D'(y) 
and H-D'(x') - f(x)\\ < W(x, x). Then for all x € A, we have 

|| DW -D' W ||=_to|2P"| D (i)- D '(i)| 

<ji-i^MK£)->(£)H" (£)-'(£)!} 

< lim lim max \ <z> 2 ( — t— r , — t— r ) : n < j < k + n — 1> — 

and so D(a;) = D'(x) for all x e A. □ 

Corollary 2.4. Lei #i and 62 be nonnegative real numbers, and let p be a positive real number such that p < 2. 
Suppose that a mapping f : A — > X satisfies 

\\f(xix 2 ) - f(x 1 )x 2 2 - xif(x 2 )\\ < ei(||x!|r + ||x 2 f), 
11/(1 + y) + f{x - y) - 2f(x) - 2f(y)\\ < 2 (||zf + \\y\\*>) 
for all Xi,X2,x,y G A. Then there exists a unique quadratic derivation D : A — >• X such that 

\\D(x) - f(x)\\ < lim max{6» 2 ||a;f.|2| (fc+1)(1 - p) < k < n - 1} 

n— >oo 

for all x £ A. 

Proof. Let ipi : A x A -> E+ and (3 2 : ^ x 4 -> R + be functions such that <£i(a:i, ,x 2 ) = #i(||a;i|| p + ||£ 2 || p ) and 
<p 2 {x, y) — # 2 (||:r|| p + \\y\\ p ) for all xi,x 2 , x,y € A. We have 

lim l 2 ! 2 >2 ±) = lim (^r^^dlrcf + IblH =0 (x,y € A), 

lim |2| 4 >r g) = lim ^^-^(Hxrf + \\x 2 \\») = (* 1)!Ca £ A). 
Applying Theorem 2.4, we conclude the required result. □ 
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Abstract. The notion of soft g-ideals and g-idealistic soft i?C7-algebras are introduced, and several properties of 
them are investigated. Characterizations of a (fuzzy) q-ideals in algebras are considered. Relations between 
fuzzy g-ideals and p-idealistic soft J3C7-algebras are discussed. 

1. Introduction 

D. Molodtsov ([2]) introduced introduced the concept of soft set as a new mathematical tool for 
dealing with uncertainties that is free from the difficulties that have troubled the usual theoretical 
applications. Y. B. Jun ([6]) applied first the notion of soft sets by Moldtsov to the theory of 
-BCfC-algebras. Y. B. Jun and C. H. Park ([8]) dealt with the algebraic structure of BCK/BCI- 
algebras by applying soft set theory. They discussed the algebraic properties of soft sets in 
BCK/BCI-&\gebras. In [7], Y. B. Jun, K. J. Lee and J. Zhan introduced the notion of soft 
p-ideals and p-idealistic soft .BCI-algebras, and investigated their properties. Y. S. Hwang and 
S. S. Ahn ([5]) defined the notion of vague g-ideal of a _BC7-algebra and studied several properties 
of them. 

In this paper, we introduced the notion of soft g-ideals and g-idealistic soft BC I- algebras, and 
investigate several properties of them. We also consider characterizations of a (fuzzy) g-ideals in 
.BCI-algebras and study relations between fuzzy g-ideals and p-idealistic soft 5C/-algebras. 

2. Preliminaries 

We review some definitions and properties that will be useful in our results. 

By a BC I -algebra we mean an algebra (X, *, 0) of type (2,0) satisfying the following conditions: 

(al) (Vrr, y,z G X) (((x * y) * (x * z)) * (z * y) — 0), 

(a2) (Vrr, y G X) ((x * (x * y)) * y = 0), 

(a3) (Vx EX) {x*x = 0), 

(a4) (Vx, y G X) (x * y = 0, y * x = =^> x = y). 
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In any fid-algebra X one can define a partial order "<" by putting x < y if and only if 
x * y = 0. 

A .BCI-algebra X has the following properties: 

(bl) (Vx G X) (x*0 = x). 

(b2) (Vx, y,z & X) ((x * y) * z = (x * z) * y). 

(b3) (Vx, t/6l) (0 * (x * y) = (0 * x) * (0 * y)). 

(b4) (Vx, y G X) (x * (x * (x * y)) = x * y). 

(b5) (Vx, y, z G X) (x < y =>- x*z<y*z,z*y<z*x). 

(b6) (Vx, y,z E X) ((x * z) * (y * z) < x * y). 

A non-empty subset 5 of a £?Ci-algebra X is called a subalgebra of X if x * y G S whenever 
x, y G S. A non-empty subset A of a 5C/-algebra X is called an ideal of X if it satisfies: 
(cl) G A, 

(c2) (Vx G X)(Vy G A)(x * y G A x G A). 
Note that every ideal A of a £?Ci-algebra X satisfies: 

(Vx Gl)(V|/GA)(i<^3;6 A). 

A non-empty subset A of a /-algebra X is called a q-ideal of X if it satisfies (cl) and 
(c3) (Vx,y,z G X)(x * (y * z) E A,y e A ^> x * z e A). 
Note that any g-ideal is an ideal, but the converse is not true in general. 

We refer the reader to the book [4] for further information regarding i?CJ-algebras. 

Molodtsov ([2]) defined the soft set in the following way: Let U be an initial set and E be a 
set of parameters. Let 0^(17) denote the power set of U and Ad E. 

Definition 2.1. ([2]) A pair (^, A) is called a soft set over U, where & is a mapping given by 

& : A ->■ ^([/). 

In other words, a soft set over [/ is a parameterized family of subsets of the universe U. For 
e e A, J^(e) may be considered as the set of e-approximate elements of the soft set (&,A). 
Clearly, a soft set is not a set. For illustration, Molodtsov considered several examples in [2]. 

Definition 2. 2. ([3]) Let (&,A) and (^,B) be two soft sets over a common universe U. The 
intersection of (J^, A) and (Sf , 5) is defined to be the soft set (Jjf, C) satisfying the following 
conditions: 

(i) C = A n B, 

(ii) (Ve G C)(Jf?(e) = &{e) or (e), (as both are same sets)). 
In this case, we write (&,A)C\(y,B) = (Jf?,C). 

Definition 2. 3. ([3]) Let (&,A) and (&,B) be two soft sets over a common universe U. The 
union of , A) and (5f , 5) is defined to be the soft set (J^, C) satisfying the following conditions: 
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(i) C = A U B, 

(ii) Ve G C 

{&{e) if e G A\B 

&(e) if e G B\A 

&(e)U&(e) iieeAHB. 

In this case, we write (&,A)Q(&,B) = (Jt?,C). 

Definition 2.4. ([3]) If (&,A) and (&,B) are two soft sets over a common universe U, then 
a (&,A)AND(&,B)" denoted by (&,A)A(&,B) is defined by (&,A)A(&,B) = (Jt?,Ax B), 
where (a, 0) = &(a) n &(/3) for all (a, /3)eAxB. 

Definition 2.5. ([3]) If (&,A) and (£f, 5) are two soft sets over a common universe [/, then 
"(^,A)Oi2(^,S)" denoted by ( ^, A) V(Sf , 5) is defined by (&,A)V(&,B) = (Jf?,Ax B), 
where (a, /3) = «^(a) U for all (a, /5) G A x 5. 

Definition 2.6. ([3]) For two soft sets (J^, A) and (£f , 5) over a common universe [/, we say that 
A) is a so/t sn&srf of (Sf, 5), denoted by (J^, A)c(#, 5), if it satisfies: 

(i) ACS, 

(ii) For every e <E A, &{e) and Sf(e) are identical approximations. 

The most appropriate theory for dealing with uncertainties is the theory of fuzzy sets developed 
by Zadeh ([11]). 

3. Soft g-ideals 

In what follows let X and A be a _BC7-algebra and a nonempty set, respectively, and R will 
refer to an arbitrary binary relation between an element of A and an element of A, that is, R is 
a subset of A x X without otherwise specified. A set- valued function & : A — > ^P(X) can be 
defined as &(x) = {y G X\(x, y) G R} for all x G A. The pair (J^, A) is then a soft set over X. 

Definition 3.1. ([8]) Let S be a subalgebra of X. A subset / of X is called an ideal of X related 
to S (briefly, S'-ideal of X), denoted by I < S, if it satisfies: 

(i) G I, 

(ii) (Vx G S)(Vy G J) (a; *y e I ^ x e I). 

Definition 3.2. Let S be a subalgebra of X. A subset / of X is called a q-ideal of X related to 
£ (briefly, S-q-ideal of A), denoted by I < q S, if it satisfies: 

(i) G J, 

(ii) (Vrr, z G S)(\/y E I)(x * (y * z) £ I ^> x * z G J). 
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Example 3.3. Let X := {0, 1, a, b} be a BCI-algebra ([4]) in which the *-operation is given by 
the following table: 



* 





1 


a 


6 











a 


a 


1 


1 





a 


a 


a 


a 


a 








b 


b 


a 


1 






Then S := {0, 1, a} is a subalgebra of X and / := {0, 1} is an S-q-ideal of X. 

Note that every S-q-ideal of X is an S'-ideal of X (v Put z := in Definition 3.2 (ii) ) . But the 
converse is not true in general as seen in the following example. 

Example 3.4. Let X := {0, 1,2, a, b} be a 5C7-algebra ([4]) in which the *-operation is given 
by the following table: 



* 
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2 


a 


6 
















a 


1 


1 










a 


2 


2 


1 







a 


a 


a 


a 


a 





b 


b 


b 


6 


6 


a 






Then S := {0, a, 6} is a subalgebra of X and {0} is an S'-ideal of X, but not an S-q-ideal of X, 
since a*(0*5)=a*a = 0G {0}, G {0}, and a*b = b {0}. 

Definition 3. 5. ([6]) Let (J?,A) be a soft set over X. Then (JP,A) is called a so/£ BCI-algebra 
over X if is a subalgebra of X for all a; G A 

Definition 3.6. ([8]) Let (JP,A) be a soft set over X. A soft set /) over X is called a so/it 
ideal of A), denoted by (Sf , A) if it satisfies: 

(i) / C A, 

(ii) (Vx G 7)(<f(x)« ^(x)). 

Definition 3.7. Let (J^, A) be a soft set over X. A soft set (Sf , I) over X is called a so/it q-ideal 
of (Js A), denoted by A) if it satisfies: 

(i) / C A, 

(ii) (Vx G JX^OrHJ^rr)). 

Example 3.8. Consider a 5C7-algebra X = {0,1, a, b} which is given in Example 3.3. Let 
(&,A) be a soft set over X, where A : = {0,1, a} C X and & : A ->■ ^(X) is a set-valued 
function defined by 

^■(x) = {0} U {y G X|y * (y * x) G {0, 1, a}} 

for all x e A. Then JF(0) = J^(l) = J^(a) = X, which are subalgebras of X. Hence (J^, A) is a 
soft £>C/-algebra over X. Let / := {0, 1} and 5f : / — > (X) be a set-valued function defined by 

<S{x) = {0} U G X|x < 
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for all x E I. Then S?(0) = {0, 1} < q &(0) and (1) = {0, 1} < q Hence (<f , 7) is a soft 

g-ideal of (&,A). 

Note that every soft g-ideal is a soft ideal. But the converse is not true in general as seen in 
the following example. 

Example 3.9. Let X : = {0, 1, a, b} be a 7?C7-algebra ([4]) in which the *-operation is given by 
the following table: 



* 





1 


a 


b 











b 


a 


1 


1 





b 


a 


a 


a 


a 





b 


b 


b 


b 


a 






For A = {0, 1}, define a set-valued function &(x) : A — > g?(X) by 

&(x) = {0} U {y E X\y * (y * x) = 0} 

for all x E A. Then ^(0) = X and = {0,a,b} are subalgebras of X. Hence (&,A) is a 

soft 7?C7-algebra over X. For 7 := {0}, let £f : 7 — )■ 3 s (X) be a set- valued function defined by 

^(x) = {0} U {y e X\x < y} 

for all xel. Then (0) = {0,1}. Hence S?(0) < ^(0), but (0) ^, ^(0) since a * (0 * 6) = 0, G 
{0,1} and a*6 = 6 £ {0,1}. 

Theorem 3.10. Let , A) be a soft BCI-algebra over X. For any soft sets, (&i,h) and (&I 2 ) 
over X where I± D I 2 7^ 0, we have 

h)< q (^, A), I 2 )« q (&, A) h)n(%, h)< q (^, A). 



Proof. By Definition 2.2, we can write 

(^ 1 ,J 1 )n(^ 2 ,/ 2 ) = (^,/), 

where I — h D 7 2 and &(x) = &i(x) or %(x) for all xel. Obviously, I C A and : 7 ->■ ^(X) 
is a mapping. Hence (£^,7) is a soft set over X. Since (£fi, Ii)< q (^, A) and (^2, ^2)<g(=^\ -A), we 
know that £f(x) = ^i(x)< g ^"(x) or £f (x) = ^(^O^^Oe) for all x E I. Hence 

(& 1 ,I 1 )n(& 2 ,I 2 ) = (&,I)~< q (^,A). 

This completes the proof. □ 

Corollary 3.11. Let (J^, A) be a soft BCI-algebra over X. For any soft sets, (Sfi, 7) and (Sf 2 , 7) 
over X, we have 

A), (& 2 , A) (^,I)n(%,I)< q (^,A). 
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Proof. Straightforward. □ 

Theorem 3.12. Let , A) he a soft BCI-algehra over X. For any soft sets, , I) and (JT, J) 
over X in where I fl J = 0, we have 

{y, i)< q {&, a), (jr, J)< 9 (^, a) => (&, j)u(jr, J)< q (^, a). 



Proof. Assume that (£f, I)< q (&, A) and (Jf, J)< q (&, A). By Definition 2.3, we can write 
l)0(je, J) = (JtT, U) where U = I U J and for every xeU, 

{<0(x) if x G J\ J 

JT(x) if x G J\J 

(x) U JT(a;) if x G / n J. 

Since 7 n J = 0, either x E I\J or x e J\I for all x G U. If x G J\ J, then JT(x) = (x) < 9 &(x) 
since (£f , I)< q (&, A). If x G J\J, then JT(x) = Jf?(x) < q &{x) since (JT, J)<q(&, A). Thus 
JT(x) <, &(x) for all x G U, and so J)(JT, J) = (JT, A). □ 

If J and J are not disjoint in Theorem 3.12, then Theorem 3.12 is not true in general as seen 
in the following example. 

Example 3.13. Consider a 5CJ-algebra X = {0,1, a, b} which is given in Example 3.3. Let 
(&,A) be a soft set over X, where A : = {0,1, a} C X and & : A ->■ ^(X) is a set-valued 
function defined by 

&{x) = {0} U {y E X\y * (y * x) G {0, 1, a}} 

for all x G A. Then (J^, A) is a soft .BCI-algebra over X (see Example 3.8). Let I := {0, 1} and 
Sf : I — > (X) be a set-valued function defined by 

<£{x) = {0} U {y G X|x < y} 

for all x E I. Then (Sf , J) is a soft g-ideal of (&,A) (see Example 3.8). Let J := {0} and 
: J ->■ ^(X) be defined by 

J^(x) = {x, a}. 

Then JT(0) = {0, a} <, ^(0). But Sf(0) U JT(0) = {0, 1, a} ^ 9 ^(0) since b * (1 * 0) = a, 1 G 
{0,1, a} and 6*0 = 6^ {0,1, a}. 

4. g-idealistic soft £>C7-algebras 

Definition 4.1. ([8]) Let (&,A) be a soft set over X. Then (j^",A) is called an idealistic soft 
BCI-algebra over X if J^(x) is an ideal of X for all x G A 

Definition 4.2. Let (&,A) be a soft set over X. Then (^,A) is called a q-idealistic soft 
BCI-algebra over X if ^(x) is a g-ideal of X for^all x G A 
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Example 4.3. Let X := {0,a,b, c} be a 5C/-algebra ([9]) in which the *-operation is given by 
the following table: 



* 





a 
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c 
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c 
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a 
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b 


b 
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c 
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c 


c 


b 


a 






Let A = X and : A — > ^P(X) be a set- valued function defined by 

<S{x) = {0,x} 

for all x G A. Then Sf(0) = {0},£f(a) = {0, a} and Sf(c) = {0,c}, which are ideals of X. Hence 
(&,A) is an idealistic soft .BCI- algebra over X ([8]). Note that &(x) is a g-ideal of X for all 
x G A. Hence (Sf , A) is a g-idealistic soft £>C/-algebra over X. 

For any element x of a £?C7-algebra X, we define the order of X, denoted by o(x), as 

o(x) = min{n G N|0 * x n = 0} 

where * x n = (• • • ((0 * x) * x) * • • • ) * x in which x appears n-times. 

Example 4.4. Let X := {0, a, b, c, de, f, g} be a 5C/-algebra ([1]) in which the *-operation is 
given by the following table: 
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e 
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d 
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a 
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b 
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c 


b 


a 






Let (&,A) be a soft set over X, where A = {a, 6, c} C X and & : A — > £P(X) is a set- valued 
function defined as follows: 

&(x) = {ye X\o(x) = o(y)} 
for all x G A. Then J^(a) = J^(5) = J^(c) = {0, a, b, c} is an ideal of X. Hence (JP,A) is an 
idealistic soft £> CI- algebra over X ([6]). If we take B := {a, b, d, /} C X and define a set-valued 
function <S : B ->■ &>(X) by 

= {0} U G X|o(V) = o(y)} 

for all x E B, then 5) is not a g-idealistic soft 5C/-algebra over X. In fact, since / *(g*e) = 
d,g G {0, d, e, /, (?} and f * e = b {0,d,e, f, g}, &(d) = {0, d, e, f, g) is not a g-ideal of X. 

Obviously, every g-idealistic soft 5C/-algebra over X is an idealistic soft 5C/-algebra over X, 
but the converse is not true in general as seen in the following example. 
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Example 4.5. Consider a fid-algebra X := Y x Z, where (Y, *, 0) is a .BCI-algebra over X and 
(Z, — , 0) is the adjoint .BCI-algebra of the additive group (Z, +, 0) integers. Let & : X — > &(X) 
be a set-valued function defined as follows: 



Y x N if x G N 
{(0,0)} otherwise 

for all (y, n) G X, where No is the set of all non-negative integers. Then (J^, X) is an idealistic 
soft L?CZ-algebra over X([8]). But it is not a g-idealistic soft BC J-algebra over X since {(0,0)} 
is not a g-ideal of X. In fact, (0,3) * ((0,0) * (0,-3)) = (0,0) G {(0,0)} and (0,3) * (0,-3) = 
(0,6) £ {(0,0)}. 

Proposition 4.6. Let A) and , B) be soft sets over X where B C A C X. If (3?, A) is a 
q-idealistic soft BC I -algebra over X, then so is (£f , B). 

Proof. Straightforward. □ 

The converse of Proposition 4.6 is not true in general as seen in the following example. 

Example 4.7. Consider a g-idealistic soft BC J-algebra (J^, A) over X which is described in 
Example 4.4. If we take B := {a, b, c, d} D A = {a,b,c}, then (&,B) is not a g-idealistic soft 
-BCi-algebra over X since JP(d) = {d, e, /, g} is not a g-ideal of X. 

Theorem 4.8. Let A) and B) be two q-idealistic soft BCI-algebra over X. IfAnB ^ 0, 
then the intersection (J^, A)fl(£f , B) is a q-idealistic soft BCI-algebra over X. 

Proof. Using Definition 2.2, we can write (&,A)n(&,B) = (Jt?,C), where C = A n B and 
Jif(x) = &{x) or 5f (x) for all x G C. Note that Jff : C — > 0P(X) is a mapping, and therefore 
(J^, C) is a soft set over X. Since (J^, A) and (5f , B) are g-idealistic soft .BCi-algebras over X, 
it follows that Jf(x) = &{x) is a g-ideal of X, or Jt?(x) = Sf(x) is a g-ideal of X for all x G C. 
Hence (JT, C) = A)n(<f , 5) is a g-idealistic soft .BCI-algebra over X. □ 

Corollary 4.9. Let (J^, A) and (£f , A) be two q-idealistic soft BCI-algebra over X. Then the 
intersection (JP, A)n(&, A) is a q-idealistic soft BCI-algebra over X . 

Proof. Straightforward. □ 

Theorem 4.10. Let , A) and , B) be two q-idealistic soft BCI-algebra overX. IfAnB = 0, 
then the union A)0(£f , B) is a q-idealistic soft BCI-algebra over X. 

Proof. Using Definition 2.3, we write A)0(Sf , B) = (Jjf, C), where C = A U B and for every 
x G C, 

(&{x) if x G A\S 

Sf(c) if x G B\A 

J?(x) U (x) if x e An B. 

Since A n 5 = 0, either x G A\B or x G 5\A for all x G C. If x G then ^T(x) = J^(x) 

is a g-ideal of X since A) is a g-idealistic_soft .BCI-algebra over X. If x G L?\A, then 
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Jf(x) = ^ix) is a g-ideal of X since (£f , B) is a g-idealistic soft .BCI-algebra over X. Hence 
A)Q(&, A) is a g-idealistic soft Ed-algebra over X. □ 

Theorem 4.11. If(JP,A) and (&,B) are q-idealistic soft BC I -algebra over X , then {&,A)h(&,B) 
is a q-idealistic soft BCI-algebra over X. 

Proof. By Definition 2.4, 

(&,A)A(&,B) = (je,Ax B), 
where Jt?(x,y) = &{x) fl for all (x,y) G A x B. Since &(x) and 5f(y) are g-ideals of 
X, the intersection &{x) n&(y) is also a g-ideal of X. Hence Jj?(x,y) is a g-ideal of X for all 
(x, y) E A x B, and therefore {^,A)K{^,B) is a g-idealistic soft .BCi-algebra over X. □ 

Definition 4.12. A g-idealistic .BCi-algebra (&,A) over X is said to be trivial (resp., whole) if 
&(x) = {0} (resp., &{x) = X) for all x e A. 

Example 4.13. Let X = {0,a,b, c} be a .BCi-algebra which is given Example 4.3. Let (&,A) 
be a soft set over X, where A := {a,b,c} C X, and let : A — > s (X) be a set- valued function 
defined by 

&{x) = {ye X\o(x) = o(y)} 

for all x eX. Then &(a) = &(b) = &(c) = X. It is check that X < q X. Hence (&,X\ {0}) 
is a whole g-idealistic soft .BCI-algebra over X. Let : {0} — >■ s (X) be a set- valued function 
defined by = x for all x G {0}. Then Sf(0) = {0}. It is check that {0}« ? X. Hence (<f, {0}) 
is a trivial g-idealistic soft .BCi-algebra over X. 

Definition 4.14. ([10]) A fuzzy set \x in X is a fuzzy g-ideal of X if it satisfies the following 

assertions: 

(i) (VxGX)(/i(0) >fi(x)), 

(ii) (Vx,y,z G X)(//(x * z) > mm{/j,(x * (y * z)),fi(y)}). 

Lemma 4.15. A fuzzy set \x in X is a fuzzy q-ideal of X if and only if it satisfies: 

(V* G [0, !])([/(//; t) ^ C/(//; *) is a q-ideal of X). 



Proof. Straightforward. □ 

Theorem 4.16. For every fuzzy q-ideal of X, there exists a q-idealistic soft BCI-algebra A) 
over X. 

Proof. Let \x be a fuzzy g-ideal of X. Then £/(//; t) := {x G X\fi(x) > t} is a g-ideal of X for all 
i G Im(u). If we take A = Im(fj) and consider a set- valued function & : A — > £?{X) given by 
&(t) = U(/jl; t) for all t G A, then (J^, A) is a g-idealistic soft .BCI-algebra over X. □ 

Conversely, the following theorem is straightforward. 

Theorem 4.17. For any fuzzy set u. in X, if a q-idealistic soft BCI-algebra (&,A) over X is 
given by A = Im{u) and &(t) = U(/i] t) for all t G A, then fj, is a fuzzy q-ideal of X. 
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Let n be a fuzzy set in X and let (JF, A) be a soft set over X in which A = Im(u) and 
& : A — >■ 3 s (X) is a set- valued function defined by 
(4.1) (i G A)(^(t) = G X|/j(x) + t > 1}). 

Then there exists t e A such that &{t) is not a g-ideal of X as seen in the following example. 

Example 4.18. For any _BC/-algebra X, define a fuzzy set \x in X by /i(0) = t < 0.5 and 
fi(x) = 1 — 1 for all x^O. Let A = Im(fx) and ^ : A — > s (X) be a set- valued function given 
by (4.1). Then ^(1 - t ) = X\{0}, which is not a g-ideal of X. 

Theorem 4.19. Let fx he a fuzzy set in X and let A) be a soft over X in which A = [0, 1] 
and & : A — > s (X) is given by (4.1). Then the following assertions are equivalent: 

(1) n is a fuzzy q-ideal of X , 

(2) for every t G A with &(t) ^ 0, &(t) is a q-ideal of X . 

Proof. Assume that /j, is a fuzzy g-ideal of X. Let t G A be such that &(t) ^ 0. If we select 
x G &(t), then /x(0) + 1 > fi(x) + 1 > 1, and so G &{t). Let t E A and ^i/^elbe such that 
y G ^(t) and x * (y * z) G &(t). Then + 1 > 1 and /i(x * (y * z)) + t > 1. Since // is a fuzzy 
g-ideal of X, it follows that 

//(x * + t > mm{/i(x * (y * z)), fJ-(y)} + t 

= min{/i(x * (y * z)) + t, u,(y) + t} 

>L 

so that x* z G Hence ^(t) is a g-ideal of X with &(t) ^ 0. 

Conversely, suppose that (2) is valid. If there exists a G X such that /i(0) < //(a), then we can 
select t a E A such that /i(0) +t a < 1 < /j(a) + t a . It follows that a G &(t a ) and ^ ^(t a ), which 
is a contradiction. Hence /x(0) > //(#) for all iGl, Now, assume that 

/i(a * c) < min{/i(a * (6 * c)), /i(b)} 

for some a, 6, c G X. Then 

/i(a * c) + s < 1 < min{/i(a * {b * c)), //(&)} + s , 

for some So, which implies a * {b * c) G ^(so) and 6 G J^(so), but a * c G &{sq). This is a 
contradiction. Therefore 

/j,(x *z)> mm{/j,(x *(y* z)),fi(y)}, 
for all x,y,z G X, and thus /x is a fuzzy g-ideal of X. □ 

Corollary 4.20. Let \x be a fuzzy set in X such that fj,(x) > 0.5 for some x G X, and let (J^, A) 
be a soft set over X in which 

A:={te Im(u)\t > 0.5} 

and & : A — > ^(X) is given by (4.JJ. If /j is a fuzzy q-ideal of X, then (&,A) is a q-idealistic 
soft BCI-algebra over X. 

Proof. Straightforward. □ 

J to 580 

AHN ET AL 571-582 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.3, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



Soft g-ideals of soft BCT-algebras 

Theorem 4.21. Let \x be a fuzzy set in X and let (J^, A) be a soft set over X in which A = (0.5, 1] 
and & : A -> &(X) is defined by 

(VteA)(^(t) = l/(Ai;t))- 

Then ^(t) is a g-ideal of X for a\\ t E A with J^(t) 7^ if and only if the following assertions 
are valid: 

(1) (Vx G X)(max{/i(0),0.5} > ^(x)), 

(2) (Vx, t/,z e X)(max{/z(x * z), 0.5} > min{/i((x * (y * z)) , (J>(y)}) ■ 

Proof. Assume that &(t) is a g-ideal of X for &\\t E A with J^(£) 7^ 0. If there exists x E X such 
that max{/i(0), 0.5} < /x(xo), then we can select to E A such that max{/x(0), 0.5} < to < /-K^o)- 
It follows that /x(0) < t 0) so that x G ^(to) an d ^ ^(to)- This is a contradiction, and so (1) 
is valid. Suppose that there exist a,b,c E X such that 

max{/i(a * c), 0.5} < min{//(a * (b * c)), //(&)}. 

Then 

max{/i(a * c), 0.5} < m < min{/x(a * (6 * c)), n(b)}. 

for some w G A. Thus a * (6 * c) G &{uq) and b E ^(u ), but a * c £ ^(u ). This is a 
contradiction, and so (2) is valid. 

Conversely, suppose that (1) and (2) are valid. Let t E A with &(t) 7^ 0. For any x E &{t), 
we have 

max{/i(0),0.5} > //(x) > t > 0.5 

and so //(0) > t, i.e., G ^{t). Let ij,zGlbe such that y G ^(t) and x * (y * z) E &(t). 
Then /i(y) > t and /i(x * (y * z)) > t. It follows from the second condition that 

max{/i(i * z), 0.5} > min{/i(x * (y * z)), /i(y)} >t> 0.5, 

so that /j,(x * z) > t, i.e., x * z E &(t). Therefore &{t) is a g-ideal of X for all t E A with 
&(t) ^ 0. □ 
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Abstract: In this paper, We present parallel multisplitting blockwise relaxation methods for solving the large sparse 
blocked linear systems, which come from the discretizations of many discrential equations, and study the conver- 
gence of our methods associated with USAOR multisplitting when the coefficient matrices of the blocked linear 
systems are block H-matrices. A lot of numerical experiments show that our methods are applicable and efficient. 

Keywords: Block matrix multisplitting; Blockwise relaxation parallel multisplitting method; Convergence; Block 
//-matrix., 
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1. Introduction 

For the linear system 

Ax = b, (1.1) 

where A is an n x n square matrix, and x and b are w-dimensional vectors. O'Leary and White [6]invented the ma- 
trix multisplitting method in 1985 for solving parallely the large sparse linear systems on the multiprocessor sys- 
tems and was further studied by many authors. For example, Neumann and Plemmons [5] developed some more 
refined convergence results for one of the cases considered in [6], Eisner [7] established the comparison theorems 
about the asymptotic convergence rate of this case, Frommer and Mayer [8] discussed the successive overrelax- 
ation (SOR) method in the sense of multisplitting, White [9,10] studied the convergence properties of the above 
matrix multisplitting methods for the symmetric positive definite matrix class, as well as matrix multisplitting 
methods as preconditioners, respectively, Bai [4] established the convergence theory of a class of asynchronous 
multisplitting blockwise relaxation methods, Zhang, Huang, et, al. [3] present local relaxed parallel multisplitting 
method and global relaxed parallel multisplitting method for //-matrices and so on. On the other hand, Since the 
finite element or the finite difference discretizations of many partial differential equations usually result in the 
large sparse systems of linear equations of regularly blocked structures, recently, [1,4] further generalized the ma- 
trix multisplitting concept of O'Leary and White [6] to a blocked form and proposed a class of parallel matrix mul- 
tisplitting blockwise relaxation methods. This class of methods, besides enjoying all the advantages of the existing 
pointwise parallel matrix multisplitting methods discussed in [6,12], possesses better convergence properties and 
robuster numerical behaviours. Therefore, the parallel matrix multisplitting blockwise relaxation methods for the 
solution of large and sparse nonsingular blocked linear system have become more and more obvious. 

In the following, we recall the mathematical descriptions of the blocked linear system and the BMM introduced 
in [1,4]. 

Let JV(< n) and «,•(< n)[i = 1,2,..., N) be given positive integers satisfying Xili nj — n, and denote 

V n {n x , . . . , n N ) = [x e R»|jc = (xf, . . . ,x T N ) T , x t e R n > }, 

L„(/»i, . . . , n N ) = [A e R nxn |A = {A tJ ) NxN , A i} e R n <* n > }, 

When the context is clear we will simply use L„ for l^ n {ny,...,n N ) and V n for V n {rii,...,n N ). Then, the blocked 
linear system to be solved can be expressed as the form 

Ax = b, AeL„, x,beV„ (1.2) 
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where A e L„ is nonsingular and b e V n are general known coefficient matrix and right-hand vector, respectively, 
and x e V n is the unknown vector. 

If blocked matrices Mk,Nk, E k e L„(fc = 1,2,..., a) satisfy 

\. A = M k — N k , Mfc nonsingular, k = 1,2,..., a, 

2. E k = d iag(E[\\ E%), k = 1, 2, . . . , a, 

3. XU\\E ( u ) \\ = l,i = l,2,...,N, 

then we call the collection of triples {M k ,N k ,E k \k = 1,2, ...,a)is a BMM of the blocked matrix A e L„, where || • || 
denotes the consistent matrix norm. 

Suppose that we have a multiprocessor with a processors connected to a host processor, that is, the same 
number of processors as splittings, and that all processors have the last update vector x k , then the fcth processor 
only computes those entries of the vector 

M k l N k x k +M k l b, 

which correspond to the block diagonal entries i?'*' of the blocked matrix E k . The processor then scales these 
entries so as to be able to deliver the vector 

E K (M k 1 N k x k + M k 1 b) 
to the host processor, performing the parallel multisplitting scheme 

a a 

x m+i = ^ E K M k l N k x m +^E K M k 1 b = Hx m + Gb, m = 0, 1, 2, . . . 

k=l k=l 

Under reasonable restrictions on the relaxation parameters and the multiple splittings, we establish local par- 
allel multisplitting blockwise relaxation method, global parallel multisplitting blockwise relaxation method and 
global nonstationary parallel multisplitting blockwise relaxation method for solving the large sparse blocked lin- 
ear systems and study the convergence of our methods associated with USAOR multisplitting when the coefficient 
matrices of the blocked linear systems are block H-matrices. 



2. Establishments of the methods 

Given a positive integer a{a < N), we separate the number set {1,2,... N] into a nonempty subsets J k (k — 
1,2,..., a) such that J k Q{l,2,...,N] and {f k=1 J k = {\,2,...,N}. 

Note that there may be overlappings among the subsets ]\,h,--.,la- Corresponding to this separation, we 
introduce matrices 

D=diag(A 11 ,...,^ JV j V )eL„, 



l] "' l] I otherwise 



E k =dia g {E^,...,E%)^ n , Ef = {f i,j = l,2,...,N; k = l,2,...,a. 



Obviously, D is a blocked diagonal matrix, L k {k — 1,2, ...,a) are blocked strictly lower triangular matrices, 
U k {k — 1, 2, . . . , a) are general blocked matrices, and E k {k = 1,2, . . . , a) are blocked diagonal matrices. If they satisfy 

1. D is nonsingular; 

2. A = D-L k -U k , k = l,2,...,a; 

^ir k=l E k =i, 

then the collection of triples [D — L k , U k ,E k ) and {D— U k ,L k ,E k ) (fc = 1,2,..., a) are BMM of the blocked matrix 
AeL„. Here, I denotes the identity matrix of order nx n. 

We will present local parallel multisplitting blockwise relaxation USAOR method (LBUSAOR) and global paral- 
lel multisplitting blockwise relaxation USAOR method (GBUSAOR). 
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Algorithm 2.1. (local parallel multisplitting blockwise relaxation method) 
Given the initial vector 

For m — 0, 1, 2, . . . repeat (I) and (II), until convergence. 

(I) For fc = 1,2,..., a, (parallel) solving y k : 

M k y k =N k x m +b. 

(II) Computing 

a 

x m+l =J^E k y k . 

k=l 

Algorithm 2.1 associated with LBUSAOR method can be written as 



x m+1 — Hlbusaorx™ + GiBUSAORb, m— 0,1,---, (2.1) 

where 

HlbUSAOR — ^ic^ElcUca^i^L^r^k), 

U OJ2r2 (k) = {D-r 2 U k )- 1 {{\-< a 2)D + {0i2-r 2 )U k + <O2L k }, 

L Wiri (k) = (D-riL^MU-wOD + Cwj-rijL/t + WiL^}, (2.2) 
Glbusaor = YT k =i E k{.D-r2U k )- l {{(L> l +a>2-co 1 oj z )D + (L>2{oJi-r l )L k 
+aj 1 (co 2 -r 2 )U k }(D-r l L k )- 1 

By using a suitable positive relaxation parameter ft, we will establish global parallel multisplitting blockwise 
relaxation USAOR method which is based on Algorithm 2.1. 

Algorithm 2.2. (global parallel multisplitting blockwise relaxation method) 
Given the initial vector 

For m — 0, 1, 2, . . . repeat (I) and (II), until convergence. 

(I) For fc = 1,2,..., a, (parallel) solving y k : 

M k y k =N k x m +b. 

(II) Computing 

a 

x m+1 =pJ^E k y k + (l-p)x m . 

k=l 

Algorithm 2.2 associated with GBUSAOR method can be written as 

x m+1 =H GBUSAO RX m +l3G LBU sAORb, m=0,l,-, (2.3) 

where H GBUSA or = PH LBUS aor+{1 ~P)I- 

In the standard multisplitting method each local approximation is updated exacdy once using the same previ- 
ous iterate x m . On the other hand, it is possible to update the local approximations more than once, using different 
iterates computed earlier. In this case, we call this method a nonstationary multisplitting method [15,16,17]. The 
main idea of the nonstationary method is that at the mth iteration each processor k solves the system q{m,k) 
times, using in each time the new calculated vector to update the right-hand side; i.e., we have the following algo- 
rithm: 

Algorithm 2.3. (global nonstationary parallel multisplitting blockwise relaxation method) 
Given the initial vector 

For m — 0, 1, 2, . . . repeat (I) and (II), until convergence. 
(I) For i — 1,2,.. .,q{m, k), (parallel) solving y^: 

M k y l k n = N k y l k i - 1) + b. 
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(II) Computing 

a 

x m+l = p^ Eky fm,k) + {l _ p)xm 
fc=l 

Algorithm 2.3 associated with GNBUSAOR method can be written as 

x m+l — Hqnbusaorx" 1 + PGcNBUSAonb, m = 0, l,---, (2.4) 

where 



(2.5) 



Hgnbusaor = /JSLiW-Qa,)''^ + U-£)/ 

P ar = {D-r k U k )- l {(\-co k )D + {a> k -r k )U k + u) k L k } = M; l N m -, 

Qer, = {D-r ]k L k )- 1 {(l-? k )D + {Zk-r) k )Lk + !ikU k } = M^N? 11 , 

Ggnbusaor = P^l =1 E k ^f^ k) -\M ri M r r\N ar N ?ri y(M rl M r r^ k ^ k . 

It follows that when q{m, k) = 1, co k = co 2 , r k — r 2 , E, k — coi and r\ k — r x for 1 < k < a, m — 0, 1,2...., Algorithm 
2.3 reduces to Algorithm 2.2. 

3. Preliminaries 

We shall use the following notations and lemmas. A matrix A — [a ) is called a Z -matrix if for any i+j,a !; < 0. 
AZ-matrixis a nonsingular M-matrixifA is nonsingular and if A' 1 > 0. Additionally, we denote the spectral radius 
of A by p{A). It is well-known that if A > and there exists a vector x > such that Ax < ax, then p(A) < a. Let 

h nJ {n u . . . , n N ) = {M = {Mjj) e L n \M U e R B ' XB < nonsingular, i = l,...,N}. 

We will review the concepts of strictly block diagonally dominant matrix and the block H-matrix. Let A e L„ j. 
Then its block comparison matrix (^4) is defined by 

H'hK' '*i '■>= i " 

where || • || is a consistent matrix norm. If 

ii^ir^Sii^'ii' j=^2,...,N. 

Then A is said to be a strictly block diagonally dominant matrix [13], if there exists a positive diagonally matrix X 
such that AX is a strictly block diagonally dominant matrix, then A is said to be a block //-matrix [14]. Clearly, a 
strictly block diagonally dominant matrix is certainly a block H-matrix. 

Definition 3.1 [1]. Let M e L„. We call [M] = (||M, 7 1|) e R JVxJV the block absolute value of the blocked matrix 
M. The block absolute value [x] e of a blocked vector xe^is defined in an analogous way. 
These kinds of block absolute values have the following important properties. 

Lemma 3.1 [1]. LetL,M eL„, x,y e V n andr^R 1 . Then 

1. \[L] — [M]\ < [L + M] < [L] + [M] {\[x] - [y]\ < [x+y] < [x] + [y]); 

2. [LM]<[L][M]{[xy]<[x][y]); 

3. [rM]<\r\[M] [[rx]<\r\[x]); 

4. p{M) < p{\M\) < p([M}) (here, || • || is either \\ ■ IL or \\ ■ h). 

Lemma 3.2 [1]. LetM sL„,j be a strictly block diagonally dominant matrix, then 

1. M is nonsingular; 

2. [(M)- 1 ] < (M)" 1 ; 

3. p(/((M)))<l. 
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4. Convergence 

For Algorithms 1, 2 and 3, we give convergence theorems for block diagonally dominant matrices and block 
H-matrices. 

Theorem 4.1. Let A be a strictly block diagonally dominant matrix, and the collection of triples [D- L k , U k ,E k ) 
and{D- Uk,Lk,Ek) [k = 1,2,..., a) areBMMofthe blocked matrix AeL„. Assume that 

(A} = {D)-[L k ]-[U k ] = (D)-[B], k = l,2,...,a, 0<a>i,o> 2 < zr^— , 0<ri<W!, Q<r 2 <co 2 , 

l+p 

then LBUSAOR method converges for any initial vector x° e V N , where p — p{J{{A))) — p{{D)~ l [B]). 

Proof. By Lemma 3.1, we know p{H LBUSA or) < p{\H LB usaor\) < p([H L busaor]1 and then, the iteration (2) 
converges for any initial vector x° e V N if and only if p{[H LBU saor\) < 1- Let B — L k + U k , by (7), we know that 
[B] — [L k ] + [U k ], clearly D - rL k {k — 1,2,..., a) are strictly block diagonally dominant matrix for r > 0, and 
(D) - r[B], [k = 1,2, . . ., a) are strictly block diagonally dominant matrix for < r < ^ which follow from A is 

a strictly block diagonally dominant matrix. Since (D) — r[B] < (D) — r[U k ] < (D) for < r < j^—, k — 1,2,..., a, 
and (A) is a strictly diagonally dominant matrix, we have (D) — r[B] and (D) are strictly diagonally dominant M- 
matrices, for < r < k = 1,2, ...,a. Therefore, {D) - r[Uk] are strictly diagonally dominant M-matrices, and 

then D-rUk are strictly block diagonally dominant matrices, for < r < ^ , k = 1, 2, . . . , a. 

Let Lk =D~ 1 Lk and Uk — D l Uk, then I— rLk and 7 — rllk are also strictly block diagonally dominant matrices, 
for < r < y^j, k = \,2,...,a. Thus, by Lemma 3.1 and (7), we have 

[U-nLkT 1 ] ^({/-/iLfc))- 1 ^/- n[£ k ]T\ 

[(I-r 2 Ukr 1 ]<((I-r 2 Uk)r 1 =(I-r 2 [Uk]r 1 . 

From (3), we have 

[U W2T2 {k)] = [{D-r2U k )- 1 {{\-co 2 )D + {co2-r 2 )U k + co 2 L k }] 
= [{I-r 2 UkY l {{l - co 2 )I + {co 2 - r 2 )U k + co 2 L k }] 
< V-r 2 [U k ]rH\l-U2\I + {co 2 -r 2 )[U k ] + co 2 [L k ]} 
= l + [I-r 2 [Uk])-mi-o> 2 \-\)I + u 2 {[Uk\ + [L k ])}- 

Since L k =D- l L k and U k = D 1 U k , we have [L k ] < (D)- 1 [L k ] and [U k ] < (D)' 1 ^] which follow from Lemma 3.1 
and Lemma 3.2, and then 

[U k ] + [L k ] < {D)- l [U k +L k ] = {Dy 1 [B] = J((A)), k — 1,2,..., a. 

Therefore, we have 

[tWfc)] </-(/- r 2 [U k ]T\l - T{co 2 )), 
where T{oo 2 ) = |1 - co 2 \I + co 2 J{{A)). Note that (7 - r^Ukik)])- 1 > I, k = 1,2, . . . , a, and then 

[Uo> 2 r 2 Vc)]<I-V-T{co 2 ))=T{co 2 ). 

Similar to the above proving process, we have 

[i a)I r 1 (fc)]<J-U-nwi))=r(o) 1 ), 

where TTwi) = |1 - Wi|7 + a>i/((A)). 

Let e denotes the vector e — (l,l,...,l) r e V N and J e {(A)) = J((A)) + eee T , since J{(A)) is nonnegative, the 
matrix J e [{A)) has only positive entries and irreducible for any e > 0. By the Perron-Frobenius theorem for any 
e > 0, there is a vector x e > such that 

J € {{A))x e =p{M(A)))x £ =p e x e , 
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where p t — p{J e {{A))). Moreover, if e > is small enough, we have p e < 1 by continuity of the spectral radius. 
Thus, we can get 

|1 - eot\ + a>ip £ < 1 for < co t < i = 1, 2, 

and then 

< (|1 - co 2 \I + co 2 J e {{A))){\l- wi|7 + <Ui/ e ((A»)je e 

= (| 1 - 6>i| + 0)ip e )(| 1 - 0> z \ + C0 2 p e )x e 

< X e , 

then [Hlbusaor ] x e < x £ and p ( [H LBUSA0R ] ) < 1 . □ 

Theorem 4.2. Let A be a block H-matrix, and the collection of triples {D — Lk,Uk,Ek) and {D — Uk,Lk,Ek) 
(fc = 1, 2, . . . , a) are BMM of the blocked matrix A e L„ . Assume that 

2 

{A) = {D)-[L k ]-[U k ] = (D)-[B], k = l,2,...,a, 0<co 1 ,co 2 <- , 0<ri<wi, 0<r 2 <<y 2 , 

1+P 

f/jew LBUSAOR method converges for any initial vector x° € V N , where p — p{J{{A))) — p((_D) _1 [B]). 

Proof. Since A is a block H-matrix, then, there exists a positive diagonally matrix X such that AX is a strictly 
block diagonally dominant matrix. Let Hlbusaor(A) denote the iteration matrix of local parallel multisplitting 
blockwise relaxation method for blocked matrix A and Hlbusaor[AX) denote the iteration matrix of local par- 
allel multisplitting blockwise relaxation method for blocked matrix AX, respectively. By simple calculation, we 
have H LBUS aor{A) and H LB usaor{AX) are similar. Since similar matrices have the same eigenvalues, it follows that 
P{H LBU saor{A)) = p(_H LBU saor{AX)) < 1. □ 

Using GBUSAOR method, we can also get the following convergence results. 

Theorem 4.3. Let A be a strictly block diagonally dominant matrix, and the collection of triples {D— L k ,U k ,E k ) 
and{D- U k ,L k ,E k ) (fc = 1,2,..., a) are BMM of the blocked matrix A eL„. Assume that 

(A) = (D) - [L k ] - [U k ] ={D)-[B],k = l,2,...,a, 

if 

2 2 

0<Cl>i,co 2 < . 0< r, < <x>!, 0<r 2 <<w 2 , 0<B< — , 

1+p 1 + 9 Z 

then GBUSAOR method converges for any initial vector x° e V N , where p — p{J{{A))) — p({D)^ 1 [B]) and 

9 — max{\\- a>i| + &>ip, |1 - co 2 \ + cj 2 p\- 



Proof. Since p{H GB usaor) < P[\H GB usaor\) < p{[H CB usaor]), the iteration (4) converges for any initial vector 
x° e V N if and only if p{[H GB usaor]) < 1. Let 

9 e — max{\\ — a>i| + &>ip e , |1 — co 2 \ + a> 2 p e ], 

similar to the proof of Theorem 4.1, we have 

[H G BUSAOR]Xe < )S[{|1 - C0 2 \I + C0 2 J e {(A))}{\l - m \I + mJe{(A))}]X e + |1 - p\X e 

= |B(|1 - o>! | + <uip e ){|l - co 2 \I + co 2 J e {(A))}x e + 11 - p\x e 

= BQl - COi\ + COip e )(\l - C0 2 \ + C0 2 p e )x e + 11 - P\x e 

< [B9 2 + \\-B\)x e 
= (B92 + \l-p\)x e 

< x £ 
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then [H GBUSA0R \x e < x e and p{[H GBUSAO r]) < 1. □ 

Theorem 4.4. Let A be a block H-matrix, and the collection of triples {D — L k , U k ,Ek) and {D — Uk,Lk,Ek) 
[k = 1, 2, . . . , a) are BMM of the blocked matrix A e L„ . Assume that 

(A) = (D}-[L k ]-[U k ] = (D)-[B], fc = l,2,...,o, (4.1) 

if 

2 2 
0<a>i,a> 2 < — — , 0<n<(Oi, Q<r 2 <oo 2 , 0<^<—— -, 
l+p l + z 

then GBUSAOR method converges for any initial vector x° e V N , where p — p{J{{A))) — p({D)^ 1 [B]) and 

— max{\l - coi\ + coip, |1 - co 2 \ + <w 2 p}. 

Proof. Similar to the proof of Theorem 4.2, we can prove Theorem 4.4. □ 

Remark. As some special case, for local parallel multisplitting blockwise relaxation USAOR method (LBUSAOR) 
and global parallel multisplitting blockwise relaxation USAOR method (GBUSAOR) (see Table 1), we also have the 
corresponding convergence results, when co\ — co 2 , 1 = r 2 , coi = co 2 = T\ = r 2 and so on. 

Theorem 4.5. Let A be a block H-matrix, and the collection of triples {D — Lk,Uk,Ek) and {D - Uk,Lk,Ek) 
[k = 1, 2, . . . , a) are BMM of the blocked matrix A e L„ . Assume that 

(A) = (D)-[L k ]-[U k ] = (D)-[B],k = l,2,...,a, 

if 

2 2 
0<co k ,^ k <-—, 0<r k <co k , 0<r) k <E; k , 0</3<— — -, 
l+p l + cr z 

then GNBUSAOR method converges for any initial vector x° e V N , where p — p(J{{A))) — p({D)^ 1 [B]), q{m, k) > 1, 
k — 1,2, ...,a, m —0, 1,2, ... and 

a= max{|l- co k \ + co k p, \\- E, k \ + E, k p}. 

l<k<a 

Proof. We only need show p[[H GNBUSAO r] < 1), when A is a strictly block diagonally dominant matrix. By the 
proof of Theorem 4.1, we know that 

[{l-r k L\Y l ]<{(l-r k Lk))- l ={I-rk[L k \)-\ 
[{I ~ rjk Ok)- 1 } < ((/ - m U k )T 1 ={I~ rikiUk])- 1 - 



From (6), we have 

and 

Let 



[Po>r]<\l-0>k\I + CO k J e {(A) 
[Qf,]<|l-?fc|/ + ?fc/e({A». 



a e = max {\\-co k \ + co k p e , \ 1 - £ fc | + S, k p e }. 

l<k<a 



Similar to the above proving process, we get 

[H GNBUSA0 R]x e < PlXl^MPcorQi^^Xe + ll-PlXe 

< P SLi [EklllPoA lQ^]P m ' k) x e + \i-p\x e 

< P(\l-O k \ + CO k p e ){\l-Z k \ + Z k p e )x e + \l-P\Xe 

= (Pa 2 + \l-p\)x e 

< x e , 

then [H GNBUSA or]x € < x € and p{[H GNBUSAO r]) < 1. □ 
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5. Numerical example 

We consider the blocked linear system [1,4] 

Ax — b, Aeh n , b&V n , 
with n 1 = n 2 = ... = n N = N, and n — N 2 , where 



( B 

-I 



V 



B 



B 



B 



and the right hand side vector b is chosen as 



( 4 
-1 



-1 



-1 



(5.1) 



b T = {l, 



Take a — 2 and two positive integers m\ and m 2 satisfying 1 < m 2 < ni\ < N . Then, corresponding to the number 
sets h = {1,2,..., mi] and J 2 = \m 2 , m 2 +l, ...,N},we determine BMM [D—Lt, Uk,Et) and {D— Uk,Lk,Ek), k = 1,2, 
of the blocked matrix A in accordance with the following way: 
D=diag{B,B,...,B)<ElL n , 



f/i=(^')eL», % 



(i). 



L 2 = (^')eL„, se\f-. 



y 2 = (^)eL„, ^f -. 





for 7 = i — 1 and 2 < i < m\, 






otherwise, 




■ 

I 


for; = i — 1 and m\ + 1 < i < N, 


I 


for; = i' + landl<; ^TV- 


1, 




V 


otherwise, 






for 7 = i — 1 and m 2 <i< N, 






otherwise, 




■ 

I 


for j = i - 1 and 2<i<m 2 - 


-1, 


I 


for;' = i' + landl< i<N- 


1, 





otherwise, 





E k =diag(£™, E ( £ £™ ) e L„, jfc = 1,2, £™ = 



7 for 1 < i < m 2 , 
\l form 2 <i<mi, E^-- 
for rrii<i< N. 



for < / < m 2 , 
for m 2 <i< mi, 
for mi<i< N. 



In particular, we select the positive integer pair (mi, m 2 ) to be 



(a) mj =Int(f ), m 2 =Int(f); 
(fo)m x =Int(f ), m 2 =Int(f), 

then we can get two kinds of concrete casesofthe weighting matrices Ei and E 2 , here, Int(- ) denotes the integer 
part of the corresponding real number. 

In our numerical experiment, the initial approximation x° is taken as 

x° = (0.5,...,0.5) r eK J . 

Let the convergence criterion be ||x fc+1 - x fc ||oo < 10~ 6 . In Table 2 and Table 3, we report the number of iterations 
by IT. 

From Table 2 and Table 3, we easily see that the multisplitting blockwise relaxation USAOR methods discussed 
in this paper substantially have better numerical behaviours than the multisplitting blockwise relaxation AOR 
methods studied in [1], which shows that our new methods are applicable and efficient. 
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Table 1: The iterations of LBUSAOR method for N=15 



n 


1 


1.05 


1.1 


[0.92,1.1] 


1.1 


1.1 


1.2 


r 2 


1.1 


1.1 


1.1 


1.1 


[1.0789,1.0881] 


1.088 


1.2 




1.406 


1.406 


1.6 


[1.796,1.825] 


1.8 


1.8 


1.9 


Oil 


1.2 


1.1 


1.1 


1.1 


1.1 


[1.096,1.1] 


1.15 


IT(a) 


42 


37 


36 


35 


30 


30 


55 


lT(b) 


41 


37 


36 


34 


31 


31 


55 



Table 2: The iterations of GBUSAOR method for N=15 



T\ 


1 


1.05 


1.1 


[0.92,1.1] 


1.1 


1.1 


1.2 


r 2 


1.1 


1.1 


1.1 


1.1 


[1.0789,1.0881] 


1.088 


1.2 


0)1 


1.406 


1.406 


1.6 


[1.796,1.825] 


1.8 


1.8 


1.9 


0) 2 


1.2 


1.1 


1.1 


1.1 


1.1 


[1.096,1.1] 


1.15 


P 


0.8 


1 


1.05 


1.1 


1.2 


[1.24,1.26] 


1.3 


IT(a) 


51 


37 


35 


27 


25 


24 


90 


IT(b) 


52 


37 


35 


28 


26 


25 


64 



References 



[1] Z.Z. Bai, Parallel matrix multisplitting block relaxation iteration methods, Math. Numer. Sinica 17 (1995) 238-252. 
[2] A. Berman, R. J. Plemmons, Nonnegative Matrices in the Mathematical Sciences, SIAM, Philadelphia, PA, 1994. 

[3] L. T.Zhang, T. Z. Huang, et,al, Convergence of relaxed multisplitting USAOR methods for H-matrices linear systems, Applied Mathematics 

and Computation. 202, (2008) 121-132. 
[4] Z. Z. Bai, A class of asynchronous parallel multisplitting blockwise relaxation methods Parallel Computing ., 25 (1999) 681-701. 
[5] M. Neumann, RJ. Plemmons, Convergence of parallel multisplitting iterative methods for M-matrices, Linear Algebra Appl. 88 (1987) 

559-573. 

[6] D. R OarLeary, R. E. White, Multi-splittings of matrices and parallel solution of linear systems, SIAM Journal on Algebraic and Discrete 
Mathematics, 6 (1985) 630-640. 

[7] L.Eisner, Comparisons of weak regular splittings and multisplitting methods, Numer. Math. 56 (1989) 283-289. 

[8] A. Frommer, G. Mayer, Convergence of relaxed parallel multisplitting methods, Linear Algebra Appl. 119 (1989) 141-152. 

[9] R.E. White, Multisplitting of a symmetric positive deRnite matrix, SIAM}. Matrix Anal. Appl. 11 (1990) 69-82. 
[10] R.E. White, Multisplitting with diAerent weighting schemes, SIAM J. Matrix Anal. Appl. 10 (1989) 481-493. 
[11] R.S. Varga, Matrix Iterative Analysis, Prentice-Hall, Englewood Cliffs, NJ, 1981. 

[12] D.R. Wang, On the convergence of the parallel multisplitting AOR algorithm, Linear Algebra Appl. 154-156 (1991) 473-486. 
[13] D.G. Feingold, R.S. Varga, Block diagonally dominant matrices and generalizations of the Gerschgorin circle theorem, Pacific J. Math. 12 
(1962) 1241-1249 

[14] B.Polman, Incomplete blockwise factorizations of (block) H-matrices, Line. Alge. Appl. 90 (1987) 119-132 

[15] R.Bru, V.MigallSn, I.Penadds, and D.B. Szyld, Parallel synchronous and asynchronous two-stage multisplitting methods, Electronic Trans- 
actions on Numerical Analysis, 3 (1995) 24-38. 

[16] D.B. Szyld, Synchronous and asynchronous two-stage multisplitting methods, in Proceedings, 5th SIAM Conference on Applied Linear 
Algebra, (J. G. Lewis, Ed.), pp. 39-44, SIAM, Philadelphia, 1994. 

[17] J.Mos, D.B. Szyed, Nonstationary Parallel Relaxed Multisplitting Methods, Line. Alge. Appl, 241-243 (1996) 733-747. 



591 



WANG 583-591 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.3, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



The properties and iterative algorithms of circulant matrices * 

Chengbo Lu 

Department of Mathematics, Lishui University, Lishui 323000, P.R.China 

Abstract 

In this paper we investigate the structure and the iterative algorithms of circulant matrices. 
Firstly, we show that the reduced form of a circulant matrix A is an iJ-matrix if the matrix A be 
a circulant f/-matrix, moreover, we can derive that the matrix A is a circulant if-matrix if some 
conditions are imposed on the reduced form of the matrix A. Secondly, by using the properties 
of the circulant matrix A, we present two new splittings of circulant M-matrices and obtain some 
efficacious iterative algorithms for solving a linear system Ax = b. 

Key words: Circulant matrix; H-matrix; M-matrix; reduced form; splitting; iterative algo- 
rithm 

1. Introduction 

Patterned matrices just like circulant matrices, symmetric matrices, Jacobi matrices, cen- 
trosymmetric matrices etc. arise in many areas of physics, electromagnetics, signal processing, 
statistics and applied mathematics for the investigation of problems with periodicity properties. 
Also, the numerical solutions of certain types of elliptic and parabolic partial differential equa- 
tions with periodic boundary conditions often involve the linear systems Ax = b with a patterned 
matrix A [1-3]. The properties of patterned matrices have been extensively investigated [4-6]. 
For recent years many authors have paid attention to developing iteration algorithms for solving 
the linear systems with patterned matrices [7-9] . Circulant matrix is a kind of very important 
patterned matrices. 

In this paper we investigate the structure and the iterative algorithms of circulant matrices. 
Firstly, we discuss the properties of the circulant matrix. We prove that the reduced form of a 
circulant matrix A is an ii-matrix if the matrix A be a circulant ii-matrix. Moreover, we derive 
that the matrix A is a circulant ii-matrix if some conditions are imposed on the reduced form of 
A. Secondly, by means of the properties of the circulant matrix A, we present two new splittings of 
circulant M-matrices and obtain some efficacious iterative algorithms for solving a linear system 
Ax = b. This paper is organized as follows. In next section, we review some basic definitions 
and notations. In section 3, we show some properties of circulant matrices. In section 4, a new 
splitting scheme is constructed, which can be deprived from a random convergent splitting of a 
circulant matrix A, and two new splittings of the circulant M-matrix and ii-matrix are presented. 
The convergence of the corresponding iterative sequences is also discussed. Finally, on the basis 
of the opposite triangular splittings and GMRES algorithm, we give three iterative algorithms 
to solve the linear system Ax = b. 

"The work is supported by Natural Science Foundation of China (11171137), Zhejiang Provincial Natural 
Science Foundation of China (LY13A010008). 
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2. Preliminaries 

In this section we will review some basic notations which frequently used in the following. 
Let a e R n and a = (a , a\, ■ ■ ■ , a„_i) T . In a circulant matrix 



Ctr(a) :-- 



V 



a ai 
a n -i a 

ai a 2 



a n -2 
a 



\ 



) 



each row is a cyclic shift of the row above to the right. Cir(a) is a special case of a Toeplitz 
matrix. It is evidently determined by its first row (or column). 

Definition 2.1 A matrix A = (aij) nxn is called an Z-matrix, if ajj < 0(i ^ j); an M-matrix 
if A is an Z-matrix and A^ 1 > 0. Let (A) = (aij) nxn , if a^j = (a^l, ctij — —\a,ij\(i ^ j), then 
(A) is called a comparision matrix of A. A matrix A is called an iJ-matrix, if its comparison 
matrix (A) is an M-matrix. 

Let A — M — N. Then the pairs of matrices (M, N) of A is called: a splitting of A if 
det(M) ^ 0; a convergent splitting if p(M~ 1 N) < 1, where p(M^ 1 N) denote the spectral radius 
of the matrix M^ 1 N; a regular splitting of A if M _1 > and N > 0; a weak regular splitting of 
A if M" 1 > and M^N > 0. 

Lemma 2.2^ Let A = M - N be a weak rcgualr splitting of A, then p(M~ l N) < 1 if and 
only if yl^ 1 > 0. 

Now consider the circulant matrices. 

Lemma 2.3W (1) Let A € R nxn be a circulant matrix, then (A) is a circulant matrix. 
Furthermore, if A is nonsingular, then A^ 1 is a circulant matrix; (2) A T is a circulant matrix; 
(3) Let B £ R nxn b e a circulant matrix, then A± B and AB are also circulant matrices. 

Let G = Cir(0, 1, 0, • • • , 0) e R nxn . 

Lemma 2.4 A e R nxn [ s a circulant matrix if and only if G 7 AG = A. 

All the formulas become slightly more complicated when n is odd. For simplicity, in this 
paper, when n = 2m + 1 we restrict the circulant matrix A to be symmetric, that is 



A = Cir((a , a\,a2, • • • , a 



,ai) T ). 



(2.1) 



Using the partition of the matrix, the circulant matrix can be described as follows, 
(i) For the case n = 2m, a circulant matrix can be written as the form: 



A = 



B C 
C B 



(2.2) 



where each of the block matrices B and C is an m x m matrix. 

(ii) For the case n = 2m + 1, a symmetric circulant matrix can be partitioned into the form: 



f B 

a T J n 

V c 



(3 



\ 



(2.3) 



a Jm B J m J 
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where J m = (e m , e m _i, • • • , ei), ej denotes the unit vector with ith entry 1, B,C€ j^mxm^ a g 
R mxl and j3 is a scalar. 

Lemma 2.5 Let A be a circulant matrix, then A is orthogonal similar to a block diagonal 
matrix. The block diagonal matrix can be described as follows. 

(i) For n = 2m, let 

r r \ 



then 



P = 



P T AP 



V2 



B-C 



V 



B + C 



(2.4) 



where I m is a mth unit matrix. 

(ii) In terms of (2.1) if n = 2m + 1, we select the orthogonal matrix 



V2 
2 



/ 



V2 



\ 



J m J 



then 



/ 



P T AP 



B Jm,C 



\ 



/3 V2a T J m 
V2J m a B + J m C J 

We call the matrix of the right side of (2.4) or (2.5) the reduced form of the circulant matrix 



V 



(2.5) 



A, corresponding to (2.2) or (2.3) respectively. 

Lemma 2.6 Let A and C be M-matrices, if A < B < C, then B is also an M-matrix. 
Lemma 2.7 [31 Let A" 1 > and 

A = Mi - iVi = M 2 - N 2 

be weak regular splittings. In either of the following cases 

a) Nx < N 2 

b) Mf 1 > M~\ Nx>0 

c) Mf 1 > M 2 \ N 2 >0 
the inequality 



p(M 1 ~ 1 N 1 ) < p(M 2 " 1 JV 2 ) 



holds. 



Lemma 2.8^ Let A be nonsing ular and A^ 1 > 0, A = M x - N t (l = 1, 2, • • • , k) are k 
weak regualar splittings of A. Then for any qualified Ei(l — 1,2, ■■■,k), p(W) < 1, where 
W = J2t 1 E l M~ 1 N l , YLx E i =I - 

Lemma 2.9^ Let A be an H-matrix, A = Mi — Ni(l = 1, 2, • • • , k) are k splittings of A and 
(A) = (Mi) -\Ni\, diag(Mi) = diag(A), then p{W) < 1, where W = £f =1 EiM^N u Eti El = 
I. 



594 



LU 592-605 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.3, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



3. Some properties of circulant matrices 



In this section we will give some new properties of the reduced form of some special circulant 
matrices which consist in the original matrices. The following theorem is evident. 

Theorem 3.1 The reduced form of a circulant matrix A is nonsingular or positive definite, 
respectively, if and only if A itself is nonsingular or positive definite, respectively. 

Theorem 3.2 The reduced form of a circulant matrix A is an f/-matrix, if the matrix A is 
a circulant £f-matrix. 

Proof Let A be a circulant _ff-matrix. Then, for the case of n = 2m we will prove that both 
B + C and B — C are also f/-matrices. 
From 

(B) - \C\ < (B — C) < \D\ (3.1) 

and 

(B) - \C\ < (B + C) < \D\ (3.2) 

where \D\ is the diagonal part of the matrix \B\ + |C|, we obtain that (B) — \C\ is an M-matrix. 

Since A is an ii/-matrix, according to the properties of the _ff-matrices, the comparison matrix 
(A) is an M-matrix, and (B) is an M-matrix too. By Lemma 2.1, (A) can be represented as 

( (B) -\C\ \ 
(A) = . (3.3) 

V (B) J 

Let us consider the block Gauss-Seidel splitting of the matrix (A): 



(A) 



(B) N 
-|C| (B) j 



\C\ 




(3.4) 



In terms of 




(B)- 1 
(B)- l \C\(B)-i 



> 



\c\ 



and I > 0, it follows that the formula (3.4) is a regular splitting. By Lemma 2.2, the 

\ ° ° 

above splitting of the matrix (A) is convergent, thus 





(B)~ 1 \C\ 
((B)^\C\r 
= p\{B)^\C\)<\. 

It is evident that p((B)~ 1 \C\) < 1. Wc obtain that 

((B)-|C|)- 1 = (7-(B)- 1 |C|r 1 (S)- 1 >0. 

According to the definition of M-matrix, (B) — \C\ is an M-matrix. By Lemma 2.6, (B — C) 
and (B+C) are M-matrices, by the definition of i7-matrix, both B — C and B + C are iJ-matrices. 
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Now we show that for the case of n = 2m + 1, both matrix B — J. m C and 

/ a 



1 \/2a T J m 
V2J m a B + J m C 



are ii-matrices. 

On the base of (2.3) we get that 



(A) 



-J m \ a \ Jm\C'\J n 
Ifll \„T\ 



\ 



(B) 
\a T \J„ 

\ -\C\ -\a\ J m (B)J m J 
As A is an if-matrix, both (A) and (B) are M-matrices. It is easy to verify that 



(3.5) 



-V / 2|a T |J„ 



/ 



< 



-V2\a T \J„ 













] 






IDl j 



\-V2J m \a\ (B)-J m \C\ J \-V2J m \a\ (B + J m \C\) 

where \D\ is the diagonal part of the matrix \B\ + J m \C\. 

Using the equivalence conditions of M-matrices ([2]), we can easily prove that there exists a 
positive vector x € R 2m+1 such that (A)x > 0. Partitioning x in the form of (2.3), denoted by 
(y T ,7, (J m y) T ) T , then (A)x > implies that 



-</ m |a| — J m \C\J„ 

Ifll LT| 



(B) 
-\a T \J n 

\ -|C| -I" J m (B)J m J 



\ ( y \ 



7 

V J m y J 



> o 



Then 



((B) - J m \C\ - (2/\p\)J m \a\\a T \J m )y > 0. 

Using the equivalence of an M-matrix again, we have that ((B) — J m \C\ — (2/|/3|) J m \a\ \a T \ J m ) 
is an M-matrix. 
By 

((B) - J m \C\ - (2/\p\)J m \a\\a T \J m ) < (B) - J m \C\ < \D\, 

using Lemma 2.6, we find that (B) — J m |C| is an M-matrix. 
It follows from (3.5) that 



P T (A)P 



( 



V 



(B) + J m \C\ 



\ 

\P\ -V2\a T \J m 
-V2J m \a\ (B)-J m \C\ J 



As (A) is an M-matrix, all the real eigenvalues of (A) are positive, thus all the real eigenvalues 
of the matrix 



101 -V2\a T \J m 
y -V2J m \a\ (B) - J m \C\ J 
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are positive too. According to the equivalence conditions of M-matrices, the above matrix is an 
M-matrix, we obtain that 



/3 V2a T J„ 
y V2J m a B + J m C j 

is an ii-matrix. We have completed the proof. 

Note that converse of Theorem 3.2 does not hold in general. For example, the circulant matrix 

/ 5 3 1 2 ^ 



A = 



2 5 3 1 
12 5 3 

3 12 5 



is not an ii-matrix, but its reduced form (2.4) 

/ 



V 



4 10 

-14 

6 5 

5 6 



is an ii-matrix. 

By the above example, we find that reduced form of the circulant matrix A is an H-matrix 
does not imply that A is an ii-matrix itself. However, if some conditions are imposed on the 
matrices B and C in the reduced form of A, then we can derive that the matrix A is a circulant 
ii-matrix. 

Theorem 3.3 Let A be an n x n circulant matrix. 

(i) For n = 2m, if (B) — \C\ is an M-matrix, then A is an ii-matrix. 



(ii) Forn = 2m+l, if 



is an M-matrix, then A is an ii-matrix. 



|0| -V2\a T \J m 

\ -V2J m \a\ (B) - J m \C\ 
Proof First consider the case of n = 2m. From the assumption that (B) — \C\ is an m x m 
M-matrix, and 

(B)-\C\<(B)<D {B) , 

where -D(b) denotes the diagonal part of the matrix (B), by Lemma 2.6, we find that the matrix 
(B) is an M-matrix. 

Since (B) is an M-matrix, according to the definition of regular splitting, then (B) — \C\ is 
a regular splitting of the M-matrix ((B) — \C\), there holds p((i?) _1 |C|) < 1. By means of the 
proof of Theorem 3.2, the bolck Gauss-Seidel splitting of 



(A) = 




f ICI N 







6 
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is a regular splitting. Note that 
(t 

P 



(B) \C\ 

\\ -\C\ (B) ) \o 



p\{B)-'\C\)<l. 



) 



It is well known, a Z-matrix is an M-matrix if and only if it has a convergent regular splitting, 
so the matrix (A) is an M-matrix, and thus A is an iJ-matrix. 

We now turn to consider the case n = 2m + 1. From the hypothesis, we have that the matrix 



101 -V2\a T \J m 
y -V2J m \a\ (B) - J m \C\ J 

is an M-matrix. Therefore, the matrices (B) — J m \C\, (B), (B — J m C) and (B + J m C) are all 
M-matrices too. Moreover, the Schur complement of the matrix 



|/3| -V2\a T \J m 
\ -V2J m \a\ (B) - J m \C\ j 

is ((B) — J m \C\ — (2/\(3\)J m \a\\a T \J m ), which is still an M-matrix by using the property of the 
Schur complement of an M-matrix. Utilizing the equivalence of an M-matrix again, there exist 
a positive vector y such that 



((B) - J m \C\ - (2/\p\)J m \a\\a T \J m )y > 0, 



that is, 



((B) - J m \C\)y > (2/\f3\)(\a T \J m y)J m \a\. 
Select a positive scalar a such that 

((B) - J m \C\)y > aJ m \a\ > (2/ (3)(\a T \J m y)J m \a\ 



wc obtain that 



t (B) -J m \a\ -J m \C\J m W « \ 



>0, 



y 

\a T \J m -\a T \ a 

\ -\C\ -\a\ J m (B)J m ) \J m y J 
which mean that the matrix (A) is an M-matrix. Thus we yield the desired results. 



4. The iterative methods for circulant matrices 



4.1 Construction of an arithmetic mean splitting 

We will give a new splitting scheme of a circulant matrix A, which is called the arithmetic 
mean splitting. Let the circulant matrix A = M — N be a random convergent splitting of the 
matrix A. An iterative sequence derived from the splitting is defined by 

x k+l = M^Nxk + M- X b. (4.1.1) 
7 
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Since A — G T AG, we can get another convergent iterative sequence: 

x k +i = G T M- 1 NGx k + G T M- 1 Gb. (4.1.2) 
In terms of (4.1.1) and (4.1.2), we can obtain a new iterative sequence: 

x k+1 = * (M^TV + G T M~ 1 NG)x k + ^(M^ 1 + G T ' M- x G)b. (4.1.3) 

Denote F = g(M _1 + G T M~ 1 G) and H = ^(M^N + G T M~ 1 NG), then (4.1.3) can be 
written as 

x fe+ i = Hx k + Fb. (4.1.4) 
If det(F)^ 0, a new splitting of A can be expressed as 

A = F' 1 - F^H. (4.1.5) 

(4.1.5) is called the arithmetic mean splitting of the matrix A. By (4.1.3) we can derive a 
splitting from a random convergent splitting of the circulant matrix A. 
Theorem 4.1.1 Let A be a circulant matrix and 

A = M — N 

be a weak regular splitting, then 

A = G T AG = G T MG - G T NG 

is also a weak regular splitting. 

Proof Since A = M — N is a weak regular splitting, there holds M _1 > and M _1 iV > 0. 
Consider that G is a permutation matrix and use the fact G _1 = G T , then 

(G T MG)- 1 = G T M~ 1 G > 0, 

and 

{G T MG)- 1 (G T NG) = G T M~ 1 NG > 0, 

Therefore A = G T M G — G T NG is a weak regular splitting. 

According to Lemma 2.8 and Theorem 4.1.1, we can get the following iterative convergent 
theorem. 

Theorem 4.1.2 Let A be a circulant M-matrix, and A = M — N be a weak regular of A, 
then the iterative sequence 

x k+1 = ^{M^N + G T M^NG)x k + \{M^ + G T M~ 1 G)b 

is convergent. 

Using Lemma 2.9 we can get the following result. 

Theorem 4.1.3 Let A be a circulant f/-matrix, A = F — Q be a splitting of the matrix A 
and (A) = (F) — \Q\, then the iterative sequence 

x k+1 = \iF-\J + G T F^JG)x k + ^(F- 1 + G T F- 1 G)b 

is convergent. 

8 
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4.2 Two new splittings of circulant M-matrices 

Now we will present two new splittings of the circulant matrix A and investigate their con- 
vergence. 

(1) Opposite triangular splitting I: 

(i) For n = 2m, A = F\ — Q\, where 











f 






*- 






, Qi = 














[ 


ct 


B{ ) 



here B\ and C\ is the left lower triangular matrix of B and C respectively, and B{ and C* is the 
strictly right upper triangular matrix of — B and — C respectively, 
(ii) For n = 2m + 1, A = F 2 — Q 2 , where 



F 2 



B 2 J m a JmC 2 J m 

0/3 
\ C 2 a J m BiJ m J 



Q2 



( 



\ 



Bl 



-a J„ 



C* 



J m C% 


JmB^Jm j 



T 

-a 1 



here B 2 is the left lower triangular matrix of B, Ci is the left upper triangular matrix of C, 
is the strictly right upper triangular matrix of — B, and C| is the strictly right lower triangular 
matrix of — C. 

(2) Opposite triangular splitting II: 
(i) For n — 2m, A = R\ —Vi, where 



Ri = 



here E\ and H\ is the right upper triangular matrix of B and C respectively, and E{ and H{ is 
the strictly left lower triangular matrix of — B and — C respectively, 
(ii) For n = 2m + 1,A = R 2 - V 2 , where 



/ 








/ 












El 
















-) 


V 


Hi 


E x ) 








El j 



R2 = 



J m H 2 J m 



E 2 
a T J m f3 
\ H 2 J m E 2 J m J 



( 



V 2 = 



E* 2 





V H 2 



— In T H* T \ 

o o 

—a t7 m £/ 2 t/m J 



here E 2 is the right upper triangular matrix of B, H 2 is the right lower triangular matrix of C, 
E^ is the strictly left lower triangular matrix of — B, and H% is the strictly left upper triangular 
matrix of — C. 

In terms of the opposite triangular splitting I, we can get the following two SOR iterative 
sequences [5] , at the same time, we can also get the similar conclusion by means of the opposite 
triangular splitting II. 

(i) For n = 2m, 

(a) Global SOR sequence 



Fix k+ i = ((1 - bj)Fi + ujQi)x k + ub. 
9 



(4.2.1) 
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(b) Part SOR sequence 



Thus we have 



Fix k+ i = Qix k + b. 
P T F 1 PP T x k+1 = P T Q 1 PP T x k + P T b 

( 



(4.2.2) 
(4.2.3) 



F x = P T FxP - 




/ f x S 



To 












V 











H 2 


) 



Gx = P T QxP 



where fx = B\ — Cx and f 2 = Bx + Cx arc m x m left lower triangular matrices, Hx = B{ 
and Hi — B\ + C\ are m x m strictly right upper triangular matrices. 
Let P T x k+ x = Uk+i-, P T x k = y k , P T b = b, then (4.2.3) becomes 





Thus 



fxy k 1 lx=H 1 yW+bx, 



rr ( 2 ) 



x H 2 yW + b 2 . 
From (4.2.4), we can get Part SOR sequence: 



(4.2.4) 



Tivl+i = ((! - ^i)fx + uJxHx)y { k ] + wi&i, 
T 2 V { k lx = ((1 - u 2 )T 2 + u 2 H 2 )y k 2) + u x b 2 . 

(ii) For n = 2m + 1 

(aa) Global SOR sequence 

F 2 x k+1 = ((1 - uj)F 2 + ujQ 2 )x k + ujb. 

(bb) Part SOR sequence 

F 2 x k+1 = Q 2 x k + b. 
We can get the similar Part SOR iterative sequence: 



TZyl'lx = ((! - ^) T * +^ H *i)Vk ] + "i&i> 



(4.2.5) 



Tivflx = ((1 - u 2 )TZ+w 2 H* 2 )y);> +uxb* 2 , 



(2) 



(4.2.6) 
(4.2.7) 

(4.28) 



10 
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where 7? = B 2 - J m C 2 and T 2 * 



matrices, H* = B 2 



J m C 2 and H 2 




arc m x m left lower triangular 



are m x m strictly right upper 



triangular matrices. 

Now we will discuss the convergence of the two splittings of circulant matrices and the SOR 
iterative sequence above. 

Theorem 4.2.1 Let A be a circulant M-matrix, and A = F — Q be opposite triangular 
splitting I or II of the matrix A, then p(F~ 1 Q) < 1. 

Proof It can easily get that 

A < F < \D\, 

where D is the diagonal part of the matrix A. By Lemma 2.6, F is also an M-matrix, then 
F^ 1 > 0. On the other hand, it is evident that Q > 0. By the definition of the regular splitting, 
A = F — Q is a regular splitting of the matrix A. Using Lemma 2.2 we have p(F~ 1 Q) < 1. 

Theorem 4.2.2 Let A be a circulant M-matrix, and A = F\ — Q\ be opposite triangular 
splitting I of A, then 



0. 



(2)ifwie(o,- 



; Global SOR sequence is convergent, 



, uj 2 e 



i+pCt- 1 ^) 



, Part SOR sequence is convergent. 



Proof (1) By Theorem 4.2.1, p(F 1 1 Q\) < 1. Using Lemma 6 in [6] , when w e (0, 



i+p(i ? r 1 Qi) 

p(H(lo)) < 1, where £f(w) = (1 — w)7 + wF-f Qi is the iterative matrix of global SOR sequence. 

(2) Since p(Ff ^i) < 1, then p{F^Qx) < 1. From (4.2.3), p(ff ^i) < 1, and p(f^H 2 ) < 
1. By Lemma 6 of [6], when wi G (o, 1+p(f -i Ai) ) and w 2 e (o, 1+p(f -i^ 2) ), the Part SOR 
sequence is convergent. Similarly, (4.2.7) and (4.2.8) are convergent. 

It is easy to find that the proof of the case of n = 2m + 1 is similar to above. 

Using the same methods, we can obtain the related results of the splitting II. We will make 
a comparison of convergence rate of the iterative sequences. From Lemma 2.10, we can get the 
following two theorems. 

Theorem 4.2.3 Let A be a circulant M-matrix, A = D — (L + U) be Jacobi s splitting of 
A and A = F — Q be opposite triangular splitting I of A, then p(F^ 1 Q) < p(D^ 1 (L + £/)). 

Proof It can easily get that A^ 1 > 0, A = F — Q and A = D — (L + U) are the regular 
splittings of the matrix A and < Q < L + U, then by Lemma 2.7 there holds 



p(F- 1 Q)<p(D- 1 (L 
Example 4.2.4 Consider the circulant M-matrix 

/ 

A = 



10). 



2 


-1 


-0.5 








2 


-1 


-0.5 


-0.5 





2 


-1 


-1 


-0.5 





2 
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The iterative matrices of Jacobi s splitting and the opposite triangular splitting I of the matrix 
A can be expressed by Gj and Gi, respectively. We have p(Gj) = 0.7500 and p(Gi) = 0.4444. 
Thus p(G T ) < p(Gj). 

Theorem 4.2.5 Let A be a circulant M-matrix, A = D— (L + U) and A = R — V be Jacobi s 
splitting and opposite triangular splitting II of the matrix A respectively, then p(R^ 1 V) < 
p{D-\L + U)). 

Proof The proof is similar to that of Theorem 4.2.3. 

Example 4.2.6 Consider the circulant M-matrix 



A = 



-1 -2 
-4 8 -1 -2 
-2 -4 8 -1 



\ 



y -1 -2 -4 8 J 

Let Gjj be the iterative matrix of opposite triangular splitting II. We get p(Gj) = 0.8750, 
and p{G H ) = 0.6944. Thus piR^V) < pp" 1 ^ + U)). 
Example 4.2.7 Consider the circulant M-matrix 



8 -1 -2 -3 
-3 8 -1 -2 
-2 -3 8 -1 



\ 



V 



Let the iterative matrix of Gauss-Seidel splitting be Gq- We get p{Gc) = 0.5111, and 
p{Gi) = p(Gjj) = 0.4444. Then p(Ff 1 Ji) = p(F 2 _1 J 2 ) < p(D - L) _1 f/), which mean that in 
this example, the opposite triangular splitting I and II have a better convergence rate than that 
of Gauss-Seidel splitting. 

In fact, we can get the similar conclusion for the case of n = 2m + 1. 



4.3 Several splittings of circulant ii-matrices 

In this subsection, we also give two new splittings which are similar to those in Subsection 
4.2. Now we only discuss their convergence, their costs of computation and store are analogous 
with those of Subsection 4.2. 

Theorem 4.3.1 Let A be a circulant i?-matrix, A = F — Q be opposite triangular splitting 
I(II) of the matrix A, then p(F- 1 Q) < 1. 

Proof There holds (A) = (F) - \Q\, by Lemma 2.9, thus we get p(F- 1 Q) < 1. 

Theorem 4.3.2 Let A be a circulant _ff-matrix, A = F — Q be opposite triangular splitting 
I(II) of A, then 

(1) if ui € (0, - — ,p-i n ) j then Global SOR sequence is convergent; 

(2) if wi e (0, T^pT^y) , w 2 e ^0, 1+p( /-ig 2) ) i tncn Par t SOR sequence is convergent. 
Proof The proof is similar to Theorem 4.2.2. 
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4.4 Three algorithms for the solution of Ax = b 

Finally, we will construct three algorithms for the linear system Ax = b. The following al- 
gorithms 1 and 2 are based on the opposite triangular splittings in Subsections 4.2 and 4.3, and 
GMRES(m) algorithm is applied when the matrix A is very large and sparse. 

Algorithm 1 (opposite triangular splitting I) 

Step 1: Select an arbitrary starting point Xq and a stopping criteria s. 

Step 2: Let A = F — Q be the opposite triangular splitting I. Its iterative sequence is 

Fx k = Qxk-i + b, where A is a circulant M-matrix or a circulant _ff-matrix. By Lemma 2.5, 

there exists an orthogonal matrix P such that 

P T FPP T x k+1 = P T QPP T x k + P T b. 

It is easy to know that F — P T FP and Q = P T QP are a left lower triangular matrix and a 
right strictly upper triangular matrix, respectively. Let 



%k P X k — (xk.lXk^: ' ' ' ^Xk n) , 

h= p T b^(b 1 h 2 ,---X) T - 

Step 3: For k = 1, 2, • • • , and for j = 1 to n, construct 

Xk,i — I bi ^ ^ ^i.sXk.s "i" ^ ^ Qi,sXk — l,s J • 

^«.» V s=l s=i+l J 

Step 4: If \\stk — Xk-i\\ < £, then stop, let x = Pik, which is an approximate solution to the 
linear system Ax = b: Otherwise set k = k + 1 and return to step 3. 



Algorithm 2 (opposite triangular splitting II) 

Step 1: Select an arbitrary starting point xq and a stopping criteria e. 

Step 2: Let A = R — V be the opposite triangular splitting II and its iterative sequence be 

Rxk = Vxk-i + b, where A is a circulant M-matrix or a circulant _ff-matrix. By Lemma 2.5, 

there exists an orthogonal matrix P: 

P T RPP T x k+1 = P T VPP T x k + P T b. 

It is easy to know that R = P T RP and V — P T VP are an right upper triangular matrix and 
a strictly left lower triangular matrix respectively. Let 

Xk P Xk (,Xk,lXk,2i ' ' ' j^fc,n) ! 

h= p T b = (b 1 h 2 ,---X) T - 

Step 3: For k = 1, 2, • • • , and for j = 1 to re, construct 

1 /- - ™ \ 

Xk,i = - — I h + Vi, s Xk-i,s - Ri, s Xk,s J • 

Step 4: If \\x k — x k _i\\ < e, then stop, let x = Px kl which is an approximate solution to 
the linear system Ax = b; Otherwise set k = k + 1 and return to step 3. 
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When the circulant matrix A is very large and sparse, the GMRES(m) algorithm is very 
useful to solve the linear system Ax = b. Using the circulant property of the matrix A, we can 
reduce a large of the cost of computation and store by means of GMRES(m) algorithm. 

Algorithm 3 (GMRES(m) algorithm) 

Step 1: Reduce the linear system Ax = b to 

P T APP T x = P T b. 

Let A = P T AP, x = P T x, and b = P T b. 

Step 2: Choose xo <E R n , calculate r — b — Ax and vi — r /\\r \\2- 

Step 3: Choose an appropriate m, obtain {w^}™ 1 and H m by the Arnoldi process. 

Step 4: Calculate y m — min yeR k\\/3ei — H m y\\2- 

Step 5: Obtain x m = x + V m y m . 

Step 6: Calculate ||r TO || = \\b— Ax m \\. For a given e > 0, if ||r m || < e, then stop, and we can 
obtain the approximate solution: x = Px. 

Step 7: Otherwise let x — x m , and v\ — r m /\\r m \\ 2 , return to step 3. 
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Abstract 

We characterize when iV-tuples B T a \ , • • • , B T a % of powers of unilateral weighted back- 
ward shift operators defined the space of all complex valued square summable sequences 
exhibit the d-mixing properties, and give several equivalent conditions of d-mixing 
properties. At the same time, d-mixing powers of bilateral weighted backward shifts 
on Banach sequence spaces are also discussed in this paper. 



1 Introduction 

Let N be the set of all positive integral numbers, K a real or complex scalar field, and the 
space of all sequences K N = {(x n ) n ; x n e K, n e N}. 
Let 1 < p < oo. Then the space 

V :=^x=(x n ) n eK n ^\x n \? <<x)j 

/ oo \ VP 

of p-summable sequences, endowed with the norm ||.t|| := ( \x n \ p I , is a Banach 

\n=l / 

oo 

space. In particular, I 2 is a Hilbert space with inner product defined by (x 7 y) :— x nVn- 

n=l 

Occasionally we let the index start with 0. The finite sequences, that is, sequences of the form 
(xi, ■ ■ ■ ,a;„,0, • • • ),n > 1, constitute a dense subset. Considering only the finite sequences 
with entries from Q or Q + iQ we see that any P, 1 < p < oo, is separable. The space l p (Z) 
of p-summable sequences, indexed over Z, is defined analogously. 
The space 

l°° := < x = (x n ) n e K N ; sup \x n \ < oo 
of bounded sequences, endowed with the sup-norm ||x|| := sup \x n \, is a Banach space. Since 

tiGN 

it is not separable it will be of less interest to us. Instead, its closed subspace 

Co := 1 x = (x n ) n E K N ; lim x n = } 

L n— >oo J 

of null sequences is a separable Banach space under the induced norm. 
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Definition 1.1. A Frechet space is a vector space X , endowed with a separating increasing 
sequence {p n ) n (by considering m&Xk n pk, if necessary) of seminorms, which is complete in 
the metric given by 



Let X denote separable infinite dimensional Frechet space, and by L(X) denote the space 
of linear and continuous operators on a separable, infinite dimensional Frechet space X. 

Definition 1.2. An operator T : X — > X is called hypercyclic if there is some x G X whose 
orbit under T is dense in X. In such a case, x is called a hypercyclic vector for T . The set 
of hypercyclic vectors for T is denoted by HC{T). 

The first examples of hypercyclic operators were on the space X = H(C) of entire 
functions on the complex plane C, endowed with the topology of uniform convergence on 
compact subsets of C. In 1929, Birkhoff [1] showed that the operators of translation on this 
space are hypercyclic. In 1952, MacLane [15] showed that the operators of differentiation are 
also hypercyclic. In 1991, Godefroy and Shapiro [13] provided a comprehensive extension of 
these two results to all convolution operators (but scalar multiples of the identity). Some 
other related classical results have been characterized, such as in [2, 6, 7, 12, 13, 9, 10, 20] 
and the related references therein. 

The first example of a hypercyclic operator acting on a Banach space was given by 
Rolewicz [16]. The example is the backward shift operator on l p , scaled by a constant 
greater than 1. The backward shift operator B on the space I 2 of all complex valued square 
summable sequences is defined by 



Since B is a contraction, B itself cannot be hypercyclic. It was shown in 1969 by Rolewicz [16] 
that if B is the backward shift, then AB is hypercyclic if and only if |A| > 1. It then follows 
easily that B itself is supercyclic. It was shown later in 1974 by Hilden and Wallen [14] that 
any (unilateral) backward weighted shift is supercyclic. In [18] and [19], Salas characterized 
the bilateral weighted shifts that are hypercyclic and those that are supercyclic in terms of 
their weight sequence. And, in [8], bilateral weighted backward shifts on I spaces are also 
discussed and hypercyclic and supercyclic properties are characterized, respectively. 

Recently, there have been an increasing interest in studying the disjoint hypercyclici- 
ty acting on different spaces of holomorphic functions. In [3] and [4], disjoint hypercyclic 
unilateral weighted backward shifts on co(N) or l p (N) are characterized and disjoint hyper- 
cyclic properties of unilateral weighted backward shifts arc also discussed. In 2012, in [5], 
the authors have showed that every separable infinite-dimensional Frechet space supports 
an arbitrarily large finite and commuting disjoint mixing collection of operators. When this 
space is a Banach space, it supports an arbitrarily large finite disjoint mixing collection of 
Co-semigroups. 

In this paper, we will discuss disjoint mixing powers of unilateral weighted backward 
shifts on l 2 (N) and characterize the equivalent conditions of disjoint mixing powers of bilat- 
eral weighted backward shifts on l 2 (Z). 

2 Preliminary definitions 

Definition 2.1. We say that N > 2 sequences of operators (Tij)°^ 1; (T^,j)°^ 1 on 
separable infinite dimensional Frechet space X, are d-topologically transitive (respectively, d- 
mixing), provided for every non-empty open subsets Vq, V\, ■ ■ ■ ,Vn of X , there exists m G N, 




B(a , ai, a 2 , ■ • • ) = (ai, a 2 , a 3 , ■ ■ ■). 



619 



ZHANG ET AL 618-625 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.4, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



Zhang and Zhou: Disjoint mixing weighted backward shifts 



so that 

9^v Q nTrX(Vi)n---nT^ m (v N ) 

( respectively, so that ^ Vq fl T-j - - (Vi) PI - - - l~l T^j-(Vat), for Vj > to,); we say 

i/iai Ti, • • • , Tjv are d-topologically transitive ( respectively d-mixing), provided {Tl)'?L 1 , ■ ■ ■ , 
(T^ f )jL 1 are d-topologically transitive sequences (respectively, d-mixing sequences). 

Definition 2.2. We say that N > 2 hypercyclic operators T l7 T 2 , • • • , T N acting on separable 
infinite dimensional Frechet space X are disjoint , or diagonally hypercyclic (in short, d- 
hypercyclic) , provided there is some vector (z,z,- ■ ■ , z) in the diagonal of X N = X x X x 
• • • x X such that 

{(z,z,--- ,z),(T lZ ,T 2 z,--- ,T N z),(T?z,Tlz,--- ,T%z),---} (z € X) 

is dense in X N . We call the vector z e X a d-hypercyclic vector associated to the operators 
T\ , T 2 , ■ ■ ■ , T N . 

Definition 2.3. We say that N > 2 sequences of operators (Tij)JL- L , ■ ■ ■ , (TV.j)^Li on se P' 
arable infinite dimensional Frechet space X are d-universal (respectively densely d-universal) 
if 

{(T ltj z,--- ,T NJ z) :jeN} 

is dense in X N for some vector z G X (respectively for each vector z in a given dense subset 
of X ). We call such vector z a d-universal vector for (Tij)j2. 1 , ••• , (T^j)°^ 1 . Also, we 
say that {Tij)jL 1 , • • • , CT/v,j)^Li are hereditarily universal (respectively hereditarily densely 
d-universal) provided for each increasing sequence of positive integers (nk) the sequences 
(Ti,n k )kLi, ■■■ , {TN,n k )kLi are d-universal (respectively densely d-universal). 

3 Disjoint mixing unilateral weighted backward shifts 

on / 2 (N) 

In this section, X = i 2 (N) over the real or complex scalar field K and, given a bounded 
sequence a = (ak)k of non-zero weights, let B a : X — > X be the unilateral weighted shift: 

x = (x ,xi, • • •) ^ (aixi,a 2 x 2 , ■ ■ •) 

Theorem 3.1. Let X = l 2 (N), and let integers 1 < n < r 2 < ■ ■ ■ < rjy be given. For each 
1 < I < N, let ai — (ai.k)kLi be a weight sequence and B ai : X — > X be the corresponding 
unilateral backward shift 

B ai 

x = (x , xi,---) -> {ai t ixi,ai t2 x 2 , ■ ■ •) 

And, let • • • , B^™ be mixing on X = Z 2 (N). Then the following are equivalent: 

( a ) B a\ > ' ' ' . B a% are d-mixing. 

(b) The following conditions hold: 

lim \ai i • • • at r , n \ = +oo, (1<1<N) 

n— >+oo 

lim | \ a ^--- a i^n\ = +Qo ^ (1 < s < I < N) . 

n->+oo |a s jl+ ( ri _ rs ) n • • • a Sir , n | 

(c) B* 1 ,--- ,B™ satisfy the d-Hypercyclicity Criterion with respect to some syndetic 
sequence. 

(d) B r a \ , • • • , B™ are hereditarily densely d-hypercyclic with respect to the sequence (n). 



620 



ZHANG ET AL 618-625 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.4, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



Zhang and Zhou: Disjoint mixing weighted backward shifts 



To prove the theorem, let us state d-Hypercyclicity Criterion and a couple of results, 
which are used in the proofs of the main theorems. 

Definition 3.2. Let (rife) be a strictly increasing sequences of positive integers. We say that 
7i,T 2 , • • • -,Tff £ L(X) satisfy the d-Hypercyclicity Criterion with respect to (nk) provided 
there exist dense subsets Xq, X\, ■ ■ ■ , Ajy of X and mappings Si^k ■ X[ — > X(l < I < N,k <G 
N) satisfying 

(i) T" fc — > pointwise on Xq, (3-1) 

k— >oo 

(ii) Si t k ~~ ^ pointwise on A/, and (3-2) 

k— >oo 

(Hi) (T" k S iik - Sijldx,) -> pointwise on X t (l<i<N). (3.3) 

fe— >co 

In general, we say thatTi,T 2 , ■ ■ ■ .,7V e L (X) satisfy the d-Hypercyclicity Criterion if there 
exists some sequence (rife) for which the above is satisfied. 

Lemma 3.3. [4, Proposition 7] Let T\,T2,--- .,7V satisfy the d-Hypercyclicity Criterion 
with respect to a sequence {n k }. Then the sequences {T™ k }^ =1 , • • • , {T^ r k }^ =1 are d-mixing. 
In particular, 7i, T 2 , • • • ., TV are d-hypercyclic. 

An increasing sequence of positive integers {n^} is syndetic if 

sup{n fe+ i - n k } < oo. 

k 

We say that T satisfies the Hypercyclicity Criterion for a syndetic sequence if the sequence 
{nk} is syndetic in the above criterion . Notice that a large class of hypercyclic operators 
satisfies the Hypercyclicity Criterion for a syndetic sequence, for instance: XB where |A| > 1 
and B is the backward shift on £ 2 = £ 2 (N) (the Hilbert space of square summable sequences) . 

Theorem 3.4. Let Ti,T 2 ,--- ,Tn be operators acting on separable infinite dimensional 
Frechet space X. Assume that T\,T2,--- ,7V satisfy the d-Hypercyclicity Criterion with 
respect to some syndetic sequence {n^,}. Then T\,T%, ■ ■ ■ ,T/v are d-mixing. 

Proof. Let Vo, V\, ■ ■ ■ ,Vn be open and non-empty subsets of X. Since the sequence {n k } in 
the d-Hypercyclicity Criterion is syndetic, there is some positive integer m such that 

nk+i — nk < m, Vfc > 0. 

For i — 0, 1, • • • ,m and I — 1, ■ ■ ■ ,N, consider open sets Vj,j such that T* (Vij) = Vi- 
Pick y e Vo n X and take e > such that the ball B(y ,(N + 1) e) C V . Also, for 
each i — 0, 1, • • • , m and I = 1, • • • , N, take yn e V/^ n A; and we may assume that e is 
small enough such that the ball B (A + 1) e) C V^. In what follows we write where 
||x|| = d(x,0) is the complete invariant metric of the Frechet space. By (3.1), (3.2) and 
(3.3), there exists fco € N so that T^yo, Si^yi,i and (Tp k Sj^yj.i — ^j,Wj,i) belong to 
B (0, s) for Vfc > k , 1 < j < N, and < i < m. 

Set N\ — nk , and let n > N\. It is followed that there is some nk with k > k and 
< r < m such that 

n = n k + r. 
Then y n := y + E^Li S j-n k yj,r & V and 

TT»n = r ; "yo + , TrSj^r C Tf(B ( Wir , (A + 1) e)) c Vi (1 < I < N) . 
That is, 

V n Tf n (Vi) n ... n T w " (W) ^ for each n > N±. 
So Ti , T 2 , • • • , are d-mixing. □ 
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Now, we can prove Theorem 3.1. 

Proof, of Theorem 3.1. 

(a) (b). Let e > and pick < S < 1 with ^ < e. Since B r a \ , • • • , are d-mixing, 
there exists m € N, for all j > m, all 1 < I < N so that 

y ° n £A< jri W)^- 

In particular, let Vo = V\ = ■ ■ ■ = Vn = {x G X; \\x — e || < 5}. Then there exists a vector 
x = (x , xi, • • •) and m e N (m > 1), for all n > m > 1, for fc > r x n, we have 

\xk\ < <5 

||5£ n :r-e || < (5(1 < / < N) (3.4) 
Then for I = 1, • • • , TV, we get 

1 - 5 < |a/,i • • • a;, nn a; rin | < 1 + 5, 

• • • 0>l,i+rinXi+rw\ < S, i > 0. (3.5) 

Now, let 1 < I < N be fixed. Combining (3.4) with (3.5), we get 

, 1-5 1 

\a>l,i, ■ ■ ■ o>i,rm\ > — ^ — > -■ 

And, for 1 < s < I < N, it follows from (3.4) and (3.5) that 

' ' ' a l,rin I ' ' ' ^l,rinXrin\ 

\ a s,(ri— r s )n+l ' ' ' a s,r;n| | a s,(r t — r 3 )n+l ' ' ' a s,r t n x (n —r„ )n+r s n \ 

1-6 1 

6 e 

(b) => (c). Now, let X a = span{e ,ei ■ ■ ■} . Notice that A is dense in X, and that 
gnn _j. q p i n t w i S e oilo (1 < Z < iV), consider the mappings Si „ : X — > X given by 

71— >oo 

.to a%- 



Sj.n (x ,Xi ■ ••) = I 0, - • ,0, — 

a;,ifl;,2 ■ ■ ■ a;,r,n a;,i+jO;,2+j ■ ■ ■ a>i,nn+j 

Therefore, B^\ n S^ n = Idx and since (b) holds, Si n ~~ pointwise on A (1 < I < N). 
Now, for 1 < s < I < N and since r 8 <r u we get B r a \ n S s , n -> 0. And B^ n S tn ^ on 

n— !-oo ' n— !-oo 

X . Then, , • • • , satisfy the d-Hypercyclicity Criterion with respect to the sequence 
(n). 

(c) (a). By Theorem 3.4, it is obvious. 

(d) (a). An application of the Baire theorem shows that if X is Bairc and second 
countable, then a sequence ?2,n, ••• , 7fe i „)}„ e z + is d-transitive if and only it is densely 
d-universal. Clearly, a sequence {(Ti in , T 2 ,„, • • • , 7fe in )}„ e z + is d-mixing if and only if its 
every subsequence is d-transitivc. Again, we know that £?„J , • • • , B™ are d-mixing if and 
only if B^\ , • • • , B^* are hereditarily densely d-hypercyclic with respect to the full sequence 
(n). □ 
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4 Disjoint mixing bilateral weighted backward shifts on 

/ 2 (Z) 

In this section, we characterize the equivalent conditions of disjoint mixing bilateral weighted 
backward shifts on 1 2 {7L). 

Theorem 4.1. Let X = l 2 (Z). For each 1 < I < N, let a; = (a; ,j)j eZ be a bounded bilateral 
sequence of non-zero scalars, and B ai : X — > X be the corresponding backward shift given by 

B ai e k = a; ;fe e fe _i (k G Z) 

For any integers 1 < r\ < r 2 < • • • < rjv, let B^\, • • • , B^™ be mixing on X = l 2 (Z). Then, 
the following are equivalent: 

(a) B 1 ^ , • • • , B r a ™ are d-mixing. 

(b) The following conditions hold: 



]im IIl£i«Ml=+°° 

p— >+oo 



lim 

p— >+oo 



ai., 



= 



, 1 < I < N 



(4.1) 



|n2Tia«, 



lim 

lim \nzUn-^ ai - 

p^+<x> |n[i!a s ,,| 



oo 







1 < s < I < N 



(4.2) 



(c) £>^,--- ,B r a ™ satisfy the d-Hypercyclicity Criterion with respect to some syndetic se- 
quence. 

(d) B^\ , ■ ■ ■ , B™ are hereditarily densely d-hypercyclic with respect to the sequence (n). 

Proof, (a) (b). Let e > and pick < S < 1 with ^ < £• Since B r a \ , • • • are 
d-mixing, there exists a vector a; = (x , £i • • •) so that 



\x — e | < 8. 

and m € N (m > 0), for all p > m > 0, for k > r\p, we have 

I ark I < 8, 
\\B r a fx - e \\ <S (1 < I < N). 

It follows from (4.3) that 

( \x - 1| < S, 

{ \ Xi \ < S, if|i| > 0. ' 

Now, by the definition of bilateral shifts, (4.4) and (4.5), we get 



np 



1-5 1 

> — r~ > " 



(4.3) 



(4.4) 
(4.5) 



Similarly, since \pri\ > 0, we have 



o 

n °' 

i=\-rip 



< i^s <£ 
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Besides, if 1 < s < I < N, by he definition of bilateral shifts, (4.4) and (4.5), we easily get 

instil uTinp 



n 



rip 



=(n-r s )p+l a <M 



> \(U t =iai,i) x pn\ > 



1-5 1 

£ 



Similarly, if 1 < s < I < N, we get 







r s p 


H ai ' 1 


< e 


\\ a s,i 


i=l-(r t -r s )p 







(b) (c). By assumption, (4.1) and (4.2) hold. Now, let X := span{e k : k <E Z}. By the 
definition of bilateral shifts, (4.1) and (4.2), we get (-BIj) — > pointwise on X . And for 
each 1 < I < N, let : A — > X be the linear map given by 

Si, n ek = 1 e k+rin (k e Z) . 

a;,fe+ia;,fe+2 ■ ■ ■ ai,k+r t n 

By (4.1), S 1 / „ — > pointwise on A . And (13%)™ Si n = Idx - At the same time, for 
1 < s < I < N, we know 



T-rk+r s n 

(R r 'X n ? r, - ni = k -( r i-r s )n+l a W- 

{■"at) J s,n^k — k +r s n ^k+r e n-rini\i^ c 



Therefore, By (4.2), S s „ -> 0. Similarly, for 1 < I < s < N, we have 



(BZ) n S ltn e k 



n 



fe+r/ n 

i=fe+( ri -r s )n+l a «/ 



nfe+r ; n 
»=fe+l U M 



e fc+r/n— r s n> (^ £ Z) . 



By (4.2), (£:»)" ^ n ~> pointwise on X . So B£ , • • • , satisfy the d-Hypercyclicity 

Criterion with respect to the sequence (n). 

(c) (a). By Theorem 3.4, • • • , B r a % arc d- mixing. 

(d) <^=> (a). It is obvious. □ 
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SOME IDENTITIES INVOLVING ASSOCIATED SEQUENCES OF 
SPECIAL POLYNOMIALS 



TAEKYUN KIM 1 AND DAE SAN KIM 2 



Abstract. In this paper, we study some properties of associated sequences 
of special polynomials. From the properties of associated sequences of polyno- 
mials, we derive some interesting identities of special polynomials. 

1. Introduction 

For r e R, the Bernoulli polynomials of order r are defined by the generating 
function to be 

/ f \ T OO „ 

— e°* = '£BP(x)- (reR), (sec [12,13,14,18,21]). (1.1) 

^ ' n=0 

In the special are called the n-th Bernoulli numbers of 

order r. It is also well known that the Euler polynomials of order r are defined by 
the generating function to be 

(—J e * = ££#■)(*)-, (rel), (sec [9,10,11,19,20]). (1.2) 

Let x = 0. Then E ( n r) (0) = E n r) are called the n-th Euler numbers of order r. 
Let F be the set of all formal power series in the variable t over C with 



a k € C } . (1.3) 



{ k=0 

Let P be the algebra of polynomials in the variable x over C and P* be the vector 
space of all linear functionals on P. The action of the linear functional L on a 
polynomial p(x) is defined by (L \ p(x)) and the vector space structure on P* is 
derived by (L + M\p{x)) = (L\p(x)) + (M\p(x)), (cL\p(x)) = c{L\p{x)), where c is 
a complex constant. 

For f(t) — X^fclo lt\t k € T, we define a linear functional on P by setting 

(f(t)\x n ) = a n , (n > 0), (see [3,8,17]). (1.4) 

By (1.3) and (1.4), we get 

(t k \x n ) = n\6„ tk , (n, k > 0), (see [4,5,7,10,17,18]), (1.5) 

where S nt k is the Kronecker symbol. 

Let f L (t) = ZZo ^kP~t k - Then > b y (1-5), we get (f L (t)\x n ) = (L\x n ). So, we 
see that fh(xt) = L. The map L i-> /z,(i) is a vector space isomorphism from P* 
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2 TAEKYUN KIM 1 AND DAE SAN KIM 2 

onto J 7 . Henceforth, T is thought of as both a formal power series and a linear 
functional (see [4, 6, 8, 17, 18]). We call F the umbral algebra. The umbral calculus 
is the study of umbral algebra (see [4, 10, 17]). 

The order o(f(t)) of the non-zero power series f(t) is the smallest integer k for 
which the coefficient of t k does not vanish. If o(f(t)) = 1, then f(t) is called a delta 
series and if o(f(t)) — 0, then f(t) is called an invertible series. Let o(/(t)) = 1 and 
o(g(t)) = 0. Then there exists a unique sequence S n (x) of polynomials such that 
(g(t)f(t) k \S n (x)) = n\5 nt k where n, k > 0. The sequence S n (x) is called Sheffer 
sequence for (g(t),f(t)), which is denoted by S n (x) <~ (g(t),f(t)). If S n (x) <~ 
(1, f(t)), then S n (x) is called the associated sequence for f(t). By (1.5), we see that 
(e*\p(x)) =p(y). 

Let /(i) e J 7 and p(ar) e P. Then we have 

/(*) - E - £ (see [10,17]), (1.6) 

and 

(/l(*)/2(t)"-/ ro (i)k n >= E (,• " ,• ) (/lWl^ 1 )-"(/m(*)l^ 1 >. 



(1.7) 



iiH Mm.— 71 

where /i(t), / 2 (i), • • • , / m (i) € J 7 , (see [4, 10, 17]). From (1.6), we have 

p< fc >(0) = (t k \p(x)) , (l \p™(x) ) = p«(0). (1.8) 
Thus, by (1.8), we get 



t k p(x)=pW(x) = (fc > 0), (see [17]). 

For S n (x) ~ (g(t), f(t)), we have the following equations: 



(1.9) 



Sn(z + y) = E ^^(^^-fc^)' whcre Pfe(y) = 9(t)S k (y), (l.io) 



fe=0 

and 

-ri-^e^W = £ for all y e C (sec [10,15,16,17,18]), (1.11) 

where /(i) is the compositional inverse of f(t). 

Let p n {x) ~ (l,/(t)) and g n (x) <~ (l,g(i)). Then the transfer formula for asso- 
ciated sequence implies that, for n e N, 

g„(aO = x x- V(z), (see [11,17,22]). (1.12) 

Now we introduce several important sequences which are used to derive our results 
in this paper (see [10, 11, 17]): 
(The Poisson-Charlier sequences) 

C n (x;a) = ]T (?) (-l)"-*a- fc (x) fc ~ (e^ 1 ), o(e* - 1)) , 
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where a ^ 0, (x) n = x(x — 1) • • • (x — n + 1), 

n +k / + \ n 

£C n (fc;a)|je-*= ^ , (»/0), neNU{0}, (1.13) 
(The Abel sequences) 

A n (x; b) = x(x - bn) 71 - 1 ~ (l, te bt ) , (b ^ 0), (1.14) 
(The Mittag-LefHer sequences) 

M « (*) = E (fc) ( n - l )n-k2 k (x) k ~ (l, , (1.15) 

(The exponential sequences) 

n 

<j> n {x) = &(«, fc)^ ~ (1, log(l + t)) , (1.16) 

fc=0 

and 

(The Laguerre sequences) 

-£(; 1 1) =[<-.)' -(i.^)- 

In this paper, we study some properties of associated sequences of special poly- 
nomials. From the properties of associated sequences of specials polynomials, we 
derive some interesting identities involving associated sequences of special polyno- 
mials. 



2. Associated sequences of special polynomials. 
As is well known, the Bessel differential equation is given by 

x 2 y" + 2(x + l)y + n(n + l)y = 0, (see [1,2]). (2.1) 

From (2.1), we have the solution of (2.1) as follows: 

^> = £<^(f)'.<-[l,2]>. ,2.2) 

Let us consider the following associated sequences: 

Pn (x) ~fl,t-M, x n ~ (l,i), (sec [1,2,10,17]). (2.3) 
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From (1.12) and (2.3), for n e N, we have 



p n (x)= x [-L T ) x - x x n = x ( 1 - l - ) x"- 1 



oo/ \ / \ k 

-n\ , I t 



k=0 



n-i 



= ,gf n + "" 1 V'V(n-l)^- 1 - fe (2.4) 



fe=0 



= yi (n + fc-1)! /l\ fc 
2-jfc!(n-l-fc)! 

(2n-fc-l)! /l 

By (2.2) and (2.4), we get 



x n - k 



n—k 



Pn(x) = x n y n _ 1 (^ ~ (2-5) 
From (1.11) and (2.5), we can derive the following generating function of p n (x): 

E»o4 = e * (l ~ (1_9t)a) ' ( 2 - 6 ) 

fe=0 

and, by (1.10), we get 

(x + y ryn-x (^) =g QxV- fc Wfc -x (J) • (2-7) 

By (1.12) and (2.3), we get 

z"=a^^i^ ^VW-^(^) a;-Vn(x). (2.8) 

Thus, by (1.13), (2.4) and (2.8), we get 

/ f _<2\ 2 00 fk 

(-i) n x n - i = — - a; -vw = E c "( fc ; 2 )|, e " t ( a; " 1 f«( a; )) 



2 i ' 

7 k=0 

n— 1 

= E^( fc ;2)^(^-i)~Vn(^-i) 



■1-fc 



m=0 fc=0 



(2.9) 
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From (2.8), we have 



x 



^ ""^T 1 fn\ (2n-m-fc-2)!(-l) fc / 1 \ 

h h W ^ + )?C (m + fc)!(» - m - 1 - fc)! U J 

n— 1 f n— m— 1 ✓ 1 

E E (2 

m=0 L fc=0 V 



(2.10) 



n\ (2n — m — k — 2)! 



K kJ m\{n — m — k — 1)1 J 
Therefore, by (2.9) and (2.10), we obtain the following theorem. 
Theorem 2.1. For n € N, we ftawe 

m=0 fc=0 V 7 V ' K J \ / 

Moreover, 

"f 1 ,^ /IX— 1 / n \ (2n-m-fc-2)l 
^ 1 ; V 2 / W m!(n-m-fc- 1)! 

where < m < n — 2. 

Let us consider the following associated sequences: 

p„(x) - (l, ie^ 1 ') , c ^ 0, A„(x; 6) = x(x - on)™" 1 - (l, te bt ) ,6^0. (2.11) 

By (1.12) and (2.11), we get 

We recall that Newton's difference operator A is defined by A/(x) = /(x+1) — /(x). 
For neN, we easily see that 

A>(x) = p Q (-l) n - k p(x + fc). (2.13) 

By (2.13), we get 



(e 4 - l) fe p(x) = E ( / j (-l) fc -'e"p(aO = E ( J (-^"V* + = A fc ^)- 

(2.14) 



z=o v 7 z=o 
In particular, if we take p(x) = x"^ 1 , then we have 



(e*- l)^"" 1 =J2 ( fc )(-l) fe - j (a ; +j)"- 1 . (2.15) 
j=o ^- ?7 
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From (2.12) and (2.15), we have 

^) = *EE^(!)(«+r 1 ~(i,^- 1) ),c^. (2.i6) 

k=0 j=0 ' 

Therefore, by (2.16), we obtain the following lemma. 

Lemma 2.2. For c^O and neN, let p n (x) <~ (l^e ^' 1 ^. Then we have 



k=0 j=0 V 



n-1 



From the definition of Abel sequences and (2.11), we note that 

te bt 



{ te< et -V\ 

A n (x;b)=x(x-bn) n = x I — x p n (x) 



/ oo (-6)/ \ \ " ( 2 - 17 ) 
= x (e^^ 1 ^)) VV(*) = x I p a - L ~{r^A x-hnix), 

where a!£\x) ~ ((1 — i) _/3 ,log(l — t)) is the actuarial polynomial with the gener- 
ating function given by 

1=0 ^' 

By Lemma 2.2 and (2.17), we get 
A n (x;b) 

-{£ E ( il ,:", 1 >:r"M-«i:"<-)S} 



-e e ftf^OC, ra JG)(n<'Vc))(<^)(, +J) 

(2.18) 

Therefore, by (2.18), we obtain the following theorem. 
Theorem 2.3. For n > 1, b ^ 0, c ^ 0, we have 



n—l—m 



A n (x;b) 

e e ee (",; ') ra , ) © ( n ) ) + « 



-x 



n—l—m 



For (2.17), we note that 

A n (x;6) = x (e« et -Vy e-^x-^x) 

= x (e^'- 1 ))" (x - nb)- 1 Pn {x - nb). 



(2.19) 
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By (1.16) and Lemma 2.2, we easily see that the generating function of exponential 
sequences is given by 

OO 

fe=o K - 
From (2.19) and (2.20), we have 

A n (x; b) 

[ m =o; 1+ ...+; n = m Vi. y. =1 J m.j 

m =oj 1+ ...+j n = m Vi.'-.W \ j=1 / m - fe=0j =o K - 



(.t — nb + j) 



n-l 



e £ , t( B ;0( h m OC)(n*.w) fc ^<'-"» + ^ 

m= o; 1+ ... +(n = TOfe =oj=o v m / v f i'- vj/ y j=1 y 

(2.21) 

Therefore, by (2.21), we obtain the following corollary. 
Corollary 2.4. for n > 1, b ^ 0, c ^ 0, we have 
A n (x;b) 

71—1 n—1 k 



Note that x" - (l,i). By (1.12), (1.13) and (1.17), we get 
L n {x)=x(^-^J x"V = x(t - lfx™" 1 

(n — 1 \ n— 1 j. 

2 C„(fc; l)^e-« x- 1 = x ^ C„(fe; l) M (x - l)- 1 
fc=0 ' / k=0 

n — 1 / _,\ n—1 / 1 \ 

fc 



Ti— m— 1 



= x^C„(fc;l)(\ ^(z-l)"- 1 -^^ (" ^C^n-l- 

fc=0 ^ ' k=0 ^ ' 

(2.22) 

Therefore, by (2.22), we obtain the following theorem. 



Theorem 2.5. For n > 1, we have 

n-l 



n—i / _ i \ 

L n (x) = x [ k )Cn(n - 1 - k; l)(x - l) k . 

Mott considered the associated sequences for /(f) = fz^- That is, the Mott 
sequence is given by 

S n (x) ~ (l, ^) • (2.23) 
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From (2.23), we note that the generating function of Mott sequences is given by 

By (1.12), (1.17) and (2.23), we get 

S n (x) = x ( 4jg- j x~ 1 L n (-x) = x (—^J x~ 1 L n (-x) 



i-t 2 . 



= 2~ n x{t - lrx^L^-x) = 2~ n x [ °n(k; l)^e-* ) x^L^-x) 



2~ n x J2 Cn(k; l)^(x - l)" 1 L n (l - x) 

k=0 

n-l 1 n , i\ I 



fc=0 

/„ 1 \ /; 1 \ ( a\ 

l-l-k 



2' 

fe=0 i=l 



Thus, by (2.24), we obtain the following lemma. 

Lemma 2.6. For neN, iei S n (x) ~ (l, f^r) ■ Then we have 

n\ /n- A /I — 1\ C„(fc;l) 



(2.24) 



fe=0 ( = 1 v 7 v 7 

As is known, we have 

~ (l,t (^)°) . - (m , (2-25) 

where a, 6 are positive integers (see [10, 11, 17]). For n > 1, by (1.12) and (2.25), 
we get 

* \ a \ n 

L] x-'Btiix) 

(2.26) 



Thus, by (2.26), we get 



(t i 1 \ w / t i \ an 

^P) ^i-1W=(^J B^l(x). (2.27) 
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bn 



k ~° ' ' (2.28) 



LHS of (2.27) = 2- bn (e* + l) b " E^\{x) = 2~ hn e kt E^\ (x) 

fc=0 ^ ' 

-J (an)\J2S2(l,an)-B < n m l(x) 



I— an 

71-1 



£ J^y S2{l + an > an)(n 



n-l 



(2.29) 



where S^n, k) is the Stirling number of the second kind. Therefore, by (2.28) and 
(2.29), we obtain the following theorem. 

Theorem 2.7. For n > 1, a, b e N U {0}, we have 

£ (t>»^> = „ +OT ,t-,-i,.^-> i «-w- 

The Pidduck sequences is given by 

*M~(inTi£)- < 23 ») 

From (2.30), we can derive the generating function of the Pidduck sequences as 
follows: 

00 t k /1 \ +\ x 

E^^a-*) -1 ^) • (2-31) 
Let S^ar) - (l, ^3-). Then, from (1.12), (1.15) and (2.30), we have 

M n (x) = -^Pnix) = x [g] x-^„(x) 



e* + l 



(2.32) 



= 2"a^ — -) aT 1 ^*). 

By (1.12), we easily get 

S n (x) =x[^±\ x~ L x n = 2- n x(e t + l) n x 



it \ 

e* + l 1 — i n o— , T\nn—1 



2- n xJ2 ( n )e> t x n - 1 =2- n x£ ( U ) {x+j) n -\ 



(2.33) 
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From (2.32) and (2.33), we have 

M n (x) = Tx (-±\ " (V" ± («) (* + jr A 

V / (2.34) 

By (2.32) and (2.34), we get 

PnW = \{e* + l)M n (x) = i(e« + 1) £ ("^n-iO* + J) 

= 2 E (") {(* + ^--i^ + 1 + + +i)} 

= 5 |E ((,• ! x ) (* + !) + (")*) ^-i^ + J) + (* + ^lO" + » + !) + ^i(-) 

-iS{( B r> + G-i)}^" + * 



(2.35) 



Therefore, by (2.35), we obtain the following theorem. 
Theorem 2.8. For n > 1, we have 

"■w-ig{cr> + G-.)}^ + * 

Let us consider the following two associated sequences: 

Sn(x) ~ (l, , M n (x) - (l, ^) • (2.36) 

For n > 1, by (1.12), we get 



S n (x) = X (^r\ X^M^X) 
\ e* + l / 

= 2- n x(^—^j x^M^x) 



(2.37) 
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By (2.34) and (2.37), we get 

1 °° t l 
S n (x) = T n x-n\ J2 S 2 (l, n) -x^M^x) 

l—n 



= n j2 nls f + + ;> n \ ^M ni x)) 

i=o \ L ^ n >- 

n—1 | n / \ 

= 2 ~ nx E jiTn)M l + n > n ) E (■) (» - + i) 



(2.38) 



^ " (")S 2 (Z + n,n) , . 

-^ ( -i) l g§ ( ,!; ) B) ;_,_ ) 1) , ig»(»^ 

Therefore, by (2.33) and (2.36), we obtain the following theorem. 
Theorem 2.9. For n > 1, we have 

AAA, Q)5 2 (/ + n,n) 

j=0 VJ 7 Z=0 j=0 v ' y 1 

Moreover, 

E ( " V" 1 - ^ - D! E E 



By (1.15), we get 



fc-i 

n 1 



a:- 1 M n (a;) = V (n - l)„_ fe 2 fe V S 1 (k - l,j)(x - 1)', (2.39) 
fc=i W j=0 

where S\(k,j) is the Stirling number of the first kind. From (2.38) and (2.39), we 
can derive 

71-1 



S n (x) = 2- n xJ2 77V ] S *( l + n,n)t l (x~ 1 M n (x)) 
i=o ^ n '' 

n— 1 | n / \ k—1 

= 2 ~ nx E (iT^)! 52 ^ + n ^ E (I) (» - i)-^ 2 " E ^ - ^'X* - !) J 

j=0 (=0 fc=j + l v 7 v ; 



j=0 Z=0 fc=j + l v ; v ; 

(2.40) 

Therefore, by (2.33) and (2.40), we obtain the following theorem. 
Theorem 2.10. For n > 1, we have 

u V- a)2 fc 5 2 a + n,n)5 1 (fc-l, J )j! 1 



3=0 VJ/ j=0 1=0 k=j+l 
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Remark. From (2.34), we note that 



fe=0 

By (2.38) and (2.41), we get 

n — 1 . 



1 M n (x)=f2( r £)(x + k--L)n-i. (2.41) 



S n ( X ) = 2~ n X J2 JTT^ S2{1 + H ) tl ( X ~ lM n( X )) 

n—1 | f 71 / \ \ 

= 2 ~"* £ Jf^n)M l + "•"><' ( f (I) <* + * " !)»-. J 
i=o (=0fc=0 + 



(2.42) 



j=o ;=o fe=o 
So, by (2.33) and (2.42), we get 



(2.43) 

The Narumi polynomials Nn'\x) of order a is defined by the generating function 
to be 

£^ = («l±i))V + t )'. (2.44, 

k=0 ' ^ ' 

Thus, from (2.44), we see that 

Ni a) (x) ~ ((^) ,e* - l) , (see [17,18]). (2.45) 

In the special case, x — 0, N^ a \o) = are called the fc-f/i Narumi numbers of 
order a. If a = 1 in (2.45), then we will write N n (x) and N n for Nn\x) and A^ 1 '. 
By (1.12) and (1.16), we get 

= x E fcl — * P " ^^E-fe-^- 1 )^ (2.46) 

\fe=0 / fc=0 

k=0 ^ ' fe=l ^ ' 

Therefore, by (1.16) and (2.46), we obtain the following lemma. 
Lemma 2.11. For n, k <G N with k < n, we have 
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By (1.12), (1.16) and (1.17), we get 

Mx)=X {(l + t)lo g (l + t)) z" 1 ^-*) 



n—1 n /n-lW(-l\ 

= - ! E E li =4r Ai ^- n) (-ny- fe 

k=0 l=k+l 

fc=0m=l V 
n (ji—m f n—1 W/s+m— 1\ ^ 

= n! V V lfc+ ";7 in * V ~ K) (-n) 



From (1.16) and (2.47), we have 

n—m ( n—1 \ /fe+m— 1\ 

S 2 (n,m) = n! £ ( fc + m) ! ^ ""V"), (2-48) 
where 1 < m < n. 

Therefore, by Lemma 2.11 and (2.48), we obtain the following theorem. 



Theorem 2.12. For to, n G N with m < n, we have 

/ 1 \ n—m { n—1 \ /fc+m— 1\ 

U-v ^ (fc+m)! fc 1 '■ 



It is well known that 

\ n oo 

? (k-n+l) 

fc=0 



, \ n oo ^ 

bgij+t)) ^-'^ 



(l + tf-^^sf-^^)-, (see [17]). (2.49) 
Thus, by (2.44) and (2.49), we get 

E^^Wf - (tgr+o) ('+')-' "E^i-Dfi- <"») 

By comparing the coefficients on the both sides of (2.50), we get 

Bt n+1 \x)=Ni- n \x-l). (2.51) 
Therefore, by (2.51), we obtain the following corollary. 
Corollary 2.13. For m,n <G N with to < n, we have 

, s n—m ( n—1 \/k+m—l\ 

\m-lj n ~ m [ ) H - ^ [ (fc + m)! * k ( n+ly 



638 



KIM ET AL 626-642 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.4, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



14 TAEKYUN KIM 1 AND DAE SAN KIM 2 

Let us consider the following associated sequence: 

S n (x) ~ (l,t(l + t)°), a^O. (2.52) 
Then, by (1.12) and (2.52), we get 

S n {x) = x( 1 - \ x~ x x n =a;(l+t)- a ™a;"- 1 



n — 1 / \ n—1 



For n > 1, from (1.16) and (2.52), we have 



= X {l^+tj) ( 1 + t r-- 1 S n ( X ) (2.54) 
\fe=o / 



By (2.53) and (2.54), we get 

— N k ( an ) V 



»(*) =* e ^^v^ e ( ;Z) (»- ^-'^ 

i— 1 A r(-n)/ \ n / 

r-^ iV^ '(an) ^ (—an 



kJL-\ 



x ^^_pi E (n _ 1)n _ l(Z _ 1)fciB 

fe=0 ' Z=fc+1 v 7 

n—1 n / — an\ /l—l\ 

fc=0J=fc+l ^ '' 

n—1 7i — k ( — an \ /fe+m— 1\ 

(n-l)\y y U ;f- mn * ; jV^ n) ( n)a: m 
v ' ^ ^ (k + m - 1)! fc 

fe=0m=l v 7 



J-l-fc 



= («-!)' E E yr+m-l). 

m=l L fc=0 V ) 
n ( n—m I — an \ (k+m— 1\ ^ 
/ i\. ST^ I \n-k-m)\ k ) D (/c-n+l) / , i \ I r, 



i7 (~n) 

(k + m-l)\ 

m=l y k=0 y ' 
n ( n—m ( —an \ (k-\-m— 1\ 

,(fc-n+l) 

(k + m-l)\ 

m=i y k=0 y ' 

Therefore, by (1.16) and (2.55), we obtain the following theorem. 
Theorem 2.14. For m, n <G N with m < n, we have 

n—m ( —an \ /fe+m— 1 



(2.55) 



v n—m ( —an \ /k+m— 1\ 

l : i >(-_r i) (i)=(-i)! e 7r + m i-i)! V fc -" +i WD. 

' fe=0 
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Remarks (I). For n > 1, we have 



15 



c" = ,(i^^)Vv„(*) 



n { n—m 



= E E 



k + m — 1 
k 



S 2 (n,k + m)N { k n) }x 



(2.56) 



m=l k fe=0 

By comparing the coefficients on the both sides of (2.56), we get 



E 

fe=0 



k + m — 1 



5 2 (n, fc + m)A^ n) = 5 m . n , 



(2.57) 



where 1 < m < n. 

(II). For n > 1, we have 



£ tl (-i) = a; 



log(l + 1) 



t 

l+t 



n f n—m 

= E E 

m=l L fc=0 

By (1.17) and (2.58), we get 
n — 1 \ n! 



a; Vn(a;) 
k + m — 1 



(2.58) 



S 2 (n,Hm)JV[''(n) / 



m — 1 / m! f— f 



fe=0 



fc + m — 1 



S 2 (n,fc + m)iV j [ n) (n) 



(2.59) 



where 1 < m < n. 

As is known, the Laguerre polynomials of order a are given by Sheffer sequences 
to be 



^(^-((l-r*- 1 ,^)- 



Thus, by the definition of Sheffer sequence, we get 

k \ 



(^(1 + t)-"- 1 
By (2.61), we easily see that 



t 



t+l 



L { n a) (-x) ) =nW„, fc (n,fc>0). 



L„H = (i+r a - 1 ii a) N~ (i, r 



t 

+t 



(2.60) 



(2.61) 



(2.62) 



From (2.58) and (2.62), we have 

{l+t)- a - 1 L^{-x) = L n (-x) 
'k + m - 1 

m=l I, fc=0 



fc 



S 2 {n,k + m)N^\n))x 



(2.63) 
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Thus, by (2.63), we get 

L^(-x) = (1 + tr +1 E ( E ( k + T _ 'Wn, k + ro)J\T<">(»)L" 



m=l k fc=0 
n { n n—m 



eee (* + r 1 )(r«)'""-*C'* +m > jv i" , ("> k 

(=0 lm=Z fc=o \ / \ / J 

(2.64) 



It is known that 

1=0 

By (2.64) and (2.65), we get 

n n—m 



fn + a\ n! ^r^ fk + m — 1\ /a + 1\ , . _ . T . , , 

\ / ™— / i — n \ / \ / 



m=i fc— 

where < / < n. 

Finally, we consider the following associated sequences: 



Sn(x) = £( ""J (n - l)„- fc x fc ~ (1, i(l + i) a ) , a ^ 0. (2.66) 
fc=i ^ n ' 



Thus, by (1.12) and (2.66), we get 



= ,( log( ^ ) )"(i + r^v n (x) 

/V (n) ( nn\ " ( 2 - 67 ) 



fc=0 1=0 
n ( n—m 



= Y,\ E PI 1 )s 2 (n ) fe + r n )^">(- a n ) U™. 

m=l I k=0 \ '' / J 

From (2.66) and (2.67), we have 

( n "™ ) (» l)„_ ro = E (* + ^ - X ) 5 2 (n, fc + m)^(-an), 

where to, n € N with m < n and b^O. 
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SOME NEW INTEGRAL INEQUALITIES OF THE TYPE OF 
HERMITE-H AD AM ARD ' S FOR THE MAPPINGS WHOSE 
ABSOLUTE VALUES OF THEIR DERIVATIVE ARE CONVEX 

MUHAMMAD IQBAL, MUHAMMAD IQBAL BHATTI, AND MUHAMMAD MUDDASSAR 

Abstract. In this paper, Wc establish various inequalities for some differen- 
tiablc mappings that are linked with the illustrious Hcrmite-Hadamard integral 
inequality for mappings whose absolute values of derivatives are convex. The 
new integral inequalities are then applied to some special means and numerical 
integration to get some better estimate than some already presented. 



1. Introduction 

The role of mathematical inequalities within the mathematical branches as well 
as in its enormous applications should not be underestimated. The appearance of 
the new mathematical inequality often puts on firm foundation for the heuristic 
algorithms and procedures used in applied sciences. Among others one of the main 
inequality, which gives us an explicit error bounds in the trapezoidal and midpoint 
rules of a smooth function, called Hermit-Hadamard's inequality defined as [9, p. 
53]: 

where / : [a, b] — > R is a convex function. Both inequalities hold in the reversed 
direction for / to be concave. We note that Hermit-Hadamard's inequality (1) 
may be regarded as a refinement of the concept of convexity and it follows easily 
from Jensens inequality. Inequality (1) has received renewed attention in recent 
years and a remarkable variety of refinements and generalizations have been found 
[1, 2, 3, 4, 8] and the references cited therein. 

One of the refinements of the celebrated Hermit-Hadamard's inequality (1) is 
given in [9, Page 55] as follows: 

b 



f ( 3a+b \ , f ( a+3b \ 1 



i 

< - 

- 2 



/ 



a + b\ f(a) + f(b) 
2 2 



<m±m, p. 



where / : [a, 6] — > R is convex function. 

M. A. Latif et al. [7] discussed some new estimations regarding 2 nd term and 
3 rd term in (2) for differentiable functions whose absolute values are convex. 



Date: December 3, 2012. 

2000 Mathematics Subject Classification. 26A51, 26D15, 26D10. 

Key words and phrases. Convex function, Hermitc-Hadamard inequality, Holder inequality, 
Power-mean inequality, Special means, Quadrature formula. 
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In this paper, some new Hermite-Hadamard type inequalities involving differ- 
entiable functions whose absolute values are convex and concave. Our established 
results provides estimates of left Hermite-Hadamard inequality (1) as obtained in 
[3, 5, 6] and regarding 2 nd and 3 rd term of inequality (2) as obtained in [7] at 
end-points and mid-point of interval [a, b] , respectively. 

This work is organized in the following way. After this Introduction, in Section 
2 main results are given. In Section 3 some applications for some special means are 
provided. In the last Section 4, error is estimated for the generalized quadrature 
formula. 

2. Main Results 

In order to prove our main theorems, we first prove the following lemma: 

Lemma 1. Let f : I C R — > R be a differentiable function on 1° ,the interior of I 
where a,b £ I with a < b. If f e L[a, b], then 

x-a fa + x\ b-x fb + x\ 1 f b 

— f {—) + —J[—)-—ai fMdU = 

w^AJ) 1 - >'»' ("■ + (i - t)a ¥) * + L ' (1 - 1)f ( tx + (1 - t)! ^) *} + 

<£=$ j jfV - of (* + (i - o^) * + j\< - Df (» + (i - o 6 ^) *} , 

for all x G [a, b]. 

Proof. Integrating by parts and making use of the substitution u = ta+ (1 — t) , 
we have 

(x-a) 2 . „, ( , ,a + i\ , 

w^)L {1 - t)f r +il - t] ^) dt 

_{x- a) 2 f 2(1 - t)f (ta + (1 - i)«±* 



4(6 — a) I a — x 



a + x 



alt 



2(6 

Analogously: 



(x- 


a) 2 


4(6- 


-a) 


(b- 


x) 2 


4(6- 


-a) 


and 




(b~ 


x) 2 


4(6- 


-a) 



(t _ 1)/ ( te + (1 _ t) ^), t = ^ / (^±£)__l_^ /( „ )<i „, 



2(6 -a)'' V 2 / b- 

Adding above equalities, we get the desired equality. This completes the proof of 
the lemma. □ 
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Theorem 1. Let / :KR4Rfca differentiable function on 1° such that 
f G L[a, b], where a,b € I with a < b. If\f'\ is convex on [a, b], then 



x — a ( a + x\ b — x ( 6 + x 



f 



b — a 

{x - a) 2 
b — a 



b — a 



f 



u)du 



< 



\f(a)\+4\f'(<^)\ + \f(x) 



24 



+ 



(b - x)' 
b — a 



\f {x )\+4\f'(^)\ + \f'(b)\ 



24 



for each x G [a, b]. 



Proof. By using the convexity of |/'|, the properties of modulus on lemma 1, wc 
have 



x — a , ( a + x\ b — x ( b + x 



b — a' 



b- 



1 



2 r-1 



< 



(x — a) 
4(6 -a) J 



(1-t) 



/' [ta + (1 - t) 



b — a 
a + x 



f(u)du 



2 /•! 



+ 



< 



4(&-a)y 



/' te + (l-i) 



/' + (1 - t) 



b + x 



a + x 



dt 



f(tb+(l-t) 



dt (3) 



2 /•! 



(.x — a) 
4(6 -a) y 

\2 /■! 



(1-t) h|/'(a)|+2(l-t) 



, f a + x 



+ |?^i< 1 -'){"^" + 2 ' 1 -« 



, (b + x 



{x - af 
b — a 



|/'(a)|+4|/'(^)| + |/'(x) 



24 



2 

(b-x) 2 
b — a 



+ t\f'(x)\jdt 
+ t\f'(b)\\dt 



|.f(.x)|+4|/'(^)| + |.f(fe)| 



24 



which completes the proof. 

Corollary 1. Under the conditions of theorem 1, the followings hold: 



x — a/a + x\ b — x /b + x 



b — a 



I 



+ h f 

b — a 



1 f b 

- t / f{u)du 

b-a J a 



< 



(x af [\f(a)\ + \f'(x)\] + (b- xf [\f{x)\ + \f'{b)\] 



(4) 



8(6 - a) 
for each x <G [a, 6]. 

Remark 1. By setting x — a (or x = b), inequality (4) reduces to [5, Theorem 2.2]. 

Remark 2. By setting x = (a+b)/2, theorem 1 reduces to [7, Theorem 1]. Moreover 
inequality (4) reduces to: 



/(^)+/(^) 1 



b — a 



f(u)du 



< 



b — a 
~32~ 



l/»l + 2 



ffa + b 



-|/'(6)| 



, (5) 



which gives sharp bound than as in [7, Corollary 1]. 
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Theorem 2. Let / :/ CR->Rfca differentiable function on 1° such that 
f £ L[a, b], where a, b G I with a < b . If l/'l^ 1 is convex on [a, b] for some fixed 
p > 1 with q = ^§j-> then 

i/p 



x — a ( a + x\ b — x ( b + x 



~.f 



b — a 

\x-af 
8(6- a) 

(b-x) 2 J 



+ —J 



1 



l/'(a)l 9 H 
\f{x)\ q + 



r 



, ( a + x 



r 



2 

b + x 



b — a 
q\ 1/9 



q\ i/<? 



f{u)du 
\f(b)\ q + 



< 



p+l 
, ( a + x 



q\ i/9* 



9\ 1/9" 



8(6- a) 
for each x € [a, b]. 

Proof. Using the well-known Holder integral inequality in (3), we have 



x — a / a + x 
b-a ■' 



x 



< 



(x - a) 2 



+ 



+ 



4(6 


-a) 


(x- 


a) 2 


4(6 


-a) 


(6- 


x) 2 


4(6- 


-a) 


(6- 


x) 2 



6 — a 
l 



1 



6 — a 



(1 - tfdt 



i/p 



i/p 



f{u)du 

f [ta + (1 - t) 
f (tx + (1 - t) 



4(6 



i \ i/p / r i 
(i 

i/p 



/' [tx + (1 - t) 
f (ib + (l-t) 



a + x 
2 

a + £ 
2 

6 + a; 
2 

6 + rr. 



9 \ 1/9 

dt J 

9 \ V9 
dt 



9 N, V9 

dt 



9 ^ 1/9 

dt 



By convexity of I/'!?- 1 and the Hermite-Hadamard's inequality, we have 



x — a p f a + x\ 6 — x , / 6 + x 



6 — a 

(x-a) 2 
8(6- a) 

(6-x) 2 I 



6 — a 



1 



, / a + x 



6 — a 

9\ 1/9 



, f b + x 



q\ 1/9 



f{u)du 



< 



(p+i) 

, f a + x 



i/p 



q\ 1/?' 



/' 



, (b + x 



q\ 1/9 ' 



8(6- a) 
which completes the proof. 

Corollary 2. Under the conditions of theorem 2, the followings hold: 



x — a ( a + x\ b — x ( 6 + x 



f 



I 



1 



6-. 



f(u)du 



< 



[(x~a) 2 (\f(a)\Hf'(x)\) + (b-x)H\f'(x)\ + \f(b)\)] 



22(p-i)/p(6- a )(p+l)i/p 



(6) 



for each x € [a, 6] . 
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Proof. The proof follows from theorem 2, simply applying convexity on factors 
\f (^r)| 9 and \f {^r)\ q and the fact 



^2(u k + v k ) s < ^2(u k ) s + ^2(v k ) s , u k , v k > 0; l < k < n; < s < 1. 



fe=i 



fe=i fc=i 



Remark 3. By setting x = a {or x = b), inequality (6) reduces to [5, Theorem 2.4]. 

Remark 4. By setting x = (a + b)/2, theorem 2 reduces to [7, Theorem 2]. 

Theorem 3. Let f : I C R — >• R 6e a differentiable function on 1° such that 
f £ L[a, 6], w/iere a,b £ I with a < b . If \f'\ q is convex on [a,b] for some fixed 
q > 1, t/ien 



.t — a / o + i\ b — x / b + x\ 1 
6 -a I 2 J + 6-o/ { 2 J ~ 6-a 



(g - a) 2 
8(6- a) 

(6-.t) 2 j 



l/»l 9 + 2 
l/W + 2 



, / a + x 



q\ 1/9 



f{u)du 



1/9 



, (a + x 



9\ 1/9' 



+ 



, (b + x 



9\ 1/9 



+ l/W + 2 



, (b + x 



9\ 1/9' 



8(6- a) 
/or eac/i a; e [a, 6]. 



Proof. Using the well-known Power-mean integral inequality for g > 1 in (3), we 
have 



rr-a /a + x\ fc-z /6 + x\ 1 f 



b — a 



< 



+ 



+ 



(x - af 



2 / /■! 



4(6 


-a) 


(x- 


a) 2 


4(6 


-a) 


(&- 


x) 2 


4(6- 


-a) 


(&- 


x) 2 



(1 - 



1-1/9 



(l-t) 



2 / /■! 



(1 - t)c£f 



(1 - 



1-1/9 / ,1 



1-1/9 



^a<— ray 



f [ta + (1 - i) 



(l-t) 



(l-t) 







a + x 
2 

/'(ts + U-*)^) 
/' + (1 - t) 
f (tb+(l-t) 



9 \ 1/9 
dtj 

q ^ 1/9 

dt 



b + x 
b + x 



9 \ 1/9 

dtj 

9 \ 1/9 

dt I . 
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By convexity of \f'\ q 

J (1 - t) f [ta + (1 - t) 
J (1-t) f'(tx + {l-t) 
(1-t) 
(1-t) 



a + x 



r [tx + (i-t) 
r (tb+(i-t) 



2 




a + 


X 


2 




6 + 


X 


2 




6 + 


x^ 



q dt< \na)\ q +2\rm\ q 



dt < 



\f'(x)\i + 2\f 



I I a+x \ 19 



dt < 



dt < 



|/'(6)|9 + 2 |/'(^)l 9 



Combining all the obtained inequalities, we get 



x — a f a + x\ b — x ( b + x 



b — a 



f 



+ 



b — a 



1 



\f(xW + 2 



2 

, / a + x 



f > 2 

, (b + x 



b — a 
q\ i/<? 



< 



f(u)du 



1/9 



, / a + x 



9\ 1/9 



|/'(6)|« + 2 



' f b + x 



(x - a) 2 
8(6- a) 

(b - x) 2 [ 
8(6 -a) j 

which completes the proof. 

Corollary 3. Under the conditions of theorem 3, the fallowings hold: 
x — a ( a + x\ 6 — x , / 6 + x 



9\ 1/9 ' 



+ 



1/9' 



6 — a 



f 



+ 



6 — a 



< 



3 (9-D/9 [(a; _ a ) 2 (\f(a)\ + \f(x)\) + (6 - x) 2 (\f'(b)\ + \f(x)\)} 



(7) 



8(6 -a) 
for each x e [a, b]. 

Remark 5. ify setting x = a (or x = 6), inequality (7) reduces to [6, Theorem 2.1]. 

Remark 6. By setting x = 3 ^ , theorem 3 reduces to [7, Theorem 3]. 

Theorem 4. Let / :KR4Rfca differ entiable function on 1° such that 
f € L[a,b], where a, 6 € J wif6 a < 6 . 1/ is concave on [a, 6] /or some /ixed 
<7 > 1, £/ien 



x — a . f a + x\ b — x p f b + x 



b — a ' 



+ 



b — a" 



< 



i \ 



i/p 



r(^ 



for each x € [a, 6]. 



, / a + 3x\ 



+ 



(b-x) 



4(6- 



i (km 



p+i) 
f 



(x - af 



4(6 -a) 
, / 36 + x 
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Proof. Using the well-known Holder integral inequality for q > 1 in inequality (3), 
we have 

fb 



x — a „ / a + x\ b — x „ / 6 + x 



b — a 



f 



b — a 



f 



1 



< 



(x - a) 2 



+ 



+ 



4(6 


-a) 


(x- 


af 


4(6- 


-a) 


(b- 


xf 


4(6- 


-a) 


(b- 


xf 


4(6- 


-a) 



l/p 



(1 - tfdt 

I! (i - m 'i"{I! 



1 X i/p 

(1 - tfdt 



b — a 
f [ta + (1 - t) 
/' (tx + (1 - t) 
tx + (l- t) 



f(u)du 
a + x 



(1 - tfdt 



i/p 



f'ltb+(l-t) 



2 

a + x 
2 

b + x 
2 

6 + x 



9 \ V« 

dt 



q ^ 1/9 
dt 



q y 1/9 

dt 



q ^ 1/9 

dt 



By concavity of |/'| 9 and using the Hermitc-Hadamard inequality (1), we have 



/' (to + (1-*) 

J r (tx + (i - 1) 

f (tx + (1 - t) 

r (tb+(i-t) 



a + x 
2 

a + .t 
2 

6 + .T 

2 

6 + rr 
2 



di < 



* < 



di < 



, / 3a + x 



4 

, f a + 'Sx 



r 



i ( b + 3x 



, / 36 + x 



Combining all the above inequalities gives the desired result. □ 

Remark 7. 5?/ setting x — a (or x = 6), theorem 4 reduces to [3, Theorem 5]. 

Remark 8. 5?/ setting x = (a + 6)/2 theorem 4 reduces to [7, Theorem 4]. 

Theorem 5. Lei / :/ Cl4lJea differentiable function on 1° such that 
f e L[a, 6], w/iere a,b £ I with a < b . If \ f'\ q is concave on [a, 6] /or some /ixed 
q > 1 and |/'| is linear map, then 



x — a.(a + x\ b — x ,/b + x 



b — a 



/ 



+ 



6 — a 



/ 



< 



i r 

-a A 



f{u)du 



(x-afjf {a + x)\ + {b-xf\f (6 + x)| 
8(6- a) 



/or each x G [a, 6]. 

Proof. First, we note that by the concavity of l/'l 9 on [a, 6] and the power-mean 
inequality we note that 

\f\tx + {l-t)v)\*>t\f{x)\* + (l-t)\f'{y)\* 
>(t|/'(z)l + (l-*)l/W 



and hence 



\f'(tx + (l-t)y)\>t\f'(x)\ + (l-t)\f'(y)\ 
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for all t e [0, 1] and i,y£ [a, 6]. This shows that |/'| is also concave on [a, b]. Now, 
using the Jensen's integral inequality in inequality (3), we have 



x — a I a + x 
b-J 



b — x ( b + x 
b-J 



< 





\x-af r 


(J\l-t)*) 


4(6 -a) \ 



,((l-t) (ta + (l-t)^) 



fio.-t)dt 



,((1-1) (tx + (l-t)^) 



fiii-t)dt 



< 



(x-a) 2 
8(6 - a) 



r 



i ( 2a + x 



+ 



(b-x) 2 
+ 4(6 - a) 

+ 

i ( a + 2x 



,f(l-t) (tx + (l-t) b -¥)' 

,( (i-t) (tb+(i-t) b -¥Y 



3 

(b-x) 2 



f 



2x + b 



f 



, fx + 26 



8(6- a) 
which completes the proof. 

Remark 9. By setting x = a (or x = 6), theorem 5 reduces to [6, Theorem 2.2]. 
Remark 10. By setting x = (a + b)/2 in theorem 5, the followings hold 

/( 3^6 )+/( «±36) ! 



b — a 



f(u)du 



< b -j^\f(a + b)\, (8) 



which gives sharp bound than as was obtained in [7, Corollary 5] . 



3. Applications to Some Special Means 

We now consider the applications to the following special means. 

The arithmetic mean 

. . j . CL I 6 „ 
A(a,b) = , a, b € R 

The harmonic mean 

H(a,b) = ^f~ b , a,6eR\{0} 

The logarithmic mean 

L(a,b) - 



a if a = b 

b—a 



Inb—lna 



if a 7^ 6 , a, 6 > 



Generalized logarithmic mean 

a 

L„(a,b) = { \ bn +i_ a „+i 

(n+l)(6-o) 



if a = b 

ifa^b ,n e Z\{-1,0}; a, 6 > 



Now, using the results of Section 2, some new inequalities are derived for the above 
means. 
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Proposition 1. Let a, b e R, a < b, ^ [a, b] and n € Z, \n\ > 2, the 



3a + b\ n ( a + 3b\ n 



L n n {a,b) 



< n 



16 



+A"- 1 (a,&)] 

Proof. Follows by inequality (5), setting f(x) = x n ,x € R, n € Z. 
Proposition 2. Let a, o e R, a < 6, ^ [a, 6]. TTierc /or all q> 1 



j / 3a + 6 a + 3o 



-L(a,b) 



< 



3i-(V<7) 



(6-a)A(|a|-M6|- 2 ). 



4 ' 4 

Proof. Follows by corollary 3 with x = (a + 6)/2, setting /(x) ~ \ ■ □ 

4. The quadrature formula 

Let d : a = x < x\ < x 2 < ... < x n = b be a division of the interval [a, b] and 
consider the quadrature formula 



where 



f f(x)dx = Q(f,d) + E(f,d) 

J a 



(9) 



and £?(/, d) denotes the approximation error. Here, we derive some error estimates 
for quadrature formula (9). 

Proposition 3. Let f : L C R — > R &e differ entiable function on 1° such that 
f G L[a, 6], w/iere a,b £ I with a < b and \ f'\ is convex on [a,b], then in (9), /or 
every division d of [a, b] , we have 



n-l 



|£(/,d)|<-^> i+1 - 



i=0 



\f'(x i )\+2 



r 



, (Xi + 3^+1 



Proof. On applying inequality (5) on the subinterval [a:j,a:j+i](i = 0, 1, 2, n— 1) 
of the division d, we have 



x i+ i - x 4 



< 



(xj+i - Xi) 
32 



\f'(x i )\+2 



f(x)dx 



+1 



Now 



E 

i=0 



jv / 3xi+x i+1 \ ri ( Xi+3x i+1 \ 
^+1 / t 4 )+./ [ 4 ) 

f(x)dx ^ '-— ^ ~(x l+1 - Xi) 
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n-l 



M. IQBAL, M. I. BHATTI, AND M. MUDDASSAR 
1 



i=0 



_^ n— 1 



l/'(^)l+2 



Xs+i / 3x i+ x i+1 \ + y t x i+ 3x i+1 \ 
f{x)dx -± ^— -A ' 



j=0 



\f'(x, 



+1) 



which completes the proof of the proposition. 



Proposition 4. Let f : I C R — > R fee differentiable function on 1° such that 
f G L[a, 6], w/iere a,b G I with a <b and \J'\p/p^ 1 is convex on [a, &], w/iere p > 1. 
T/ien in (9), /or every division d of [a,b], we have 



1/p n— 1 



(gi+i - Xj) 2 

16 



I/'O*.)!- 



+ X i+ i 



+ \f'(x i+ i)\ 



Proof. The proof is similar to that of proposition 3, applying the subinterval 
[xi, Xi + i](i = 0, 1, 2, n — 1) of the division „, with x = (xi + x i+ i)/2 on corollary 
2. □ 

Proposition 5. Let / :/ CM^Rfco differentiable function on 1° such that 
f € L[a, 6], where a, 6 € J wif/i a < b . If \f'\ q is concave on [a, 6] /or some /ixed 
<7 > 1 and |/'| is linear map, then for every division d of [a, 6], then the following 
inequality holds: 

\X%-\-\ Xi J \ pi t 



\E(f,d)\<J2 



1=0 



16 



|/ (xi +x l+1 ) 



Proof. The proof is similar to that of proposition 3 and using inequality (8). □ 



References 

[1] M. Avci, H. Kavurmaci, and M. E. Ozdemir, New inequalities Of Hcrmitc-Hadamard type 
via s— convex functions in the second sense, Appl. Math. Comput., 217(2011) 5171—5176. 

[2] S.S. Dragomir and C.E.M. Pearce, Selected topics on Hcrmitc-Hadamard inequalities and 
applications, RGMIA Monographs, Victoria University, 2000. 

Online: http:/ /www. sta.vu.edu.au/RGMIA/monographs/hcrmitc_ hadamard.html. 
[3] S. Hussain, M.I. Bhatti and M. Iqbal, Hadamard-type inequalities for s-convex functions I, 

Punjab Univ. Jour. Math., 41 (2009) 51-60. 
[4] H. Kavurmaci, M. Avci, and M. E. Ozdemir, New inequalities Of Hermite-Hadamard type 

for convex functions with applications, Jour. Ineq. Appl. ,(2011). 
[5] U. S. Kirmaci, Inequalities for differentiable mappings and applications to special means of 

real numbers and to midpoint formula, Applied Mathematics and Computation 147 (2004) 

137 - 146. 

[6] U. S. Kirmaci and M.E. Ozdemir, IOn some inequalities for differentiable mappings and 
applications to special means of real numbers and to midpoint formula, Applied Mathematics 
and Computation 153 (2004) 361 - 368. 

[7] M. A. Latif and S. S. Dragomir, New inequalities of Hermite-Hadamard type for functions 
whose derivatives in absolute value are convex with applications to special means and to gen- 
eral quadrature formula, RGMIA Research Report Collection, 14(2011) Preprint. Available 
Online: http://ajmaa.org/RGMIA/papers/vl4/vl4al03.pdf. 

[8] C.E.M. Pearce and J.E. Pecaric, Inequalities for differentiable mappings with application to 
special means and quadrature formula, Appl. Math. Lett., 13 (2000) 51 — 55. 



652 



IQBAL ET AL 643-653 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.4, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



NEW HERMITE-HADAMARD TYPE INEQUALITIES 11 

[9] C.Niculescu and L. E. Pcrsson, Convex functions and their applications, Springer, Berlin 
Heidelberg New York, (2004). 

On-line: http:/ /web.cs.dal.ca/ jborwcin/Prcprints/Books/CUP/CUPold/np-convex.pdf. 

University of Engineering and Technology, Lahore, Pakistan 
E-mail address: iqbal_uet689yeQioo.com 

E-mail address: uetzone0hotmail.com 

E-mail address: malik. muddassar<Sgmail.com 



653 



IQBAL ET AL 643-653 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.4, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



A GENERALIZED ADDITIVE FUNCTIONAL INEQUALITY IN BANACH 

SPACES 

CHOONKIL PARK, GANG LU, AND DONG YUN SHIN* 

Abstract. In this paper, we investigate the Hyers-Ulam stability of the following function 
inequality 

\\af(x) + bf(y) + cf(z)\\ < ||/ (ax + + fz)\\ (1< \a + b + c|) 
in Banach spaces. 



1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ulam [1] in 1940, 
concerning the stability of group homomorphisms. Let (G\, .) be a group and let (G2, *) be a 
metric group with the metric d(., .). Given e > 0, does there exist a SO, such that if a mapping 
h : G± — > G2 satisfies the inequality d(h(x.y), h(x) *h(y)) < 5 for all x, y G G\, then there exists 
a homomorphism H : G\ — > G2 with d(h(x),H(x)) < e for all x G G\l In the other words, 
Under what condition does there exists a homomorphism near an approximate homomorphism? 
The concept of stability for functional equation arises when we replace the functional equation 
by an inequality which acts as a perturbation of the equation. In 1941, Hyers [2] gave the first 
affirmative answer to the question of Ulam for Banach spaces. Let / : E — > E' be a mapping 
between Banach spaces such that 

\\f(x + y)-f(x)-f(y)\\<6 

for all x,y £ E, and for some 5 > 0. Then there exists a unique additive mapping T : E — > E' 
such that 

||/(x)-T(x)||<J 

for all x G E. Moreover, if f(tx) is continuous in t G M. for each fixed x G E, then T is M-linear. 
In 1978, Th.M. Rassias [3] proved the following theorem. 

Theorem 1.1. Let f : E — > E' be a mapping from a normed vector space E into a Banach 
space E' subject to the inequality 

11/(0; + y)-/(x)-/(y)||<6(||xf+||y|n (1.1) 

for all x,y G E, where e and p are constants with e > and p < 1. Then there exists a unique 
additive mapping T : E — >■ E' such that 

n/(*)-^)ii<^iMr (i-2) 

2010 Mathematics Subject Classification. Primary 39B62, 39B52, 46B25. 

Key words and phrases. Hyers-Ulam stability; additive functional inequality; Banach space; additive mapping. 
* Corresponding author. 
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for all x G E. If p < then inequality (1.1) holds for all x,y / 0, and (1.2) for x / 0. Also, if 
the function t i-> /(ix) from M. into E' is continuous in t G M /or eac/i ,/ixed x £ E, then T is 
H-linear. 

In 1991, Gajda [4] answered the question for the case p > 1, which was raised by Th.M. 
Rassias. On the other hand, J.M. Rassias [5] generalized the Hyers-Ulam stability result by 
presenting a weaker condition controlled by a product of different powers of norms. 

Theorem 1.2. ([6, 7]) If it is assumed that there exist constants B > and pi,P2 G K such 
that p = pi + P2 7^ 1, and f : E — > E' is a mapping from a norm space E into a Banach space 
E' such that the inequality 

\\f(x + y)-f{x)-f{y)\\<Q\\x\r\\y\r 
for all x,y G E, then there exists a unique additive mapping T : E — > E' such that 

ll/(*)-T(s)||<2^||*r, 

for all x G E. If, in addition, f{tx) is continuous in t G M for each fixed x G E, then T is 
^-linear 

More generalizations and applications of the Hyers-Ulam stability to a number of functional 
equations and mappings can be found in [8]-[22]. 

In [23], Park et al. investigated the following inequalities 



ll/(*) + /(y) + /(*)!!< 



2/ 



x + y + z 
2 



\\f{x) + f{y) + f{z)\\<\\f(x + y + z 

'x + y 



||/(x) + /(y) + 2/(z)||< 



2/ 



+ z 



in Banach spaces. Recently, Cho et al. [24] investigated the following functional inequality 

' x + y + z s 



\\f(x) + f(y) + f(z)< 



Kf 



K 



(0 < \K\ < |3|) 



in non-Archimedean Banach spaces. Lu and Park [25] investigated the following functional 
inequality 



N 



< 



K 



Kf 



(0 < \K\ < N) 



in Frechet spaces. 

In [26], Lu and Park investigated the following functional inequalities 

' x + y + z s 



Kf 



\\f{x) + f{y) + Kf{z)\\< 



Kf 



K 

x + y 
K 



+ z 



(0 < \K\ < 3), 



(0 < K ^ 2) 



(1.3) 



(1.4) 



and proved the Hyers-Ulam stability of the functional inequalities (1.3) and (1.4) in Banach 
spaces. 
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Li et al. [27] considered the following functional inequalities 

' ax + by + cz 



\af(x) + bf(y)+cf(z)\\ < 



Kf 



K 



(0 < \K\ < \ a + b + c\), (1.5) 



\af(x) + bf(y) + Kf(z)\\ < 



KJl^ + z 



(0 < K < \a + b + K\), (1.6) 



where a, b, c are nonzero real numbers, in quasi-Banach spaces. 
In this paper, we consider the following functional inequality 

\\af(x) + bf(y) + cf(z)\\ < ||/ (ax + ft, + 7*) ||, (K\a + b + c\), 



(1.7) 



where a, b, c and a, (3, 7 are nonzero real number, and prove the Hyers-Ulam stability of the 
functional inequality (1.7) in Banach spaces. 



2. Hyers-Ulam stability of the functional inequality (1.7) 
Throughout this section, assume that X is a normed space and that Y is a Banach space. 
Proposition 2.1. Let f : X — > Y be a mapping such that 

\\af(x) + bf(y) + cf(z)\\ < ||/ (ax + 0y + jz)\\ (2.1) 
for all x,y, z £ X . Then the mapping f : X — ^ Y is additive. 
Proof. Letting x = y = z = 0in (2.1), we get 

||(a + 6 + c)/(0)||<||/(0)||. 

So /(0) = 0. 

Letting z = and y = — jjX in (2.1), we get 



af{x) + bf [ --x 



a 



< 11/(0)11=0 



for all x £ X. So f(x) = -\f(-%x) for all x € X. 

Replacing x by — x and letting y = and z = in (2.1), we get 



af{~x) + cf \-x 

7 



Q: 



< ll/(0)||=0 



for all x G X. So /(-x) = -f /(^ x) for all x G X. Then we get 



||/(*) + /(-x) 



-/ 



< 



1 

a 
1 

a 



/3 

a/(0) + 6/ 



C -f{^ 
a V7 



a a 
/ ( a-0-/y-x + 7-x 
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and so /(— x) = —f(x) for all x G X. 

\\f(x) + f(y) - f(x + y)\\ = \\f(x) + f(y) + f(-x 



a a b a c„.ax + ay. 

— /( — x) - -f{—~y) - -/( , 

a a a p a 7 



1 

\a\ 
1 
a 



af{ x) + bf(--y) + c/( ) 

a p 7 

/ a ■ — x + ■ (--x + 7 ■ ^ 

V a p 7 



for all x, y € X. Thus 

/(x + y) = /(x) + /(y) 

for all x,y £ X, as desired. 

Theorem 2.2. Assume that a mapping f : X ^ Y satisfies the inequality 
\\af(x) + bf(y) + cf(z)\\ < \\f{ax + Py + 1 z)\\+ ( t ) {x,y,z), 
where (f> : X 3 — > [0, 00) satisfies <fi(0, 0, 0) = and 



□ 



(2.2) 



<f>(x,y,z) := ^2 
3=0 



C\3 
0/ 



n 



n 



2 < OO 



for all x,y, z € X . Then there exists a unique additive mapping A: X — > Y such that 



\\f(x)-A(x)\\< 



1 



a 



<P[x,--x,0) + 



a a 
0, --i, — x 

/3 7 



(2.3) 



/or a// 



Proo/. Letting x = y = z = in (2.2), we get ||(a + b + c)/(0)|| < ||/(0)|| + 0(0,0,0) = ||/(0)||. 
So /(0) = 0. 

Letting y = and z = — ^x in (2.2), we get 



af(x) + cf ( --x 



a 



a 



< 4> x, 0, x 

7 



for all x £ X. So 



/(x) + f/(-^x)|| < ^0(x,O,-^x) for allxGX. 



Letting y = —jjx and 2 = in (2.2), we obtain 



a 



for all x e X. So 

c 



/w - -J 



/(*) + -/ 



< 



1 



x, -^z,0 



< 



< 



f(x) + -/ 



ax 
ax 



6 / 

a 



+ 



ax 

■/(- 



a V7 



ax 



x,- — ,0) + o(0.- 



ax 



ax ax 



c . / a 



+ -/ 



a v 7 



(2.4) 



for all x <E X. 
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It follows from (2.4) that 



c 
a 

m—l 



(- a Tf 



a x 
1' 




a I a 



P \7 



a 

7 J 



\3+l 



X 



for all nonnegative integers m and I with m > I and all x G X. It means that the se- 
quence {(^ ) n f((^) n x)} is a Cauchy sequence for all x G X. Since Y is complete, the sequence 
{(f)"/((f converges. We define the mapping A : X ^ Y hy A{x) = lim„_ >00 {(f ) n x)} 
for all x G X. Moreover, letting / = and passing the limit m — > oo, we get (2.3). 
Next, we show that A : X — > Y is an additive mapping. 



\\A(x) + A(-x) 



< 



+ 



+ 



< 



+ 



lim (-Y 

rt->oo a 

lim {-y 



/ 



ax 
a n x 



+ f 



+ b f 

a 



-ax 



a ax 
'/3 ' ~t"~ 



ax 



/y/. 



a 



'y 'y' 1 



0, 



a ax 



+ c -f 

a 



a ax 

7 



7" 



1 



lim {-Y 

a\ n-too a 



0, 



a a n x a n+1 x 



(3 7™ 

and so A(— x) = — A{x) for all x G X. 

\\A(x)+A(y)-A(x + y)\\\= lim (-) 

n— >oo a 



v n+l 



/ 



/3 7™ 
= 

+ / 



,o + 



0, 



a n+1 x 

/-yn+l 



a j 

ryfl 



a n (x + y) 



= lim (-Y 



ax 



+ 
+ 



a n y 



y j a 
a n (x + y) 



+ 7/ " 



P 7 r ' 



n+l 



< -- lim (-) T 
a n— >co a 



7' 
a 

a n x 



/3 7 - 



a 



a n+1 y 

n+l 



7 



+0 



a n (x + y) a^a n x s 



a ? 



7 

-y" 



,0, 



'y ^ j n ■ 







for all x, y G X. Thus the mapping A : X — > Y is additive. 
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Now, we prove the uniqueness of A. Assume that T : X 
satisfying (2.3). Then we obtain 



\\A(x)-T(x) 



r 



< (-)' 

a 



! | i^Tx 



Y is another additive mapping 



(") n x 



A 



a , 



/ ( 



a. 



+ 

< 



2 

a 









) 








a 











j [ ("n 



a 



a 
7* 



which tends to zero as n — > oo for all x € X. Then we can conclude that A{x) = T{x) for all 
i£l This complete the proof. □ 



- < - or 

a 7 



1 > f > ^ • p anrf ^ 6e positive real numbers 



Corollary 2.3. Assume that 1 < 
with p > 1. Zei / : X — > Y be a mapping satisfying 

\\af(x) + bf(y) + cf(z)\\ < ||/ (ax + f3y + 7 ^)|| + ^(Ikf + + l^f) 

for all x,y, z € X . Then there exists a unique additive mapping A: X — > Y such that 



\\f(x)-A(x)\\< 



1 



1 + 



+ 2 











a 




7 






/J 




Q 


c 


7 




a 



/or all x <E X. 



Proof. Defining (f)(x,y,z) 
the desired result. 



^(IMI P + lly|l p + \\ z \\ p ) f° r an z G X in Theorem 2.2, we get 

□ 
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Abstract. In this article, a spectral collocation method based on the Chebyshev polynomials is in- 
vestigated for the approximate solution of a class of neutral functional-differential equations with variable 
coefficients, which have many applications in mathematical physics. A Chebyshev collocation method based 
on Chebyshev Gauss-Lobatto quadrature points is utilized to reduce the solution of such problem to a sys- 
tem of algebraic equations. In addition, accurate approximation is obtained by selecting few Chebyshev 
Gauss-Lobatto collocation points. Comparing the numerical results with those of known techniques shows 
that the present method is better in terms of accuracy over the other methods mentioned in this paper. 

keyword: Neutral functional-differential equations; Proportional delays; Collocation method; Shifted 
Chebyshev-Gauss-Lobatto quadrature. 

1 Introduction 

In this paper, we discuss the numerical solution of the neutral functional-differential equations (NFDEs) 
with proportional delays 

m— 1 

(u(x) + a(x)u( lm x))W= (3u(x) + Mz)« (n) ( ln x) + f(x),x > 0, (1.1) 

n=0 

with the initial conditions 

m— 1 

^2vinU {n) (0) = Xi, i = 0,l,--- ,m-l, (1.2) 

where a and b n (n = 0, 1, • • • , m — 1) arc analytical functions, and /3, p n , rj ini \ are constants with < 
p n < l(n = 0, 1, • • • , m). In fact, NFDEs play an important role in the mathematical modeling of real- world 
phenomena (see, [12, 19]). 

Over the years, it was found that most of delay differential equations cannot be solved exactly. Therefore, 
within the past few years, several fast and accurate numerical methods have been proposed for implementing 
approximations of such equations (see, for instance, [7, 15, 22]). In [13] and [14], the authors proposed 
the rational approximation and the spectral collocation approach to obtain numerical solutions of delay 
differential equations, respectively. In [26] , Yalcinbas et al. developed the Hermite collocation approximation 
for tackling a class of delay differential equation with variable coefficients. Two efficient algorithms for solving 
pantograph equations are given in [27, 29], meanwhile, Yuzbasi et al. developed the Bessel collocation method 
for solving such equations in [28] . Recently, Chen and Wang [6] investigated the variational iteration method 
for the solution of NFDEs with proportional delays. Hu et al. [20] introduced linear multi-step scheme to 
present numerical solutions for NFDEs. The reproducing kernel Hilbert space method has been applied 
in [17] for introducing a numerical solution of NFDEs (1.1)-(1.2). Wang and his collaborators obtained 
numerical algorithms for NFDEs by using continuous Runge-Kutta methods [23], and one-leg 0-method 
[24,25]. 

Our main aim of this paper is to propose an orthogonal collocation approach for the numerical solution 
of the neutral functional-differential equations with variable coefficients on the interval [0, L\. This approach 
is based on expanding the approximate solution as the members of a complete set of Chebyshev polynomials, 
and then the (N — m + 1) nodes of the shifted Chebyshev-Gauss-Lobatto quadrature are satisfied Eq. (1.1) 
to produce (N — m + 1) algebraic equations. These equations together with m additional algebraic equations 
from Eq. (1.1), constitute (N + 1) linear algebraic system of equations. The structure of the resulted matrix 
system is discussed. The main attractive property of the applying the Chebyshev collocation method is that 
the Gauss type quadrature nodes and weights of Chebyshev polynomials are explicitly and exactly known. 
This supplies a very compelling motivation for the use of Chebyshev polynomials. Finally we implemented 
three numerical examples to demonstrate that the Chebyshev-Gauss-Lobatto collocation method is better 
in terms of accuracy over the other methods mentioned in this paper [1, 6, 24, 25, 17, 21]. 
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The paper is organized as follows. Section 2 is for preliminary needed hereafter, In Section 3, we design the 
shifted Chebyshev Gauss-Lobatto collocation technique for NFDEs with proportional delays. In Section 4, 
we present some numerical results demonstrating the efficiency of suggested numerical algorithm. Concluding 
remarks are given in Section 5. 



2 Preliminaries 

This section is devoted to the study of the properties of Chebyshev orthogonal polynomials [16, 3, 9, 10]. 
The well-known Chebyshev polynomials are orthogonal with respect to the weight function uj(t) = (l—t 2 )^~ 
in the interval (—1, 1) and can be determined with the aid of the three-term recurrence relation reads: 

r i+ i(t) = 2tT i (t)-T i _i(t) ) i = 1,2, • - • , 

where T (t) = 1 and 7\ = t. 

The Chebyshev polynomials are eigenfunctions of the Sturm-Liouville problem: 

(l-* 2 )^ ((l-t^IHt)) + t 2 T l (t) = 0, t &[-!,!]. 

Now, we present the so-called shifted Chebyshev polynomials defined on the interval (0, L), by introducing 
the change of variable t = — 1, denoting by Tl^(x) the shifted Chebyshev polynomials which can be 
evaluated from the recurrence formula: 

2x 

T w (x) = 2(— - l)T Lti (x) - Tl^x), i = 1,2, ■ ■ ■ , 
According to the properties of the standard Chebyshev polynomials, we deduce that 

T Lti (0) = (-I) 4 , T Lii (L) = 1, 

Next, let cul(x) = =, then we define the weighted space [0, L]. The shifted Chebyshev 

vLx — x 2 

polynomials form a complete L 2 JL [0, L]-orthogonal system, i.e., 



\ T L . k (x)T Ld (x)uj L (x)dx = hkSkj, 
Jo 



where 



h k = I J 7T \ * . h Co - 2, C k = 1, k > 1. (2.2) 

Lemma 2.1. TTie high-order derivatives of shifted Chebyshev polynomial can be expressed in terms of the 
shifted Chebyshev polynomials themselves as 

k — q 

D0T Ltk (x)= Yl C q (k,i)T L}i (x), k>q, (2.3) 

»=o 

(k + i-g) even 



where 

2 2( >k(p-i + q- l)\(p + q- 1)1 
Li a(q- 1)1 (p -i)\pl 

and 2p = k + i — q, Co = 2, Cj = 1; i > 1. 

For the proof of the previous relation see, [8].D 
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3 Shifted Chebyshev- Gauss collocation method 

In the collocation methods [2, 5, 11, 18], one needs to exactly satisfy the differential equation at specified 
collocation points in the domain of solution. Generally, the distribution of the collocation nodes can be 
freely chosen, but an accurate approximations are obtained by selecting the collocation nodes as the zeros 
of the orthogonal polynomials. For shifted Chebyshev polynomials, two commonly used quadrature and 
collocation nodes, namely: (i) shifted Chebyshev-Gauss nodes (in the interior of the domain), and (ii) 
shifted Chebyshev-Gauss-Lobatto nodes (in the interior and at the two endpoints of the domain). 

Now, we will present the shifted Chebyshev-Gauss-Lobatto type quadratures. Let Xnj, ^ j N, be 
the nodes of the standard Chebyshev-Gauss-Lobatto interpolation on (—1, 1) and w N j, < j < N, be the 
corresponding weights. Throughout this paper, we assume that Xl,nj, < j < N stands for the nodes of the 
shifted Chebyshev-Gauss-Lobatto interpolation on the interval (0, L). Thus Xl,nj = ^(xnj + 1), and their 
corresponding wights are wl,n,j — ^N,j, < j < N. Let Sn(0, L) be the set of all polynomials of degree 
less than or equal to N. In virtue of the property of the standard Chebyshev-Gauss-Lobatto quadrature, 
one gets for any (f> G if>2jv-i(0, L), 

L 1 

J w L (x)<f)(x)dx = J -^=L=0 (j,( x + dx 

- 1 X (3.1) 

N (L \ N 

3=0 V J j=0 

Associating with this quadrature rule, we denote by ijf the shifted Chebyshev-Gauss-Lobatto interpolation, 

lJi L u(x L ,N,j) = u(x L ,N,j), < k < N. 

In this section, we use the shifted Chebyshev-Gauss collocation method to solve numerically the model 
problem of (1.1), (1.2). We set 

S N (0 7 L) =span{T Lfi (x),T LA (x),...,T LiN (x)}. (3.2) 

The shifted Chebyshev-Gauss collocation method for solving (1.1) and (1.2) is to seek un(x) <E Sn(0,L), 
such that 



m— 1 

+ h n{xL.N- m ,k)U {n] \lnXLM-m.k) 

n=0 (3.3) 
+ f{XL,N-m,k), fc = 0, 1, • • • ,N-m, 

m— 1 

J2vinu {n) {0) = \i, * = 0,1,--- ,m-l, 



n=0 

where the XL,N-m,k\ k = 1,2, . . . ,N — m — 1 are distinct and lie between and L, XL,N-m,o = and 
XL,N-m,N-m = L. For simplicity in presentation and without loss of generality, assume a[x) = 1. We now 
derive the collocation algorithm for solving (1.1) and (1.2). To do this, consider the solution is approximated 
by a truncated Chebyshev expansion 

N 

u N (x) = y^ajT Lij (x), a = (a ,oi, • • • ,a N ) T . (3.4) 

3=0 

Let us firstly introduce the following corollary which will be of fundamental importance in what follows 

Corollary 3.1. The q-th order derivative of shifted Chebyshev polynomials with proportional delay can be 
written as 

k—q 

D q T L , k { lr x)= J2 l q r C q {k,i)T L ,i{lrx), k>q, (3.5) 



t=0 
(k+i-g) , 



where C q (k,i) is defined in (2.4). □ 
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Now, we approximate u(x) and u q (x), q = 1, 2, . . . , m, as (3.4) and (2.3), and in virtue of Corollary 3.1 
for obtaining u q (j r x), q = 1,2, ... ,m, then Eq. (1.1) can be written as 



N N N 

aj D^T Lij (x) + ajD^T LJ (y m x) S^a/H. 

3=0 ]=0 3=0 

m-1 N 

n=0 j=0 



(3.6) 



According to (2.3), we deduce that 

N ( 



E 

3=0 



3-m 



(Cm(j, P)T L .A X ) + (lm) m C m (j, p)T L J lm x)) a, 

. p=0 

\ (j + P~ m ) even 

N m—1 N j — n 

^E ft J Ti jW +EE E «^™(x)(7„)"a(j,p)T L , p ( 7ll x) + f(x). 



(3.7) 



:/=« 



n=0 j=0 p=o 

(j + p-n) even 



Also, by substituting Eq. (3.4) in Eq. (1.2) we obtain 

ro-l AT 

^^i )in a j i}(%(fl) = A i . 



(3.E 



n=0 j=0 

To find the solution u N (x), we first collocate Eq. (3.7) at the (TV — m + 1) shifted Chcbyshev roots, yields 



E E (c m (j,p)T L ,„( x L,N-m,k 



3=0 



p = 
ti + P — ™) even 



N 



J 



,N-m,k) 

3=0 

m—1 AT j — n 

+ E E E a 3 b n( x L,N- m ,k)(ln) n C n (j, p)T L ^ n X L , N - m , k ) + f(x LtN _ m . k ), 



(3.9) 



n=0 j=0 p=o 
(j+p-n) ( 



Next, Eq. (3.8), after using (2.1), can be written as 

m-l N 



k = 0, 1, . . . ,N - m. 



E E(- i r" J ij Xr iy 't ^ = xu < u.i m i. 

r(n+ 5 )0-n)!L" 

Let us denote 

a= (a ,ai,--- , ajv) T , 

fk = f(XL,N-m,k), k = 0, l,--- ,N-m, 
f = (/oi fir " i fN-m, Ao, • • • , A m _i) T . 
The matrix system associated with (3.9) and (3.10) becomes 

m— 1 

(i4 + 7 £B + #7+£7nA. + £)a = f, 

n=0 



(3.10) 



(3.11) 



where the matrices A, B, C, D i} i = 1, 2, . . . , m — 1 and are given explicitly in the following theorem. 

Theorem 3.2. If we denote A = (a k j)o<k,j<N, B = (b k j)o<k,j<N, C = {ckj)o<k,j<N, D n = (d£ J -)o<k,j<jv ; 
n = 1, 2, • • • , 772 — 1 , and E — {e k j)o<k,j<N , then the elements a k j, b k j, c k j, and d k j are given by 



CLkj = < 



3-m 



E C m (j,p)T LiP (x L , N - m! k), fc = 0,l,--- ,N-m, j = 0,1,- •• ,N, 



p=0 
(j + p-m) t 
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bkj = < 



Ckj 



j-m 

E C m (j,p)T LyP (j m x LtN - m . k ), k = 0,l,--- ,N-m, j = 0,l,--- ,N, 

O+p-m) even 

[0, k = N-m+l,...,N, j = 0,l,...,N, 

-T L<j (x L<N - m! k), k = 0, 1, • • • ,N -m, j = 0, 1,- •• ,N, 
0, k = N — m + 1, . . . ,N, j = 0,1, . . . ,N, 



j-n 

E K(xL,N- m ,k)C n (j, p)T LtP (j n x L , N - mtk ), k = 0, 1, • • • , AT - TO, j = 0, 1, • • • , AT, 

k 0, fc = Ar-m + l,...,AT, j = 0,l,...,AT. 

Moreover, the elements of the matrix corresponding to the mixed initial conditions are given by 

(0, fc = 0, 1, ■ ■ ■ ,N — m, j = 0,1, ■ ■ ■ ,N, 

6kj = ( m ^-^ j - n 4^^r,k-N- m+ i,n, k = N-m+l,...,N, j = 0,l,...,N. 

Proof. The proof of this theorem is not difficult, and it can be accomplished by using Lemma 2.1 and 
Corollary 3.1.D 

Remark 3.3. It is worth mention here that the previous procedure can be implemented to NFFE subject to 
boundary conditions. 

Remark 3.4. In the case of a(x) ^ 0, b n (x) ^ 0, n = 0, 1, • • • , to — 1, and (3 ^ 0, the linear system (3.11), 

m— 1 

can be solved by forming explicitly the LU factorization; i.e, A + 7™ B + jiC + E 7™ D n + E = LU. The 

expense of calculating LU factorization is 0(N 3 ) operations and the expense of solving the linear system 
(3.11), provided that the factorization is known, is 0(N 2 ). 

4 Numerical results 

In this section, we will carry out three test examples to study the validity and effectiveness of the proposed 
method and also, shown that high accurate solutions are achieved using a few number of the Chebyshev 
Gauss-Lobatto points. Moreover, comparisons with other methods reveal that the present method is accurate 
and convenient. All the numerical computations have been performed by the symbolic computation software 
Mathematica 8.0. 



Example 1. Let us first consider first- order NFFE [1, 6, 24, 25, 21] 

= [011 

(4-1) 



'u'(x) = -u{x) + \u{%) + \u{%), x e [0, 1], 



[u(0) = 1. 

The analytic solution of the aforementioned problem is u{x) = e~ x . In Table 4.1, we compare the errors 
of the present method with two-stage order-one Runge-Kutta (RK) method [1] , the one-leg^ method [24, 25] 
with 6 = 0.8, variational iteration (VI) method [6] and shifted Chebyshev operational matrix (SCOM) [21]. 
The Graph of analytical solution and approximate solution at x = 5 for A^ = 18 is displayed in Fig. 1 to 
make it easer to compare with analytical solution. 



Example 2. Consider the second-order NFFE with proportional delays [1, 6, 24-, 25, 21} 

(4.2) 



' u\x) = |u(a;)+«(f) +«'(§) + \u{%)-x 2 -x + l, x e [0,1], 



\u(0) =u(0)= 0, 
The exact solution is is u(x) — x 2 . 
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Table 4.1: Comparison of the absolute errors for Example 1. 



X 


RK 


0-method 


VI method 


SCOM 


SLC method 




method 


with 9 = 0.8 


m = 8 


method 


N= 14 


0.2 


8.24.10" 4 


8.86.10- 3 


7.08.10- 4 


4.83.10" 11 


1.48.10~ 1B 


0.4 


1.35. 10" 3 


2.66.10~ 2 


1.29.10" 3 


3.36.10" 11 


2.11.10" 17 


0.6 


1.66. 10" 3 


4.58.10~ 2 


1.76.10- 3 


1.18.10" 11 


7.57.10" iY 


0.8 


1.81.10" 3 


6.29.10" 2 


2.15.10" 3 


5.25.10- 11 


1.10.10" 17 


1.0 


1.85.10- 3 


7.66.10- 2 


2.47.10~ 3 


2.40.10" 12 


2.13.10~ 15 



1.0 
0.8 
0.6 
0.4 
0.2 
0.0 

1 2 3 4 5 

x 

Figure 1: Graph of exact solution and approximate solution at x = 5 and N = 18 for Example 1. 

In Table 4.2, we compare the errors of the present method with two-stage order-one Runge-Kutta (RK) 
method of [1], the onc-leg^-mcthod of [24, 25] with 9 = 0.8, variational iteration (VI) method [6], the 
reproducing kernel Hilbert space method (RKHSM) [17] and shifted Chebyshev operational matrix (SCOM) 
[21]. The Graph of analytical solution and approximate solution at t = 100 for N = 4 is displayed in Fig. 
2 to make it easer to compare with analytical solution. Moreover, absolute errors obtained by the SCC 
method, with iV = 5, are plotted in Fig. 3. 

Example 3. Consider the following third- order NFFE with proportional delays 

u"{x) = u(x) +«'(§ ) +tt"(f) + |u"'(f ) - x 4 - ^ - |x 2 + 21x, xe[0,l], 
u(0) = u'(0) = u"(0) = 0, ^ ' ' 

whose exact solution is u(x) = x A . 

The graph of the approximate solution and the exact solution are displayed in Fig. 4. In Table 4.3, 
we compare the errors of the present method with two-stage order-one Runge-Kutta method of [1] and the 
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Table 4.2: Comparison of the absolute errors for Example 2. 



X 


RK 
method 


^-method 
with 9 = 0.8 


VI method 

777 — 6 


RKHSM 
77 = 100 


SCOM 
method 


SCC method 
N = 5 


0.1 


1.00.KT 3 


6.10. 10" 3 


1.67.10" 4 


9.57.10- b 


2. 08.Hr 17 


5.50.10- 18 


0.2 


2.02. 10~ 3 


2.58. 10" 2 


7.15. 10- 4 


1.95.10" 4 


4.16.10" 17 


3.61. 10" 17 


0.3 


3.07.10" 3 


6.47.10~ 2 


1.73.10" 3 


2.94.10" 4 


4.16.10" 17 


2.21.10~ 17 


0.4 


4.17.KT 3 


1.37.10- 1 


3.30. 10- 3 


3.93. 10" 4 


5.55.10" 17 


4.37.10~ 17 


0.5 


5.34.10- 3 


2.81. lO" 1 


5.55.10- 3 


4.92. 10" 4 


1.11.10 -16 


5.17.10- 17 



Table 4.3: Comparison of the absolute errors for Example 3. 



X 


Two-stage order-one 
Runge-Kutta method 


Variational iteration method 


SCC method 

N = 5 


77 = 4 


77 = 5 


n=6 


0.1 


4.79. 10" 5 


2.46. 10~ 8 


3.07.10" 9 


9.09.10" 12 


3.41.1Q- 16 


0.2 


4.43. 10" 4 


4.03. 10" 7 


5.04.10~ 8 


2.98.10" 11 


4.16.10" 17 


0.3 


1.57.10- 3 


2.09. 10" 6 


2.62. 10" 7 


2.33. 10" 9 


4.16.10" 17 


0.4 


3.85. 10- 3 


6.80.10" B 


8.49.10" 7 


1.01. 10" 8 


1.38.10" 17 


0.5 


7.78. 10- 3 


1.71.10" 5 


2.13.KT 6 


3.20. 10" 8 


1.66.1Q- 16 


0.6 


1.39. 10~ 2 


3.64.10" 5 


4.55. lO" 6 


8.24.10~ 8 


1.90.10" 16 


0.7 


2.28.10~ 2 


6.96.10" 5 


8.69.10"° 


1.85. 10" 7 


2.42. 10" 16 


0.8 


3.53.10- 2 


1.23.10" 4 


1.53.1Q- 5 


3.76.10-'' 


1.38.1Q- 16 


0.9 


5.19.10- 2 


2.03. 10" 4 


2.54.KT 5 


7.09. 10" 7 


6.59.10" 17 


1.0 


7.34.10~ 2 


3.21.10 -4 


4.01.10" 5 


1.26.10"° 


2.77.10~ 17 
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Figure 4: Graph of exact solution and approximate solution at t — 100 and N = 5 for Example 3. 

variational iteration method (n = 4, 5, 6) [6]. From this table, it shown that the present method is better in 
terms of accuracy over the other methods mentioned in this example. 

5 Conclusions 

We proposed a high accuracy numerical algorithm for the solution of neutral functional-differential equation. 
In this algorithm we implemented a Chebyshev collocation method based on Chebyshev Gauss-Lobatto 
points. The main advantage of the proposed method is that, high accurate solutions are achieved using a 
few number of the Chebyshev Gauss-Lobatto points. Through the comparisons among the exact solutions and 
the approximate solutions of two-stage order-one Runge-Kutta method [1], variational iteration method [6], 
one-leg 6*-method [24, 25], the reproducing kernel Hilbert space method (RKHSM) [17] and shifted Chebyshev 
operational matrix method [21] and the current method, it has been shown that the presented method has 
provided the most accurate solutions for the neutral functional-differential equation with proportional delays 
to date. 
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In this paper we show that a topological space is (completely) metrizablc 
if and only if it admits a compatible (complete) intuitionistic fuzzy metric, we 
also prove that the topological space induced by a complete intuitionistic fuzzy 
metric space is completely metrizable. Finally we consider the intuitionistic 
fuzzy product metric space of two intuitionistic fuzzy metric spaces and ex- 
plore precompactness, completeness and compactness of the intuitionistic fuzzy 
product metric space. 

Keywords: Intuitionistic fuzzy metric, Cauchy, Complete, Precompact, Com- 
pletely metrizable. 

AMS Subject Classifications: 54A40, 54E70 

1 Introduction 

Fuzzy metric is an important notion in Fuzzy Topology. Many author have 
introduced the concept of fuzzy metric from different point of view [5, 7, 8, 9]. 
In particular, George and Veeramani in [7] gave a definition of fuzzy metric with 
the help of continuous t-norms and proved that the topology induced by this 
fuzzy metric is first countable and Hausdorff. On the other hand, the theory 
of intuitionistic fuzzy set was first studied by Atanassov [2] . Using the idea of 
intuitionistic fuzzy set due to Atanassov, Park [10] presented the conception 
of intuitionistic fuzzy metric space, which is a generalization of fuzzy metric 
space gave by George and Veeramani, with the help of continuous t-norms and 
continuous t-conorms. Also, some known results of metric spaces including 
Uniform limit theorem and Baire's theorem for intuitionstic fuzzy metric spaces 
are proven in [10]. Saadati and Park explored some properties of intuitionistic 
fuzzy metric spaces as completeness, precompactness and compactness in [12]. 
Other more contributions to the study of intuitionstic fuzzy metric spaces can 

*This work was supported by FDYS of Minnan Normal University (No. SJ1118). 
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be found in [1, 3, 6, 11]. In this paper, we show that a topological space is 
metrizable if and only if it admits a compatible intuitionistic fuzzy metric. Using 
this result, we prove that a metrizable topological space is compact if and only 
if every compatible intuitionistic fuzzy metric is complete. Moreover, we prove 
that the topological space induced by a complete intuitionistic fuzzy metric 
space is completely metrizable. Finally, we construct the intuitionistic fuzzy 
product metric space of two intuitionistic fuzzy metric spaces. We also prove 
that if two intuitionistic fuzzy metric spaces are both compact then so is the 
intuitionistic fuzzy product metric space. 

2 Preliminaries 

We recall some concepts and auxiliary results in the section. Our basic 
reference for general topology is [4]. 

Definition 2.1 [7] A continuous t-norm is a binary operation * : [0, 1] x [0, 1] — > 
[0, 1] which satisfies the following conditions: 

(a) * is associative and commutative; 

(b) * is continuous; 

(c) a * 1 = a for all a G [0, 1]; 

(d) a*b < c * d whenever a < c and b < d, and a, 6, c, d G [0, 1] . 

The following are examples of t- norms: a*b = a-b;a*b = min{a, b}. 

Definition 2.2 [13] A continuous t-conorm is a binary operation o : [0, 1] x 
[0, 1] — > [0, 1] which satisfies the following conditions: 

(a) o is associative and commutative; 

(b) o is continuous; 

(c) a o = a for all a G [0, 1] ; 

(d) aob < cod whenever a < c and b < d, and a, b,c,d € [0, 1] . 

The following are examples of i-conorms: a o b = min{a + b, I}: a o b = 
max{a, b}. 

Definition 2.3 [10] An intuitionstic fuzzy metric space is 5-tuple (X, M,N,*, 0) 
such that X is an arbitrary set, * is a continuous i-norm, o is a continuous t- 
conorm and M, N are fuzzy sets on X x X x (0, oo) satisfying the following 
conditions for all x,y, z G X and s, t € (0, oo): 

(a) M(x,y,t)+N(x,y,t) < 1; 

(b) M(x,y,t)>0; 

(c) M(x, y, t) = 1 if and only if x = y; 

(d) M(x,y,t)=M(y,x,t); 

(e) M(x, y, t) * M(y, z, s) < M(x, z, t + s); 

(f) the function M(x 7 y, •) : (0, oo) — > [0, 1] is continuous; 
{g)N(x,y,t)<l; 

(h) N(x, y, t) = if and only if x = y; 

(i) N{x,y,t) = N{y,x,t); 

(j) N(x, y, t)0N{y, z, s) > N(x, z, t + s); 

2 
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M(x,y,t) = \ | N(x,y,t) 



(k) the function N(x,y, •) : (0,oo) — > [0, 1] is continuous. 

Then (M,N) is called an intuitionistic fuzzy metric on X. The functions 
M{x,y 1 t) and N{x,y 1 t) denote the degree of nearness and the degree of non- 
nearness between x and y with respect to t, respectively. 

Remark 2.4 [10] In intuitionistic fuzzy metric space X, M(x,y,-) is non- 
decreasing and N(x, y, •) is non-increasing for all x, y e X. 

Definition 2.5 [10] Let (X, M, N, *, <C>) be an intuitionistic fuzzy metric space 
and let r e (0, 1), t > and x e X. The set 

B {MtN) (x,r,t) = {ye X\M(x,y,t) > l-r,N(x,y,t) < r} 

is called the open ball with center x and radius r with respect to t. 

Obviously, {-B(m,aq {x, r, t)} forms a base of a topology on X. The topology 
is denoted by T(m.n)- 

Example 2.6 [10] Let X = N. Denote a * b = max{a + 6-1,0} and 
a<)6 = a + b — ab for all a, b e [0, 1] and let M and N be fuzzy sets on X 2 x (0, oo) 
defined as follows: 

N(x,y,t) = < v 

for all x,y £ X and f > 0. Then (X, M,N,*, <C>) is an intuitionistic fuzzy metric 
space. 

Example 2.7 [10] Let (X, <i) be a metric space. Denote a * b = ab and 
a<)6 = min{a + b, 1} for all a, b G [0, 1] and let Mj, and TV^ be fuzzy sets on 
X 2 x (0, oo) defined as follows: 

M d (x,y,t) = — r, N d (x,y,t) = , 

t + d(x,y) t + d(x,y) 

for all x,y £ X and t € (0, oo). Then (X, M^, A^, *, <)) is an intuitionistic fuzzy 
metric space. We call this intuitionistic fuzzy metric induced by the metric d 
the standard intuitionistic fuzzy metric. 

Remark 2.8 The metric space (X, d) is compatible with (X, T(M d ,N d ))- 

Definition 2.9 [10] Let (X, M, N, *, <)) be an intuitionistic fuzzy metric space. 

(a) A sequence {x n } in X is said to be Cauchy if for each e > and each 
t > 0, there exists n € N such that M(x n ,x m , t) > 1 — e and N(x n , x m ,t) < e 
for all n, m > n - 

(b) (X, M,N,*, (}) is called complete if every Cauchy sequence is convergent 
with respect to T(m.n)- 

Remark 2.10 It is easy to prove that a metric space (X, d) is complete if 
and only if the standard intuitionistic fuzzy metric space (X, M d , Nj, *, (}) is 
complete. 
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Definition 2.11 [12] Let (X, M, N, *, <^) be an intuitionistic fuzzy metric space 
and A C X. We say A is precompact if for each < r < 1 and t > there exists 

a finite subset S of A such that A C (J £>(m.ao( x > r, t). 

xes 

3 Properties of intuitionistic fuzzy metric spaces 

In the section we study some properties of intuitionistic fuzzy metric spaces 
and intuitionistic fuzzy product metric spaces. 

Lemma 3.1 [12] Let (X,M,N,*,Q) be an intuitionistic fuzzy metric space. 
Then (X,TtM,N)) JS a metrizable topological space. 

Theorem 3.2 Let (X,t) be a topological space. Then (X,t) is metrizable if 
and only if it admits a compatible intuitionistic fuzzy metric. 

Proof Suppose that (X, t) is metrizable. Let d be a metric on X compatible 
with t. Then, by Remark 2.8, we immediately deduce that the intuitionis- 
tic fuzzy metric(Mrf, Nj) induced by d is compatible with r. The converse is 
straightforward. We are done. 

Theorem 3.3 Let (X, M, iV, *, <>) be a complete intuitionistic fuzzy metric 
space. Then (X, T(m,jv)) is completely metrizable. 

Proof According to Lemma 2.6 in [12], it is easy to see that {U n \n <G N} is 
a base for a uniformity U on X whose induced topology coincides with T(m,jv)i 
where U n = {(x,y) e X x X\M(x,y,±) > 1 - ±,N(x,y,±) < ±} for every 
n e N. Then we can find a metric d on X compatible with U. Now we are 
going to proof that d is complete on X. Let {x n } be a Cauchy sequence in 
(X, d). To complete the proof, it suffices to show that {x n } is also a Cauchy 
sequence in (X, M, N, *,<$>). Let r G (0,1) and t > 0. Choose an i e N such 
that i < r and \ < t. Then we can find an no € N such that (x n ,x m ) € Ui 

11 

for all n, m > n . Therefore, M(x n ,x m ,t) > M(x n ,x m , 7 ) > 1 — 7 >1 — r 
and N(x n ,x m ,t) < N(x n ,x m , i) < 1 — i < 1 — r whenever n, m > n$. This 
show that {x n } is a Cauchy sequence in the complete intuitionistic fuzzy metric 
space (X, M, N, *, We finish the proof. 

Theorem 3.4 Let (X, r) be a topological space. Then (X, r) is completely 
metrizable if and only if it admits a compatible complete intuitionistic fuzzy 
metric. 

Proof Assume that (X, r) is completely metrizable. Let d be a complete 
metric on X compatible with r. From Remark 2.8 and Remark 2.10, it follows 
that the intuitionistic fuzzy metric (M^, Nj) induced by d is complete and it is 
compatible with r. The converse follows immediately from Lemma 3.3. We are 
done. 

Lemma 3.5 [12] An intuitionistic fuzzy metric space (X, M, N, *, <C>) is com- 
pact if and only if (X, T(m,n)) ls compact. 



4 



673 



LI 670-677 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.4, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



Lemma 3.6 [12] A subset of an intuitionistic fuzzy metric space (A, M, A, *, <C>) 
is compact if and only if it is precompact and complete. 

Definition 3.7 [12] A topological space is called a topologically complete in- 
tuitionistic fuzzy metrizable space if there exists a complete intuitionistic fuzzy 
metric inducing the given topology on it. 

Lemma 3.8 [12] An open subspace of a complete intuitionistic fuzzy metrizable 
space is a topologically complete intuitionistic fuzzy metrizable space. 

Theorem 3.9 Let (X,t) be a metrizable topological space. Then (X,t) is 
compact if and only if every compatible intuitionistic fuzzy metric is complete. 

Proof Suppose that (X, t) is compact. Then, by Theorem 3.2, Lemma 3.5 
and Lemma 3.6, we deduce that every compatible intuitionistic fuzzy metric is 
complete. 

Conversely, suppose that each intuitionistic fuzzy metric on X compatible 
with t is complete. Let d be a metric on X compatible with r. The standard 
intuitionistic fuzzy metric (Md,Nd) is complete. It follows from Remark 2.10 
that d is complete. By Niemytzki-Tychonoff theorem (see [4]), we immediately 
conclude that (X,t) is compact. The proof is finished. 

Theorem 3.10 Let (X,t) be a second countable topological space. If {K n } is 

oo 

an increasing compact subset sequence inX, X = [J K n and K n C intK n+ i (n e 

n=l 

N), then X is a topologically complete intuitionistic fuzzy metrizable space. 

Proof Let {U n \n e N} be a countable base on X. Since X is locally compact, 
we can observe that X has one-point compactification X U {oo}. It is trivial to 
verify that {U n \n <G N} U {{oo} U (X — K n ) : n € N} is a countable base on the 
compact space X U {oo}. Note that X U {oo} is Hausdorff, so it is regular. It 
follows from Urysohn metrization theorem that AU{oo} is a compact metrizable 
space. Take a metric d on X U {oo}. By Remark 2.8 and Theorem 3.9, we 
deduce that (X U {oo}, M dl N d , *, is a complete intuitionistic fuzzy metric 
space. Observe that X is an open subspace in X U {oo}. According to Lemma 
3.8, we immediately conclude that A is a topologically complete intuitionistic 
fuzzy metrizable space. 

Let (Aj, Mi, Ni, *, = 1, 2) be two intuitionistic fuzzy metric spaces. We 
define two maps M, N : (Ai x A 2 ) x (Ai x A 2 ) x (0, oo) -> [0, 1] by 

M((x 1 ,x 2 ), (3/1,2/2),*) = min{M 1 (x 1 ,y 1 ,t),M 2 (x 2 ,y2,t)} 

and 

N{(x 1 ,x 2 ), (2/1,2/2),*) = max{N 1 (x 1 ,y 1 ,i), N 2 (x 2 ,y 2 ,t)} 
for all (xi,x 2 ), (2/1,2/2) G Ai x A 2 and t > 0. 

Theorem 3.11 (Ai x X 2 ,M, N, *, 0) is an intuitionistic fuzzy metric space. 

Proof It is straightforward to verify that conditions (b)-(d), (f ) , (g)-(i) and (k) 
in Definition 2.3 are satisfied. 

5 
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Let us verify condition (a) in Definition 2.3. Let (x\, x 2 ), (2/1, 2/2) E Xi x X 2 
and t > 0. Suppose, without loss of generality, that 

N((xi,x 2 ), (2/1,2/2),*) = max{A^i(a;i,2/i,i),- /v 2(a;2,2/2,i)} = ^1(^1,2/1,*)- 
If Mi [x 1 ,y 1 ,t)<M 2 {x 2 ,y 2 ,t), then 

M((x u x 2 ),(y 1 ,y 2 ),t)+N((x 1 ,x 2 ),(y 1 ,y 2 ),t) = M 1 (x u y 1 ,t)+N 1 (x 1 ,y u t) < 1. 
If M 2 (x 2 ,y 2 ,t) < Mi(x lt yi,t), then 
M((x!,x 2 ), (2/1,2/2), i) + AT((ori, x 2 ), (2/1,2/2), i) = M 2 (x 2 , 2/2, i) + Ni(xi, 2/1, t) 

< 1. 

Thus, in any case, we obtain 

M(( Xl ,x 2 ),(yi,y 2 ),t) + N(( Xl ,x 2 ),( yi ,y 2 ),t) < 1. 

We are now going to verify condition (e) in Definition 2.3. Let (xi, x 2 ), (3/1, 2/2), (zi, z 2 ) G 
Xi x X 2 and t, s > 0. Without loss of generality, one may assume that 
M((xi,x 2 ),(y!,y 2 ),t) = mm{M 1 (xi,y 1 ,t),M 2 (x 2 ,y 2 ,t)} = M 1 (x 1 ,y 1 ,t). If 
Mi (2/1, zi, s) < M 2 (y 2 , z 2 ,s), then 

M((x!,x 2 ), (yi,y2),t)*M((y 1 ,y 2 ), (z 1 ,z 2 ),s) = M 1 (x ll y 1 ,t)*M 1 (y 1 , z u s) < M 1 (x 1 ,z 1 ,t+s). 
If M 2 (y 2 ,z 2 ,s) < M 1 (y 1 ,z 1 ,s), then 
M(( Xl ,x 2 ), (2/1,2/2),*) * M((y 1 ,y 2 ), (z 1: z 2 ),s) = M^xi, y u t) * M 2 (y 2 ,z 2 ,s) 

< M 2 (x 2 ,y 2 ,t) * M 2 (y 2 ,z 2 ,s) 

< M 2 (x 2 ,z 2 ,t + s). 

So, we have 

M((x 1 ,x 2 ), (2/1,2/2), i)*M((yi, 2/2), (21, z 2 ), s) < min{M 1 (or 1 , Zi, i+s), M 2 (a; 2 , z 2 , t+s)} 

= M((xi,x 2 ), (zi,z 2 ),t + s). 
Using the same method as above, we may verify condition (j) in Definition 

2.3. 

Theorem 3.12 Let (Xi, M i7 TVj, *, <>)(« = 1, 2) be two precompact intuitionistic 
fuzzy metric spaces. Then (X\ x X 2 , M, N, *, (}) is a precompact intuitionistic 
fuzzy metric space. 

Proof Let < r < 1 and t > 0. Then, by hypothesis, there exist a finite subset 
A of X\ and a finite subset B of X 2 such that X\ = (J B^ Ml Nl ^(a,r,t) and 

aeA 

x 2 = U b (m 2 ,n 2 ) (b, r,t), respectively. So 

beB 

X l xX 2 = (J B (MiiV) ((a,6),r,i). 

(a,6)eAxB 

6 
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In fact, let (x, y) e X\ x X 2 and (a, b) e Ax B. Then 

Mi(x, a, t) > 1 — r and M 2 (y, b, t) > 1 — r and N\(x,a,t)<r and 

N 2 (y,b,t) < r. 
Hence 

M((jc,y),(a,&),t) > 1-r and y), (a, 6), t) < r. 

We are done. 

According to Definition 2.9, we get 

Theorem 3.13 Let (Xi, Mj, TVj, *, = 1,2) be two complete intuitionistic 
fuzzy metric spaces. Then (X\ x X 2 ,M, iV, *,0) is a complete intuitionistic 
fuzzy metric space. 

The proof of Theorem 3.13 is straightforward and so it is omitted. 

From Lemma 3.6 and Theorem 3.12,3.13, we obtain immediately the follow- 
ing corollary. 

Corollary 3.14 Let (X i} Mi, Ni,*,Q)(i = 1,2) be two compact intuitionistic 
fuzzy metric spaces. Then (X\ xX 2 ,M, N, *, <0>) is a compact intuitionistic fuzzy 
metric space. 

4 Conclusion 

We have shown that a topological space is (completely) metrizable if and only 
if it admits a compatible (complete) intuitionistic fuzzy metric. A topologically 
complete intuitionistic fuzzy metrizable space was explored. At last, we have 
established the intuitionistic fuzzy product metric space of two intuitionistic 
fuzzy metric spaces and studied several properties of the intuitionistic fuzzy 
product metric space, as precompactness , completeness and compactness. 
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A Certain Class of Harmonic Mappings 
Related to Functions of Bounded Boundary 

Rotation 

Ya§ar Polatoglu 1 , Emel Yavuz Duman 2 , Melike Aydogan 3 



Abstract 

Let V(k) be the class of functions with bounded boundary rotation 
and let Sh be the class of sense-preserving harmonic mappings. In 
the present paper we investigate a certain class of harmonic mappings 
related to the function of bounded boundary rotation. 



1 Introduction 

Let Q be the family of functions (f>(z) regular in the open unit disc D = 
{z E C\\z\ < 1} and satisfying the conditions 0(0) = 0, \(/>(z)\ < 1 for all 

z eB. 

Next, denote by V the family of functions p(z) = 1 + p\z + P2Z 2 + • • • 
regular in D and such that p(z) is in V if and only if 

( \ 1 + < f ) ( z ) ft i\ 

p{z) = i^W) { ] 

for some function <f>(z) £ fl and every zGD. 

Moreover, let A be the class of functions in the open unit disc D that are 
normalized with h(0) = h'(0) — 1 = 0, then a function h(z) G A is called 
convex on starlike if it maps D into a convex or starlike region, respectively. 
Corresponding classes are denoted by C and S*. It is well known that C C S*, 
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that both are subclasses of the univalent functions and have the following 
analytical representations 

/ h"(z)\ 

h{z) G C if and only if Re ( 1 + Z J^J > °» z e D > ( L2 ) 

and 

h(z) G S* if and only if Re ( z^±f J > 0, z6D, (1.3) 



More on these classes can be found in [1]. Let h(z) be an element of A. If 
there is a function s(z) in C and a real (3 such that 

Ref-^rl >0, zeB (1.4) 



e^s'(z) 

then h(z) is called a close-to-convex function in D, and the class of such 
functions is denoted by CC . 

Further, let h(z), g(z) G A. Then we say that h(z) is subordinate to 
g{z) and we write h(z) -< g(z). If there exists a function <f>(z) G Q such 
that h(z) = g(<f>(z)) for all z G D. Specially if (7(2:) is univalent in D, then 
h(z) -< g{z) if and only if h(0) = g(0), h(D) C g(D), implies /i(D r ) C g(D r ), 
where D r = {z\\z\ < r, < r < 1} (Subordination and Lindelof Principle [1]). 

In the terms of subordination we have 

00 j 
P = {p(zO = 1 + J]p n z n |p(z) re S ular in D '^) -< 73^}' ( L5 ) 

n=l 

s . = 6 , 1±£}, (1 . 6) 

c = {*MM(i + .g§)^}, d.7) 



and 



= {*(*), *(*) g A| JM, -< ±±£ *(*) G c}. (1.8) 



Finally, a function analytic and locally univalent in a given simply con- 
nected domain is said to be of bounded boundary rotation if its range has 
bounded boundary rotation which is defined as the total variation of the di- 
rection angle of the tangent to the boundary curve under a complete circuit. 
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Let V{k) denote the class of functions h(z) G A which maps D conformally 
onto an image domain of boundary rotation at most kir. The class of func- 
tions of bounded boundary rotation was introduced by Loewner [4] in 1917, 
and was developed by Paatero [6], [7] who systematically developed their 
properties and made an exhaustive study of the class V(k). Paatero has 
shown that h(z) G V(k) if and only if 

h'(z) = exp | - J log(l -e- it z)dn(t)^ (1.9) 
where /i(t) is real valued function of bounded variation for which 

/*2"7T /*2"7T 

/ dfi(t) = 2 and / \d/i(t)\ < k. (1.10) 
Jo Jo 

For fixed k > 2, it can also be expressed as 

2 (zh'(z))' 







Re- 



h'(z) 



d9 <kir,z = re tb '. (1.11) 



Clearly if ki < k 2 , then V(ki) C V(k 2 ), that is the class V(k) obviously 
expands on k increases. V(2) is the class of C of convex univalent functions. 
Paatero showed that V(4) C S, where S is the class of normalized univalent 
functions [1]. Later Pinchuk [8] proved that functions in V(k) are close-to- 
convex in D if 2 < k < 4. More details on the functions with bounded 
boundary rotation can be found in [5]. 

A planar harmonic mapping in the open unit disc D is a complex-valued 
harmonic function / which maps D onto the some planar domain /(D). Since 
D is a simply connected domain, the mapping / has a canonical decompo- 
sition / = h(z) + g(z), where h(z) and g(z) are analytic in D and have the 
following power series expansions 

oo oo 

h(z) = J2a n z n ,g(z) = J2 b nz n , z e D. 

n=0 n=0 

where a n , b n G C, n — 0, 1, 2, 3, • • • . As in usual we call h(z) is analytic part 
of / and g{z) is co-analytic part of /. An elegant and complete account of the 
theory of the theory of harmonic mappings is given in Duren's monograph 
[2]- 
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Lewy [2] proved in 1936 that the harmonic mapping / is locally univalent 
in D if and only if its jacobien Jf = \h'(z)\ 2 — \g'(z)\ 2 is different from zero 
in D. In view of this result, locally univalent harmonic mappings in the 
open unit disc are either sense-reversing if |</(z)| > I^X- 2 )! i n ® or sense- 
preserving if |<7'(z)| < I^X- 2 )! i n ®- Throughout this paper we will restrict 
ourselves to the study of sense-preserving harmonic mappings. We also note 
that / = h(z) + g(z) is sense-preserving in O if and only if h'(z) does not 

vanish in the unit disc D, and the second complex dilatation w(z) = (jj^j 

has the property \w(z)\ < 1 in D. 

The class of all sense-preserving harmonic mappings of the open unit disc 
D with ao = bo = and a± — 1 and will be denoted by Sh- Thus Sh 
contains the standard class S of analytic univalent functions. The family of 
all mappings / G Sh with the additional property that <7'(0) = 0, i.e., b\ — 
is denoted by S° H . Thus it is clear that S C S H C S H [2]. 

Now, we consider the following class of harmonic mappings 

Shvw = {f = h (z)+gjz)\ -< e% (jz^ »« = \~ l ^ e R »M«) e c) 

(1.12) 

the aim of this paper is to investigate the class Snv(k)- For this aim we need 
the following lemma and theorems. 



Lemma 1.1. [3] Let (f>(z) be regular in the open unit disc D. Then if \<j)(z)\ 
attains its maximum value on the circle \z\ = r at the point z\, one has 
Zi.<f>'(z) = k<f>(zi) for some k > 1. 

Theorem 1.2. [1] If h(z) is in V(k), then there is a p(z) such that 

h'(z) = e*(p(*))V(*) (1-13) 

where (3 is real, g(z) is in C and p(z) = Y^=QVnZ n has positive real part in 
D. Here e i/3 p^ = 1, a = § - 1. 

Theorem 1.3. [1] Let h(z) be an element of C , then 

— ^— < \h(z)\ < 

1 +r 1 v/l ~l-r 

and 

< \h'(z)\ < 



(l + r )2 - 1 Wl - (1-rf 
for all \z\ — r < 1. 
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2 Main Results 



Theorem 2.1. Let f = h(z) + g(z) be an elemet of Snv{k), then 

9(z) , Mt. f l + z 
h(z) 

where (3 G R and a — \ — \. 



Proof. Since / = h(z) + g(z) G Sjjv(k), then we have 



h'(z) 
and 

„ / g'(z)\ 1 h'(z) 1 h(z) , „ , x 

V / 2 1 - (j)(z) zh'(z) y Yy 11 y ' 

On the other hand, if we investigate the properties of the linear trans- 
formation w(z) = (fzf)", a = j — 1, k > 2 and using the subordina- 
tion and Lindelof Principle with 0<r<l,^>l,0<-j=^<l, 
p( z ) eP^ (p(z)) a -< (gf )°, we get 

See Figure 1. 

Now, we define the function by 



ij8 / i + <Kz) \ 



where / = + g(z) G Snv(k), (3 <E R, e tl3 pQ = 1. Therefore we have 



'W(fc) 

f^y| z =o = 6i, 1 = {zJjSjy =^ 0(0) = 0, 0(2) analytic, and 



h'(z) h( z )\ i+m, 

k , (2.4) 
*%( 1 + <t){z) ) (l I W(Z)X 
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Figure 1: 



Now, it is easy to realize that the subordination 



h'(z) 1 — z 



(from the definition of Sffv(k)) is equivalent to \</>(z)\ < 1 for all z G D. 
Indeed assume the contrary that there exists a Z\ G D such that |0(^i)| = 1. 
Then by I. S. Jack's lemma (Lemma 1.1) Z\${z\) = k<p(zi), k > 1 such Z\ 
we have 



l + (f>{ Zl )Y ( 2k</>(z! 



% Po^rH) 1 + 



l-<f>{z x )J \ l+(j>{z x ) 
= e i/3 6 1 w(0(z 1 )) £ w(O) 

because |0(^i)| = 1, A; > 1 and the relations (2.3). But this is a contradiction 
to the condition of the definition of Snv(k) and so assumption is wrong, i.e., 
|0O)| < 1 for aU z G D. □ 



Corollary 2.2. Lei / = h(z) + g(z) be an element of Suv(k), then 

(1 — r) 2^ 



1 + r)a 
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and 



for all \z\ — r < 1. 



r(1 " r) ^<b(,)|< r(1 + r)i_1 



(i + ry. 



(2.6) 



Proof. Since / = + g(z)is £ Snv(k), thus using Theorem 2.1 then we 
can write 



and 



, 1 — r. k * 
1 + r 



(— )* _1 < 
V l + r ; 



h(z) 



1 — r 



for all |z| = r < 1. In this step, if we use Theorem 1.3 we get (2.5) and 
(2.6). We also note that the inequality (2.5) well known which was proved 
by Paatero [6]. □ 



Corollary 2.3. Let f = h(z) + g(z) be an element of Snv(k), then 

F(-r) <J f < F(r), (2.7) 

and 
1 



A-k 

where 



1 - 



1 N o(*=-4) 

1 ~~\~ r 
1 — r 



1 +r 



F(r) 



(\-r-y 



1 - 



fc-4 



1 — r 
1 + r 



1 + r 
1 — r 



±(fc-4) 



- 1 



+i 

1 — r 

(2.8) 



fc-2' 



/or a// |z| = r < 1. 
Proof. Since 



then 



1 — r 
1 + r 



1 +r 
1 -r 



fc-2' 



< \w(z) 



<\h'( Z )\ 2 (i-\w(z)n<\h'(z)\ 





<-( 


h'(z) 





1 + r 
1 — r 



1 — r 
1 + r 



fc-2 



(2.9) 
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Using Theorem 1.3 in the equality (2.9) we get (2.7). Similarly 

(\h'(z)\ - \g'(z)\) \dz\ < \df\ < (\h'(z)\ + \g\z)\) \dz\ = 
\h\z)\ (1 - \w{z)\) \dz\ < \df \ < \h\z)\ (1 + \w{z)\) \dz\ 



r) 2 



r 



£ 1 

2 1 

dr < \df\ 



r 



k 

dr 



2- 1 



(l-rf 

which gives (2.8). □ 
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Fuzzy norms on 5Ci^-algebras and non-negativity of norms in 

algebras^ 
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Abstract. In this paper, we discuss some fuzzy norms on £?CA-algebras, and we find several conditions for 
norms to be non-negative in algebras. Finally we discuss fuzzy stable norms on several algebras. 



1. Introduction 

Y. Imai and K. Iseki introduced two classes of abstract algebras: £?CA-algebras and i?Ci-algebras ([7, 8]). It 
is known that the class of BCif-algebras is a proper subclass of the class of -BCT-algebras. BCK- algebras have 
some connections with other areas: A. Dvurecenskij and M. G. Graziano ([2]), C. S. Hoo ([6]), J. M. Font, A. 
J. Rodrigez and A. Torrens ([3]) discussed BCA-algcbras in connection with the areas of lattice ordered groups, 
MF-algebras and Wajsberg algebras. D. Mundici ([12]) proved that MV-algebras are categorically equivalent to 
bounded commutative BCif-algebras, and J. Meng ([11]) proved that implicative commutative semigroups are 
equivalent to a class of BC-ftT-algebras. 

J. Neggers and H. S. Kim ([15]) introduced a new notion which appears to be of some interest, i.e., that of a 
S-algebra, and studied some of its properties. J. Neggers and H. S. Kim ([14]) introduced the notion of e?-algebras 
which is another useful generalization of BC A-algebras, and then investigated several relations between d-algebras 
and -BCif-algebras as well as several other relations between d-algebras and oriented digraphs. After that some 
further aspects were studied (see [9, 10, 13]). P. J. Allen et al. ([1]) developed a theory of companion ci-algebras 
in sufficient detail to demonstrate considerable parallelism with the theory of SCif-algebras as well as obtaining 
a collection of results of a novel type. 

J. S. Han et al. ([4]) introduced several triangular norms in an arbitrary algebra, and investigated some 
conditions for the kernel Kerxj of a triangular norm y to be a eT-ideal, and as an application they constructed a 
quotient ci-algebra. J. S. Han et al. ([5]) introduced the notion of an action Yx as a generalization of the notion 
of a module, and obtained that the set of all fuzzy norms on Yx forms a commutative monoid. 

In this paper, we discuss some fuzzy norms on BCA-algebras, and we find several conditions for norms to be 
non-negative in algebras. Finally we discuss fuzzy stable norms on several algebras. 
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Keywords: norm, fuzzy norms, BC-ftf-algebra, non-negative, -B-algebra, stable. 
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Jcong Soon Han and Keum Sook So 
2. Preliminaries 

An algebra (or a groupoid) (A, *) is a non-empty set A equipped with a binary operation * on X. An algebra 
(A, *) is called a d-algebra ([14]) if there is a constant satisfying the following axioms: 

(I) x * x = 0, 
(II) 0*x = 0, 

(III) x * y = and y * x = imply x = y for all x, y € A. 

We denote it by (A, *, 0) or A for brevity. In A we can define a binary relation " < " by x < y if and only if 
x * y = 0. 

A BCA-algebra is a d-algebra A satisfying the following additional axioms: 

(IV) {{x * y) * (x * z)) * (z * y) = 0, 

(V) {{x * (x * y)) * y — for all x, y, z e A. 

J. S. Han et al. ([4]) introduced several (triangular) norms, and obtained some properties. Given an algebra 
(A, *), we consider mappings y : A — > R such that one of the following identities holds: 

(Tl) y(x) < V(y) + V{x*y), 

(T2) y(x*y) < y(x) + y(y), 

(T3) y(x*z) < y(x*y) + y(y*z), 

(T4) y((x * z) * (y * z)) + y((z * x) * (z * y)) < y (x * y) + y(y * a;), 

for any x, y, z e A. All of (Tl), (T2), (T3), (T4) are versions of the "usual" triangle inequality, and thus we shall 
refer to a mapping y : A — > R which satisfies an inequality (Ti) above as a triangular norm of type (Ti) when 
Aery := {x e A | y (x) = 0} ^ (i = 1, 2, 3, 4). If we don't require that Aery 7^ 0, then we shall refer to it as 
a norm of type (Ti) (or a (Ti)-norm). A mapping y : A — > R is said to be sta&Ze if y(x * y) < y(x) for any 
x, y e A. In particular, if we replace R by [0, 1], we may consider y to be a fuzzy (triangular) norm of type (Ti) 
(i = 1,2,3,4). 

Example 2.1. ([4]) Let A be the power set of a finite set F, i.e., x <G A means x C F. If y(x) = | x |, the 
cardinality of x, and x * y := x — y, the collection of all elements of x not in y, then y(0) = 0, i.e., Aery 7^ 0. 
Also, y(x * y) < y(x), i.e., y is stable, whence certainly y(x * y) < y(x) + y (y), i.e., it is a triangular norm of 
type (T2). Note that x = (x* y) U (xfl y), y(x) = y (x *y) + y(x n y) and y(xH y) = y (y * x c ) < y (y), so that 
y (2O < y (y) + y (x*y) as well, and y is a triangular norm of type (Tl). Finally, x*z C (x*y)U (y *z) means that 
y (x* z) < y(x* y) + y (y * z), i.e., y is a triangular norm of type (T3). Since [(x* z) * (y*z)] U [(z*x) * (z *y)] C 
(x * y) U (y * x), we have y((x * z) * (y * z)) + y((z * x) * (z * y)) < y(x *y) + y(y * x), i.e., y : A — > R is a stable 
and triangular norm of types (Tl) <~ (T4). 

Example 2.2. ([4]) If A = R and x * y := max{0, x — y}, Vx, y e A, then y (x) = | x | satisfies (T2). Indeed, 
if x < y, then x * y = and y(x * y) = < y(x) + y(y). If x > y, then y(x * y) = x — y < | x — y | < |x| + |y| = 
y(x) + y(y). On the other hand, if x = —5, y = —1, x — y = — 4 and x * y = 0, y(x) = 5 j£ y (y) + y(x * y), so 
that (Tl) fails to hold. Also, if z = and if (T3) holds, then y(x) < y(x * y) + y(y), which means (Tl) holds. 
Thus (T3) fails, since (Tl) fails. Finally, if x = 5,y = — l,x * y = 6 and y(x * y) > y(x), i.e., the mapping y is 
not stable. 
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Example 2.3. ([4]) Let X := {0, 1, 2,3} be an algebra with the following Cayley table: 

12 3 




110 1 

2 2 2 

3 3 3 3 

Then it is a d-algebra. If we define a map V : x ~* [0, 1] by = v(0) < V(l) < V( 2 ) < y(3) < 1, 
then it is easy to show that y is a fuzzy triangular norm of types (Tl) ~ (T3), but not of type (T4), since 
V((3 * 1) * (2 * 1)) + v((l * 3) * (1 * 2)) > v(3 * 2) + y(2 * 3). 

3. Fuzzy norms on BCfC-algebras 

Proposition 3.1. Let (X, *) be an algebra and let z a £ X such that x * z = x for all x £ X. Then every fuzzy 
(T3)-norm on (X,*) is a fuzzy (Tl)-norm. 

Proof. If v is a fuzzy (T3)-norm on X, then for any x, y £ X, we have 

x/(x * z ) < v( x *y) + v(y * z o) 

It follows that y(x) < V( x * y) + V(y)i i- e -7 V i s a fuzzy (Tl)-norm on (X, *). □ 

Corollary 3.2. If(X, *,0) is a BCK-algebra, then every fuzzy (T3)-norm on X is a fuzzy (Tl)-norm on X. 

Proof. In a BCK/ BCI / BF-algebm {X, *, 0), x * = x holds for any x £ X. □ 

Proposition 3.3. Let (X,*,0) be a BCK-algebra and let y be a fuzzy (Tl)-norm with y(0) = 0. If x < y in 
X, then \/(x) < y(y). 

Proof. Let y be a fuzzy (Tl)-norm with y(0) =0. If x < y in X, then y(x) < y {y)+v(x*y) = y(y) + y(0) = 

v(y)- □ 

Proposition 3.4. Let (X, *,0) 6e a BCK-algebra and let xj be a fuzzy (T3)-norm on X with y(0) = 0. If 
x < y in X, then \j(x * z) < y (y * z) for any z £ X. 

Proof. Given z £ X, we have y(x * z) < xj(x * y) + y(y * z) = y(0) + y(y * z) = y(?y * z), proving the 
proposition. □ 

4. Non- negative norms 

A map y : X — > R is said to be non-negative if y(x) > for all x £ X . Fortunately as we shall see, it is easy 
for norms to be non-negative. 

Proposition 4.1. Let (X,*) be an algebra. If XJ is a norm of types (Tl) and (T2), then y is non-negative. 

Proof. Assume y is a norm of types (Tl) and (T2). If we let y := x in (Tl), then \/(x) < \/(x) + \/(x * x) for 

any x £ X. It follows that < \/(x*x) for any x £ X. Since y is a (T2)-norm, we obtain xj(x*x) < \/(x) + \/(x). 

Hence < Xj(x * x) < 2 y (x), proving that \/(x) > 0. □ 
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Note that the converse of Proposition 4.1 need not be true in general. In Example 3.2, the mapping y (x) = \x\ 
is non-negative, but it is not a (Tl)-norm on X. 

Proposition 4.2. Let (X,*) be an algebra. If ' y is a norm of types (T2) and (T3), then y is non-negative. 

Proof. Let y be a norm of types (T2) and (T3). If we let z := x, y := x in (T3), then y (x*x) < y (x*x)+y (x*x) 
for any x G X, which means that < y(x * x) for any x E X. If we let y := x in (T2), then y(x * x) < 
y(x) + y(x) = 2 y (x). Hence < \ y (x * x) < y (x), proving that y is non-negative. □ 

In Proposition 4.1, it was necessary to introduce two types of norms in a groupoid so that the norm is non- 
negative. If we add some condition(s) in a groupoid, then we can find each types of norms can be non-negative. 



Proposition 4.3. Let (X, *, 0) be an algebra with * x = for all x E X. 

(i) . 7/y is either a (Tl)-norm or a (T2)-norm on X, then y is non-negative, 

(ii) . 7/y is a (T3)-norm on X, then y(y * z) > for all y,z € X. 

Proof, (i). If we let x := in (Tl), then y(0) < y (y) + y (0 * y) = y (y) + y (0) and hence < y(y) for all 
yEX. 

If we let x := in (T2), then y(0) = y(0 * y) < y (0) + y(y) and hence < y(y) for all y&X. 
(ii). If we let x := in (T3), then y (0 * z) < y (0 *y) + \/(y * z) for any y,z e X. Since * x = for all x e X, 
we obtain y(0) < y(0) + y(y * z), proving that < y(y * z) for all y,zeX. □ 

Example 4.4. Every (Tl)-norm or (T2)-norm on a BCiT-algebra is non-negative. Moreover, every (T3)-norm 
on a BCif-algebra is also non-negative, since x * — x for all x e X. 

Corollary 4.5. Let (X, *, 0) 6e an algebra with * x = /or x e X. Assume that there exist y,z E X such 
that x — y * z for any x E X. Then every (T3)-norm is non-negative. 

Proof. It follows immediately from Proposition 4.3-(ii). □ 

Proposition 4.6. Let (X, *, 0) be an algebra with x * x = x for all x e X. If y is a (T2)-norm on X , then it 
is non-negative. 

Proof. If y is a (T3)-norm on X, then y(x) = y(x * x) < y (x * x) + y(x * x) = 2 y (x) and hence < y(x) 
for all x e X. □ 

Theorem 4.7. Let (X,-,e) be a group all of whose elements are of finite order. Define a binary operation "*" 
on X by x* y :— x ■ y~ x for all x, y G X. Then every (Tl)-norm on (X, *) is non-negative. 

Proof. If y is a (Tl)-norm on (X, *), then y(x) < y (y) + y (x * y) for all x,y £ X. Since x * y = x ■ y~ x , we 
obtain 

(1) V(x) < y(y) + y(x-y- 1 ) 

If we let y :— e, the identity of X in (1), then we have y(x) < y(e) + y(x • e _1 ) = y(e) + y(x), which proves 
that < y(e). 
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Given x G X , we let the order of x be finite, i.e., o(x) := n < oo. Then we have 

V(x n ) < VW + V(x n *x) 
= + V(x n -x- 1 ) 

= vW + v(x n - v ) 

By induction, we obtain < v( e ) = V(x n ) < 71 V i x ) I0r an y x € X. This proves the theorem. □ 
The non-negativity of a (T2)-norm on an arbitrary group holds in general as follows: 

Theorem 4.8. Let (X, •, e) be a group. Define a binary operation "* " on X by x*y := x ■ y -1 for all x, y e X. 
Then every (T2)-norm on (X,*) is non-negative. 

Proof. Since V is a (T2)-norm on (X, *), we have y(x * y) < y(x) + y(y) for any x,y e X. It follows that 

(2) V^'f^vW + Vfe) 

If we let Y := x in (2), then y(x ■ x^ 1 ) < Sj(x) + Sj(x), i.e., v( e ) < 2 y (x) for all x e X. If we let y := e in 

(2) , then v( ;c ) = V( x ' e_1 ) < V( I ) + V( e ) an d hence < v( e )- Hence < S/(x) for all x G X, proving the 
theorem. □ 

J. Neggers and H. S. Kim introduced the notion of i?-algebras. A B-algebra ([15]) is a non-empty set X 
with a constant and a binary operation "*" satisfying the following axioms: (i) x * x = 0, (ii) x * = x, (iii) 
(x * y) * z = x * (z * (0 * y)) for all x, y, z in X. 

Proposition 4.9. Let (X, *,0) 6e a B-algebra. If V is a (Tl)-norm on X with \/(x) — \/(0 * x) /or any 
X G X , then it is non-negative. 

Proof. Let y be a (Tl)-norm on X with y (x) = y(0 * x) for any Then 

(3) v(x) < y(y) + y(a;*y) 

for any x,y E X. If we let x := 0, then y(0) < y(y) + y (0 * y) = 2 y (y) for any y E X . If we let x := y in (3), 
then y(y) < y (y) + y (y * y) = y (y) + y(0), i.e., < y(0). This means that << y (0) < 2 y (y), proving the 
proposition. □ 

Proposition 4.10. If (X, *,0) is a B-algebra, then every (T2)-norm of X is non-negative. 

Proof. If y is a (T2)-norm on X, then for any x, y e X, we have 

(4) v(x*y) <v(x) + v(y) 

If we let x := y in (4), then y (0) = y (y * y) < y (y) + y (y) = 2 y (y), i.e., y (0) < 2 y (y) for all y e X. If we let 
y := in (4), then y (x) = y (x * 0) < y(x) + y (0), which shows that < y(0). Hence y is non-negative. □ 
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5. Fuzzy stable norms 

In this section we discuss the notion of fuzzy stable norms in groupoids. 

Proposition 5.1. Let (X,*) be a groupoid. If y is a fuzzy stable {Tl)-norm on (X,*), then it is a fuzzy 
(T2)-norm on (X,*). 

Proof. Since y is stable, we have y (x * y) < y (x) < X/(x) + y (y) for all x, y e X, i.e., y is a fuzzy (T2)-norm 
on(X,*). □ 

Proposition 5.2. Let (X, ■, e) be a group. If y is a fuzzy stable norm on (X, ■), then y is a constant mapping 
on X . 

Proof. Since y is a fuzzy stable norm on (X, •), we have 
(5) V{x ■ y) < v(a;) 

for all x,y € X. If we let x := e in (5), then y(e • y) < y(e) for all i/el, i.e., y(y) < y(e). If we let y := 

in (5), then y(e) = \/(x ■ x^ 1 ) < \/(x) for all x € X. Hence \/(x) = y(e), i.e., y is a constant mapping on 

(X,-). □ 

Theorem 5.3. Let (X, *,0) be a BCK-algebra. If 'y is a fuzzy (Tl)-norm on (X, *,0) wit/i y(0) = 0, t/ien it 
is a fuzzy stable (T3)-norm on (X, *, 0). 

Proof. If (X, *,0) is a SCii'-algebra, then * y) * x = for all x, y e X. Since y is a fuzzy (Tl)-norm on 
(X, *, 0), we have 

y (x *y) < y (x) + y((x * y) * x) 
= y(x) + y(0) 

= vW 

for all x,y £ X, i.e., y is stable. 

Since ((x * y) * (x * z)) * (z * y) — holds always in any .BCif-algebra and y is a fuzzy (Tl)-norm on X, we 
obtain 

X/((x * y) * (x * z)) < y(z * y) + X/(((x * y) * (x * z)) * (z * y)) 
= y(z * y) + y(0) 

= v(z*y) 

for any x,y,z € X. It follows from y is a fuzzy (Tl)-norm on X that 

\/(x *y) < S/(x * z) + y((x * y) * (x * z)) 
< S/(x * z) + y(z * y) 

for all x,y,z e X, proving that y is a fuzzy (T3)-norm on (X, *, 0). □ 
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EXTENDED CESARO OPERATOR FROM HARDY SPACE TO 
ZYGMUND-TYPE SPACE ON THE UNIT BALL 

YU-XIA LIANG AND HONG-GANG ZENG* 

Abstract. In this paper, wc characterize the boundedness and compactness 
of extended Cesaro operator from Hardy space to Zygmund-type space on the 
unit ball of C". 



1. Introduction 

Let H(B n ) be the class of all holomorphic functions on B n , where B n is the unit 
ball in the n-dimensional complex space C". Let dv denote the Lebesegue measure 
on B n normalized so that v(B n ) — 1, and da the normalized rotation invariant 
measure on the boundary S n {= dB n ) of B n . 

For / G H(B n ), let 

j = l 3 

be the radial derivative of /. 

The Bloch space B{= B{B n )) is defined as the space of holomorphic functions 
such that 

II/IIb = 1/(0)1 + sup{(l - M 2 )|9?/(z)| • z G B n } < oo. 
Let Bo(= Bo(B n )) denote the subspace of B consisting of those / € B for which 

(l-|z| 2 )|5J/(z)|^0,|z|^l. 

This space is called the little Bloch space. Moreover, for a > 0, we say / e B a if 
/ G H(B n ) and 

ll/lk = 1/(0)1 + sup{(l - \z\ 2 ) a W(z)\ :zeB n } <X) . 

For < p < oo, Hardy space H p (B n ) consists of all holomorphic functions / G 
H(B n ) such that 



1 1 

0<r<l 



sup MP(f,r)= sup f |/(rC)| p rfa(C) < oo. (1) 

<r<l 0<r<US„ 

Hardy space H p (B n ) is the most well-known and widely studied space of holomor- 
phic functions. When 1 < p < oo, H p (B n ) is a Banach space with norm ||.||hp. If 
< p < 1, H p (B n ) is a Frechet space with the metric ||-||^ P - For more details about 
the spaces described above, we recommend the readers refer to [2, 19, 20]. 



2000 Mathematics Subject Classification. Primary: 47B38; Secondary: 32A37, 32A38, 32H02, 
47B33. 

Key words and phrases. Extended Cesaro operator, Hardy space, Zygmund-type space, normal 
function. 
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The Zygmund space Z in the unit ball B n consists of those functions whose first 
order partial derivatives are in the Bloch space. It is well known that f S Z if and 
only if \\f\\ z = |/(0)| + sup (1 - \z\*)\Wf(z)\ < oo. 

zG-B„ 

The little Zygmund space on B n , denoted by Z , is the closed subspace of Z 
consisting of functions / satisfying the following condition: 

lim(l-N 2 )|5R 2 /WI=0. (2) 

|z|-*-l 

A positive continuous function fi on [0,1) is called normal (see e.g. [16]), if there 
exist three positive constants < 5 < 1, and < s < t < oo, such that for re [<5, 1) 

M(0 , „ Mr) 

asr->l. In the rest of this paper we always assume that [i is normal on [0, 1). 

From now on if we say that a function /i : B n — > [0, oo) is normal we will also 
assume that it is radial on B n , that is, /i(z) = fi(\z\), z G B n . 

For a normal function /i on [0, 1), the Zygmund- type space on the unit ball of 
C" denoted by Z^, is defined as follows, for all / € H(B n ) satisfy the norm: 

, = |/(0)|+ sup M (z)|3? 2 /WI <oo- (4) 

Moreover all / e H(B n ) such that 

lim Mz)|5ft 2 /WI=0 (5) 

|z|-s-l 

consist of the little Zygmund- type space on the unit ball in C™. It is well known 
that the little Zygmund-type space is a closed subspace of the Zygmund-type space 
and we denote it by Z^ q. The Zygmund-type space and the little Zygmund-type 
space are both Banach space under the norm in (4). When fj,(r) = 1 — r 2 , the 
(little) Zygmund-type space is the (little) Zygmund space. For some results on the 
Zygmund space and Zygmund-type space ,we can refer to [5, 8, 9, 21, 22] and their 
related references therein. 

Let f(z) be a holomorphic function on the unit disc D with Taylor expansion 
f( z ) = a j z ^ ■, the classical Cesaro operator acting on / is 

c i/K*)=E(7^s>y- 

3=0 J k=0 

Until now, many authors pay attention to the properties of Cesaro operator between 
several spaces of holomorphic functions . It is well known that the operator C is 
bounded on the usual Hardy spaces on the unit disc (£f p (B)) for < p < 00 and 
Bergman space as well as the Dirichlet space, for the interested readers, we refer 
to see the papers [3, 5, 10, 12, 13, 14] and so on. But the operator C is not always 
bounded, in [15], Shi and Ren gave a sufficient and necessary condition for the 
operator C to be bounded on mixed norm spaces on the unit disc. 

A little calculation shows C[f](z) = ^ f„ z f(t)(logj^)'dt. From this point of 
view, if g £ H(B n ) 1 it is natural to consider the extended Cesaro operator (also 
called Volterra-type operator or Riemann-Stieltijes type operator) T g on H(B n ) 
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defined by 

T g f(z) = j( f(tz)3tg(tz) T . (6) 

In the past few years, some scholars gave some sufficient and necessary conditions 
for the extended C to be bounded and compact on Hardy spaces, BMOA spaces, 
mixed norm spaces, Bergman spaces, Bloch space as well as Dirichlet space in the 
unit ball[l, 4, 6, 7, 18]. 

Building on those foundations, the present paper focuses on the boundcdncss 
and compactness of extended cesaro operator from Hardy space to the Zygmund- 
type space on the unit ball of C™. The paper is organized as follows: in section 1, 
we give some lemmas which will be used in the proof of the main results, and then 
prove the boundedness in section 2 and compactness in section 3, respectively. 

Throughout the remainder of this paper, C will denote a positive constant, the 
exact value of which will vary from one appearance to the next. 

2. Some Lemmas 
Lemma 1. Let g £ H(B n ), then 

U{T g f){z) = /(*)%(*) 
for any f € H(B n ) and z e B n . 

Proof. Let X)| Q |>i a a 7 - a be the Taylor expansion of the holomorphic function f(z)$lg(z). 
Then 




= K E = E a ^ a - (»(*)■ 

The proof of this Lemma is finished. □ 

Lemma 2. (Lemma 2.1, [17]j Suppose < p < oo, then we have 

(1) If ft H p (B n ), then \f(z)\ < "'""' a for all z G B n , 

(1~\z\ 2 )p 

(2) If f € HP{B n ), then f e B^+p and 

V 

II/IIjw <c\\f\\ m . 

V 

The following criterion for compactness follows from Lemma 2, Montel theorem 
and the definition of compact operator. Its proof is similar to the Proposition 3.11 
of [2], so we omit the details here. 

Lemma 3. Assume that < p < oo, /i is normal and g € H(B n ). Then T g : 
H p — > is compact if and only if T g : H p — > is bounded and for any bounded 
sequence {fk}keN i- n H p which converges to zero uniformly on compact subsets of 
B n as k — > oo, then we have \\T g fk\\z^ — > as k — > oo. 

The proof of next lemma follows the same idea as the proof of Lemma 1 in [11] 
with minor modifications, we omit the details. 

Lemma 4. A close set K in Z M , is compact if and only if it is bounded and satisfies 
lim sup ^i{z)\^. 2 f{z)\ =0. 

f£K 
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3. The boundedness of T g : H p -> 2^(2^ >0 ) 

Theorem 1. Suppose that < p < oo and /x is normal and that g e H(B n ). Then 
T g : H v — > Z M is bounded if and only if 

H{z)\n 2 g(z)\ 

Ml - Sup ?i i 12U < 00 (7) 

2£B„ (1 - \z\ Z ) P 

M 2 := sup ; l ' |^ < 00. (8) 
zeB n (1 - \z\ 2 ) 

Proof. First suppose that (7) and (8) hold. Notice that T g f(0) = 0, then for any 
/ G H p and by Lemma 1 and Lemma 2 we get 

||T fl /|U„ = sup ^)I^ 2 (T S /)W| = sup M (z)|3?(/5R 5 )(z)| 

z£B„ z£-B„ 



and 



= sup + f(z)$t 2 g(z)\ 



zei 



< sup + sup n{z)\f(z)S?g(z)\ 

zeB n zeB n 



f w {z)= ,/ , ' \' ,wtB n , (10) 



< C sup ^% \\f\\s^ + sup ^'^' ll/ll^ 

= C(M 2 + MiJH/llffP < 00. (9) 

From (9) we obtain the boundedness of T g : H p — > Z M . 
Conversely, assume that T g : i7 p — > Z M is bounded. Set 

(1- |H 2 )° 
(1 - 

where a > 0. By Theorem 1.12 in [20] we know 

Therefore € -ff p and sup < 1. We can easily obtain that 

to£B„ 

fw{w) = 



{l-\w\ 2 )p 
and 



n \ \w\ 2 



K P ■ '(l-|tu| 2 )t +1 " 
Using Lemma 1 and the above equalities we have 

\\T g f w \\z» = sup p(z)\&{T g f w ){z)\ = sup n(z)\Sl{f w Stg){z)\ 

z£B n z£B n 

= sup n(z)\(Stf w ){zyStg(z) + f w {z)^ 2 g(z)\ 
zeB n 



> iM{w)\($f w ){w)\\Stg(w)\ - n(w)\f w (w)m 2 g(w)\ 
,n y(w)\Mg(w)\\w\ 2 »(w)\&g(w)\ 

{ p ' (i-H 2 )? +1 (l-M 2 )* 
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Fix iij£B„, taking the function 

(1 - (z,w))p +a v(l - (z, w))p +a / 

By Theorem 1.12 in [20] we know the second part of h w (z) satisfy the following 
condition 



(/, 



MO) 



|2\2a+^ 



(i-M 2 ) 2pa+n < (i-HT . -, 



s Jl- (rC,w)| 2 ("+P a ) " (l- r \w\ 2 ) 2a+ p 

Therefore h w £ H p and sup || (-2?) || < C. Moreover, ($lh w )(w) = and 

w£B n 

h w (w) = 



(1- \w\ 2 )p 



Hence 



\\T g h w \\ z , = sup ii{zW{T g h w )(z)\ 

= sup n(z)\($lh w )(z)9lg(z) + h w {z)U 2 g{z)\ 

z£B n 

> v{w)\(m w )(w)$tg{w) + h w (w)K 2 g(w)\ 
M ( W )|3? 2 g( W )| 
(1 - |w| 2 )? 

From the above inequality and since w is an arbitrary element in B n , we obtain 
(7). 

Combining (7) and (11) we obtain 

n(z)\3tg(z) \\z\ 2 
zes n (l-|z| 2 ) = 



sup „ , = < oo. (13) 



By (13) we obtain 

g M^Wj < s M (z)|S%(z)|(2|z|) 2 

|«|>l/2 (1 - |z| 2 )? + 1 " «6B„ (1 - M 2 )5 + 1 

and 



< oo. (14) 



sup < C sup mW | %W |<oo. (15) 

|z|<l/2 (1 - |z| 2 )p + |z|<l/2 

Combining (14) and (15), we get (8). The proof of this Theorem is completed. □ 

Theorem 2. Suppose that < p < oo and /i is normal and that g £ H(B n ). Then 
T g : H p — > Z M o is bounded if and only if T g : H' p — > Z M is bounded and 

]im n(z)\$lg(z)\=0 (16) 

|z|->l 



and 



lim ^1^)1=0. (17) 
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Proof. Suppose that T g : H p — > Z p is bounded, (16)and (17) hold. For any poly- 
nomial P we have that 

^{z)\^ 2 {T g P){z)\ = l i{z)\^P{z)^g{z)+P{z)^ 2 g{z)\ 

< ^)|%(^)|||5rp|U + mWI^)III^IU 

0, \z\ -> 1. 

Thus for any polynomial P we have T g P € Z^fi- As we all know that the set of 
all polynomials is dense in Hardy space H p . Thus, for every / <E H p , there is a 
sequence of polynomials (P„)„ £ n such that ||/ — P n \\Hp ~ > 0,n — > oo. Hence 

||T S /-T S P„|U M < \\T g \\ HP ^ z Jf - P n \\ HP ^0,rwoo. 

Since the operator T g : _ff p — > Z M is bounded and Z^o is a closed subset of Z M , we 
obtain T g (H p ) C Z^o- Therefore, the operator T ff : H p — > Z^o is bounded. 

Conversely, we suppose that T g : _ff p — > Z^ is bounded. The boundedness of 
T g : H p — > Z M follows. Taking the function /(z) = 1 <5 H p , we obtain that 

M^)|K 2 (T s /)(z)| = n(z)\Zlf(z)Zlg{z) + f{z)&g(z)\ 
= [i(z)\$l 2 g(z)\^0,\z\^l. 

which implies (17). 

On the other hand, choosing the function fj(z) = Zj G H p ,j e {l,...,n}. We 
have that 

M^|K 2 (T s /)(0)| = v(z)W(z)Vlg(z) + f(z)K 2 g(z)\ 

= v(z)\z j \\Stg(z) + &g(z)\->0,\z\-H- 

Thus 

n 

»(z)\z\\$lg(z) + K 2 g(z)\ < M (z)(]T M)|5%(z) + 3? 2 3 (z)| -+ 0, \z\ -+ 1. 

The above inequality and (17) imply (16). The proof of this Theorem is completed. 

□ 



4. The compactness of T g : H p -> Z M (Z AI>0 ). 

Theorem 3. Suppose that < p < oo, and fi is normal and that g e H(B n ). Then 
the following statements are equivalent. 

(a) T g : H p — > Z M is compact; 

(b ) T g : H p — > Z Mj o is compact; 

(c) T g : H p — > Z M is bounded and 

lim *«)l^(*)l =0 ( 18 ) 

khi (l-M 2 )* 



M*)|ft g(*)l 

Nhi (1 - |z 
Proof. (b)=>(a). This implication is obvious. 



lim ^L^l = Q _ (19) 
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(a)=>(c). Suppose T g : H p — »■ Z^ is compact. Then the boundedness of T g : 
p -> Z M follows. Let 

the function sequence 



H p — > Z^ follows. Let (z k ) ke jq be a sequence in B n such that lim \z k \ — 1. Setting 

k— >oo 



(i-kpr 
M )_ (i-m)* +o 

where a > 0. As in the proof of Theorem 1 (where f w (z) defined in (10)) it is easy 
to get that f k € H p and sup ||/fc||jfP < 1. It is obvious that that fk — > uniformly 

keN 

on compact subsets of B n as k — > oo. By lemma 3 we get lim ||Tg/fc||.z =0. 
By the similar proof of (11) in Theorem 1 we obtain 

\\T g .fk\\z, = sup p{z)\Xf k {zyStg(z) + f k {z)&g(z)\ 

z£B n 



> n(z k )\9tf k (z k )\\Kg(z k )\ - ^{zk)\fk(zk)W 2 g(zk)\ 

,n s ii(zk)\ftg{zk)\\zk\ 2 fi{z k )\$i 2 g(zk)\ 
[ P a) (l-\z k \ 2 )i +1 " (l-k fc | 2 )" 



On the other hand, taking the function sequence 

As in the proof of Theorem 1 we get that h k € i? p and sup ||/ife||i?p < C. It is 

ken 

obvious that h k — > uniformly on compact subsets of i?„ as fc — > oo. By lemma 3 
we get lim \\T g h k \\ z = 0. 

k— >oo 

By (12) in the proof of Theorem 1 we obtain 

= sup n(z)\m k (z)9tg(z) + h k (z)$t 2 g(z)\ 

> fi(z k )\Wi k (z k )$tg(z k ) + h k (z k )?R. 2 g(z k )\ 
Li(z k )\$i 2 g (z k )\ 
(1 - |^ fe | 2 ) - 

Thus from (21) we obtain (18). And from (20) and (21) we obtain (19). 

(c)=Kb). Suppose T g : H p — > Z M is bounded, (18) and (19) hold. For any 
/ € H p , by Lemma 1 and Lemma 2 we get 

, l*{z)\&g(z)\< 



(21) 



M (z)|5ft 2 (r 3 /)(z)|<c(^ 



,( 1 _| z |2)f + l (l-|z| 2 )? ■ 

Taking the supremum in the above inequality for all / e H p such that ||/||hp < 1, 
then letting \z\ — > 1, by (18) and (19) we have 

lim sup M (z)|3? 2 (T 9 /)(z)| 

N^ll/ll^i v (l - \A 2 ) T i l -\A 2 ) p ' 

< lim C (A^M^L + rtzW9(z)\ \ = 

" Nhi V(i-kl 2 ) t+1 (i-NI 2 )? ' 

From which and Lemma 4 we obtain the compactness of T g : H p — > Z M , - So, the 
proof of this Theorem is completed. □ 
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SOME SPECIAL POLYNOMIALS AND SHEFFER SEQUENCES 

DAE SAN KIM 1 , TAEKYUN KIM 2 , SANG-HUN LEE 3 , AND DMITRY V. DOLGY 4 



Abstract. In this paper we give some identities of several special polynomials 
arising from umbral calculus. 

1. Introduction 

As is well known, the higher-order Bernoulli polynomials are defined by the 
generating function to be 

/ f \ r oo 

— e- = 5><T> (.*)-, (re R). (1.1) 

V ' n=0 

In the special case, x = 0, B„\o) = B n r ^ are called the Bernoulli numbers of order 
r. 

By (1.1), we easily see that 

B^\x)=(B^ +x y = J2(^jB^, (1.2) 

with the usual convention about replacing (.E?( r ))" by B n r ' (see [1-15]). 

The higher-order Euler polynomials are also defined by the generating function 
to be 

' n— 

In the special case . ,x — 0, E n r) (0) = E n r) are called the Euler numbers of order r. 
From (1.3), we have 



< r) W=EQ4V, (see [1-15]). (1.4) 
The Stirling number of the second kind is defined by 



00 J 

(e <-l)«=n!£S 2 (Z,n)-, (1.5) 



and the Stirling number of the first kind is given by 

n 

(x) n = Si(n, l)x l , (see [6,8,12]), (1.6) 

1=0 

where (x) n — x(x — 1) • • • (x — n + 1). 



1991 Mathematics Subject Classification. 05A10, 05A19. 

Key words and phrases. Bernoulli polynomial, Euler polynomial, Abel polynomial. 

1 
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Let T be the set of all formal power series in the variable t over C with 



oo 



fc=0 



a k e C } . (1.7) 



Let us assume that P is the algebra of polynomials in the variable x over C and P* 
is the vector space of all linear functionals on P. (L | p(x)) denotes the action of 
the linear functional L on a polynomials p(x) and we remind that the vector space 
structure on P* is defined by 

(L + M\p(x)) = (L\p(x)) + (M\p(x)} 
(cL\p(x))=c(L\p(x)), 

where c is a complex constant (see [6, 8, 12]). 

The formal power series f(t) = YlkLo Itf^ e defines a linear functional on P 
by setting 

(f(t)\x n ) = a n , for all n > 0. (1.8) 

By (1.7) and (1.8), we get 

(t k \x n ) = nW„, fc , (n,fc>0) (1.9) 

where S n _k is the Kroncckcr symbol (see [12]). 

For f L (t) = EZo ^kP-t k , w e have 

(h(t)\x n ) = {L\x n ) , n > 0. (1.10) 

By (1.10), we see that /z,(i) = L. The map L ^ fh{t) is a vector space isomorphism 
from P* onto F. Henceforth, T will be thought of as both a formal power series 
and a linear functional. We shall call T the umbral algebra. The umbral calculus 
is the study of umbral algebra (see [6, 8, 12]). 

The order o(f(t)) of the nonzero power series f(t) is the smallest integer k for 
which the coefficient of t k does not vanish. A series f(t) has o(f(t)) = 1 is called 
a delta series and a series f(t) has o(f(t)) — is called an invertible series. Let 
f(t) be a delta series and g(t) be an invertible series. Then there exists a unique 
sequence S n (x) of polynomials such that (g(t) f (t) k \S n (x)') = n\S n ^k, where n, k > 0. 
The sequence S n (x) is called Sheffer sequence for (g(t), f(t)), which is denoted by 
S„(x) - (ff(t), /(*)). By (1.8) and (1.9), we easily see that (e»*|p(a;)) = p(y). 

For f(t) e T and p(x) e P, we have 

/(O-f^.^.f;^^ (1 .n, 

fe=0 ' fe=0 

and 

(/iW/ 2 W---/ m WK>= £ f. n . V/i(t)|« il )"-</m(t)|» ira > 

i 1+ ...+i m =„ Vi'---»W 

(1.12) 

where A(t), f 2 (t), ...,/„(()€ J (see [6, 8, 12]). 

Let f(t),g(t) G J 7 and p(a;) G P. By (1.11), we easily see that 



pW(0) = (t k \p(x)), (l|p( fe )(x)\-p( fe )(0). (1.13) 
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Thus, from (1.13), we have 

t k p(x) = P ^{x) = ^gp, (k > 0), (sec [12]). (1.14) 
For S n (x) ~ (g(t),f(t)), we have 

_l_ e v/ ( ,, = |^, foraUseC , (1 , 5) 

where f(t) is the compositional inverse of f(t), 

S n (x + y) = [ljPk(y)S n -k(x) = Y [l)Pn-k(y)Sk(x), (1.16) 

fc=0 ^ ' k=0 ^ ' 

where p k (y) = g(t)S k (y) ~ (1, /(*)). Let p n (x) ~ (l,/(i)) and g n (ar) - 0-,g{t)). 
Then we have 

q n {x) = x x-^x) (see [6,8,12]). (1.17) 

The Abel sequences are given by 

A n (x; b) = x(x - bn)™- 1 ~ (l, te bt ) , (6^0). (1.18) 
Now we introduce several important sequences which are used to derive our results: 
(Mittag-LcfHer sequences) 

M ™(*) = E f ") (" - Vn-k^Wk ■ (I.'' ' L ' ! " 

fc=0 



v fc/ V e f + 1 

(The exponential sequences) 

n 

4> n {x) = k)x k ~ (1, log(l + 1)) , 

fc=0 

(The Laguerre sequence) 

fe=i v 7 v 



(1.20) 



(1.21) 



(1.22) 



(The Poisson-Charlier sequences) 

C„(z;a) = ^ f ")(-l)"- fc o- fc (x) fc ~ ( e^'" 1 ), a(e* - 1)) , 

where a ^ 0. From (1.22), we note that 

e a ^-VC n {x;a)~ (l,a(e*-l)). (1.23) 

Recently, several people have studied the umbral calculus related to special poly- 
nomials. In this paper, we derive some interesting identities associated with several 
special polynomials arising from umbral calculus. 
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2. Some identities of special polynomials 
It is not difficult to show that 

*ie\(*)~(i,^). (2.D 

For n > 1, by (1.17), (1.19) and (2.1), we get 

AM*) = 2", (^)" (^) 2 "b, , "» 1 W 



e* - 1 J V 2 
= x{e* + lYB^x) = *E [ n M™x{* + 3)- 

3=0 V ' ;/ 

Therefore, by (1.19) and (2.2), we obtain the following theorem. 
Theorem 2.1. For n > 1, we have 

k =o w j=0 U/ 

On the other hand, from (1.17), (1.19) and (2.1), we have 

/ e* — 1 \ n 



xE^ 1 (x)=x[-^\ x~'M n {x) 



= x 



t(e' + l) 
2 / 

,f 1 \ n 2 n 



a;- 1 M n (a;). 



(2.2) 



(2.3) 



t ) (e* + 1) 2 ™ 
From (1.6) and (1.19), we note that 

n /• \ k— 1 

z^M^) = E ( J ( n - ^"-fe 2 " E - 0(* - !)'• (2-4) 

fc=l V 1 1=0 

For n > 1, by (2.3) and (2.4), we get 

^'i' 1 w = ^(^)"(^) 2 "^'«,w 
" EE ! ( n - 1 )^(*- 1 - , )biT (2-5) 



2" V * ^^\ky " l * 1K w Ve* + l 
fc=l ;=o v 

l t \ n n k—1 



x ( e - 1 



E E (fc) (» " l)-*2 fc 5i(* - 1, 0^ 2n) (- - I)- 



2™ V t 

From (1.5), we can derive the following equation (2.6): 



/ P t_1\" ~ „l 

^^««»,»)«- (2.6) 

\ 7 m=0 v ' 
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By (2.5) and (2.6), we see that 

n — 1 . n k—1 



ft — J_ | 71 K— ± / \ 

= J E r^hxM m + ».») E E u) (» - i)»-*2 fc *(* - 1, o^ (2n) (* - 1) 

n—1 | n—1 n ✓ v 

.E^^+^iE E U j^-iJn-^siCfe-i,/)^ 2 " 5 ^-!) 

n—1 n—1 n 



Tt— i n— ± n I / \ 

=^EE E 2 fc -" 7 -^(")(n-l) n _ fc ^^^ 

(2.7) 

Therefore, by (2.7), we obtain the following theorem. 
Theorem 2.2. For n > 1, we have 
xE^x) 



n—1 n—1 n I / \ 

=*EE E 2 fc -« 7; ^^(jJ)(n-l) n _ fc (0 ro S2(m + n ) n)S 1 (fc-l ) 0^(x-l). 
By (1.9), we easily see that 

/ ~ (l,i), (n > 0). (2.8) 
From (1.17), (1.21) and (2.8), we can derive the following equation (2.9): 

x n = x(t - l)- n x- l L n {x) = {-l) n xJ2 ( _\ )t k x- l L n {x) 



fc=0 

n-1 



n-1 

n + k — 1\ fe / n — 1\ n! 



fc=0 v 7 z=i v 7 

(-t.eC:!; 1 ) t (;:;)^-^-- 



fe=0 x 7 i=fe+l 

Thus, by (2.9), we get 

(_l)n a .n-l ^/ n + fc _! 



fc=o v 7 i=fc+i v ; 

n-1 , . s n-k-1 ( n \ 

E( n _\ ) E (-l)^ 1 ^*' (2.10) 



fc=0 V 7 Z = 

n—1 f n—1 — / /n-\-k — l\ f n \ ^ 



E EM) ; 



Z! 

;=o k k=o 

Therefore, by (2.10), we obtain the following theorem. 
Theorem 2.3. For n > 1, we have 



x . 



( i\n„.n-l n-1 (n-l-l (n+k-l\( n \ ~j 

X - J \ " r iW+fc+l V »-l Az+l + fc/ 1 I 
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Remark. It is easy to show that 

{-l) n X n - 1 = (1 - t^X^Lnix) = (1 - t)- 1 X • • • X (1 - t)- 1 X^L^X) 

v ' 

n— times 

oo poo 



/ — ; ; L n (x + Ul + ■ ■ ■ + U n )e- ( - Ul+ - +U " ) du 1 ■ ■ ■ du n . 

J x + m H Vu n 



l x + Mi H + u n 

By (1.9) and (1.21), we easily get 



Ln(-x) ~ (l, • (2.11) 

For n > 1, by (1.17), (1.21) and (2.11), we get 

L n (-x) = x(j^j x-'L^x). (2.12) 

From (1.15) and (1.19), we can derive the generating function of the Mittag-Lcfflcr 
polynomials as follows: 



k=0 v 7 

By (2.12) and (2.13), we see that 



L n (-x) = (-irx(j2^Ax^L n (x) 
\fc=o ' / 



fe=0 1=0 
n-1 



l-l-k 



fe=0 i=fc + l 

Thus, from (2.14), we have 

i-iy-x^L^-x) 

(n-1)! 

n-1 



- 1 y Mfc ( n ) v (^"^-r-iWz-iw- 1 -* 

n-ln-fc-1 / n \(_-t\l+k + l 

=E E — J 

fc=0 Z=0 

n-l (n-l-l ( n \ (_ -| \l+k+l \ 

= E E M fc (n)toL J 



fc!Z! 



Therefore, by (2.15), we obtain the following theorem. 
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Theorem 2.4. For n > 1, we have 

(-i)»^„(-x) ypy' „ G + ki)(-i)' +fc+1 

y ' 1=0 K k=0 



x l . 



It is easy to see that 

(a;) n ~(l,e t -l) ) (n > 0). (2.16) 
For n > 1, by (1.17), (1.23) and (2.16), we get 

/ t 1 \ n 

e< et -^C n (x;a) = x( f ~ x~\x) n = a,- n (x) n . (2.17) 



Thus, from (2.17), we have 

C n (x;a) = e- a ^-^a- n {x) n . (2.18) 

From (1.15) and (1.20), we can derive the generating function of exponential poly- 
nomials as follows: 

OO f. 

5^0,0^ = ^-1). (219) 

k=o K ' 

By (2.18) and (2.19), we get 

Cn {x-a)=a-j^^^t k {x) n 

k=0 

k=0 " 1=0 

k=0 ' l=k 

n " /.\ 

= «- B EE U W-a)Si(n,0z'- fc . 
fe =o ;=fc w 

Therefore, by (1.22) and (2.20), we obtain the following theorem. 
Theorem 2.5. For n > 1, we have 



(2.20) 



Remark. For n > 1, by (1.22) and (2.20), we get 

E ft) (-«) n " fe ^i(fc, "0 = ]T ( k + m ) M~a)Si(n, k + m). 



k=0 x ' k=0 x / 

From (1.17), (1.23) and (2.8), we have 

e a(e ^ 1) C7„(a;; a) = o""! (^TZ\) ^ 
= a- n xBl n \(x), („>1). 



(2.21) 
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By using (2.19) and (2.21), we obtain 
C n (x;a) 

Ie ( n k ^^n*-^) +e (r ^M-a)B^ k{x) \ . (2 - 22) 

V. k — k — 1 ) 

Therefore, by (1.22) and (2.22), we obtain the following theorem. 
Theorem 2.6. For n> 1, a^O, we have 

k=0 ^ K ' fc=l 



E ( \ ) to {-a)xB^_ k {x) + J2\ k _ 1 )M-a) (x) 
Eft) (-«)""*(*)*■ 



Remark. By (1.17), (1.19), (1.20) and (1.23), we get 
C n (x;a) = E(2)(-l) n ~ fe a~ fe (z)* 

n n fc— 1 



1=0 k=l j=0 
n n k — 1 



= ( 2 «)~"EEE ( J (/)(»- l)n- fc 2 fc &(-a)Si(fc- U)*^*- 1) 



+ (2a)- EEE J i_i l) n -*2 fc 0J (* - 1, j)E™ +1 (x-1). 

1 = 1 k=l j=o ^ ' ^ ' 

From (1.22), we can derive the generating function of the Poisson-Charlier polyno- 
mials as follows: 

k\ * " 

Replacing £ by at and a; by b, we get 

fc! " " te at 

k=Q 

Let us consider the following Sheffer sequence: 

P n (x)~(l,t(l + t) b ). (2.25) 
Then, by the transfer formula, we get 



ET^ 6 "' 1 + - ' (a ^ 0) - (2 - 23) 

k=o K - v a/ 



V^aV.^. (2.24) 



P n (aO=z(l + t)- n V l - 1 =a;E( 

fc=0 

n-l 



kn—1 



eitV- 1 )^- 1 -* 



n-l 



Ef"; 1 )^)**-* 

= E(fcli) (-n6)n - fca;fc ' 
k=i v 7 



(2.26) 
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For n > 1, by (1.17), (1.18), (2.25) and (2.26), we get 



A n (x;a) = x f ^^r ) ' ' P > '<•■' 1 



\k=0 ' / 



3C 



k=0 \h+-+l n =k v 



From (2.26), we have 



2=1 



l=k+l 



By (2.27) and (2.28), we get 
A n (x;a) 

= £^( £ (. * , Wm^^M) 



E|, E (. " Ja(M)---Q n (M) 

E ( m + fc _ J (-nb) n -m-k(k + m- l) k x m . 



m—1 



For n > 1, by (2.29), we get 
A„(x;a) 



n f n—m / \ / -i \ / 7 

n — m\ / n — 1 \ / k 



m=l K fe=0 /iH \-l n =k 



(2.27) 



E^-i 1 )^)"-'^- 1 )^ 1 " 1 "* ( 2 - 28 ) 



k=o kl \h+-+l n =k \ ll >---> 1 '" / 

x £ { n ~]\-nb) n - k {l-l) k x l - k 
/i^iV'-V (2.29) 



(2.30) 
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By (1.18), we see that 

n-1 / _ 1\ 

A n (x; a) = x(x - an)"- 1 = x ( " ~ ) (-an)"" 1 -"^™ 

n-1 , _-t\ 

= 2 ( ) (-an) n - 1 - m x m+1 (2.31) 

m=0 \ m / 



Therefore, by (2.30) and (2.31), we obtain the following proposition. 

Proposition 2.7. For n > 1 and 1 < m < n, we have 

(n- 1 
\m-l 

n—m 



(-an) n - m 

I,.^ , *("* m )(- , 0(«... t ..J ( -* , "-^** ) - a - ,fc " 
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Abstract: Based on the concepts of the pseudo-differentiability and the pseudo-integrability proposed 
in this paper, the transformation theorems for them are given. Newton-Leibniz formula is also obtained. 
As applications, the results can be applied directly to the discussion of nonlinear differential equations. 
Keywords: seudo- analysis; pseudo-differentiability; Pseudo-integrability 
AMS subject classifications. 26E50, 28E10. 

1 Introduction 

Pseudo-analysis was introduced and applied in different fields, e.g., measure theory, integration, inte- 
gral operators, convolution, Laplace transform, optimization, nonlinear differential and difference equa- 
tions, economics, game theory, etc. by E. Pap [11-18]. In fact, in many problems with uncertainty as in 
the theory of probabilistic metric spaces, fuzzy logics, fuzzy sets, fuzzy measures often we work with many 
operations different from the usual addition and multiplication of reals, e.g., triangular norms, triangular 
conorms, pseudo-additions, pseudo-multiplications, etc. Triangular conorm decomposable measures were 
first introduced by Dubois and Prade [3] as special important class of fuzzy measures [2] . Furthermore, 
it could be transferred into the corresponding results of reals [8-10, 12, 14, 19] such as the addition oper- 
ator, multiplication operator, differentiability and integrability by using Aczel's representation [1, 7, 14]. 
However, we find that the definition of g-integrability does not coincide with the definition of pseudo- 
integrability with respect to a decomposable measure in different papers[8, 9, 10, 19]. One [4, 11, 14-15, 
18, 21] is defined by first taking the integrability of an elementary function and the limit, and another 
[8-10, 12, 19] is defined using the usual Riemann, Stieltjes or Lebesgue integal of reals by Aczel's repre- 
sentation. In this paper, first, the definitions of the pseudo-differentiability and the pseudo-integrability 
are given. In addition, the transformation theorems for them are discussed. The Newton-Leibniz formula 
is also obtained. Finally, the results can be applied directly to the discussion of nonlinear differential 
equations. 

To make our analysis possible, first we will recall some basic results of pseudo-additions in section 
2. Section 3 contains the concepts of the pseudo-differentiability and the pseudo-integrability and the 
transformation theorems for them. Newton-Leibniz formula is also obtained in the section 4. We apply 
the obtained results directly to the discussion of nonlinear differential equations in section 5. 

2 Notations and preliminaries 

Let [a, b] be a closed real interval of [— oo, +oo]. 

According to [4, 14], a 2-place function © : [a, b] x [a, b] — ► [a, b] is said to be a pseudo-addition, if it 
is commutative, nondecreasing in each place, associative and has a zero element, denoted by 0. 

Obviously, the usual addition and the triangular conorm, for instance, S(x, y) = x V y = max(x, y) 
and S(x,y) = x + y — xy, are typical pseudo-additions. 

^This work is supported by the National Natural Science Foundations of China (71061013, 61262022) and the Natural 
Scientific Fund of Gansu Province of China (1208RJZA251). 

'Corresponding author. E-mail: gongzt@nwnu.edu.cn, zt-gong@163.com(Z.T.Gong). 
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Lemma 2.1 (Aczel's theorem [1, 7]) If © is continuous and strictly increasing in (a, b) x (a, b), then 
there exists a monotone function g : [a, b] — > [— oo, +oo] such that g(0) = and 

xey = g~ 1 {g{x)+g(y)), 

where g is called a generator of ffi. 



3 The definitions of the pseudo-substraction and the pseudo-division 

Definition 3.1 Let x, y G [a, b] and © be continuous and strictly increasing. If there exists z G [a, b] 
such that x = y © z, then z is said to be a pseudo- difference of x and y, denoted by x 9 j/. The operator 
© is the pseudo-substraction. 

Obviously, the following statements hold. 
Corollary 3.1 Let © be a pseudo-substraction. Then xQy = g~ l (g(x) — g(y)), where g is a generator 
of®. 

Corollary 3.2 Let be a pseudo-substraction. Then a © (—6) = a b. 

Definition 3.2 Let x, y G [a, b] and © be continuous and strictly increasing. If xQy = g~ l (g{x) • g(y)), 
where g is a generator of ffi, then is said to be a pseudo-multiplication. 

Definition 3.3 Let x, y G [a, b] and y / 0, and be a pseudo-multiplication. If there exists z G [a, 6] 
such that x = y Q z, then z is said to be a pseudo-quotient of x and y, denoted by x y. The is the 
pseudo- division. 

Corollary 3.3 If is a pseudo-division and y / 0, then x y = g~ 1 (g(x)/g(y)). 

Proof Since is a pseudo-division, there exists z such that x = y z, i.e., z = x y. On the other 
hand, since is a pseudo-multiplication, there exists a continuous and monotone function g such that 
g^idiy) ■ g(z)) = x, thus g(y) • g(z) = g(x). For y / 0, z = g' 1 (g(x) / 'g{y)) . Therefore x y = 
9~ 1 {g{x)/g{y)). 



4 The definitions of the pseudo-differentiability and the pseudo-integrability 

Let © be continuous and strictly increasing. The pseudo-metric on [a, b] is a function d : [a, b] x [a, b] — > 
[0, oo] and defined by 

= |x© y| e , 

where | • |® is a pseudo-absolute value. Obviously, operator d fulfills all conditions for being a metric. 

Furthermore, we have the following represent ant. 

Remark 4.1 The pseudo-absolute value | • |© on [a, b] is defined by 

Me = \d{x)\ 

for x G [a, 6], and where g is a generator of ©. 

Remark 4.2 Let d : [a, 6] x [a, b] — > [0, +oo] be the metric on [a, 6]. Then 

= tote) - g(y)\ 

for x, y G [a, 6], and where g is a generator of ffi. 

Definition 4.1 Let ffi be continuous and strictly increasing. A function / : [c,d] — > [a, b] is said to be 
pseudo-differentiable at the point x G [c,d], if there exists G [a,b] such that 

lim [(f(x + h)Q f(x)) (Or + h) G x)] 

/i — >o 

exists and equals to — -. The rf is the pseudo-derivative of f(x) at the point x. For x = c, x = d, 
only consider the single pseudo-derivative: lim[(/(x + h) Q f(x)) ((x + h) Q x)] or lim[(/(x) /(x — 

h)) (x e (x - h))]. 

Here the limit is taken in the metric space ([a, b], d). 

Remark 4.3 Let / be a pseudo-differentiable function on [c, d] and with the values in [a, b], and the 

generator g of © be continuous on [c, d]. Then / is pseudo-continuous on [c, d], i.e., lim /(x + h) = /(x) 

h— >0 

for any x G [c,d]. ?14 
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Proof Fixed x £ [c, d] . Let / is pseudo-differentiable at x, and 

]im[(f(x + h)ef(x))<2)((x + h)ex)] = d -I^l. 

h — *0 (ZX 

For the generator g of ©, we have 



lim 

h->0 



g[(f(x + h)e /(*)) ((x + h) © x)] - g( d -j^ 



o. 



It follows that 



That is to say, 



lim 

h->0 



g(f(x + h))-g(f(x)) g{ d (B f(x) ) 
g(x + h) — g(x) dx 



0. 



lim 

h->0 



g{f{x + h)) - g(f(x)) - (g(x + h) - g(x))g( d -^ 



= 0. 



By the continuity of g, we have 



It implies 



hm\g(f(x + h))-g(f(x))\ = 0. 

h—>[) 



Yimf(x + h)=f(x). 



Thus, / is pseudo-continuous on [c,d]. 

Theorem 4.1 Let f\ and /2 be two pseudo-differentiable functions on [c, d] and with the values in [a, b]. 
Then the following statements hold for any A, Ai, A2 £ [a, b\. 
(1) Ai fi © A2 ji is pseudo-differentiable on [c, d] and 

ci e (A 1 0/ 1 0A 2 0/ 2 ) d®h ffi x n d®/2 

: = Al © — © A2 © — , 

dx dx dx 



(2) /1 © /2 is pseudo-differentiable on [c, d] and 

d e (/i0/ 2 ) _d e /i 



da; 



dx 



0/26/1© 



d®/2 
da; 



(3) ^ = 0. 



Proof (1) Since fi and / 2 are pseudo-differentiable, we have 

d ffi (A 1 Q/ 1 ©A 2 Q/ 2 ) 
dx 

= lim{[(Ai h(x + h) © A 2 / 2 (x + h)) (Ai fi(x) © A 2 / 2 (x))] [(x + h) G x]} 

= limjjAi (/i(x + /i) Q /i(x)) © A 2 (/ 2 (x + h) G / 2 (x))] [(x + h) © x]} 
/i— >o 

=Ai lim [(/i(x + h) G /i(x)) ((x + h) © x)] © A 2 lim [(/ 2 (x + /i) © / 2 (x)) ((x + /i) © x)} 

d®/i x d®/ 2 
=Ai © A 2 © — J —. 
dx dx 

According to Definition 4.1, Ai j\ © A 2 / 2 is pseudo-differentiable on [c, d] and 

d e (A 1 0/ 1 ©A 2 Q/ 2 ) d®A d®/ 2 

, = Ai © — — © A 2 © — — . 

dx dx dx 
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(2) Since /i and f 2 are pseudo-differentiable, we have 

A/ie/2) 

dx 

= lim{[/i(x + h)Q f 2 (x + h)Q h{x) f 2 (x)} [{x + h) x}} 

= lim{[/i(x + h) f 2 (x + h) h{x) f 2 (x) h{x) f 2 (x + h)@ h{x) f 2 (x + h)] [(x + h) © x}} 

h— >0 

= lim{[(/i(s + h) G /i(x)) / 2 (x + /i) /i(x) (/ 2 (x + h) © / 2 (x))] [(x + /») x]} 

h— >0 

= lim[(/i(x + /i)0/i(x))0((x + /i)©x)]0/ 2 (x)©/i(x) lim [(/ 2 (x + h) © / 2 (x)) ((x + /t) © x)] 

- 0/20/10 —. • 

ax ax 
According to Definition 4.1, /i f 2 is pseudo-differentiable on [c, <i] and 

^(/iQ/ 2 ) _ d®h dy 2 

^ ~~ — 0/20/10 — • 

ax ax ax 

(3) ^ = lim(A A) ((x + h)Qx) = 0. 

Theorem 4.2 Let / be a pseudo-differentiable function on [c, d] and with the values in [a, b], and the 
generator g of © be differentiable on [c, d] . Then 



Proof 



(ix ^ V ^(^O 



= &r ,[(/(! + h) e /(l)) ((i + h) e x)] 

h-»0 V #( x + ^) - 51^) / 
= -i A im g{f{x + h))-g{f{x)) h \ 

\h^o h g(x + h) — g(x) ) 

Remark 4.4 In [8, 9, 10, 19], the authors directly defined the (/-derivative as follows. 



d®f(x) _ , ( dg(f(x)) \ 
dx \ dx J 



However, it may be more natural to define as the way proposed in this paper by Definition 4.1 and obtain 
Theorem 4.2. 

Definition 4.2 Suppose that a function / : [c, d] — > [a, b] has the (n — l)-th pseudo-derivative, then the 
(n)-th pseudo-derivative of / (if it exists) is defined as 



d (n)® f d ® / d (n-l 



, n ^ 1. 



dx 11 dx \ dx n 1 
Theorem 4.3 If there exists an (n)-th pseudo-derivative of /, then 

x™ V d[g{x)] n J 

Proof For n = 0, the theorem is obviously true. 716 
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Suppose that the theorem is true for n — 1 , i.e., 

d {n-m f{x) = _ 1 U n - l gU{x)) 
x n ~ l 9 V d[g(x)] n - 1 

Then 

x™ ~~ dx I dx n ~ x J 

d® f g _, fd^gifix)) 



dx v v didix)} 71 ' 1 
x ( d fd^gifix)) 



9 



9 



\dg(x) V d^x)]™" 1 
i fd n g(f(x)Y 



d[g(x)Y 

By mathematical induction, the theorem is proved. 

Definition 4.3 Let © be continuous and strictly increasing. Let f(x) be a bounded function defined 
on [c, d] . If for any partition of [c, d] 

P : c = xq < x\ < X2 < • • • < x n = d, 

denote A = max (xi Xj_i), if for any £j £ [xi-i, Xi], the limit 

n 

lim i0/(6) Q{xi Qxi-i) 

A — *U 

i=l 

exists, then f(x) is said to be pseudo-integrable on [c, d], and its pseudo-integral value equals to the limit 
value, denoted by f(x)dx. 

Theorem 4.4 Let fi and /2 be two pseudo-integrable functions on [c, d] and with the values in [a, b] . 
Then for Ai, A2 G [a, b], X\ f\ © A2 /2 is also generalized integrable on [c, d] and 

/•(©,©) /•(©,©) /•(©,©) 

/ (Ai h © A 2 / 2 )dx = \ 1 Q f±dx © A 2 / / 2 dx. 

J[c,d] J[c,d] J[c,d] 

Proof For any partition of [c, d] 

P : c = xo < x\ < X2 < • • • < x n = d 
and for any £j G [xj_i,Xj], we have 



(Ai /i(&) © A 2 / 2 (&)) © (a* e Xi_i) 
i=i 

= (Ai hHi) © (a* xi-i) © A 2 / 2 (6) (a* Xi-!)) 
i=i 

=Ai0 ^0/ife) 0(xi0Xi_i)^ ©A 2 ^0/ 2 (6)0(^exi_i)^ 
Let A = max (xj Xj_i) — ► 0, since /1 and ji are pseudo-integrable on [c, d], we have 

n 

lim (Ai /i(&) © A 2 / 2 (&)) (xi Xi_i) 
i=i 



=Ai lim /i(^) (sj Xi_i) © A 2 lim / 2 (&) (x; x;_i) 

\ i=i / \ i=i / 

f(©.0) /•(©,©) 



/ /ids © A 2 / / 2 dx. 

Jfc.dl ./fecfl 7-17 



=Ai 

[c,d] 7[c,d| 717 
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According to Definition 4.3, Ai f\ © A2 / 2 is pseudo-integrable on [c, d] and 

(©,©) /•(©,©) /•(©,©) 

(Ai h © A 2 / 2 )dx = Ai / /ids © A 2 / / 2 dx. 

c,d] J [c,<2] J [c,d\ 



Theorem 4.5 Let /(x) be pseudo-integrable on [c,d]. Then 

"(©,©) _ / /•<* 



/•(©,©) / /•<* \ 

/ fdx = g- 1 ( / g(f(x))dg(x) > 



when the right part is meaningful. 
Proof 

/•(©,©) « 

/ /dx = lim ffi /(£) (a* x;_i) 

J\c,d] ~[ 



= lim [/(&) (xi so) © /(&) (x 2 xi) © • • • © /(£„) (i n © x„_i)] 

A — 



= limAg-^gif^)) ■ g( Xl x )] © g^Wib)) " 5(^2 © Si)] 

A — >U 



© 5 _1 b(/(Cn)) • ff(Sn © X„_i)]} 

= lim • <?(^1 © X ) + </(/(&)) • #(x 2 © Xi) + • • • + #(/(£„)) • © Xn-l)] 

A — >0 

=<7 _1 [ lim (<?(/(£!)) • (<?(*i) - $(*o)) + <?(/(&)) ■ (<7(* 2 ) - <?(*i)) + ■ ■ ■ 



+ 5(/(Cn))-(^n)-5^n-l)))] 

9(f(x))dg(x)j , 



where A = max \g(xi) — g(xi-i)\. 
Remark 4.5 For 1 ^ i ^ n, we have 



Xj © Xj_i — ► d(xi, Xi-i) —> 

|3(xj) -g(xi-i)\ -> 0, 



therefore 



max (xj © Xj_i) -> max |#(xj) - 5(sj_i)| -> 0, 



namely, 

A -► A' -»• 0. 

Remark 4.6 In [8, 9, 10, 19], the authors directly defined the g-integral as follows. 

/•(©,©) / rd \ 

/ fdx = g- 1 ( / 5 (/)dx . 

J[c,d] \Jc J 

However, it may be more natural to define as the way proposed in this paper by Definition 4.3 and obtain 
Theorem 4.5. Additionally, the definition proposed in this paper coincides with the definition of integral 

with respect to a decomposable measure m proposed in [11-18], i.e., Jj^]°' ) fdm = g^ 1 ^ g(f)dg o rnj. 

Theorem 4.6 Suppose that / is continuous on [c, d]. Then we have 



dt 

for any x £ [c, d] . 



jffi / /•(©,©) \ 

/ f(t)dt = /(x) 
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Proof From Theorem 4.2 and 4.5, we have for any x 6 [c, d] 



dg(t) ) 

= m, 

where we have used the fundamental theorem of the usual calculus. 

Theorem 4.7 (Newton-Leibniz formula) Suppose that / has continuous pseudo-derivative on [c, d]. 
Then we have for any x G [c, d] 

/•(©>©) ^ffi f 

/ -fdt = f(x) f(c) 

J[c,x] dt 

for any x G [c, d] . 

Proof From Theorem 4.2 and 4.5, we have for any x £ [c, d] 



g- 1 (£<bV{t)) 



= g~ 1 (g(f(x))-g(f(c))) 
= f(x)Qf(c). 

5 Applications 

Example 5.1 Consider the following ordinary differential equation of the first order for s £ [0, +oo) 

Iny' - y + x s + x = 0. (1) 
Let g(x) = e~ x , then Equation (1) can be represented as the following pseudo-differential equation 

d®y 

Pseudo-integrating the preceding equation correspondingly, we have 

He,©) 
y = x s dx © C\ 



= g- 1 ' g{x s )dg{x) + g{C 1 ) 

( e -x-x s \ 



= —In 



where C = C 2 + e~ Cl . 

Example 5.2 Consider the following equation for p > and s G [0, +oo) 



(y') 1 /V" 1/p " x s+ ( 1_1 ^ = 0. (2) 
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Let g(x) = x p , then Equation (2) can be represented as the following pseudo-differential equation 

d ~y=x s . 

dx 

Pseudo-integrating the preceding equation correspondingly, we have 

He,©) 
y = x s dx © Ci 



g- 1 (j 'g(x s )dg(x) + g(C 1 ) 



( x v{s+i) \ 1/p 

where C = C 2 + C[. 

Example 5.3 Consider the following equation 

(x - 1) 3 (1 - y)y + xy 2 + ((x - l) 3 - 2x)y + x = 0. (3) 

Let g(x) = then Equation (3) can be represented as the following pseudo-differential equation 

d®y _ 
dx 

Pseudo-integrating the preceding equation correspondingly, we have 

3,0) 

xdx © C\ 



y= J 

= 9~ l (1 g(x)dg(x) + g(C 1 )j 

_ 2C{l-x) 2 + x 2 

~ 2(l-x) 2 + 2C(l-x) 2 + x 2 ' 



c\ 



where C = C 2 + Y-Ci ■ 
Example 5.4 Solve the following equation for A > 

A(l + X) y y - (1 + \) 2x + (1 + X) x = 0. (4) 

Let g{x) = ( - 1+A ^ -1 , A > 0, then Equation (4) can be represented as the following pseudo-differential 
equation 

d®y _ 
dx 

Pseudo-integrating the preceding equation correspondingly, we have 

He,©) 
y = xdx © C\ 



g x (J g{x)dg{x) + g{C\ 
ln(((l + A) x - 1) 2 /2A + C) 



ln(l + A) 

where C = C 2 A + (1 + A) Cl . 

Example 5.5 Let = [— L/2,L/2], L > given. We consider as an important nonlinear partial 
differential equation the Kuramoto-Sivashinsky equation (see [5, 6, 20]) 

1 2 

u t + \u xxxx + Uxx + t> u x = 
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for u = u(x, t) and x £ fi, where A is the given positive constant. 

Let g(x) = e~ x / c , then k u = k + u,u © u = u — cln2. If u is a solution of the Kuramoto- 
Sivashinsky equation, then put k u and u © u in the Kuramoto-Sivashinsky equation, respectively, 
we obtain an identity, thus k u and u © u are also solutions of the Kuramoto-Sivashinsky equation. 
Therefore (k u) © (k u) is a solution of the Kuramoto-Sivashinsky equation. We find new solutions 
of the Kuramoto-Sivashinsky equation. 
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A GENERAL THEOREM ASSOCIATED WITH THE 
BRIOT-BOUQUET DIFFERENTIAL SUBORDINATION 

ADEL A. ATTIYA AND TEODOR BULBOACA 

Abstract. Recently, many authors used the techniques of differ- 
ential subordination to find the best dominant of different subor- 
dination relation for certain subclasses of analytic functions, asso- 
ciated with the Briot-Bouquet differential subordination. In this 
paper we find some general results, which determine the best dom- 
inant of a general form of differential subordination relation for the 
above mentioned Briot-Bouquet differential subordination. 



1. Basic definitions and preliminaries 

We denote by 7i(U) the class of all analytic functions in the open 
unit disc U = {z e C : \z\ < 1}, and let A be the class of functions 
(f G H(U) which satisfy <p(0) = 1. 

To prove our main results, we need the following definitions and the 
lemmas. 

Definition 1.1. [15, p. 36] Let f and F be two analytic functions. The 
function f is said to be subordinate to F, written as f(z) -< F(z), if 
there exists a function w analytic in U, with w(0) = and \w(z)\ < 1, 
and such that f(z) = F(w(z)). 

It is well-known that if the function F is univalent, then f(z) -< F(z) 
if and only if f(0) = F(0) and /(U) C F(U). 

Definition 1.2. [7, p. 16] Let *f> : C 2 x U — > C, and let h be univalent 
in U. If p is an analytic function in U, and ty(p(z), zp'(z); z) is also 
analytic in U, then we say that p satisfies a first order differential 
subordination if 

(1.1) y(p(z),zp'(z);z)^h(z). 

The univalent function q is called to be a dominant of the differential 
subordination (1.1), if p(z) -< q(z) for all p satisfying (1.1). If q(z) -< 
q(z) for all the dominants q of (1.1), then we say that q is the best 
dominant of (1.1). 



2010 Mathematics Subject Classification. 30C45, 30CI0. 

Key words and phrases. Analytic functions, differential subordination, Briot 
Bouquet differential equation, Briot Bouquet differential subordination, operators 
in geometric function theory. 
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Lemma 1.1 (Wilken and Feng [17]; see also [7]). Let /i be a positive 
measure on the unit interval [0,1]. Let g(z,t) be a complex valued 
function defined on U x [0, 1] such that g(-,t) is analytic in U for each 
t G [0, 1], and such that g(z, •) is \i-integrable on [0, 1], for all z e U. 
In addition, suppose that Reg(z,t) > 0, g(—r,t) is real, and 

Re } r > — - — r, for all \z\ < r < 1, t e [0, ll. 
g(z,t) ~ g(-r,ty 11 " 1 J 



If the function G is defined by 

G{z)= [ g{z,t)d»(t), 
Jo 



then 



Re — ^- > / , for all \z\ < r < 1. 
G(z) G(-r) 



Each of the following identities asserted by Lemma 1.2 is well known: 

Lemma 1.2. [5, Chapter 9] For all real or complex numbers a, b and 
c, with c ^ Zq , the following equalities hold: 

(1.2) T ^(l - tr b -\l - tz)- a d t = m ll C - h) 2 F,(a, b- c- z), 
Jo r (c) 

where Re c > Re b > 0; 



(1.3) 2 F 1 (a,b;c;z) = (1 - z)- a 2 F, (a,c-b;c; 



z-lj' 
and 

(1.4) 2-Fi(a,&;c;z) = 2-Fi(M;c;2:). 

The next lemma is a special case of a more general result [6, Corol- 
lary3.2.]: 

Lemma 1.3. [6, Example 1.] If -1 < A < B < 1, f3 > 0, and the 

complex number 7 satisfies 

^(1 - A) 

7 " 1-5 ' 

t/ien the following differential equation 
zq'(z) 1 + Az 
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has a univalent solution in U given by 

^+7(1 + Bz y(A-B)/B 



q(z) 



(5 j t^-\i+Bt)^ A - B y B dt 



z^ exp(/3Az) 



K 



£+7-1 



exp(/3At)dt 



1 



, if B=£0 



if B = 0. 



Moreover, if the function (p is analytic in U and satisfies the following 
subordination 



(1.5) 
then 



zip'(z) 1 + Az 
1 + Az 



ip(z) -< q(z) ~< 



1 + Bz' 



and q is the best dominant of (1.5). 



2. Main results 

Theorem 2.1. Let A, B and f3 be real numbers which satisfy the con- 
ditions 

(2.1) -1 < B < A < 1, and (3 > 0, 

and let 7 be a complex number with 

(3(1 -A) 



(2.2) 



Re7 > 



1 - B 

1. If (p G A and satisfies (1.5), £/ien 



(2.3) 

where 



ip(z) -< q(z) 



P 



M(z) 



7 



l + Az 
1 + Bz' 



( 1 



(2.4) M(z) = < 



P(A-B) 

A fl + Btz^ B 
1 + Bz 



dt, if B^O, 



1 

J t^- 1 exp(p(t-l)Az)dt, if B = 0, 



and q is the best dominant of (2.3). 

2. Suppose, in addition, that 7 is a real number, with 

PA 



(2.5) 



7 > -1 



B ' 



and 



KB <0. 



724 



ATTIYA ET AL 722-730 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.4, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



R ( \ ^ /3 + 7 



-i -l 



4 ADEL A. ATTIYA AND TEODOR BULBOACA 

Then 

and the right hand side of (2.6) cannot be replaced by a larger one. 

Proof. Since the function (f satisfies (1.5), from Lemma 1.3 we deduce 
that 

1 + Az 

<p{z) -< q{z) -< rT ^, 

where q is given in (2.3), and it is the best dominant of the given 
subordination. This proves the assertion (2.3) of the theorem. 
In order to prove (2.6) it is sufficient to show that 

(2.7) inf {Req(z) : z G U} = q(-l). 

Putting a = since B > —1, then from (2.4) by using (1.2), 

(1.3), and (1.4) for B ^ 0, we obtain that 



1 + Bz 



o 



= {l + Bzf J t^-\l + Btz)- a dt 



o 



(2-8) =^±7L 2fl f 1 , a;/J + 7 + 1; B, 



r(/3 + 7 + l) z 1 V ' Bz + l, 

In view of the formula (1.2), this last relation holds whenever Re(/3 + 
7 + 1) > Re a > 0, and under our assumption these inequalities are 
equivalent to (2.5). We remark that the condition (2.2) implies /3 + 7 > 
0, and also the convergence of the integrals from the formula (2.8). 
Now, to prove (2.7) we need to show that 

By using the relations (1.2) and (2.8) we have 

i 



M(z) = J h(z,t)du(t), 
o 

where 

h ^= 1+ \l-t )Bz (»6U,0< t <l), 

and 

[ ) r(a)r(/3 + 7 + l-a) ' 1 j 
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is a positive measure on [0, 1]. 

We note that Reh(z,t) > 0, h(—r,t) is real whenever r G [0, 1), and 
for —1 < B < we have that 



Re 



1 



_ 1 + (1 - t)Bz 1 + (1 - t)Br 
Ke = > 



1 



h(z,t) ' 1 + Bz 1 + Br 

Therefore, by using Lemma 1.1 we have 

1 1 



K-r,ty 



Re 



> 



M(z) ~ M(-r) 
which, upon letting r — > 1~, yields 



Re 



> 



1 



, \z\ < r < 1, 



-, z G U. 



M(z) M(-l) 

Since g is the best dominant of (2.3), it follows that the constant from 
the right-hand side of (2.6) cannot be replaced by a larger one. □ 

Corollary 2.1. Let A, B , {3 and 7 be constrained by the conditions 
(2.1), (2.2), and (2.5). Let H s : H{U) -> ft(U) 6e an operator such 

that „ ^rirr ) is analytic in U, with 



H,+i (/)(*) 



/? + £; + 7, 



2=0 



H s+ i(/)W 
and satisfies 

(2.9) ^H; +1 (/)(z) = fcH a+1 (/)(z) + mH s (/)( Z ), 

/or some k,m G C and /or aZZ / G 7i(U). Also, let define the class 
R 8 . k>7 (A,B) by 



R,, Kl {A,B) = {/ 6 W(U) : i (f^f - (* + 7)) -< 



1 + Az 



1. Iffe R s . k}1 (A, B), then 
(2.10) 



1 { zK' s+1 (f)(z) 



- (k + l)) -< q(z 



1 



M(z] 



- 1 



-< 



1 + Az 
1 + Bz' 



Hh-i (/)(«) 

where M is given by (2.4), and a is the best dominant of (2.10), hence 

Rs;k,^(A, B) C R s+ i-k tl (A, B). 

(3A 



B ' 



2. Moreover, if 7 is a real number, —1<B<0, and 7 > — 1 
then 

H s+1 {R s . kj7 (A, B)) c £"*(//), 
(where S*(/i) represents the class of starlike functions of order fi) and 

2 (a - 7 - Re fc) 



-R S ;fc, 7 (A -B) C i2 s +l;fc,7 ^ ~~ 



-1 
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The constant fi cannot be replaced by a larger one 
Proof. Putting 

then (p G A, and using the identity (2.9), we have 



+ Rek. 



{k + l) , 



mR s (f)(z) 



H s+ i(/)(* 

Carrying out logarithmic differentiation in the above relation and using 
Theorem 2.1, we deduce the result of the corollary. □ 

Corollary 2.2. Let A, B, (3 and 7 be constrained by the conditions 

(2.1), (2.2), and (2.5). Let R s : H{U) -> ft(U) be an operator such 

, zE.'(f)(z) . , . . TT . , 
t/iot „ ; ^ ; ; analytic in U, 



H,(/)(*) 



/3 + /c + 7, 



z=0 



H,(/)(*) 
and satisfies 

(2.11) <(/) (2) = m s+l {f){z) + mH s (/)(4 

/or some k,m G C and /or aZZ / G 7i(U). Also, let define the class 
T m (A,B) by 

1 fzR' s (f){z) . A 1 + 
(m + 7) N 



T s;m , 7 (A,5) = {/G^(U):l(^ 

1. /// G T a+1;ro)7 (A,S), tnen 
(2.12) 
1 



■ (/)(*) 



^h;(/)(2) . a . . 1 



M(z) 



7 



-< 



l + Bz 



1 + Az 
1 + Bz : 



where M is given by (2.4), and q is the best dominant of (2.12), hence 
T s +i- mt ~/(A, B) c T s . mtl {A, B). 

PA 



2. Moreover, if 7 is a real number, —1<B<0, and 7 > — 1 



then 



B ' 



H s (T s+1;m , 7 (A5))cS*(/i), 
(where S*(/i) represents the class of starlike functions of order /i) and 

2 (/j, — 7 — Re m) 



T s +i- m ^{A, B) C T s;m 7 ^1 — 



-1 
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where 

/' - ( 3 ~ 7) • , • • B ,r ■ / ■ B _ 1 
The constant fi cannot be replaced by a larger one. 
Proof. If we let 

then G .A, and by using the identity (2.11) we have 

Calculating the logarithmic derivative of the above relation and using 
Theorem 2.1, we deduce immediately the above result. □ 

oo 

Remarks 2.1. i) Putting /(«) = z p + £ a t z* (p G N), fc = -ra, 

t=p+i 

m — n+p, j3 — p — r), and 7 = 77 + n in Corollary 2.1, we get the result 
due to Patel and Cho [10]. 

ii) Putting /(,) = , + E +i a„< ( P 6 N), = p/( ^4 )y 

(<7 G S 1 *), /3 = — , and 7 = in Theorem 2.1, we get the result due to 
Patel [9]. 

00 

iii) Putting f(z) = z+Y^ a tZ % H s = J S) & (Srivastava-Attiya operator 

t=2 

see([16], [4])), k = —6, m — 1 + 6, /3 = 1 — a, and 7 = a + b in Corollary 

2.1, we get the result due to Kutbi and Attiya [3]. 

00 f( z \ 

iv) Putting f(z) = z p + £ (P G N), p(z) = A + (1 - A)^-, 

t=p+i 

p = — , and 7 = — p in Theorem 2.1, we get the result due to Patel and 
Cho [11]. 

00 

v) Putting f(z) = z p + £ a tz l (p G N) and H s = Tj(a,c) (see 

*=p+i 

[12]), k = \ + p, m = —A, (3 = p — n, and 7 = 77 + A in Corollary 2.2, 

we get the result due to Patel et al. [12]. 

00 

vi) Putting f(z) = z p + £ a t z* (p G N), H s = Hj,> m (ai) (Dziok- 

t=p+i 

Srivastava operator) , k = ai, m = p — ai, (3 = p — a, and 7 = a 1 + a — p 

in Corollary 2.2, we get the result due to Patel et al. [14]. 

00 

vii) Putting f(z) = z p + £ a t z f (p G N) and H s = !^' p (see [13]), 

t= P +i 

k — P — p — A, and m = A in Corollary 2.2, we get the result due to 
Patel and Mishra [13]. 
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Example 2.1. i) Cho et al. [2] (see also [8]) introduced the operator 
l£(a,c) denned by lj(a, c) (/)(*) = z p 2 F l {c, A + p, a; z) * f(z) (a e R, 

oo 

c e R \ Z , p,n e N, and f(z) = z p + £ a t z l ). In [2] the authors 

t=p+n 

showed that the operator I~(a, c)(f) satisfies the identity (2.9) with 
k = p — a and m — a. Then we may use the Corollary 2.1 to generalize 
their result, by replacing the operator H s with lp(a, c). 

ii) Cho et al. [1] introduced the operator l k x ' p (see[l]), where they 
proved that the operator I*' p satisfies the identity (2.11) with k = \ + p 
and m = — A. In order to generalize their result, we can apply Corollary 
2.2 by replacing the operator H s with l k x ,p . 
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An SVD Free Construction of an Indicator 
Function as an Imaging Algorithm 

K. Kim*, K. H. Leenr, and G. Pelekanos^, 

Abstract — A novel SVD free method is presented to reconstruct the shape 
of a sound-soft obstacle from the knowledge of the time harmonic incident 
electromagnetic wave and the far field pattern of the scattered wave. The 
approach presented is based on Kirsch's factorization method and constructs a 
simple indicator function which is used to visualize the scattering profile. The 
method is baptized as Singular Value Decomposition Free Indicator (SVDFI) 
and its performance is evaluated by comparing our reconstructions with those 
obtained via Morozov's discrepancy principle (MDP). Numerical results that 
illustrate the effectiveness of SVDFI on reconstruction problems involving both 
simulated and real data are reported and analyzed. 

Keywords: factorization method, Helmholtz equation, inverse problems, 
singular value decomposition. 

1 Introduction 

The linear sampling method introduced by Colton and Kirsch [4] is one of the 
major visualization algorithms for solving inverse obstacle scattering problems in 
the resonance region. The method creates a binary criterion for points from the 
grid to be inside the scatterer and is very fast since it reconstructs the obstacle 
directly from the given data without requiring the solution of a forward problem. 
One of its disadvantages is that it requires lots of data available since one theoret- 
ically needs to know the far field for all incident and observation directions on the 
unit sphere 0. The linear sampling method states that the norm of the solution 
g of the far field equation Fg = e~ lkx "' z tends to infinity as the sampling point z 
moves away from the obstacle. However, since the far field operator F is compact, 
the right-hand side is almost never in the range of F and the far field equation is 
not solvable in general. Therefore one has to resort in finding regularized solutions 

*Department of Mathematics, Yeungnam University, 719-749, Gyeongsangbuk-do, 
South Korea, E-mail:khkim@ynu.ac.kr 

^Department of Mathematics and Statistics, Southern Illinois University, Edwardsvillc, 
IL 62026, USA. E-mails: kleem@siue.edu, gpeleka@siue.edu 

*This research was supported by the Yeungnam University research grants in 2009 
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Kirsch in [5, 6], improved the method through a certain factorization of the far 
field operator F of the form (F^F) 1 ^ which replaced the far field equation with 
(F*F) l /*g = e ~ ikx - z . Then he was able to prove that a point z is located in the 
interior of the object if and only if the right-hand side belongs to the range of the 
operator (F*F) 1 / 4 . 

In this work we propose a new visualization technique, inspired in part from 
the Multiple Signal Classification (MUSIC) algorithm [2]. Our method constructs 
an indicator function I(z) without using singular value decomposition. The profile 
of the object is then reconstructed by noting that the indicator function gets large 
values for z inside the object and it gets smaller for z outside. Our method is fast 
and simple and does not really solve the far field equation with respect to g for 
several right hand sides. In addition, no choice of cut-off for the indicator function 
is needed and a priori knowledge of the noise level in the data is not required. 

We organize our paper as follows. Section 2 will be devoted to the formulation 
of the problem and a brief description of the factorization method. Subsequently, 
Section 3 will deal with the formulation of the SVDFI within the framework of the 
factorization method. In order to show the effectiveness of our method, in Section 
4, we will present numerical examples for the case of impenetrable and penetrable 
scatterers and we will compare the reconstructions obtained via SVDFI with the 
ones obtained by means of the Morozov's discrepancy principle (MDP). In our ex- 
periments we will use simulated data obtained by means of the Nystrom method 
[3] as well as real data. The real data are made available by the Electromag- 
netics Technology Division, Sensors Directorate, Air Force Research Laboratory, 
Hanscom Air Force Base, Massachusetts and are known by the name of The Ip- 
swich Data [7]. 

2 Formulation of the problem and the linear 
sampling method 

It is well known that the propagation of time-harmonic acoustic fields in a 
homogeneous medium, in the presence of a sound soft obstacle D, is modeled by 
the exterior boundary value problem (direct obstacle scattering problem) 

A 2 u(x) + k 2 u{x) = 0, x€R 2 \D (2.1) 
u(x) + u\x) = 0, x€dD (2.2) 

where A; is a real positive wave number and u % is a given incident field, that in the 
presence of D will generate the scattered field u. In addition, the scattered field u 



732 



PELEKANOS ET AL 731-739 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.4, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



3 



will satisfy the Sommerfeld radiation condition 

— fin 

Mm ^r{— - iku) = Q (2.3) 

r— >oo Or 

r = \x\, x £ M 2 \ D, and the limit is taken uniformly for all directions x = x/\x\. 

The Green's formula implies that the solution u of the direct obstacle scattering 
problem above has the asymptotic behavior [3] 

u(x) = UoD (x)^L + 0(r- 3 / 2 ) (2.4) 
for some analytic function Uoo, called the far- field pattern of u, given by 

171-/4 f a 

for x = x/\x\ on the unit sphere VL. In the case of the inverse problem, it represents 
the measured data. In particular, the inverse problem that will be considered here, 
is the problem of finding the shape of D from a complete knowledge of the far-field 
pattern. 

We now define the far-field equation 

(Fg z )(x) = ^(x,z) = ^=e- lk£ - z , z£R 2 (2.6) 

where &°°(x, z) is the far-field pattern of the fundamental solution of the Helmholtz 
equation given by 

*{x,z)= l -H$\k\x-z\), x + z (2.7) 

in which is the Hankel function of order zero and of the first kind. 
Moreover F : L 2 ($7) — > L 2 (Vl) is given by 

(Fg)(x)= Uoc{x;d)g{d) ds(d), den (2.8) 
Jn 



It is well known that the first version of the linear sampling method [4] solves 
the linear operator equation (2.6) based on the numerical observation that its 
solution will have a large L 2 — norm outside and close to dD. Hence, reconstruc- 
tions are obtained by plotting the norm of the solution. However, the problem is 
that the right-hand side does not in general belong to the range of the operator 
F. Kirsch [5] was able to overcome this difficulty with the introduction of a new 
version of the linear sampling method based on appropriate factorization of the 
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(a) (b) 
Figure 1: (a) Original profile of a kite, (b) Indicator function I(z). 



far- field operator F. In this method, Kirsch is elegantly using the spectral prop- 
erties of the operator F to characterize the obstacle. In particular, the following 
linear operator equation is now used in place of equation (2.6) 



e i7r/4 



-ikx-z 



(2.9) 



and the spectral properties of F are used for the reconstructions. To be more spe- 
cific, since F is normal and compact, which guarantees the existence of a singular 
system {c|, Up j G N, of F with u| = SjUj and Sj G C with |sj| = 1, then the 
characterization of the object depends on a range test as described in the following 
theorem due to Kirsch [5] . 



Theorem 2.1 For any z£R 2 assume that k 2 is not a Dirichlet eigenvalue o/— A2 
in D i.e. the corresponding homogeneous problem has only the trivial solution. 
Then a point zfl 2 belongs to D if and only if the series 

00 \($°° v c )\ 2 
j=i 3 

converges, or equivalently, if and only if z) belongs to the range of the op- 

erator (F*F) 1 ^. 
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3 The new imaging algorithm 

In this section we propose a new visualization algorithm that does not use the 
L 2 -norm of g € (., z) as an indicator of the domain D. Our approach makes use 
of the finite dimensionality present in any numerical computation and avoids the 
necessity of using the SVD of the discretized far field operator. Here, the direct 
scattering problem is solved for N directions of incidence distributed uniformly 
on the unit circle, xj = (cos(27rj/N),sin(27rj/N) T , j = 0, • • • ,7V — 1, and the far 
field pattern of the scattered field is determined for those same N directions. We 
then use these data and a composite trapezoidal rule to approximate the far field 
operator F given by ( 2.8) by its discrete analogue Fjj : C N — > C N for u G C , 

2vr N ~* 

(F D u)j = — ^ Uooixj; x k )u k j = • • • , N - 1 (3.11) 

fc=0 

Arens et al proved in [1], through the use of a semi-discrete operator and some 
arguments from perturbation theory, that the first few eigenvalues and eigenspaces 
of Fjj are good approximations to those of F. 

Using the discrete operator above for each z we form the following N x N linear 
system of the form 

{F%F Dr '*g{z) = b°°{z) = (®°°(x ,z),--- ,$°°(x N ^,z)f (3.12) 

We need to emphasize here that we are not directly solving the system above for 
g, but our imaging algorithm is rather based on the following simple observation. 
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ttzeD, then b°°{z) G n{{F*jF D Y^) and hence b°°(z) $ Af(((F* Fd) 1 / 4 )*), 
therefore the indicator function 

, w = U(^fm)h> (3 . 13) 

11^(2)11^ 

is larger for points inside the object and smaller for points outside. Figure 1 below 




(a) (b) 

Figure 3: Reconstructions of a kite with 9% error, (a) via SVDFI, (b) via 
MDP. 

shows an example of a kite excited by 60 incident waves, located in a grid of 
100 x 100 points. The measurement error is 9%. Therefore the far-field matrix of 
equation (3.12) is 60 x 60 and the right hand side is 60 x 10, 000. We observe that 
the indicator function I(z) is large when z is located inside the object and rather 
small for z outside. Similarly 2 shows two circles excited by 100 incident waves, 
located in a grid of 100 x 100 points. The measurement error is 13%. Notice that 
the indicator function now exhibits two picks due to the presence of two objects. 



4 Numerical Results 

In order to simulate perturbed data, we generate Gaussian random matrices 
E%, Ei and use a far- field matrix defined by 

F D = F D + 5(E 1 + iE 2 )\\F q \\ 2 , 6>0, 

where 5 is given and where Fd is constructed by using the Nystrom method [3]. As 
indicated in [3], the Nystrom method not only requires less computational effort 
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compared to collocation and Galerkin methods but it is also generically stable in 
the sense that it preserves the condition of the integral equation. We first report an 
image reconstruction experiment of a sound-soft obstacle. In this case the object 



SVDFI MDP MDP 




(a) (b) (c) 

Figure 4: Reconstructions of two circles with 13% error, (a) via SVDFI, (b) 
via MDP with correct error level, (c) via MDP with underestimated error 
level. 



SVDFI SVDFI 




-10 -5 5 10 -10 -5 5 10 



(a) (b) 

Figure 5: SVDFI reconstructions of, (a) the aluminum triangle and (b) the 
"mystery" object. 

to be reconstructed is a kite located in a grid of 100 x 100 points, the far-field 
matrix Fd is 60 x 60 (i.e., we use 60 incident and observed directions), and the 
relative noise level in Fjj is 1% (which implied a relative noise level in (F^Fjj) 1 ^ 
of approximately 9%). 

Reconstruction of the kite via our method is shown in Figures 3- (a). For 
comparison purposes, in 3-(b) we have included a reconstruction obtained through 
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the factorization method with Morozov discrepancy principle (MDP). Even though 
the reconstructions are comparable, notice that the Morozov discrepancy principle 
requires a-priori knowledge of the noise level in the data whether our method does 
not. 

We now continue our numerical experiments by attempting to reconstruct two 
sound-soft obstacles. In this case the objects to be reconstructed are two circles 
located in a grid of 100 x 100, the far-field matrix Fd is 100 x 100, and the relative 
noise level in Fjj is 2% (which implied a relative noise level in (F^Fd) 1 ^ of 13%.). 
In this experiment we consider the MDP in two distinct circumstances: (i) when 
the exact error norm H(F^Fd) 1 / 4 — (F^Fd) 1 / 4 ^ = e is used as input data and (ii), 
when the error norm is underestimated and set to 0.03e. The results are depicted 
in Figure 4. We note that while both our method and MDP (case (i)) produce 
reasonable reconstructions, MDP (case (ii)) yields reconstruction of poor quality 
due to the lack of a prior information about the noise level, and we see that our 
method may outperform MDP if the noise level is not correctly estimated. 

We will now consider real data sets (The Ipswich Data) produced by using an 
echo-free chamber, a fixed transmitter and a receiver rotating around the scatterer. 
The incident and observation angles are 36 for both experiments. Initially we 
will attempt to reconstruct an aluminum triangle (IPS009) whose outer circle has 
radius equal to 6 cm and using SVDFI. Figure 5- (a) shows that SVDFI yields a 
good reconstruction. Consequently we attempt the reconstruction of the "mystery" 
object given by the data set (IPS007), with a priori information that the object 
is penetrable and lies inside a circle of radius 7.5 cm. The reconstruction results 
appear in figure 5-(b) and as clearly indicated by the SVDFI the object was a 
circular tube, with a smaller one in its interior. It is worthwhile to mention here 
that reconstructions via the Morozov's discrepancy principle are difficult to obtain 
for real data cases due to the fact that the level of error in the experimental far-field 
matrix is not available or difficult to estimate. 
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Applications of coupled A/^-structures in BOC-algebras 
Young Bae Jun 1 and Sun Shin Ahn 2 * 
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Abstract. The notions of a ./V-subalgebra, a BCK-JV-ide&l, a (strong) BCC-Af-idcal of SCC-algebras are 
introduced, and related properties are investigated. Characterizations of a coupled ./V-subalgebra, a coupled 
BC K-J\f -ideals, and a coupled (strong) BCC-A/'-ideals of _BCC-algebras are given. Relations among a coupled 
A^-subalgebra, a coupled BCK-N-ide&l and a coupled (strong) BCC-M of i?CC-algebras are discussed. 

1. Introduction 

Imai and Iseki introduced two classes of abstract algebras: BCK- algebras and -BCJ-algebras 
(0) [£])• It is known that the class of BCK- algebras is a proper subclass of the class of BCI- 
algebras. The class of all BCK- algebras is a qusivariety. K. Iseki posed an interesting problem 
(solved by A. Wrohski [12]) whether the class of BCK- algebras is a variety. In connection with 
this problem, Y. Komori [11] introduced a notion of .BCC-algebra, and W. A. Dudek redefined 
the notion of -BCC-algebra by using a dual form of the ordinary definition in the sense of Y. 
Kormori. In [6], W. A. Dudek and X. H. Zhang introduced a new notion of ideals in BCC- 
algebras and described connections between such ideals and congruences. Dudek et al. ([3]) 
considered the fuzzification of ideals in .BCC-algebras. Jun et.al ([9]), introduced the notion of 
coupled AA-structures and its applications in BCK/ BC /-algebras were discussed. 

In this paper, we introduce the notions of a coupled A/"-subalgebra, a coupled BCK-N -ideal, 
and a coupled (strong) BCCW-ideals of £>CC-algebras are introduced, and related properties 
are investigated. Characterizations of a coupled A/"-subalgebras, a coupled BCK-N-ideals and 
a coupled (strong) .BCC-AMdeals of .BCC-algebras are given. Relations among a coupled M- 
subalgebra, a coupled BCK- AMdeal and a coupled (strong) £>CC-A/"-ideal of .BCC-algebras are 
discussed. 

2. Preliminaries 

For an abstract algebra (X, *,0) of type (2,0), consider the following axioms: 
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(al) (Vx, y,z G X) (((x * y) * (z * y)) * (x * z) = 0) , 
(a2) (Vx G X) (x * x = 0) , 
(a3) (Vx G X) (0 * x = 0) , 
(a4) (Vx G X) (x * = x) , 

(a5) (Vx, y G X) (x * y = 0, y*x = =>■ x — y) , 
(a6) (Vx, y G X) ((x * (x * y)) * y = 0) , 
(a7) (Vx, G X) ((x * y) * z = (x * z) * y) , 
(a8) (Vx, y,z G X) (((x * * (x * z)) * (z * y) = 0) , 

If (X, *,0) satisfies axioms (al), (a2), (a4) and (a5), then we say (X, *,0) is a weak BCC- 
algebra. By a BCC-algebra we mean a weak 5CC-algebra X satisfying the axiom (a3). If 
(X, *,0) satisfies axioms (a8), (a6), (a2) and (a5), then we say (X, *,0) is a BCI-algebra. By 
a BCK -algebra we mean a 5CJ-algebra X satisfying the axiom (a3). On any BCC-algebra 
(similarly as in the case of BCX-algebras) one can define the natural order < by putting 

(Vx, y G X) (x < y <^> x * y = 0) . (2.1) 

It is not difficult to verify that this order is partial and is its smallest element. 

Any .BCX-algebra is a BCC-algebra, but there are BCC-algebras which are not BCK- algebras 
(see pQ). Note that a BCC-algebra X is a BCX-algebra if and only if it satisfies the axiom (a7). 

Any BCC-algebra (X, *,0) satisfies the following conditions: 

(bl) (Vx, y G X) (x * y < x) , 

(b2) (Vx, y, z G X) ((x * y) * (z * y) < x * z) , 

(b3) (Vx, y, z G X) (x < y =^ x * z < y * z, z * y < z * x) . 

A non-empty subset 5* of a BCC-algebra X is called a BCC -subalgebra(briefij, subalgebra) of 
X if x * y G S whenever x G S and y G S. Let J be a subset of X with G /. We say that / is a 

(cl) BCK-ideal of X (see [5]) if it satisfies: 

(Vx, y eX)(y e I, x*y € I => x E I) . (2.2) 
(c2) BCC-ideal of X (see [5]) if it satisfies: 

(Vx, y,z e X) (y e I, (x * y) * z e I =^> x * z e I) . (2.3) 

(c3) strong BCC-ideal of X (see [10]) if it satisfies: 

(Vx, y,z & X) (y E: I , (x * y) * z E I =t> x & I) . (2.4) 

3. Coupled A^-structures applied to subalgebras and ideals in BCC-algebras 
Definition 3.1. ([9]) A coupled N -structure C in a nonempty set X is an object of the form 

C = {(x;fc,9c):xEX} 
where fc and gc are A/"-functions on X such that — 1 < fc(x) + gc(x) < for all x G X. 
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A coupled A/"-structure C = {(x; fc,gc) '■ x G X} in X can be identified to an ordered pair 
(fc,9c) in F(X,[— 1,0]) x F(X, [— 1, 0]). For the sake of simplicity, we shall use the notation 
C = (fc, 9c) instead of C = {(x; f c , g c ) ■ x G X} . 

For a coupled A/"-structure C = (fc, gc) in X and t, s G [—1, 0] with t + s > — 1, the set 

M{{fc,9c)\ (t, s)} = {x e X | / c (x) < t, ^c(x) > s} 

is called an A/"(t, s)-level set of C = (fc, gc)- An Af(t, t)-\eve\ set of C = (fc, gc) is called an jV-level 
set of C = (fc,gc)- 

Definition 3.2. ([9]) A coupled A/"-structure C = (fc,gc) in a i?CC-algebra X is called a coupled 
M -subalgebra of X if it satisfies: 

fc(x*y)< \J{fc(x),fc(y)} and g c (x * y) > /\ {g c (x), g c (y)} (3.1) 

for all x,y E X. 

Lemma 3.3. ([9]) Every coupled N -subalgebra C = (fc, gc) of a BCC-algebra X satisfies /c(0) < 
fc(x) and gc(0) > gc(x) for all x £ X . 

Proposition 3.4. If every Af -subalgebra C = (fc,gc) of a BCC-algebra X satisfies the inequal- 
ities fc(x * y) < fc(y) and gc(x * y) > gc(y) f° r any x,y G X, then fc and gc are constant 
functions. 

Proof. Let x G X. Using (a4) and assumption, we have fc(x) — fc(x * 0) < /c(0) and gc(x) = 
gc(x * 0) > <?c(0). It follows from Lemma 3.3 that fc(x) = /c(0) and gc(x) = gc(fy- Hence fc 
and gc are constant functions. □ 

Definition 3.5. ([9]) A coupled A/"-structure C = (fc,gc) in a -BCC-algebra X is called a coupled 
BCK-M -ideal of X if it satisfies: 
(c81) f c (0) < f c (x) and g c (0) > g c (x), 

(c82) / c (x) < V {/c(x * y), /c(y)} and g c (x) > /\ {g c (x * y),g c (y)} , 
for all x,y G X. 

Example 3.6. Let X = {0, a, b, c, d} be a 5CC-algebra([2]), which is not a BCK/BCI-algebra, 
with the following Cayley table: 



a b c d 





a a 

6 6 

c c a 

d c d c 
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(1) Let C = (fc,9c) be a coupled AA-structure in X denned by 

C = {(0; -0.8, -0.2), (a; -0.6, -0.3), (b; -0.6, -0.3), 

(c; -0.1, -0.5), (d; -0.1,-0.5)}. 

Then C = (fc,gc) is a coupled A/"-subalgebra, but not a coupled BCK-Af-ideal of X since 

fc(c) = -0.1 i -0.6 = \/ {f c (c * b) = f c (a), f c (b)} 

and/or 

9c(c) = -0.5 £ -0.3 = /\ {<? c (c * 6) = <? c (a), <? c (6)} . 

(2) Let V = (fv-,9v) be a coupled TV-structure in X denned by 

V = {(0; -0.7, -0.1), (a; -0.7, -0.1), (b; -0.5, -0.4), 

(c; -0.5, -0.4), (d; -0.5, -0.4)}. 

It is easy to show that V = (/p, is both a coupled A/"-subalgebra and a coupled -BCfC/V-ideal 
of X. 

Proposition 3. 7. ([9]) Every coupled BCK-M -ideal of a BCC-algebra X satisfies the following 
assertions: 

(i) (\fx,y,zeX)(x*y<z =► f c (x) <\J {fc(y)Jc(z)} , <fc(s) > A {flt(l/), <*:(*)})■ 

(ii) (Vx,y G X)(x < y => f c (x) < fc(y),gc(x) > g c (y)). 

Definition 3.8. A coupled A/"-structure C = (fc,gc) in a .BCC-algebra X is called a coupled 
BCC-N -ideal of X if it satisfies (c81) and 

(c83) f c (x *z) < V {/c(0& * ?/) * z), /c(y)} and g c {x * z) > f\ {g c ((x *y)* z),g c {y)} , 
for all x,y E X. 

Example 3.9. (1) Consider a BCC-algebra X = {0, a, , 6, c, d} and a coupled A/"-structure 
— (fv, 9v) as in Example 3.6(2). Then V = (f V) g v ) is both a coupled TV-subalgebra of X and 
a coupled -BCX-A^-ideal of X, but not a coupled BCC-N-ideal of X since 

/x>(d * c) = /p(c) = -0.5 i -0.7 = \/ {f v ((d * a) * c) = / c (0), / P (a)} 

and/or 

gv{d*c) = g v {c) = -0.4 ^ -0.1 = /\{g v ((d*a) * c) = g v (0) , g v (a)} . 

(2) Let X := {0,1,2,3,4,5} be a .BCC-algebra ([2]), which is not a BCK/B C/-algebra, with 
the following Cayley table: 
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* 1 2 3 4 5 

5 

1 1 1 

2 2 2 1 

3 3 2 1 1 1 

4 4 4 4 4 1 

5 5 5 5 5 5 

Let C = (fc,gc) be a coupled A/"-structure in X denned by 

C={ (0; -0.8, -0.2), (1; -0.6, -0.3), (2; -0.6, -0.3), 

(3; -0.6, -0.3), (4; -0.6, -0.3), (5; -0.2, -0.5)}. 

It is easy to check that C = (fc,gc) is both a coupled A/"-subalgebra of X and a coupled BCC- 
AMdeal of X. 

Theorem 3. 10. ([9]) For a coupled A/ 'structure C = (fc, gc) in a BCC-algebra X, the following 
are equivalent: 

(1) C = (fc, gc) is a coupled Af -ideal of X. 

(2) The nonempty M(t, s)-level set M{(f c , g c )] (*, «)} is a BCK-ideal of X for all t,s E [-1, 0] 
with t + s > —1. 

Theorem 3.11. For a coupled M-structure C = (fc, gc) in a BCC-algebra X, the following are 
equivalent: 

(1) C = (f c ,9c) is a coupled BCC-M -ideal of X. 

(2) The nonempty M(t, s)-level set Af{(f c , gc); (t, s)} is a BCC-ideal of X for all t,s e [-1, 0] 
with t + s > —1. 

Proof. Assume that C = (fc,gc) is a coupled BCC- jV-ideal of X. Let t, s E [—1,0] be such 
that t + s > — 1. Obviously, E Af{(fc, gc)', (A s)}. Let x, y, z E X be such that (x * y) * z,y E 
N{(fc,9c); (t,s))}. Then / c ((a;*y)*z) < t,/c(2/) < t and ^ c ((a: * y) * z) > s,g c (y) > s. It follows 
from (c83) that f c (x*z) < \/{fc((x*y)*z), fc(y)} <t and g c {x*z) > f\{g c {{x*y)*z), g c {y)} > s, 
which imply that x * z E Af{(fc, gc)', (t, s)}. Hence the nonempty Af(t, s)-level set of C = (fc, gc) 
is a BCC-ideal of X for all t,s E [-1, 0] with t + s > -1. 

Conversely, suppose that the nonempty J\f(t, s)-level set of C = (fc,9c) is a BCC-ideal of 
X for all t,s E [-1,0] with £ + s > -1. Since G M{{fc, gc); (t, s)}, the condition (c81) is 
valid. Assume that there exist a,b,c E X such that fc(a * c) > V{/c(( a * b) * c),fc(b)} or 
# c (a * c) < f\{g c {{a * b) * c),g c (b)}. For the case f c (a * c) > \/{fc((a * b) * c),f c (b)} and 
gc(a*c) > f\{g c ((a *b) * c) , gc(b)} , there exist s , to G [—1, 0) such that f c (a*c) > t > V{/c(( a * 
6) *c),/c(6)} and s = A{#c((a * 6) * c), g c (b)}. It follows that (a*6)*c,6 E M{{f c ,g c ); it Q ,s Q )}, 
but a*c ^ M{(fc, gc); (to, so)}- This is impossible. For the case /c (a* c) > V{/c((a*&) *c), /c(&)} 
and (7c( a * c) < Ajfi'cll * b) * c),gc(b)}, there exist s ,t E [—1,0) such that t = f c (a * b) and 
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g c (a *c) < s < /\{gc((a * b) * c),g c (b)}. Then (a*b)*c,b E M{(f c , 9c); (to, s )}, but a * c £ 
Af{(fc,gc);(to,s )}. This is a contradiction. H f c (a*c) > \/{fc((a*b) *c), fc(b)} and g c (a*c) < 
/\{g c {{a *b)* c),g c {b)}, then (a*b)*c,be M{(f c , gc); (to, s )}, but a * c <£ M{(f c , gc); {to, s )}, 
where t Q := -(f c (a*c) + \/ {f c ((a*b) * c), f c (b)}) and s := ^ {gcifl *c) + /\{gc{{a * b) * c), g c {b)}). 
This is a contradiction. Therefore C = (fc,9c) is a coupled BCC- jV-ideal of X. □ 

Proposition 3.12. Every coupled BCK-M-ideal C = (fc,gc) of a BCC-algebra X is a coupled 
Af-subalgebra of X. 

Proof. Let a coupled AA-structure C = (fc, gc) be a coupled jV-ideal of a -BCC-algebra X and let 
x, y G X. Then 

/c(* * y) < V {/c((x * y) * x), / c (x)} = \/{/c(0)> /cW) < V^(^), fciv)} 

and 

9c(x*y)> f\ {g c ((x * y) * x),g c (x)} = /\{g c (0), g c (x)} > /\{g c (x) , g c (y)} . 

Hence C = (fc, gc) is a coupled A/"-subalgebra of X. □ 

The converse of Proposition 3.12 may not be true in general (see Example 3.6(1)) as seen in 
the following example. 

Proposition 3.13. Every coupled BCC-M -ideal C = (fc,9c) of 'a BCC-algebra X is a coupled 
BCK-M-ideal ofX. 

Proof. Put z := in (c83). □ 

Corollary 3.14. Every coupled BCC -M -ideal of a BCC-algebra X is a coupled M -subalgebra 
ofX. 

Proof. It is easily verified from Proposition 3.12 and Proposition 3.13. □ 

Proposition 3.15. Let C = (fc,9c) he a coupled BCC- J\f -ideal of a BCC-algebra X. Then 
the following hold: 

(i) Ifx < y for any x,y G X, then f c (x) < f c (y), gc(x) > gc(y)- 

(ii) Iffc(x * y) = f c {0) for any x,y e X, then f c (x) < f c (y). 

(iii) If 9c(x * y) = gc(0) for any x, y G X, then g c (x) > g c (y). 

(iv) (\/x,y G X)(f c (x*y) < f c (x), g c (x * y) > g c (x)). 

(v) (Vx,y,z G X)(f c {x*(y*z)) < \/{fc(x), fc(y), fc(z)}, gc(x*(y*z)) > /\{gc(x), gc(y), 9c(z)}). 

Proof, (i) It follows from Proposition 3.7 and Proposition 3.13. 
(ii) For any x, y G X, we have 

fc(x) = fc(x*0)< \/{f c ((x * y) * 0), f c (y)} = \J {f c (x * y), fc(y)} 

= \J{fc(o),f c (y)} = fc(y)- 
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(iii) For any x, y G X, we have 

9c{x) = 9c(x * 0) > /\{g c ((x *y)* 0),g c (y)} = /\{gc(x * y),g c (y)} 
= /\{gc(0),9c(y)} = gc(y)- 

(iv) By (bl), we have x * y < x for any x,y G X. Using (i), we obtain f c (x * y) < fc{x) and 
g c (x *y)> g c {x) for any x,y G X. 

(v) For any x,y,z G X, using Corollary 3.14 we have 

fc(x *(y* z)) < \J{fc(x), f c (y * z)} 

<\/{fc(x),fc(y),fc(z)} 

and 

g c (x *(y* z)) > /\{g c (x),g c (y * z)} 

> /\{gc(x),g c (y),gc(z)}- 

□ 

Theorem 3.16. In a BCK-algehra, every coupled BCK-Af -ideal is a coupled BCC-M -ideal of 
X. 

Proof. Let C = (fc,gc) be a coupled .BCfT-A/'-ideal of a .BCC-algebra X. Using (c82) and (a7), 
we have 

fc(x *z)<\/ {f c ((x *z)* y), f c (y)} 
= \J{fc((x*y)*z)J c (y)} 

and 

gc{x *z)>/\ {g c ({x *z)* y), g c {y)} 

= /\{9c((x * y) * z), g c (y)} 

for all x,y,z G X. Hence (c83) holds. This completes the proof. □ 

Definition 3.17. A coupled AA-structure C = {fc,gc) m a -BCC-algebra X is called a coupled 
strong BCC-M -ideal of X if it satisfies (c81) and 

(c84) f c (x) < V {fc((x *y)*z), f c {y)} and g c {x) > /\ {g c ((x * y) * z), g c {y)} , 

for all x, y G X. 

Theorem 3.18. For a coupled M-structure C = (f c , gc) in a BCC-algebra X, the following are 
equivalent: 

(1) C = (f c , gc) is a coupled strong BCC-M -ideal of X. 

(2) The nonempty M(t, s)-level set M{(fc, gc)', (t, s)} is a strong BCC -ideal of X for all 
t,se [-1,01 witht + s> -1. 
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Proof. Straightforward. □ 

Theorem 3.19. Every coupled strong BCC-Af-ideal of a BCC '-algebra X is a coupled BCC- 
Af-ideal of X. 

Proof. Let C = (fc,9c) be a coupled strong BCC-Af-ideal of a .BCC-algebra X. Then the 
nonempty Af(t, s)-level set Af{(fc, gc); {t, s)} is a strong .BCC-ideal of X for all t,s G [—1, 0] with 
t + s > — 1 by Theorem 3.18. Let x,y, z £ X be such that y,(x*y)*z G Af{(fc, 9c)] (t, s)}. Then 
x G Af{(f c , 9c); (t, s)} by (2.4). It follows from (bl) that ((x * z) * x) *0 = e Af{(f c , 9c); (t, s)} 
which implies from (2.4) that x * z G Af{(fc, 9c); (t, «)}■ Hence Af{(fc, 9c); {t, s)} is a .BCC-ideal 
of X. By Theorem 3.11, C = (fc, 9c) is a coupled .BCC-Af-ideal of X. □ 

The converse of Theorem 3.19 is not true in general as seen in the following example. 

Example 3.20 Consider a .BCC-algebra X = {0,1,2,3,4,5} and a coupled AA-structure C = 
{fc,9c) as in Example 3.9 (2). Then C = (fc,9c) is a coupled BCC-Af-ideal of X(see Example 
3.9), but not a coupled strong BCC-Af-ideal of X since 

/ c (5) = -0.2 £ -0.6 = \/ {/ c ((5 * 2) * 5) = / c (0), / c (2)} 

and/or 

ffc(5) = -0.5 ^ -0.3 = /\ {(? c ((5 * 2) * 5) = ^ c (0), g c (2)} . 

Lemma 3. 21. ([4]) If a and b are non-zero distinct atoms of a BCC-algebra X, then a*b = a. 

Theorem 3.22. Let X be a BCC-algebra in which every non-zero element is an atom. Then 
every coupled BCC-Af-ideal of X is a coupled strong BCC-Af-ideal of X. 

Proof. Assume that every non-zero element is an atom in a .BCC-algebra X. Let C = (fc,9c) 
be a coupled BCC-Af-ideal of X. Let x, y, z G X be such that y, (x * y) * z G Af{(fc, 9c); if, s)}. 
Then x * z G Af{(fc, 9c); (t, s)}. It follows from Lemma 3.21 that x = x * z G Af{(fc, 9c); (t, s)}. 
Hence C = (fc,gc) be a coupled BCC-Af-ideal of X. □ 

For any element a of a .BCC-algebra X, let 

X a := {x G X | fc(x) < f c (a), g c (x) > g c (a)} . 

Obviously, X a is a non-empty subset of X. 

Theorem 3.23. Let a be any element of a BCC-algebra X.IfC = (f c , gc) is a coupled (strong) 
BCK (BCC )-Af -ideal of X, then the set X a is a (strong) BCK (BCC)-ideal of X. 

Proof. Since /c(0) < fc{%) and <?c(0) > gc{%) for & n y x £ X, we have G X a . Let x,y G X 
be such that x * y £ X a and y G X a . Then / c (x * y) < fc(a),g c (x * y) > g c (a), f c {y) < fc{a) 
and g c (y) > g c (a). It follows from (c82) that f c (x) < \/{fc(x * y), fc(y)} < fc(a) and g c (x) > 
/\{gc( x * y),gc(y)} > gc( a ) so that x G X a . Therefore X a is a 5Cii"-ideal of X. 

Let x, y, z G X be such that (x * y) * z G X a and y G X a . Then /c((a; * y) * z) < fc(a), gc((x * 
y)*z)> g c {a), f c (y) < fc(a) and g c (y) > 9c{p)-$ follows from (c83) that f c (x * z) < V '{f c ((x * 
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y) * z)Jc{y)} < fc(a) and g c (x * z) > /\{gc((x * y) * z),g c (y)} > gc(a) so that x * z G X a . 
Therefore X a is a BCC-ide&l of X. 

Let x, y, z G X be such that (x * y) * z G X a and y G X a . Then fc((x * y) * z) < fc(a>), 9c(( x * 
y)* z)> g c (a)J c (y) < f c (a) and g c (y) > gc(a). It follows from (c84) that f c (x) < \J{fc((x * 
y) * z), fc(y)} < fc(a) and g c (x) > f\{gc{{x * y) * z),g c (y)} > g c (a) so that x G X a . Therefore 
X a is a strong BCC-ideal of X. □ 

Proposition 3.24. Let a be any element of a BCC-algebra X and let C = (fc, gc) be a coupled 
M -structure in X. Then 

(i) If X a is an ideal of X, then C = (fc, gc) satisfies the following assertion: 

(V,, y,zeX)( | I V My * z) Hz)} => fc(x) > fc(y) \ 

V ; V 9c(x) < Mgc(y*z),g c (z)} g e (x) < g c (y) J v ; 



(ii) If C = (fc,gc) satisfies (3.2) and 

(Vx G X) (f c (0) < f c (x), g c (0) > g c (x)) , (3.3) 

then X a is an ideal of X. 

Proof, (i) Assume that X a is an ideal of X for all a G X. Let x,y, z G X be such that fc(x) > 
V {fc(y * z), fc{z)} and g c (x) < /\ {g c {y * z),g c (z)} . Then y * z G X x and z G X x . Since X x is 
an ideal of X, it follows that y G X x so that /c(y) < fc(x) and ^c(y) > 9c (x). 



(ii) Suppose that C = (fc,gc) satisfies two conditions (3.2) and (3.3). Let x, y G X be such 
that x * y G X a and y G X a . Then / c (aj * y) < f c (a), g e {x * y) > g c (a), f c (y) < fc(a) and 
9c(y) > 9c(a). Hence f c (a) > V {fc(x * y), f c (y)} and g c (a) < f\ {g c (x * y),g c (y)} , which imply 
from (3.2) that fc(a) > fc(x) and gc(a) < gc(x)- Thus x G X a . Obviously, G X a . Therefore X a 
is an ideal of X. □ 

Theorem 3.25. Let C = (fc,gc) be a coupled M-structure in a BCC-algebra X. Then X a is a 
BCK -ideal of X for any a G X if and only if 

(i) fc(0)<fc(a),gc{0)>9c(a)). 

(ii) (Vx, y G X)(f c (x * y) < f c (a) and f c (y) < fc(a) imply f c (x) < f c (a)). 
(hi) (Vx,y G X)(5-c(x * y) > gc(a) and g c (y) > gc(a) imply g c (x) > g c (a)). 

Proof. Assume that X a is a .BCfT-ideal of X. Then G X a and so /c(0) < /c( a ) and g"c(0) ^ 
S-c(a). Let x,y, z G X be such that f c (x * y) < f e {a),g e {x * y) > gc{a),fc{y) < fc{a), and 
gc(y) > 9c( a )- Then x * y,y G X a . Since X a is a BCK-ideal of X, we have x G X a . Hence 
/c(ac) < fc(o) and g- c (x) > g c (a). 

Conversely, consider X a for any a G X. Obviously, G X a for any a G X. Assume that 
x * y,y G X Q . Then / c (x * y) < f e (a),g c (x * y) > ge(a),fc(v) < fc(a), and y c (y) > g c (a). It 
follows from hypothesis that fc(x) < fc( a ) and gc{x) > gc(a)- Hence x G X a . Thus X a is a 
fiCX-ideal of X. 
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Note that any coupled AA-subalgebra of a BCC-algebra may not be a coupled BCK-J\f-ideal 
(See Example 3.6(1)). We now provide a condition for a coupled A/"-subalgebra to be a coupled 
BCK-Af -ideal of X. 

Theorem 3.26. If every non-zero element of a BCC-algebra X is an atom, then every coupled 
M-subalgebra of X is a coupled BCK-M -ideal of X. 

Proof. Assume that every non-zero element is an atom in a .BCC-algebra X. Let C = (fc,gc) 
be a coupled BCC-Af-ideaA of X. It follows from Lemma 3.3 that (c81) holds. Let x, y G X be 
such that x * y,y G A/"{(/c, gc)] (t, s)}. Since x is an atom, (bl) implies x*y = 0orx*y = xE 
A/"{(/c, 9c); (t, s)}. If x * y = 0, then x < y gives x = or x = y. Hence x G A/"{(/ c , fit); (f, «)}■ 
Thus C = (/c, t?c) is a coupled SCX-AA-ideal of X. □ 
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Abstract 

This paper investigates the numerical solution of nonlinear second-order periodic boundary value problems by using 
reproducing kernel Hilbert space method. The solution was calculated in the form of a convergent series in the 
space W$ with easily computable components. In the proposed method, the n-term approximation is obtained and 
is proved to converge to the analytical solution. Meanwhile, the error of the approximate solution is monotone 
decreasing in the sense of the norm of W| • The proposed technique is applied to several examples to illustrate 
the accuracy, efficiency, and applicability of the method. The results reveal that the method is very effective, 
straightforward, and simple. 

Keywords: periodic boundary value problems; Reproducing kernel Hilbert space method 
AMS Subject Classification: 34K28; 47B32; 34B15 



1 Introduction 

Second-order boundary value problems (BVPs) for ordinary differential equations arise very frequently in many 
branches of applied mathematics and physics such as atomic calculations, gas dynamics, nuclear physics, atomic 
structures, deformation of beams and plate deflection theory, chemical reactions, and so on [1-4]. In recent years, the 
nonlinear second-order periodic BVPs which are a combination of second-order ordinary differential equations and 
periodic boundary conditions have been widely studied by many authors [5-8] , due to a wide range of applications 
in applied mathematics, physics, and engineering, particularly in the homogenization of composite materials with 
a periodic microstructure [9,10]. In most cases, nonlinear second-order periodic BVPs do not always have solutions 
which we can obtain using analytical methods. In fact, many of real physical phenomena encountered, are almost 
impossible to solve by this technique, these problems must be attacked by various approximate and numerical 
methods. 

This paper discusses and investigates the analytical approximate solution using reproducing kernel Hilbert space 
(RKHS) method for nonlinear second-order BVP with periodic boundary conditions which is as follows: 

u" (x) =F(x,u (x) , u (x)) ,0<x<l, (1) 

subject to the periodic boundary conditions 

«(0)=«(1), 
u' (0) = u' (1) , 

where u <G W| [0, 1] is an unknown function to be determined, F (x, y, z) is continuous term in W% [0, 1] as y = 
y(x),z — z(x) G [0, 1] , < x < 1, — oo < y,z < oo, and is depending on the problem discussed, and 
W\ [0, 1] , W| [0, 1] are two reproducing kernel spaces. 



1 On sabbatical leave from Department of Mathematics, Faculty of Science, The University of Jordan, Amman- 
Jordan. 
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Recently, many authors have discussed the numerical solvability of periodic BVPs. To mention a few, the 
existence and multiplicity of positive solutions have been discussed to first-order periodic BVPs as described in [11]. 
In [12] the authors have discussed the existence of nontrivial periodic solutions for second-order periodic BVPs. 
In [13] also, the author has provided the existence and multiplicity of positive solutions to further investigation to 
second-order periodic BVPs. Furthermore, the existence of solutions is carried out in [14] for third-order periodic 
BVPs. The existence of positive solution has been investigated to solve fourth-order periodic BVPs as presented 
in [15]. However, we assume that Eq. (1) subject to the periodic boundary conditions (2) has a unique solution on 
[0, 1]. But on the other aspects as well, the numerical solvability of differential and integro-diffcrcntial equations of 
different types and orders can be found in [16-20] and references therein. Also, for numerical solvability of different 
categories of second-order BVPs one can consult the references [21-24]. 

Investigation about second-order periodic BVPs numerically is scarce. In this work, we utilize an a methodical 
way to solve these type of differential equations. The new method is accurate, need less effort to achieve the results, 
and is developed especially for nonlinear case. Meanwhile, the proposed method has an advantage that it is possible 
to pick any point in the interval [0, 1] and as well the approximate solutions and all its derivatives up to order two 
will be applicable. 

Reproducing kernel theory has important application in numerical analysis, differential equations, integral 
equations, probability and statistics, and so fourth [25-27]. In the last years, extensive work has been done using 
RKHS method, which provides numerical approximations for linear and nonlinear equations. This method has 
been implemented in several operator, differential, integral, and intcgro-differential equations, such as nonlinear 
operator equations [28], nonlinear system of second-order BVPs [29], linear initial-boundary- value problems, [30], 
nonlinear second-order singular BVPs [31,32], nonlinear partial differential equations [33], nonlinear Frcdholm- 
Volterra integral equation [34], nonlinear fourth-order integro-differential equations [35,36], nonlinear Fredholm- 
Volterra integro-differential equations [37], and others. 

The rest of the paper is organized as follows: in the next section, several reproducing kernel spaces are described. 
In section 3 a linear operator, a complete normal orthogonal system, and some essential results are introduced. Also, 
a method for the existence of solutions for Eqs. (1) and (2) based on reproducing kernel space is described. In 
section 4, we give an iterative method to solve Eqs. (1) and (2) numerically in the space W$ [0, 1]. A numerical 
examples are presented in section 5. Section 6 ends this paper with a brief conclusion. 

2 Several reproducing kernel spaces 

In this section, two reproducing kernels needed are constructed in order to solve Eqs. (1) and (2) using RKHS 
method. Before the construction, we utilize the reproducing kernel concept. Throughout this paper C the set of 
complex numbers, the superscript (i) in uW (x) denotes the i-th derivative of u (x), L 2 [a, b] = {u | J a u 2 (x) dx < 

oo}, and I 2 = {A | £ (A,) 2 < oo}. 

i=l 

An abstract set is supposed to have elements, each of which has no structure, and is itself supposed to have 
no internal structure, except that the elements can be distinguished as equal or unequal, and to have no external 
structure except for the number of elements. 

Definition .1 [31] Let E be a nonempty abstract set. A function K : E x E — > C is a reproducing kernel of the 
Hilbert space H if 

1. for each x £ E, K(-,x) £ H. 

2. for each x £ E and p £ H, (p (•) , K (-,x)) = (p (x). 

The condition (2) is called "the reproducing property": the value of the function ip at the point x is reproducing 
by the inner product of p(-) with K(-,x). A Hilbert space which possesses a reproducing kernel is called a 
RKHS [31]. 

Next, we first utilize the reproducing kernel space Wf [0, 1] in which every function satisfies the periodic bound- 
ary conditions (2) and then construct the space W\ [0, 1]. 
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Definition .2 [32] The inner product space W| [0, 1] is defined as W 2 [0, 1] = {u(x) | u,u',u" are absolutely 
continuous real-valued functions on [0, 1], u, u' , u", v!" £ L 2 [0, 1], and u (0) — u (1), v! (0) = v! (1)}. On the other 
hand, the inner product and norm in Wf [0, 1] are defined, respectively, by 

(u(x), v(x)) w3 = E u« (0) v« (0) + / u"'(x)v"'(x)dx, (3) 

i=0 JO 



and ||m|| W 3 = x /{u,u) W 3, where u,v € W 2 [0, 1]. 



The Hilbert space Wf [0j 1] I s called a reproducing kernel if for each fixed a; e [0, 1], there exist R (x, y) € W% [0, 1] 
(simply R x (y)) such that (u (y) , R x {y)) W 3 — u (x) for any u(y) € W$ [0, 1] and y € [0, 1]. Next theorem utilize the 
reproducing kernel function R x (y) on the space W% [0, 1]. 

Theorem .1 The Hilbert space W" 3 [0, 1] is a complete reproducing kernel and its reproducing kernel function 
R x (y) can be written as 

f ai(a;) + a 2 (x)y + a 3 (a;)y 2 + a 4 (x)y 3 + a 5 (a;)y 4 + a 6 (x)y 5 , y < x, 

[ 6i(x) + & 2 (s)y + &3(^)y 2 + fe4(a;)y 3 + 65(a;)y 4 + &6(a;)y 5 , y > x, 

where cii(x) and 6i(x), i = 1,2, ...,6, are unknown coefficients of R x (y). 

Proof. The proof of the completeness and reproducing property of W 2 [0, 1] is similar to the proof in [30]. Now, let 

us find out the expression form of the reproducing kernel function R x (y) in the space W$ [0, 1]. Through several 

l 2 — l 

integration by parts, we obtain /„ v!" (y)d^R x (y)dy = E wW iv) dl~ { R x (y) \ v ~\ - J u (y) d®R x (y) dy. Thus, 

from Eq. (3) we can write 



(u (y) , R x (y)) w3 = E u« (0) [d y R x (0) + (-1)^"^ (0)] + E (-l)* u « (1) 3*"% (1) 

i=0 i=0 



- / u{y)d^R x {y)dy. 
Jo 



Since (y) e Wf [0, 1], it follows that # x (0) = # x (1) and d]R x (0) = 9^ (1). Again, since u(x) e W| [0, 1], it 
yield that u« (a) = u« (b), i = 0, 1. Hence, 

(u(y),ik (y))ws = E u« (0) [flji^ (0) + (-l)^ 1 ^"*^ (0)] + E(-1)^W (1)3*"^ (1) 

^=0 _ l= ( 5 ) 



/ u (y) 8 6 y R x (y) dy + ci(«(0) - u(l)) + c 2 (u'(0) - u'(l)). 
J o 



On the other hand, if d 3 y R x (1) = 0, R x (0) - (0) + d = 0, 5 2 i4 (0) - 9 3 i? x (0) = 0, 0^ (1) - 

ci = 0, (0) + d y R x (0) + c 2 = 0, and (1) + c 2 = 0, then Eq. (5) implies that (u(y),R x (y)) w s = 

Jo u (v) (~dy R x {y))dy. Now, for any x G [0, 1], if R x (y) satisfies 

a^-Ra: (y) = — 5 (a; — y) , 5 dirac-delta function, (6) 

then (u (y) , R x (y)) W 3 — u (x). Obviously, R x (y) is the reproducing kernel function of the space [0, 1]. 

Next, we give the expression of the reproducing kernel function R x (y). The auxiliary equation of Eq. (6) is 
given by A 6 = 0, and their auxiliary values are A — with multiplicity 6. So, let the expression of the reproducing 
kernel function R x (y) be as defined in Eq. (4). 

But on the other aspect as well, for Eq. (6) let R x (y) satisfy the equation d™R x (x + 0) = d y n R x (x — 0), 
hi — 0,1, 2, 3, 4. Integrating dyR x (y) = — 5 (x — y) from i-etoi + e with respect to y and let e — > 0, we have the 
jump degree of dyR x (y) at y = x given by d y R x (x + 0) — dyR x (x — 0) = —1. Through the last descriptions the 
unknown coefficients di(x) and bi (x), i — 1, 2, 6 of Eq. (4) can be obtained. This completes the proof. ■ 
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Remark .1 By using Mathematica 7.0 software package, the coefficients ai(x) and bi(x), i = 1,2, ...,6 of the 
reproducing kernel function R x (y) in the space W 2 [0, 1] are obtained and are given as follows: 



ai(x 
a 2 (x 

a 3 (x 

a±{x 

a 5 (x 

a 6 (x 

h(x 
b 2 {x 
b 3 (x 
b4(x 
b 5 (x 
b e (x 



1, 



3867 



x(27 - 60.x - 20x 2 + 85x 3 - 32a; 4 ), 



1 



15468 
1 



x(240 - 963x + 968.x 2 - 247.x 3 + 2x 4 ), 
x(240 - 963x + 968a: 2 - 247x 3 + 2x 4 ), 



46404 

! z(-1827 + 1482a; + 494x 2 - 166a; 3 + 17x 4 ), 



9208 
1 



464040 



(3867 - 3840a; - 60a; 2 - 20a; 3 + 85a; 4 - 32a; 5 ), 



1 + x 5 

120 



30936 
1 



15468 
1 



x(216 - 480x - 160a; 2 - 609x 3 - 256a; 4 ), 
x(240 - 963x - 321.x 2 - 247x 3 + 2x 4 ), 



a; (240 + 2904a; + 968x 2 - 247.x 3 + 2x 4 ), 



46404 

x(2040 + 1482x + 494x 2 - 166x 3 + 17x 4 ), 



92808 
1 



464040 



x(3840 + 60x + 20x 2 - 85x 3 + 32x 4 ). 



The reproducing kernel function R x (y) posses some important properties such as: R x (y) is symmetric, unique, 
and nonnegative for any fixed x S [0, 1]. 

Definition .3 [33] The inner product space W\ [0, 1] is defined as W\ [0, 1] = {u (x) | u is absolutely continuous 
real-valued function on [0, 1] and u' € L 2 [0, 1]}. On the other hand, the inner product and norm in W\ [0, 1] are 
defined, respectively, by 



(u(x),v(x)) wl =u(0)v(0)+ [ u'(x)v / (x)da 
2 Jo 



and Uttllwi = ,J(u,u) w i, where u,v £ W 2 [0, 1]. 



Remark .2 In [33], it has been proved that the Hilbert space W 2 [0, 1] is a complete reproducing kernel and its 

1 + 2/, y<x, 
1 + x, y > x. 



reproducing kernel function is given by G x (y) 



3 Structure representation of solution 

In this section, the representation of the analytical solution of Eqs. (1) and (2) and the implementation method 
are given in the reproducing kernel space W 2 [0, 1]. After that, we construct an orthogonal function system of the 
space W 2 [0, 1] based on the Gram-Schmidt orthogonalization process. 
To do this, we define a differential operator L as 

L : Wl [0, 1] - W\ [0, 1] , 

such that 



Lu (x) — u" (x) . 
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As a result, Eqs. (1) and (2) can be converted into the equivalent form as follows: 

Lu (x) — F (x,u (x) , u' (x)) , < x < 1, 

u(0)-u(l)=0, (7) 
u'(0) -ti'(l) = 0, 

where u(x) e Wf [0, 1] and F(x,y,z) € W\ [0, 1] for y = y (x) , z = z (x) e VF 2 3 [0,1], -co < y, z < oo, and 
< x < 1. It is easy to show that L is a bounded linear operator from the space Wf [0, 1] into space W^ 1 [0, 1]. 

Initially, we construct an orthogonal function system of Wf [0, 1]. To do so, put (p i (x) — R Xi (x) and tpi ( x ) — 
L*(p (x), where {xj}^ is dense on [0, 1] and L* is the adjoint operator of L. In terms of the properties of reproducing 
kernel R x (y), one obtains (u (x) ,ifj { (x)) W 3 = (u(x),L*(p i (x)) w s = (Lu(x),(p i (x)) w i = Lu(xi), i = 1,2, .... 

For the orthonormal function system (x) of the space W$ [0, 1] , it can be derived from the Gram-Schmidt 
orthogonalization process of {tpi (x)}°^ 1 as follows: 

& (x) = t Pik^k (x) , (8) 
fe=i 

where /3 ife are orthogonalization coefficients and are given by the following subroutine: 



1 

ll^l 



Pij = ^-,fori=j^l, 

1 i- 1 

fti = E c^fej, for i > j, 

<Hk k=j 



/ 2 i-1 _ 

such that c?ife = WH^ill — X) c ?fc' ^ = (^»> ^fc)w 3 ' anc ^ Wi^i ^ s the orthonormal system in the space 
y fe=i 2 

W 2 3 [0,1]. 

It is easy to see that, V 4 {x) = L*ip t (x) = {L*ip t {x),K x {y)) w s = (x),L v K x {y)) w i = L y K x {y)\ y=x . £ 
W| [0, 1]. Thus, ip i (x) can be written in the form tp i (x) — L y K x (y)\ x ., where L y indicates that the operator L 
applies to the function of y. 

Theorem .2 If {xi}^ 1 is dense on [0, 1], then (x)}°l 1 is a complete function system of the space W| [0, 1]- 

Proof. For each fixed u (x) € W 3 [0, 1], let (u (x) , tp i (x)) w s = 0, i = 1, 2, .... In other word, (u (x) , ^ (x)) w3 — 
(u (x) , L*ip i (x)) W 3 = (Lu (x) , (p i (x)) w i — Lu (xi) — 0. Note that {x i }^ 1 is dense on [0, 1], therefore Lu (x) = 0. 
It follows that u (x) = from the existence of So, the proof of the theorem is complete. ■ 

Lemma .1 If u(x) <E Wf [0, 1], then there exists a positive constant M such that \\u^ {x)\\ c < M \ \u(x)\ \ w3 , 
i = 0, 1, 2, where \\u (x)\\ c = max |w(x)|. 

0<x<l 

Proof. For any x,y <G [0,1], we have u^ l \x) = (u(y),d x R x {y)) w3 , i = 0,1,2. By the expression of R x (y), it 
follows that \\d x R x {y)\\ w3 < M it i = 0,1,2. Thus, |u«(jc)| = (u(x) ,d x R x {x)) w3 < \\d x R 
M i \\u(x)\\ W 3, i = 0,1,2. Hence, ||m w (x)|| c < {Mi} \\u{x)\\ W 3, i = 0, 1, 2. ■ 

The internal structure of the following theorem is as follows: firstly, we will give the representation of the exact 
solution of Eqs. (1) and (2) in the space Wf [0, !]• After that, the convergence of approximate solution u n (x) to 
the analytic solution u (x) will be proved. 

oo _ _ 

Theorem .3 For each u in the space Wf [0, 1], the series ^ ( u ( x ) > i>i ( x )) i'i ( x ) i s convergent in the sense of the 

»=i 

norm of W% [0, 1]. On the other hand, if {xi}°^ l is dense on [0, 1], then the following are hold: 
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(i) the exact solution of Eq. (7) could be represented by 



u 0) = E E l3tk F ( x k,u (x k ) , u'(x k )) ipi (x) . 

i=l fc=l 



(9) 



(ii) the approximate solution of Eq. (7) 



u n {x) = E E Ptk F {Xk,U (x fe ) , v! (x k )) Ipt (x) , 
i=l fc=l 



(10) 



and itri' (x), i = 0,1,2 are converging uniformly to the exact solution u (x) and all its derivative as n — > oo, 
respectively. 

Proof. For the first part, let u(x) be solution of Eq. (7) in the space W$ [0,1]. Since u(x) e Wf [0, 1], 

oo _ _ _ ^ 

5^ (u (x) , ip i (x)) tp i (x) is the Fourier series expansion about normal orthogonal system [tp i (x)} ._ v and W| [0, 1] 

oo 

is the Hilbert space, then the series ^ (u(x) ,tp i (x))tp i (x) is convergent in the sense of ||- 11^3. On the other hand, 

i=l 2 

using Eq. (8), it easy to see that 

oo _ _ 

u(x) = T l (u(x),^ i (x)) w? 7p i {x) 

oo i 

= E E Pik (« (x) , v fc (x)) w| (&) 
»=ifc=i 

oo i _ 

= EE4 ( u (x) , i> fc W)w3 i>i (x) 
»=ifc=i 

oo i 

= ( iw (*) . Vk (x)) w i i>i (x) 

»=ifc=i 

oo i 

= EE4 ( F fa, w (a;) . u 'fa)) > ^ fa))^, 1 ^« fa) 
»=ifc=i 

oo i 

= E E ftfc^ fafc, u fafc) , u'(x fe )) ipi (x) . 
i=l fc=l 

Therefore, the form of Eq. (9) is the exact solution of Eq. (7). 

For the second part, it easy to see that by Lemma .1, for any x € [0, 1] 



\u n (x) -u(x)\ 

On the other hand, 

«W (x) - u {i) (x) 



(un fa) -u(x), R x (x)) W 3 

< \\Rx(x)\\ W 3\\u n (x)-u(x)\\ W 3 

< M \\u n (x) -u{x)\\ W 3 ■ 



u n (x) — u (x) , (x) 



< \\d % x R x (x)\\ W 3 \\u n (x) -u(x)\\ W 3 

< Mi \\u n (x) - u(x)\\ W 3 , i = 1,2. 

where M,, i = 0, 1, 2 are positive constants. Hence, if \\u n (x) — u fa)Hw 3 ^ as m oo, the approximate solution 

u n (x) and (x), i = 0, 1, 2 are converge uniformly to the exact solution u (x) and all its derivative, respectively. 
So, the proof of the theorem is complete. ■ 

Remark .3 We mention here that, the approximate solution u n (x) in Eq. (10) can be obtained directly by taking 
finitely many terms in the series representation for u (x) of Eq. (9). 
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4 Procedure of constructing iterative method 

In this section, an iterative method of obtaining the solution of Eq. (5) is represented in the reproducing kernel 
space W$ [0, 1] for linear and nonlinear case. Initially, we will mention the following remark about the exact and 
approximate solutions of Eqs. (1) and (2). 

Remark .4 In order to apply the RKHS technique for solve Eqs. (1) and (2), we have the following two cases 
based on the structure of the function F. 

Case 1: if Eq. (1) is linear, that is F (x, u (x) , u' (x)) — p(x)u' (x)+q(x)u(x)+r(x), then the exact and approximate 
solutions can be obtained directly from Eqs. (9) and (10), respectively. 

Case 2: if Eq. (1) is nonlinear, that is F (x, u (x) , u' (x)) is not a linear combination of u'(x) and u(x), then in 
this case the exact and approximate solutions can be obtained by using the following iterative algorithm: 

Algorithm 1 According to Eq. (9), the representation of the solution of Eq. (1) can be denoted by 

oo _ 

u{x)=Y,B^ i {x), (11) 
i=l 

i 

where Bi = ^ (3 ik F (xk,Uk~i (xk) ,u' k _ 1 (xk))- In fact, Bi, i = 1,2,... in Eq. (11) are unknown, we will approxi- 

k=l 

mate Bi using known Aj. For a numerical computations, we define initial function uq{x\) — 0, put uo (^l) = u { x i), 
and define the n-term approximation to u (x) by 

n 

u n (x) = £ Arfi (x) , (12) 
i=\ 

where the coefhcients Ai of -tp i (x), i — 1, 2, ...,n are given as 

A i = Pu F {xi,u Q (xi) , u' (a;i)) , 
ui (x) = A 1 : tp 1 (x) , 

Un-t (x) = J27=l A i^i ( x ) - 

An = ELl^ OEfc)X-l(Zfc)) • 

Here, we note that: in the iterative process of Eq. (12), we can guarantee that the approximation u n (x) satisfies 
the periodic boundary conditions (2). Now, the approximate solution u 1 ^ (x) can be obtained by taking finitely 
many terms in the series representation of u n (x) and 

N i 

u n ( x ) = E E Pik F {x k , u„_i (x k ) , v! n _ x (x k )) ipt (x) . (14) 

i=l k=l 

Now, we will proof that u n (x) in the iterative formula (12) is converge to the exact solution u (x) of Eq. (1), 
in fact this result is a fundamental in the RKHS theory and its applications. The next two lemmas are collected in 
order to prove the recent theorem. 

Lemma .2 If \\u n (x) — u {x)\\ w z — > 0, x n — > y as n — > oo, and F (x,v,w) is continuous in [0, 1] with respect to 
x, v, w for x € [0, 1] and v, w e (— oo, oo), then F(x n ,u n -i(x n ),u' n _ 1 (x n )) — > F (y,u (y) , v! (y)) as n — > oo. 
Proof. Since \\u n (x) — u(x)\\ W 3 —> as n — > oo, by Theorem .3 and Lemma .1, we know that u n -i(x n ) and 
u' n _ 1 (x n ) are convergent uniformly to u (x) and u' (x), respectively, as x n — > y and n — > oo. Hence, the continuity 
of F gives the result. ■ 
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Lemma .3 Lu n (xj) — Lu (xj) — F (xj,Uj-\ (xj) , u'j_ 1 (xj)) as j < n. 

Proof. The proof of Lu n (xj) = F (xj,Uj-\ (xj) ,u'j_ 1 (a;j)) will be obtained by induction as follows: if j < n, then 

n n n n 

Lu n {x 3 ) = Y,AiLi>i(xj) = Y, A i( Ll Pi(x),V> j (x)) wl = E^^iW^j^W}^ = Y, Aityiix) ,il>j{x)) w3 . 

i=l i=l 2 i=\ 2 i=l 2 

Using the orthogonality of (x)}._ v yields that 

3 n I 3 \ 

E PjlLUn (Xl) = J2 A i{ i>i ( X ) i E i X ) ) 

1 = 1 1=1 \ 1=1 I W 3 



i=l 2 

j 

= E Pjl F { x U u l-l {Xl) ,tij-l (Xl)) . 



Now, if j = 1, then Lu n (xi) = F (x\, uq (xi) , u' (xi)). Again, if j = 2, then /3 21 Lu n (xi) + /3 22 Lu n (x 2 ) = 
(3 21 F (xi,u (xi) , u' (xi)) + /3 22 F (x 2 , ui (x 2 ) , u[ (x 2 )). Thus, Lu n (x 2 ) = F (x 2 ,u 1 (x 2 ) , u[ (x 2 )). It is easy to see 
that Lu n (xj) — F (xj, Uj-i (xj) , u'j_ 1 (xj)) by using mathematical induction. 

On the other hand, from Theorem .3, u n (x) converge uniformly to u (x). It follows that, on taking limits in Eq. 

oo _ 

(12), u (x) = E ( x )- Therefore, u n (x) — P n u (x), where P n is an orthogonal projector from the space W 2 [0, 1] 
to Span^i, ...,;/'„}. Thus, Lu n ( Xj ) = (Lu n (x) , <pj {x)) w , = (u n (x) , L*ip { x )) w a = { F nU (x) , ipj [x)) w3 = 
(u (x) , P„Vj (x)) wi = (u (x) , (x)) W 3 = (Lu (x) , <pj {x)) wj = Lu ( Xj ). m 

Theorem .4 If Httnllvv 3 i s bounded and {xi}°Z 1 is dense on [0,1], then the n-term approximate solution u n (x) 
in the iterative formula (12) converges to the exact solution u (x) of Eq. (7) in the space W 2 [0, 1] and u (x) = 

oo _ 

E (x), where Ai is given by Eq. (13). 

Proof. The proof consists of the following three steps: firstly, we will prove that the sequence {ttn}^Li m Eq- 
(12) is monotone increasing in the sense of ||-||jy3. By Theorem .2, i is the complete orthonormal system 

2 / n - n - \ n 2 

in the space W£ [0, 1] . Hence, we have \\u n \\ w3 = (u n (x) , u n (x)) w3 = ( E A ii>i W , E A i^i ( x ) ) = E \ A i) ■ 

\i=l i=l I Wi *=1 

Therefore, Hunllw 3 is monotone increasing. 

Secondly, we will prove the convergence of u n (x). From Eq. (12), we have u n +i(x) — u n (x) + A n+ iiJ) n+1 (x). 
From the orthogonality of {^>j (x)}. =1 , it follows that Hwn+iH^-3 = ||w n ||jy3 + (A n+ i) 2 — \\u n -i\\ W 3 

2 ™ +1 9 2 

(A n+ i) 2 = ... = \\uo\\ W 3 + E i A i) ■ Since, the sequence ||urj|lvr 3 1S monotone increasing. Due to the condition 

2 i=l 

oo 

that ll^nllvK 3 ^ s bounded, ||un|lvi/ 3 ^ s convergent as n — > oo. Then, there exists a constant c such that E(^*) 2 = 

i=l 

i 

c. It implies that Ai — E &ik F ( x k, Uk-i {xk) , (xk)) € I 2 , i — 1,2,.... On the other hand, since (u m — 

fe=i 

u m -i)-L(u m -i — it m _ 2 )J L(u n+ i — u n ) it follows for m > n that 

\\u m {x) - u n (x)\\ W 3 = ||ti m (a;) - U m -l( X ) + u m -i(x) - ... + u n+ i(x) - u n (x)\\ W 3 

\\u m (x) - u m -i(x)\\ w3 + ... + \\u n+ i(x) - u n (x)\\ w3 . 



Furthermore, \\u m (x) — u m -i(x)\\ W 3 — (A m ) 2 . Consequently, as n,m — ► oo, we have | \u m (x) — u n (x)\ \ w s = 

m 

E (Ai) 2 — > 0. Considering the completeness of W 2 [0, 1], there exists a u (x) € W 2 [0, 1] such that u n (x) — > u(x) 

i=n+l 

as n — > oo in the sense of ||-||w3. 

Thirdly, we will prove that u (x) is the solutions of Eq. (7). Since {xi}°^ 1 is dense on [0, 1], for any x € [0, 1], 
there exists subsequence {xnj} 00 ^ such that x nj — > x as j — > oo. From Lemma .3, It is clear that Lu(x nj ) = 
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F (x nj ,u nj -i (xk) ,v! n ._\ i x k)J- Hence, let j — > oo, by lemma .2 and the continuity of F, we have Lu(x) — 
F {x, u (x) , u' (x)). That is, u (x) satisfies Eq. (1). Also, since ^ i (x) € W| [0, 1], clearly, u (x) satisfies the periodic 

oo _ 

boundary conditions (2). In other words, u (x) is the solution of Eqs. (1) and (2), where u (x) = Ai^i ( x ) an( i 

i=i 

Ai are given by Eq. (13). The proof is complete. ■ 

It obvious that, if we let u(x) denote the exact solution of Eq. (7), u n (x) denote the approximate solution 
obtained by the RKHS method as given by Eq. (12), and r n (x) is the difference between u n (x) and u (x), where x € 



[0, 1], then \\r n (x) 



nr.-,' 



\\u(x) -u n (x)\\ W 3 



E A&i 

i=n-\-l 



E (^) 2 and ||r n _i(^"" 



n ,' 



E {MY 



or \\r n (x)\\ W 3 < ||r re _i (x) \\ W 3- Consequently, this show that the difference r n (x) is monotone decreasing in the 
sense of ||-||jy3. 



5 Numerical outcomes 

In this section, we propose few numerical simulations implemented by Mathcmatica 7.0 software package for solving 
some specific examples of Eqs. (1) and (2). However, we apply the algorithm described in the previous sections to 
some linear and nonlinear test examples in order to demonstrate the efficiency, accuracy, and applicability of the 
proposed method. Results obtained by the method are compared with the analytical solution of each example by 
computing the exact and relative errors and are found to be in good agreement with each other. 

Example 1 Consider the following linear nonhomogeneous equation: 

u"{x) + u (x) = f (x) , < x < 1, 

subject to the periodic boundary conditions 

u(0)=«(l), 
u'(0) = 

where / (a;) = (4a; 4 - 8a; 3 + Ax 2 + 3)(1 - 2xfe x2( - x ^\ The exact solution is u (x) = e* 2 ^" 1 ) 2 . 

Using RKHS method, taking Xi = ^Er[, i = 1,2, ...,n with the reproducing kernel function R x (y) on [0, 1], the 
approximate solution u n (x) is calculated by Eq. (10). The numerical results at some selected grid points for n = 26 
are given in Table 1. 



Table 1 


Numerical results for Example 1. 










X 


Exact solution 


Approximate solution 


Absolute error 


Relative error 




0.16 


1.0182274892397234 


1.0182295775058678 


2.08827 x 10" 


-6 


2.05088 x 10" 


6 


0.32 


1.0484886643504874 


1.0484907460220763 


2.08167 x 10" 


-6 


1.98540 x 10- 


6 


0.48 


1.0642817515996124 


1.0642838267814154 


2.07518 x 10" 


-6 


1.94984 x 10- 


6 


0.64 


1.0545183896526067 


1.0545204690600505 


2.07941 x 10" 


-6 


1.97190 x 10- 


6 


0.80 


1.0259304941903820 


1.0259325816419569 


2.08745 x 10" 


-6 


2.03469 x 10- 


6 


0.96 


1.0014756476981566 


1.0014777346809174 


2.08698 x 10" 


-6 


2.08391 x 10- 


6 



Example 2 Consider the following nonlinear nonhomogeneous equation: 

1 



u"(x) + 2u(x) + 



1 + (u{x)) 2 

subject to the periodic boundary conditions 

u(0)=u(l), 
u'(0) = u'(l), 



= f(x),0<x<l, 
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where / (x) — —r- -j h 8x 3 — 8x + 2. The exact solution is u (x) = x 4 — 2x 3 + x 2 . 

x 4 (x — l) 4 + 1 

Using RKHS method, taking Xi — j^zj, i — 1,2,. ..,7V with the reproducing kernel function R x (y) on [0,1], 
the approximate solution (x) is calculated by Eq. (14). The numerical results at some selected grid points for 
TV = 51 and n = 3 are given in Table 2. 



Table 2. Numerical results for Example 2. 



X 


Exact solution 


Approximate solution 


Absolute error 


Relative error 


0.16 


0.01806336 


0.01806360646957179 


2.46470 x 10- 


-7 


1.36447 x 10~ 5 


0.32 


0.04734976 


0.04734996786169693 


2.07862 x 10" 


-7 


4.38992 x 10~ 6 


0.48 


0.06230016 


0.06230018632258992 


2.63226 x 10" 


-8 


4.22512 x 10~ 7 


0.64 


0.05308416 


0.05308398923694464 


1.70763 x 10" 


-7 


3.21684 x 10~ 6 


0.80 


0.02560000 


0.02559974238385324 


2.57616 x 10" 


-7 


1.00631 x 10~ 5 


0.96 


0.00147456 


0.00147446292690514 


9.70731 x 10" 


-8 


6.58319 x 10~ 5 



Example 3 Consider the following nonlinear nonhomogeneous equation: 

u"(x) + u' (x) - (2x - l) 2 u (x) + cosh" 1 (u (x)) = f (x) , < x < 1, 

subject to the periodic boundary conditions 

u(0) =u(l), 
u'(0) = u'(l), 

where / (a;) = (1 + 2x) sinh (x (x — 1)) + x — x 2 . The exact solution is u (x) — cosh [x 2 — x) . 

Using RKHS method, taking Xi — jf^f, i — 1,2,. ..,7V with the reproducing kernel function R x (y) on [0,1], 
the approximate solution (x) is calculated by Eq. (14). The numerical results at some selected grid points for 
N = 51 and n = 3 are given in Table 3. 



Table 3. Numerical results for Example 3. 



X 


Exact solution 


Approximate solution 


Absolute error 


Relative error 




0.16 


1.0090452833957488 


1.0090454991505815 


2.15755 x 10" 


-7 


2.13821 x 10- 


7 


0.32 


1.0237684442237780 


1.0237671617164725 


1.28251 x 10" 


6 


1.25273 x 10- 


6 


0.48 


1.0313121374632044 


1.0313104084921125 


1.72897 x 10" 


6 


1.67648 x 10- 


6 


0.64 


1.0266597016257117 


1.0266584708541906 


1.23077 x 10" 


6 


1.19881 x 10" 


6 


0.80 


1.0128273299790107 


1.0128274421174757 


1.12138 x 10" 


■7 


1.10718 x 10- 


7 


0.96 


1.0007373706014195 


1.0007395991224600 


2.22852 x 10" 


6 


2.22688 x 10- 


6 



Example 4 Consider the following nonlinear nonhomogeneous equation: 

u"{x) + {v! {x)f + e~ u W =f(x),0<x<l, 

subject to the periodic boundary conditions 

u(0)=u(l), 
u'(0) - 

3 (2x — l) 2 

where / (a;) = g ■ The exact solution is u (x) — In (x 4 — 2x 3 + x 2 + l) . 

x 2 (1 — x) +1 

Using RKHS method, taking Xi — jf^f, i — 1,2, ...,7V with the reproducing kernel function R x (y) on [0,1], 
the approximate solution (x) is calculated by Eq. (14). The numerical results at some selected grid points for 
N = 51 and n = 3 are given in Table 4. 
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Table 4. Numerical results for Example 4. 



X 


Exact solution 


Approximate solution 


Absolute error 


Relative error 




1 ft 


01 7Q091 ^8771 809^ 


01 70091 1 QfiS^I 71 fiQ7 


3.61940 x 10" 


■8 




6 


0.32 


0.046262935319852880 


0.046262940200774260 


4.88092 x 10" 


9 


1.05504 x 10- 


7 


0.48 


0.060436519420405940 


0.060436573149274840 


5.37289 x 10" 


-7 


8.89013 x 10" 


7 


0.64 


0.051723153984674340 


0.051723175796916536 


2.18122 x 10" 


■8 


4.21711 x 10- 


7 


0.80 


0.025277807184268607 


0.025277772899866330 


3.42844 x 10" 


■8 


1.35630 x 10" 


6 


0.96 


0.001473473903947873 


0.001473467202387802 


6.70156 x 10" 


9 


4.54814 x 10" 


6 



As we mentioned earlier, it is possible to pick any point in [0, 1] and as well the approximate solutions and 
all its derivative up to order two will be applicable. Next, new numerical results for Example 4 which include the 
absolute error at some selected gird nodes in [0, 1] for «W (x), i = 0, 1, 2, where x,- t — j^zj, i — 1,2, N, N = 51, 
and n = 3 are given in Table 5. 



Table 5. Absolute error of uW (x), i = 0, 1, 2 for Example 4. 



i 


x = 0.16 


x = 0.48 




x = 0.64 




x = 0.96 





3.61940 x 10~ 8 


5.37289 x 10" 


-7 


2.18122 x 10" 


-8 


6.70156 x 10" 9 


1 


2.32325 x KT 7 


1.95001 x 10" 


6 


5.04347 x 10" 


-7 


4.52410 x 10" 8 


2 


9.12947 x KT 6 


9.88580 x 10" 


6 


5.81507 x 10" 


-6 


3.72029 x 10~ 7 



6 Conclusions 

The main concern of this work has been to propose an efficient algorithm for the solutions of second-order periodic 
BVPs. The main goal has been achieved by introducing the RKHS method to solve this class of differential 
equations. We can conclude that the RKHS method is powerful and efficient technique in finding approximate 
solution for linear and nonlinear second-order periodic BVPs. In the proposed algorithm, the solution u (x) and the 
approximate solution u n (x) are represented in the form of series in W$- Moreover, the approximate solution and all 
its derivatives converge uniformly to the exact solution and all its derivatives up to order two, respectively. There 
is an important point to make here, the results obtained by the RKHS method are very effective and convenient 
in linear and nonlinear cases with less computational, iteration steps, work, and time. This confirms our belief 
that the efficiency of our technique gives it much wider applicability in the future for general classes of linear and 
nonlinear periodic problems. 
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Introduction 



Let L p [a,b] (1 < p < oo) denote the space of p-power integrable functions on 
the interval [a, b] with the standard norm 

i 

ll/ll P = (j \f(t)fdt 

and Loo [a, b] the space of all essentially bounded functions on [a, b] with the 
norm 




ll/IL= su p 

te[a,b] 

For two absolutely continuous functions /, g : [a, b] — » R and the positive func- 
tion w : [a, b] — > M + such that wf, wg, wfg G Li[a, b], the weighted Chebyshev 
functional [10] is defined by 



T(w, f, g) = Jw(t)f(t)g(t)dt- (jw(t)f(t)dt) (jw(t)g(t)dt) . (1.1) 

a \a / \a / 

If is uniformly distributed on [a, b] then (1.1) is reduced to the usual 
Chebyshev functional 



a \ a I \ a 

To date, extensive research has been done on the bounds of Chebyshev func- 
tional, see e.g. [1, 3]. The first work dates back to 1882, when Chebyshev [2] 
proved that if f',g' G Loo[a,6] then 

TO^I^^^-^ll/'ILIb'lL- (i-3) 

Later on, in 1934 Grass [4] showed that 

\T(f,g)\<^(M 1 -m 1 )(M 2 -m 2 ), (1.4) 
where mi, m 2 , Mi and M 2 and are real numbers satisfying the conditions 

mi < f(t) < Mi and m 2 < g(t) < M 2 for all t G [a, b\. (1.5) 
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The optimal constant \ is the best possible number in (1.4) in the sense that 
it cannot be replaced by a smaller quantity. 

A mixture type of inequalities (1.3) and (1.4) was introduced in [10] as 



|r(/^)l<^-o)W-"»i)II^IL. ( L6 ) 

in which / is a Lebesgue integrable function satisfying (1.5) and g is absolutely 
continuous so that g' G L^a, &]. The optimal constant | is also the best 
possible number in (1.6). 

Probably the most recent work about appropriate bounds of the usual Cheby- 
shev functional is due to Niezgoda [8]: Let f,a,(3 G L p [a,b] and g G L q [a,b] 
Q + ^ = 1, 1 < p < oo) be functions such that a(t) + (3(t) is a constant func- 
tion and a(t) < f(t) < (3(t) for all t G [a, b}. Then we have 



™^ W^) 11/3 



1 f 

— g(t)dt 

— aJ 



For p = 2 = q, (1.7) leads to the well-known inequality [7] 



\T(f,g)\<^(M 1 -m 1 )^T{g~J) (1.8) 

such that mi < f(t) < M ± for all t G [a, b}. 

See [1, 3, 5-6] for further works on Chebyshev functional. 



In this paper, we first generalize the Pecaric work on Montgomery's identity 
via an arbitrary weight function, which no longer needs to be a probability 
density function and then apply it to derive some generalized Chebyshev type 
inequalities for any absolutely continuous functions. 



1 Main Results 



Let / : [a, b] — > R be absolutely continuous function on [a, b] , then the Mont- 
gomery type identity [7] reads as: 

/(*) = -!- f f it) dt+ fx (x, t) f (t) dt, (2.1) 

— CL J a J a 
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where K (x, t) is the Peano kernel defined by: 



K(x,t) = < 



,a<t<x 



t—a 
b—a 

^,x<t<b. 

„ b—a' — — 



The weighted version of identity (2.1) given by Pecaric in [10] is in the form: 



/ (a;) = f r (t) f (t) dt + f K w (x, t) f (t) dt, (2.2) 

J a J a 



where r (t) is a probability density function and the weighted Peano kernel is 
defined by: 



K w (x, t) 



fa r (s) ds , a < t < x 
J t a r(s)ds-1, x<t<b. 



We now introduce a further generalization of (2.2) by considering the positive 
function w : [a,b] — > [0, +oo) which is not necessarily a probability density 
function, integrable and 



u 

J w (s) ds < oo. 



The domain of w may be finite or infinite. If m (a, b) = J^w (s) ds as total 
area of w such that m(a,x) = for any x < a, then a generalized type of 
weighted Peano kernel can be defined as follows: 



K wfi {x, t) 



l(i-e)a+0b w ( s ) ds , a<t<x 

f{l-9)a+6b W ( S ) ds - f{l-ff)a-Sb W ( S ) ds > X < t < b, 



(2.3) 



where 9 e [0, 1); ^ |, and x e [(1 - 9)a + 9b, 9a + (1 - 9)b] 



To simplify the details of presentation, let us define 
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T(w,f,g,9) (2.4) 
(ft e)a+6b ™ (*) ds) f(a) + (fL +( i-e )b ™ (s) ds) f{b) 

f{i-e)a+% w( K s ) ds 
(Jt e)a+eb ™ (s) ds) g(a) + (jL +(1 - e)b w (s) ds) g{b) 

!{i-e)a+i ' w '( s ) ds 
{5?-°Ww (s) ds) f(a) + (fL +(1 - e)b ™ (*) ds) f(b) 



(l(i-e)a+e b b w (s) ds) m{a, b) 



x 



1 m(a,b) \ f b 

!~ r0a + (i-e) bw(s)dx j a ™(x)9(x)dx 

J(l-e)a+9h W y S ) dX J 

((jT~ e)a+eb w (s) da;) g(a) + (le a +{i-e) b w ( s ) ds) g(bj) 



m(a, b) 



{l(i-e)a+e b w ( s ) ds) m{a, b) 

rb 

/ w (x) f (x) dx 

J a 



X 



f(l-6)a+l W ( S ) ds 
1 f b 

— — / w (x) f (x) g (x) dx 

(a, 0) J a 



m ( 

2 

[f{i-e)aS w ( s ) ds) m (a, b) 

' w (x) f (x) dx\ I / w (x) g (x) dx 

a I \J a , 

X 



{!{!%+% ' w ( s ) ds)' 
J w (x) f (x) dx^j ^ J w (x) g (x) dx^j , 



S wJi g fi (x) = f(x)g(x) (2.5) 
1 / (j-a-^ w {s) ds ) g{a) + ^ a+{1 _ ff)b w dj g(6) 

+ o r 0a+(l-6>)6 / \ j ^ ^ 

^ V /(l-ff)a+<» ™ ^ ^ 

| (/j 1 -^ W ( 3 ) ds) /(a) + (/ e 6 a+(1 _ e)b «; ( 3 ) ds) f(b) 
I(i-ela+e b w ( s ) ds 



( r 9a+(i-e)b 7TT1 (/fa) I w{x)g{x)dx + g{x) j w(x)f(x)dx 
{I { i-e )a+ e b w (s) ds) \ { { 



and 
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TwJ ' 9 ' e = m{a b) la W ^ f ^ 9 ^ dX ^ 

(Jt e)a+eb w(s)ds)f(a) + ^ a+{1 _ e)b w 

+- / q +a-0)b — \ / w{x)g{x)dx 

{I(i-e)a+e b w ( s ) ds ) m (a, b) •><* 

1 / r b 



{f { i%+e b b w{s) ds) m(a, b) \h 



w (x) f (x) dx / w (x) g (x) dx 



It is easy to note that 



h)J w{x)s - 



'wj, g ,e{x)dx - T Wj f t g !0 , 



(2.7) 



where 



1 rb 



w,f,g,8 



m (a, b) J a 

1 



w (x) f (x) g (x) dx (2.8) 



(jV->W w ( s)ds ) /(g) + (!^ (l _ e) „u,( S )ds) f(b) 



r 

/ w (x) g (x) dx 

J a 

(tfW w {s) ^ g{a) + ^ a+(i _ e)bW{s) ds ) g{h) 



b 

w (x) f (x) dx 



{l(l-e)a+9b W ( S ) ds ) m ( a > h ) V" 



w (x) f (x) dx) I / w (x) g (x) dx 



It is worth to mention that for 9 = 0, (2.4), (2.6) and (2.8) reduce to the 
Chebyshev functional (1.2). 

We have given the generalized weighted Montgomery's identity in the following 
result: 



Theorem 1 Let f : [a, b] — > R be absolutely continuous, then 
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(Jg-^ w (a) ds) f(a) + (jL Hl - e)b w (s) ds) f{b) 

J { X > f 8a+{l-e)b , s , 

l { i- e)a+ b w (s) ds 



/(i-«L+« w ( s ) ds 



b 

dt 



>(l-8)a+8b 

1 f b 

I(l-8)a+8b W ( S ) ds Ja 

for all x G [a, b] , where K Wj8 (x, t) is defined in (2.3). 
PROOF. Consider the kernel defined in (2.3), we have 



/ K w , e (x, t) /' (t) dt= f / w (s) ds /' (t) dt 

Ja Ja \J(l-8)a+8b ) 

rb ( rt f 9a+(l-8)b \ 

+ / / w(s)ds- w(s)ds\f (t) dt 

Ja; \-/(l-0)a+6>6 J (l~8)a+9b ) 

fb ( rt \ ( f0a+(l-8)b \ fb 

-I \L^ [s)i r l[m -\L^, w{s)ds )l nt)it 

Integrating by parts and simplifying we obtain 



ft> I f{l-8)a+8b \ 

I K w , e (x, t) f (t) dt=U w (s) ds] f(a) 

( rb \ ( r0a+(l-e)b \ 

+ / w{s)ds)f{b)+( w(s)ds}f(x) 

\J8a+(l-8)b J \J(l-8)a+9b J 

- [ b w(t)f(t)dt. 

Ja 

Hence proved. 



2 Applications of generalized Montgomery identity 

We now give a generalization of the Chebyshev inequality in the following 
result: 

Theorem 2 Let f,g : [a,b] — > K be absolutely continuous functions on [a,b\. 
Also let the function w satisfies the conditions given in Theorem 1. Suppose 

/', g' E Loo [a, b] , 
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then 



T(w,f,g,9) 



< 



{l(i-e)a+i w ( s ) ds ) m (a. b ) 
for all x G [a, b] , where 



r 

'\L / w{x)rj^ b {x)dx, 

J a 

(3.1) 



/ r(l-8)a+8b \ / rx N 

r,^ b (x) = -a ^ w (s) ds) + x [J {i e)a+eb w (s) ^ 

r 0a+(l-e)b \ / rb \ 

— i l / w(s)ds)+blj w (s) ds 



r(l-0)a+6b N 

+ ! / sw (s) ds 



r 0a+(l-0)6 N 

+ j / SI/7 (s) (is 



(l-6)a+9b 
b 

0a+(l-8)b 



sw (s) ds 



sw (s) ds . 



(3.2) 



PROOF. Since the functions / and g are absolutely continuous, we have 



S(i-e)a+eb w ( s ) ds 

' / K w , e (x,t)f'(t)dt, 

Ja 



, ( (Jt^w (s) ds) f(a) + (jL Hl -e )b w(s) ds) f(b) 
f{x) + f^^wisUs (3 ' 3) 

J(l-8)a+8b W \ S ) ttb 

[ b w(t)f(t)dt 

J a 



I(l-8)a+8b W ( S ) ds 

and 



{Jt^wjs) ds) g(a) + (Jl +i i-e )b ^(s) ds) g(b) 

9 \ X ) + r 8a+(l-8)b i \ j 

J(l-8)a+8b W ( S ) ds 

1 f b 

~ ,8a + (l-8)b , \ , / W (*) 9 (0 dt 
I(l-8)a+8b W ( S ) ds Ja 

1 f b 

= ,8a+(l-8)b ( \ , / K ^ *) 9' (t) dt 
I(l-8)a+8b W ( S ) ds Ja 

Using (3.3) and (3.4) we have 
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^ K wfi (x, t) f {t) dtj ^J* K wfi (x, t) g' it) dt 



I(i-e) a +eb w ( s ) ds _ 

(Jt e)a+eb w(s) ds) f(a) + (jL Hl -e )b ™ (s) ds) f(b) 



= /(*) + 



r" 

r 0a+(l-6)b 



f(i-e)a+i w ( s ) ds 
J\v(t)f(t)dt) X 



(tf-^w (s) ds) g(a) + (S b BaHl _ e)h w (s) ds) g(b) 



g(x) + 



I(l-e)a+% w ( s ) ds 



f(l-e)a + 6 6b W ( S ) ds 

[ b w(t)g(t)dt 

J a 



(ft e)a+6b ™ (*) ds) g(a) + (fL +i i-e )b ™ (*) ds) gib) 

= f(*)9 (*) + r**w> w (sUs m 



1 r b 



f(i-e)a+0b w(s)ds' 
(jf-'Wy, js) ds) fja) + (lL +(1 - e)b w js) ds) fjb) 

f ~ f ea+{l - e)b w(s)ds ' ~ ~" 

J{i-e)a+eb w i s ) as 

| (St e)a+eb v (j ds) fja) + (jU^w js) ds) fib) 

!{l-6)aSl >W '( S ) ds 

(ft 6)a+eb ™ is) ds) gja) + (fL +( i-e )b ™ (j ds) gjb) 

I(i-e { )a+ e e b w (s) ds 
^-e )a+ eb w {s) ^ f(a) + ^ w {s) ds ) f(b) b 
~ / w (t) q it) dt 

g(x) I w(t)f(t)dt 

J a 

u (s) ds) a(b) rb 

w(t)f(t)dt 



f(l-6)a+eb W(s)ds 

{ft 6)a+6b ™(s) ds) g(a) + (f e b a+(1 _ e)b w is) ds) gib) r > 



w is) ds)' 



b 



w it) f(t)dt)[ w it) g it) dt . 



Now first multiplying both sides by an< ^ then integrating both sides with 
respect to x over the interval [a, b] and simplifying by using (2.4), we get 
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(/(i-e)a+<4 w(s)dsj m(a,6) 

jT 6 «; (x) ^ jf * K wfi (x, t) f' (t) dtj ^J* K wfi (x, t) g' (t) dtj dx, 

which implies that 

T(w,f,g,9) 



< 



ea+(1 e)b , x ,2 / ll/lloo Halloo / I \K wfi (x,t)\dt) dx. 



(3.5) 

It can be easily seen that 



rb rx rb 

/ \K wfi (x,t)\dt= \K wfi (x ) t)\dt+ I \K Wi0 (x,t)\dt 

J a J a J x 

r{l-0)a+0b / r(l-0)a+0b \ 

— J I J w (s) dsj dt 

+ f If w(s)ds) dt 

J(l-0)a+0b \J(l-0)a+Ob J 
r0a+{l-0)b ( r0a+{l-9)b \ 

+ J I J w(s)ds\dt 



+ I* ( f w(s)ds) dt 

J0a+(l-0)b \J0a+(l-0)b ' I 



/ r(l-9)a+0b \ / rx \ 

= —a \ w(s)ds\+x\ w (s) ds 

\Ja J \J{l-0)a+0b J 

/ r0a+(l-0)b \ / rb \ 

—x / w (s) ds + b / w (s) ds 

\Jx J \J0a+(l-0)b J 

/ r(l-0)a+0b \ f rx \ 

+ / sw (s) ds — \ sw (s) ds 

\Ja J \J{l-0)a+0b J 



/ rva+(i-V)D \ f \ 

+ / sw (s) ds — \ sw (s) ds , 

\Jx J \J0a+(l-8)b J 

so that (3.5) turns in (3.1). Hence proved. 



Remark 3 If in (2.10) and (3.1), 6 = and w is the probability density 
function, then we recapture the results obtained in [10]. 

We now give another generalization of the Chebyshev inequality in the follow- 
ing result: 

Theorem 4 Let f,g : [a,b] — > K be absolutely continuous functions on [a,b]. 
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Also let the function w satisfies the conditions given in Theorem 1. Suppose 

/', g G Loo [a, b] , 

then 

1 



\S w ,f, g ,e(x)\ < 



2 (f { ?%+<jl w ( s ) ds ) 



(\m\W\L + \9(x)\\\f\L)Ve,a, b ( x ), 

(3.6) 



and 



\ T ™,f,g,d\ < 



2 (f{i-e)a+£ w ( s ) ds ) m ( a > h ) 



w (x) n e „ b (x)dx 



+ 



ooll^Moo II J MOO II"' Hoo 



Hoc)* 



< 



2 {f { Ce)a+et w ( s ) ds ) h ) 



\w\ 



+ 



OO II J MOO M J MOO l\J Hoo 



'Hoc) X 



Ve^bli tfw^Loo [a, b] and n e ^ b G L x [a, b] , 



\w\ 



Ve,a,b if w e [«, fo ] awrf %,a,6 e L g [ a > & ] , ™/iere p > 1, J + 1 



%, a ,& */ ™ e ^i [a, h ] and rj e ^ b G [a, 6] , 



/or a/Z x G [a, 6] , where r) dab (x) = f% \K Wy6 (x, t)\ dt is given by (3.2). 



PROOF. Since the functions / and g are absolutely continuous, multiplying 
both sides of (3.3) and (3.4) by g(x) and f(x) respectively, adding the resulting 
identities and rewriting, we have 



f(x)g(x) + 

1 / (jt 9)a+6b w (j ds) g{a) + (fL + (i-e )b ™ (j ds) g{b) 
2 V f{i-e)a+£ w ( s ) ds 

(ft e)a+9b ™ (s) ds) f(a) + (fL +{1 -e )b ™ (s) ds) f(b) 



2 1(i-e)a+eb w ( s ) ds 
2j£S^tii(-)cto( 



f(i-e) a +eb w{s)ds 

b b 

f{x) J w(t)g(t)dt + g(x) J w(t)f(t)dt 

a a J 

f(x) f K W:6 (x, t) g' (t) dt + g(x) f K wfi (x, t) f (t) dt ) , 
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implies 



s - lMx)= 2cti«(s )ds x (3 ' 8) 

(fix) t K wfi (x, t) cf (t) dt + g(x) t K wfi (x, t) f (t) dt) , 



gives us 



\S w ,f,g,e(x) \ < , ga+il _ e)b s x 

2 (f {1 - e ) a J b w (s) ds) 



< 



(\f(x)\ jf \K w , e (x,t)\\g'(t)\dt+\g(x)\ jf \K wfi (x, t)\ \f (t)\ dtj 
/ fga+( iJ)6 7TT1 Halloo + ll/'IU T 0M)l ^ 



for all x G [a, 6] . 

This completes the proof of (3.6). 



Now multiplying both sides of (3.8) by and then integrating with respect 
to x from a to b and rewriting, we get 



T w j, g ,e = 7 , x x 



1 

/^(z) (j* K *fi OM) U'( X W (t)+g(x)f(t))dt) dx, 



implies 



\T w ,f,g,o\ < / a+ (i_0) 6 , . \ X 

2 (/ ( i_0)a+06 rfsjm(a,6) 



(/V^ (x,t)\ (\f(x)\ \g'(t)\ + \g(x)\ \f(t)\)dtj dx 



< x 

" 2 w (s) ds) m(a, b) 



X I ■ ' I OO ! • ' I 1 X 



Now (3.7) can be easily derived form the last inequality. 
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Another variant of Chebyshev inequality is given in the form of the following 
result: 

Theorem 5 Let f : [a,b] — > K be absolutely continuous function on [a, b] . 
Also let the function w satisfies the conditions given in Theorem 1. Suppose 



f',9 e L oo [a,b] , 



then 



T 



< 



(j(i-8)a+8b w ( s ) ds)m{ 



— 77 ll/'lloo Nloo / w ( x )Ve,a,b(x)dx 

a,b) Ja 



{f(i-e)a+eb w ( s ) ds ) m ( a > h ) ^ "°° 9 °° 



\w\ 



Ve,a,b 



i ifw E Loo [a, b] and n d a b E L x [a, b] 



\w\ 



Ve,a,b 



if w G L p [a, b] and r\ e a h e L q [a, b] , where p > 1, ^ + 



i i l 



\w\ 



Ve,a,b 



if w E Li [a, b] and n e b e I„ [a, b] , 



where r\ e a h is as defined in (3.2). 



PROOF. Since the function / is absolutely continuous, multiplying both 
sides of (3.3) by w ff a 3 [^ and then integrating with respect to x from a to b 
and rewriting, we obtain 



T 



n-.f,g,e = 7 r ea+(i-0)b 7 v , \ — / 77 / ™(aOffO*0 ( / K wfi (x,t) f'(t)dt] dx, 

{S(l-0)a+0b W ( S ) ds ) m (°' h ) a V " / 



which implies, by taking the modulus on both sides, 



T 



v>,f,g,t 



< 



< 



{f(l-6)a+eb W ( S ) ds ) b ) Ja 

f r ea + (i-o)b ),r\ ( 77 ll/'lloo IbIL / ™0*0 ( / 



w(x)\g(x)\ [ I \K wfi (x,t)\\f(t)\dtjdx 

x, t) \ dt I dx. 



Hence proved. 
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Abstract. Eshaghi Gordji et al. [10] proved the Hyers-Ulam stability of generalized ternary bi-derivations 
on ternary Banach algebras. 

It is easy to show that the resulting generalized ternary bi-derivations of [10] are meaningless, since 
the definition of generalized ternary bi-derivation, given in [10], is meaningless. 

In this paper, we correct the definition of generalized ternary bi-derivation, and correct the statements 
of the results and prove the corrected results. 



1. Introduction and preliminaries 

A C*-ternary algebra is a complex Banach space A, equipped with a ternary product (x, y, z) >— > [xyz] 
of A 3 into A, which is C-lincar in the outer variables, conjugate C-linear in the middle variable, and 
associative in the sense that [xy[zww]] = [x[wzy]w] = [[xj/zjuw], and satisfies |j[xyz]|| < ||x||||y||||z|| and 
||[xxx]|| = ||x|| 3 (sec [3]). 

Definition 1.1. ([2]) Let A be a C* -ternary algebra. A C-bilinear mapping S : A x A — > A is called a 
ternary bi-derivation if it satisfies 

5([abc],d) = [5(a,d)bc] + [aS(b,d)c] + [abS(c,d)], 

S(a, [bed]) = [5(a, b)cd] + [bS(a, c)d] + [bc5(a, d)] 

for all a, 6, c, d e A. 

Note that the d-variable in the left side of the first equality and the a-variable in the left side of the 
second equality are C-linear. But the d-variablc in the right side of the first equality and the a-variable in 
the right side of the second equality are not C-linear. So we correct the definition of ternary bi-derivation 
as follows. 

Definition 1.2. Let A be a C* -ternary algebra. A C-bilincar mapping 8 : A x A —¥ A is called a ternary 
bi-derivation if it satisfies 

6([abc],d) = [8(a,d)bc] + [a5(b,d*)c] + [ab6(c,d)}, 
S(a, [bed]) = [S(a,b)cd] + [bS(a*,c)d] + [bcS(a,d)} 

for all a, 6, c, d e A. 
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Definition 1.3. ([10]) Let A be a C*-tcrnary algebra. A C-bilinear mapping D : A x A —> A is called a 
generalized ternary bi-derivation if there exists a bi-derivation 5 : A x A — > A such that 

D([abc],d) = [D(a,d)bc] + [aS(b,d)c] + [ab5(c,d)], 

D(a, [bed]) = [D{a,b)cd] + [b6(a,c)d] + [bcS(a,d)} 

for all a, 6, c, d E A. 

Note that the d-variable in the left side of the first equality and the a-variable in the left side of the 
second equality are C-linear. But the d-variable in the right side of the first equality and the a-variable in 
the right side of the second equality are not C-linear. So we correct the definition of generalized ternary 
bi-derivation as follows. 

Definition 1.4. Let A be a C*-ternary algebra. A C-bilinear mapping D : A x A — > A is called a 
generalized ternary bi-derivation if there exists a bi-derivation 5 : A x A — > A such that 

D([abc],d) = [D{a,d)bc] + [aS(b,d*)c] + [abS(c,d)], 

D(a, [bed]) = [D(a,b)cd] + [bS(a*,c)d] + [bc6(a,d)] 

for all a, b,c,d E A. 

The stability problem of functional equations originated from a question of Ulam [14] concerning the 
stability of group homomorphisms. Hyers [12] gave a first affirmative partial answer to the question of 
Ulam for Banach spaces. Hyers' Theorem was generalized by Aoki [1] for additive mappings and by 
Th.M. Rassias [13] for linear mappings by considering an unbounded Cauchy difference. Gavruta [11] 
obtained the generalized result of Rassias's theorem which allows the Cauchy difference to be controlled 
by a general unbounded function. The stability problems of various functional equations have been 
extensively investigated by a number of authors (see [5, 6, 7, 8, 9]). 

We recall a fundamental result in fixed point theory. 

Theorem 1.5. ([4]) Suppose that a complete generalized metric space (X,d) and a strictly contractive 
mapping J : X — > X with Lipschits constant < L < 1 are given. Then, for a given element x € X, 
exactly one of the following assertions is true: 
either 

(1) d(J n x, J n+1 x) = oo for alln>0 or 

(2) there exists no such that d(J n x, J n+1 x) < oo for all n > n . 

Actually, if (2) holds, then the sequence J n x is convergent to a fixed point x* of J and 

(3) x* is the unique fixed point of J in A := {y E X, d(J n °x, y) < oo}; 

(4) d(y,x*) < %^ for all y E A. 

In this paper, we correct the statements of the results and prove the corrected results. 

2. Main results 

From now on, we assume that A is a C*-ternary algebra. 

For a given mapping / : A x A — > A, we define the difference operator E\^f : A 4 — > A by 

E\ tll f{a, b, c, d) = f(Xa - Xb, fj,c) + f(Xa, lie - [id) - A/x(2/(o, c) - f(b, c) - f(a, d)) 

for all A, fi E T 1 := {A e C : |A| = 1} and all a, b,c,dE A. 

We prove the Hyers-Ulam stability of generalized ternary bi-derivations. 

Theorem 2.1. Let /, g : A x A — > A be uniformly continuous mappings such that <?(0, 0) 
Let ip : A 4 —¥ [0, oo) be a function such that 

max{\\Ex^f(a,b,c,d)\\, \\E x .f,g(a,b,c,d)\\} < <p(a,b,c,d), 

max{\\f([abc},d) - [f(a,d)bc] - [af(b,d*)c] - [abf(c,d)}\\, 

\\f(a, [bed]) - [f(a,b)cd] - [bf(a*,c)d]- [bcf(a, d)}\\} < <p(a,b,c,d), 



= /(0,0) = 0. 

(2.1) 
(2.2) 
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max{\\g([abc],d) - [g(a,d)bc] - [af(b,d*)c] - [abf(c,d)}\\, 

\\g(a, [bed]) - [g(a,b)cd] - [bf(a*,c)d] - [bcf(a,d)}\\} < <p(a,b,c,d), 

lim ^-(p(2 n a,2 n b,2 n c,2 n d) = 

for all £ T 1 and all a,b,c,d G A. If there exists an L < 1 such that *S?(a,b) < 4L<J>(|, |) for all 
a,b e A, where 

*(o, 6) := p(0, a, 26, 0) + <p(a, -a, 26, 6) + ip(0, 0, 26, 0) + 3(ip(a, 0, 6, -6) 
+tp(a, 0, 0, 6) + ip(a, 0, 0, 0) + <p(0, 0, 6, 0)), 

i/ien there exist a unique ternary bi- derivation S : A x A — > 4 and a unique generalized ternary bi- 
derivation D : Ax A^ A ( related to 8) such that 

max{\\g(a, c) - D(a, c)\\,\\f(a, c) - <5(a, c)||} < (|, |) (2.4) 

/or all a,c A. 

Proof. By the same reasoning as in the proof of [10, Theorem 2.1], there exist a unique C-bilinear mapping 
S : A x A — > A and a unique C-bilinear mapping D : Ax A ^ A satisfying (2.4). The C-bilinear mapping 
S : A x A — >• A and the C-bilincar mapping D : A x A —¥ A are given by 

5(a,d):= lim -l/(2 n o ) 2 n d), 



D(o,d) := lim -i.9(2"a,2"d) 

r» — irv-i ZL"' 



for all a,d £ A, respectively. 
It is easy to show that 



S(a,d)= lim -^ n f(8 n a,2 n d)= lim -^f(2 n a,8 n d), 
D(o,d)= lim -U(8"a,2"d) = lim ^ 5 (2"a,8"d) 

n— >oo Id n— >oo Id 

for all a,d £ A, since <5, 1? are bi-additive and /, g are uniformly continuous. 
It follows from (2.2) that 

\\S([abc],d) - [5(a,d)bc] - [a5(b,d*)c] - [abS(c,d)}\\ 

= lim T ^(||/([(2"a)(2"6)(2" C )],2"rf)-[/(2"a,2"rf)(2"6)(2 n c)] 

- [(2"a)/(2"o,2"d)(2"c)] - [(2™a)(2"6)/(2"c, 2 n d*)} ||) 

< lim -^(2"a, 2™6, 2 n c, 2"d) < lim -?-<p(2 n a, 2™6, 2"c, 2"d) = 

n— >oo 16 n n— >oo 4 n 

for all a, 6, c, d € .4. This means that 

<J([a&c],d) - [o"(M)6c] + [aS(b,d*)c] + [abS(c,d)} 
for all a, 6, c, a! £ 4. Similarly, we can show that 

<S(a, [6cd]) = [S(a,b)cd] + [6<5(a*,c)d] + [bcS(a,d)] 

for all a, 6, c, d <G 4. Hence <5 is a bi-derivation. 
On the other hand, by (2.3), we have 

\\D([abc],d) - [D(a,d)bc] - [a6(b,d*)c] - [abS(c,d)}\\ 

= lim -i r (|| 5 ([(2"a)(2 n 6)(2"c)],2"d)-[.g(2"a,2"d)(2"6)(2" C )] 

- [(2"a)/(2"6,2"<f)(2"c)] - [(2™a)(2"6)/(2™c, 2 n d)]\\) 

< lim -^(2"a, 2"6, 2 n c, 2"d) < lim ^-<p(2 n a, 2 n b, 2"c, 2"d) = 

n— >oo 16™ n— >oo 4™ 
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for all a, b,c,d G A. It follows that 

D([abc],d) = [D(a,d)bc] + [aS(b,d*)c] + [abS(c,d)] 
for all a, b,c,d G A. Similarly, we can show that 

D(a, [bed]) = [D(a,b)cd] + [bS(a*,c)d] + [bcS(a,d)} 
for all a, 6, c, d G A This means that D is a generalized bi-derivation related to 8. □ 

Corollary 2.2. Let p G (0,2) and q G (0, oo) &e reaZ numbers. Suppose that f,g : Ax A ^ A are 

uniformly continuous mappings satisfying g(0, 0) = /(0, 0) = and 

max{||£; A!AI /(a, 6, c, d)\\,\\E x ^g(a, b, c, 

||/([a6c],d) - [f(a,d)bc] - [af(b,d*)c] - [abf{c, 
\\f(a, [bed]) - [f(a,b)cd] - [bf(a*,c)d] - [bcf(a. 
\\g([abc],d) - [g(a,d)bc] - [af(b,d*)c] - [abf(c, 
\\g(a, [bed]) - [g(a,b)cd] - [bf(a*,c)d] - [bcf(a,d)}} 

<q(h\\ p + \\b\\ p + \\c\\ p + \\d\n 

for all A, fi G T 1 and aZZ a, 6, c, d G .4. T/ien £/iere ezisi a unique ternary bi-derivation 8 : Ax A^ A and 
a unique generalized ternary bi-derivation D : A x A — > .4 (related to 6) such that 

max{\\g(a, c) D(a, c)|| , ||/(a, c) - «J(o, c)||} < ^(NI P + ||cf) 

/or a// a,c € A. 

Proof. The proof follows from Theorem 2.1 by putting 

<p(a,b,c,d) :=9(||ar + ||6r + || C f+||c|n 
for all a, 6, c, d G A and L = 2P~ 2 . □ 

Theorem 2.3. Let f,g : Ax A^ A be uniformly continuous mappings satisfying g(0, 0) = /(0, 0) = 0. 
Let f : A 4 — > [0, oo) 6e a function satisfying (2.1), (2.2) and (2.3). Let 

lim 16™<^(2- n a, 2-"&, 2" n c, 2""d) = 

/or a^Z a, b,c,d G .4. J/ Z/iere exists an L < 1 suc/i Z/iai ^(a, 6) < ^^(20, 26) /or aZZ a, 6 G .4, where ^(a, 6) 
is defined in Theorem 2.1, then there exist a unique ternary bi-derivation 8 : A x A — > .4 and a unique 
generalized ternary bi-derivation D : A x A — > ^4 (related to 8) such that 

max{\\g(a,c) - D(a,c)\\,\\f(a,c) - 5(a,c)\\} < 7^^*( a ' c ) 

/or aZZ o,c£ A 

Proof. The proof is similar to the proof of Theorem 2.1. □ 

Corollary 2.4. LeZ p G (4, oo) and q G (0, oo) 6e real numbers. Suppose that /, g : A x A —¥ A are 

uniformly continuous mappings satisfying g(0, 0) = /(0, 0) = and 

ma,x{\\E x ^f(a, b, c, d)\\,\\E x ^g(a, b, c, 

\\f([abc],d) - [f(a,d)bc] - [af(b,d*)c] - [abf(c, d)}\\, 
\\f(a, [bed]) - [f(a,b)cd] - [bf(a*,c)d] - [bcf(a, 
\\g([abc],d) - [g(a,d)bc] - [af(b,d*)c] - [abf(c,( 
\\g(a, [bed]) - [g(a,b)cd] - [bf(a*,c)d] - [bcf(a,d)}} 

<«(iiar+n&r+i| C r+iidin 
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for all A, fi e T 1 and all a, b, c, d e A. Then there exist a unique ternary bi-derivation S : A x A — > A and 
a unique generalized ternary bi-derivation D : Ax A^ A (related to 5) such that 

max{\\g(a,c) - D(a,c)\\,\\f(a,c) 6(a,c)\\} < ^(N| p + ||cf) 

for all a,c G A. 

Proof. It follows from Theorem 2.3 by taking 

V(a,b,c,d) :=«(||ar + ||&r + || C f+||cr) 
for all a, b, c, d e A and L = 2 2 ~p. □ 
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EXAMPLES OF UMBRAL CALCULUS 



D. S. KIM 1 , T. KIM 2 , W. J. KIM 3 , AND DMITRY V. DOLGY 4 



Abstract. In this paper, wc introduce some interesting Shcffcr sequences of 
polynomials. From the properties of those sequences of polynomials, we derive 
some identities involving multiple power and alternating(powcr) sums. 



1. INTRODUCTION 

For a G R, the Frobcnious-Eulcr polynomials are defined by the generating 
function to be 

v ' n=0 

where A e C with A ^ 1. In the special case, x = 0, H^"\o | A) = H^ x \\) are 
called the n— th Frobenius-Eulcr numbers, (see [1-15]). 

As is well knowen, the Bernoulli polynomials of order a are also defined by the 
generating function to be 

v ' n=0 

(see[3,4,5,6]). In the special 0, Bi a \0) = B ( n a) are called the n— th 

Bernoulli numbers of order a. 
From (1) and (2), we have 

HW{x\\) = £(flH} a \\)x»- l t B£Xx)=±( r ])B\<*\X ) x"-K (3) 
i=o ^ ' 

Let 



1=0 



^ = {/( < ) = E^fci |afeeC} - (4) 

k=0 

Let us assume that P is the algebra of polynomials in the single variable x over 
C and P* is the vector space of all linear functionals on P. 

The action of the linear functional on a polynomial p(x) is denoted by < L \ 
p(x) >. We remind that the vector space structure on P* are defined by < L + M \ 
p(x) >=< L | p(x) > + < M | p(x) >, < cL | p(x) >= c < L | p(x) >, where c is a 
complex constant (see[ll,12,13,15]). For f(t) <G J 7 , we define a linear functional on 
P by setting 

< f(t) | x n >= a n , (5) 

for all n > 0, (see[ll, 12,15]). 
From (4) and (5), we note that 

<t k \x n >= n\5 nM , (6) 

for all n, k > 0, where S ny k is the Kronecker's symbol (see[13,15]). 

l 
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For f L (t) = IXo ^f-^i fc , we have < f L (t) \ x n >=< L \ x n >. So the 
map L \-t fi,{t) is a vector space isomorphism from P* onto J ' . Henceforth, T is 
thought of as both a formal power series and a linear functional. We call T the 
umbral algebra. The umbral calculus is the study of umbral algebra(see[12,15]). 
The order 0(f(t)) of the non-zero power series f(t) is the smallest integer k for 
which the coefficient of t k does not vanish(see[ll,15]). If 0(f(t)) = 1, then f(t) 
is called a delta series. If 0(f(t)) = 0, then f(t) is called an invertible series. 
Let 0(f(t)) — 1 and 0(g(t)) = 0. Then there exists a unique sequence S n (x) 
of polynomials such that < g(t)f(t) k | S n (x) >= n\5 nt k, where n, k > 0. The 
sequence S n (x) is called the Sheffer sequence for (g(t), f(t)), which is denoted by 
S n (x)~(g(t),f(t)) (see[13,15]). 

For f(t) e T and p(x) e P, we have 

m _ £ </WI^> t >. p( , T) . f <*1M>,>, (s ee[15]). (7) 
fc=o K - fc=o K - 

By (7), we easily get 

p*(0) =< t k \p(x) > ; < 1 |p« >=p<*>(0). (8) 
From (8), we have 

6W=p ( *'W = ^, fc>o. (9) 

For S„(a;) <~ (g(t), f(t)), the generating function of Sheffer sequence 5„(x) is 
given by 



1 r »/(o = v M^^fc 
<?(/(*) e n fc! 



J2^t k , forallyeC, (10) 



where /(i) is the compositional inverse of f(t), (see[12,15]). 
Let S n (x) ~ (l,g(t)) and i„(x) ~ (l,/(i)). Then we have 

S n (x) = x(J^j x-H n {x), n>0, 



(11) 



(see[ll,15]). This equation (11) is important in deriving our main results in this 
paper. 

The purpose of this paper is to introduce some interesting Sheffer sequences of 
polynomials and to investigate some properties of those sequences of polynomials. 



2. Sheffer sequences and Applications 
Let us consider the following Sheffer sequences 
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where A e C with A m ^ 1. From x n ~ (l,i), (11) and (12), we have 
S n (x) = x 1 ^ 1 x- 1 x n = x(l- Ae 4 )' 



. ( l-Ae* ) 



a;(l - A - A(e* - 



^(^(i-Ar-H-Ay^-i)^- 1 



a; 

2=0 

n — l / \ n—l — 1 



-EE (?) (Zlh 1 - A)-'(-A)'5 a (i + m, Oar-'— 1 
;__o m=0 
n—l n— J — 1 



/ i — Lit — I — ± / ^ y \ 

= E E (""^("j/Kl-Ar-'C-Aj'^n-l-r,/)^ 1 , (13) 



where 52 (n, fc) is the Stirling number of the second kind. 
For n > 1, by (11) and (12), we get 



n 



t„(a;) = z[ 7 * v ) x n - x =x(l- X m e mt ) r x 



1-A m e mt 

m \ m { jmt i \ \ n^,n— 1 



x(l - A m - A m (e mt - l))"x r ' 
E (") ( X ~ A m )""'(-A m )'(e mt - l)^"" 1 



2=0 

n—l n — i— 1 



-^EE (")r + J)(l-A m )"- i (-A™) ; /!m fe +'5 2 (/ + fc,0^ 



z=o fc=0 

n—l n—l—1 

X 

1=0 r=0 
1 — 1 n—l—1 



k-l-1 



E E ( ?)( _ 1 _ r )(l-A m )"^(-A m ) i nm n - 1 -'' > S 2 (n-l-r,Oa; r 

Z=0 r=0 V / \ n r / 
■ft— 1 n— I— 1 / \ / -i \ 

= E E (jl )(l-A" l )™- i (-A m )^!m"- 1 - r 5 2 (n-l-r,0x r+1 . 

(14) 

Therefore, by (13) and (14), we obtain the following theorem. 
Theorem 1. For n > 1, let 

S n (x)~(l,- — t — ) , t n (x) ~ ( 1, 



1 - Ae*/ V ' 1 - A m e mt 

where A e C wit/i A m 7^ 1. T/ien we have 

n—ln—l—l / i\ / \ 

= E E ( n ; j^jna-Ar-^-A^^-i-r,?)^ 1 , 

and 

n— In— /— 1 y \ y 1 \ 

*nW = E E (jl )(l-A m r- i (-A m )^!m"- 1 -^ 2 (n-l-r,Ox''+ 1 . 



2=0 r=0 
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By (11) and (12), we get 

* \ 11 / 1 — X m e mt \ n 

1 ~ t Ae ' ] x~ 1 S n (x) = x f - - — j x~ 1 S n (x) 

1 — X m e rnt J V ' 

= \- n xe- nt V f " VAe*) , ' 1+2 " 2+ - +m ^x- 1 5 n (x) 

^ \vi, ■ ■ ■ ,v m J 

< vi, ■ ■ ■ ,v m < n 

Vi-\ Vv m =n 

E („„..", „>" 

V;=o / Vfe=o <«!,-•• ,u m < n 
ui H 1- » ra = n 

x [y\ + 2v 2 H h mum) 11 I ^aT 1 ^^) 

=^e(e (:>-•»-' e (^::,J A, " +3 '" + " +TO 

0< Ui,--- ,v m <n 
Vi H hf ra =fi 



=0 U=0 



x(v 1 + 2v 2 H hmw m ) fc ^-a; _1 5„(a;) 



-*""'g{t(:)(-»r' E („„.",„,„)— 

s _u v/c-u < ui, ■ ■ ■ ,v m <n 
V\ H h w m = n 

x (w 1 + 2v 2 + --- + m« m ) fe j^x- 1 S'„(x). (15) 

Let 

4 n) (m|A) 

J] f " )A" 1+2 ^+"- +m "™(i;i+2t; 2 + ---+mi; m ) fc . 

< «1 , • ' ' , "m < n 
t>i H h w m = n 

(16) 

By (13), (15) and (16), we get 

n-l s , v s n-ln-i-1 / 1\ / \ 

^w = A-",EEu)(-r^ ) (-iA)^E E ( n ; 'jrW-Ar' 

S =0fe=0 V / (=0 r=0 V T ' W 

x (-\) l S 2 (n-l-r,l)x r 

n—1 s n—ln—l—l / 1 \ / \ / \ / \ 

= *-*EEE E ("; )(:)(?) C)*-")*^"'^ i w- *>~ 

s=0 fc=0 Z=0 r=0 V / \ / \ / \ / 

x (_A)'5 2 (n- 1 -r,0a; r - s . (17) 
Therefore, by Theoreml and (17), we obtain the following theorem. 
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Theorem 2. For n > 1 ? A G C with X m ^ 1 7 we have 

n—l n—l — I 



n— i n— i — t / \ / i \ 

E E ( ?)("" )(l-A m )"-'(-A m ) z /!m"- 1 -^ 2 (n-l-r,/)x'- +1 

n »- = n \ / \ / 



n—l n—l—l n—l 



*-"E £ EE("; 1 )(:)m(:)(-»r*4" , (^w-Ar-' 



r 

Z=0 r=0 s=0 fe=0 



x (-A) i 5 2 (n-l-r,/)a; r 
Let us consider the following Sheffcr sequences 

S n (x) ~ (1, i(l - Ae*)), i„(» ~ (1, t(l - A m e mt )), (18) 

where A"V 1. 

For n > 1, by (18) and a;" — (1, i), we have 

S n {x)=x( - t —^ \ x- x x n = x(l - Xe t )- ,l x n - 1 



x(l - A- A(e* - I))" 



n(7')(-i><A<( el 



(1-A)« (i_A)«^VW V 7 VI- A 
' '- ■ l-l\fl\ f A w 



From the generating function of the Stirling number of the second kind, we can 
derive 



«.(,) - x(l - Ae',-»"-' - ^ g ( J "'J (^ j («• - D'x" 



n + i- 1\ / A 



^n— m— i — 1 



,1-ln-l-l /i7l\/\\i / 1 

a; v-^ fn + l — l\ I A \ „ _ , _ In — 1 



(20) 

For n > 1, by (18) and a;" <~ (1, i), we get 



= xd - A™)-- e 7 (-1)' E ; ) ("Ij'-e™**- 



1=0 r=0 



(21) 
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By the same method as (20), we get 
t n (x) = x(l - X m e mt )- n x n - 1 



1=0 



X 


(1 






x (n — 




X 


(1 


- A" 1 )" 




x (n - ' 




1 



n—l / \ / xrn \ I n—l — l ^ ^ 

~(r + l)\ 



A ™ Xr US 2(r + lJ) 

r=0 



V) r+l m r+l x n - r - 1 - 1 

' " ' n\ ( X m X , ^iUS 2 (n-r-l,l) 



EE ( / ) ( 1 _ \m ) ( ^ " ( n _ r _ljl 



^n—r— 1 r 



n\ / A \ in — 1 



(1 - A" 1 )" ^ v \ I / V 1 - A 

x m n - r - 1 x r+1 . (22) 

Therefore, by (20) and (22), we obtain the following theorem. 

Theorem 3. For n>l, let 

S n (x) ~ (l,t(l - Ae 4 )), t n (x) ~ (l,t(l - A m e mt )), 

w/iere A e C wii/i A m 7^ 1. T/ien we have 

^ g T (" ; ') (" + ! " « (i^V *<» - 1 - 

and 



(l-A" 1 ) 11 ^ ^ V / /Vl-A m /Vr 

v 1 r=0 2=0 v 

x m n - r - 1 x r+1 . 



By (11) and (18), we get 



s n ( X ) = x ^%TS) ] ) n x ~ Hn{x) = x [h £ A ' eZt ) a " ltB(a!) 

= ^( e " Kt ) E f " )(Ae*)^+ 2 -+-+— z" 1 ^) 



< t)i, • • • ,v m <n 
Vi H h u m = n 



Vfe =° 0< ,v m < n 



v 1 H hti m = n 

fcf 



x (wi + 2?; 2 + • • • + mw m ) fe — aT^a;). (23) 
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From (16), (21) and (23), we have 

S n (x) = X- n xJ2 (E ( 8 j)(-ny- k D^\m | A) J %-H n {x) 

s=0 \fe=0 ^ ' ) 

co s , v n-ln-l-r >■ ^ 



s =o fe=o v 7 r=o ;=o 

x (" + !" 1 )°(t^)'"'"^"- i -- i »^ 

n-ln-l-r r s / \ / \ / 7 -1 

r\ I s \ I n — 1\ f n + I — 1 



(a-v^-E E 

r=0 i=0 s=0k=0 V 7 V 7 V 



r 7 V J 



T -^J i!I>< n) (m I A)S 2 (n - 1 - r,/)^"' +1 - 

(24) 

Therefore, by Theorem 3 and (24), we obtain the following theorem. 
Theorem 4. For n > 1, A e C wit/i A™ ^ 1, we (We 



n — 1 n— 1 — r r s / \ / \ / i 1 

n — 1\ /n + t — 1 



(A-y-r-E E EE ' ; ) ( -" r '™ 

r=0 Z=0 s=0 fc=0 \ / \ / \ / \ 

Y -^j l\D£\m\\)S 2 (n-l-r,l)x r -°+\ 



s—k^n—l — r 



Let 

Sn( X ) ~ (l, ^ ) , U*) - (l, 1 + ( _ 1} l +1Amem J . (25) 

where (-A)" 1 ^ 1. 

From x <~ (l,t) and (25), we have 



S„(z) = a;(l + Ae*) 1 ^"- 1 = a: ^ [AX 1 {x + l)^ 1 . (26) 



By(l), we get 



S n {x) = x(l + Ae*)^"- 1 = x(l + A)" [ \-i + + e 'l ) * n ~' 

n—l / _ I \ 

= (1 + A) n ^( n )jT J (_n) (-A- 1 )a; n - , ) where A ^ 0. (27) 

For n > 1, by x n <~ (l,i) and (25), we get 

t„(a:) = x(l + (-l) m+1 A m e mt )™x"- 1 = (T) (-1)'(-A) m( (x + Zm)"" 1 . (28) 

From the generating function of the Stirling number of the second kind and (28), 
we have 
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t n {x) = x(l + {-l) m+1 \ m e mt ) n x n - 1 
= (1 - (-A)"T*E ("j (-1)'(-A) mi { ^^xyn 
-m-^i (_A)">+'(7) ,,,/n-T 



= (l-(-A)T£ E (1 - (-A)4 ( r ) llS2in - r ~ h V mn ~ r - lxr+] 

(29) 

By (11) and (25), we get 

t n ( X ) = X (i+iz^^iy x -i Sn{x) 

= a:(-A)- n e- nt V f " V-Ae'r+^+'+^aT^Ja;) 

< ui, • • • ,v m < n 
vi H + w m = n 



"1 H hfm=H 



< «i , ■ ■ ■ ,v m <n 
vi H h w m = n 



x (_A)"i+ 2 ^+-+™"- ( Wl + 2i; 2 + • + m Um ) fc I ^aT^a;) 



S! 



C 

(30) 



Let us define (m | A) as follows: 



Ti n) (m|A)= E (_ A )"i+2-2+-+m, m 

\vi , • • • , f m y 

< vi , • • • , v m < n 
vi H h w m = n 

x(ii 1 + 2u2 + -+m« m ) t . (31) 

From (26), (30) and (31), we have 

a*) = *(-a)-» EE(-") s ~ fe ( M n) ( m i A )^yE ( Yj A '(* + 0"- 1 



s=0fc=0 " ' i=0 

n n— 1 s 



;=o s=o fe=o 



- -(-A)"" E E E (") (fc) ; 1 j (-n) s " fe A'Tf ) ( m | A)(* + l Y 

(32) 



\n-l- 
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Therefore, by (28) and (32), we obtain the following theorem. 
Theorem 5. For n > 1, A £ C with (— \) m ^ 1, we /icwe 



(-*) - E E E f ?) (f) ( n 7 ') (-»)-*a'tw (m , A)(x + „_i- 



Z=0 s=0 fe=0 



Remark. Let 

S n (aO~(l,i(l + Ae*)), t„(x)~ + (-l) m+1 A m e mt )), (-A)" 1 ^ 1. (33) 

For n > 1, by or" ~ (l,i) and (33), we get 



n-l 



(l + A)" 

v > r=0 1=0 



X, 

(34) 



; 1-1 'n • / l\fn l\ / (-A) m 



and 

x S 2 (n-l-r,l)m n - 1 - r x r+1 . 

(35) 

From (11), (33), (34) and (35), we have 

1 Z 71— Is / 1 \ / \ / |7 1 \ / 7\ 



* w - (A+( -^ 1) -SSSS("")(0( B+ «'" 1 )C)<-» 

x (-1)^ ( 1 l~ ( A) 7 )m ) V I + r-m)"- 1 " 5 . (36) 

Let 

S„(aO ~ (1, e fct - 1), t n (x) ~ (1, ^t), & ^ 0. (37) 
From x™ — (l,i) and (37), we have 

«-w-*(s^) V '-^ lfl S-(f)) 

z=o v 7 

and 

/p bt -1\™ ^ (™ _1 ) 

*„(*)=*(—— x"- 1 =b n xY,b l ^-y-S 2 (n + l,l)x n - 1 - 1 . (39) 

V 1 / i=o I i ) 

Therefore, by (37), (38) and (39), we obtain the following theorem. 
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Theorem 6. For n > 1, b ^ 0, let 

Sn{x) = (f )„ ~ (1 ' ^ ~ 1} ' tn{x) ~ (1 ' 



Then we have 

n-l 



=0 

and 

n— 1 /n— 1 



/=0 V I 

From Theorem 6, we note that 

n-l 



1=0 

Let 6=1. Then, by Theorem 6, we get 

n-l 



(^) =m-"^m'r ^ jB I (n) a; n - 1 - , ~(l,e mt -l). (40) 



(4 = ^^ ^"W-'-U.e'-l). (41) 
From (11), (40) and (41), wc have 

^-'i'("7 1 )^ M -'(^r) V (s). 



= a:e- nt V ( " ^ e (»i+2» a +-+m» m )t a .-i m 

< t)i , • • • , w m < n 
nH h »m = n 

— (-") J| / " 



< v\ , ■ ■ ■ , v m < n 



, fe=0 



t>i H h w,„ = n 



OO f s 



X 

s=0 k fe=0 



£1 EC )<-»>-' £ 

< t>i,- • • ,w m < n 
v\ H h u m = n 



Ul,«2) ' ' ' ,«m 



x («! + 2v 2 + ••• +mw m ) fc |^a; 1 Q . (42) 
Let us define (to) as follows: 

4"V)= E ( V« 1 + 2 U2 + ...+TO Um ) fc . (43) 



< vi, ■ ■ ■ , v m < n 
vi H h u TO = n 
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Then, by (40), (42) and (43), we get 

(*)» - *EE (ly^^^i (m-Em'f"; 

s=0 fe=0 V 7 I (=0 V 7 ) 

2=0 s=0 fe=0 \ / \ / 

- - E "e E (I) ( n 7 ') ( n T <- n >'" fcs * B) N B i (n) * n_1 "'" 

n e=n t.— n \ / \ / \ / 



2=0 s=0 k=0 
n—1 n—l — l n — l — l — r 

n+l 



1 — I — r\ fn — 1\ fn — 1 



= a; E E E m 

1=0 r=0 k=0 

x (-n)"- 1 - i - r - fe 5^ ) (m)B i ( " ) a; r . (44) 
Therefore, by (44), we obtain the following theorem. 
Theorem 7. For n > 1, we /icwe 

x {-n) n - 1 - l - r - k S ( ' l) {m)B\ n) x r+1 . 
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ABSTRACT 

In this paper we investigate the global convergence result, boundedness, and periodicity 
of solutions of the difference equation 

x n+ i = ax n + — , n = 0,l,..., 

where the parameters a,b,c,d and e are positive real numbers and the initial conditions 
ie_i and x are positive real numbers. 

Keywords: stability, periodic solutions, boundedness, difference equations. 
Mathematics Subject Classification: 39A10 



1 Introduction 

Difference equations have been used to describe evolution phenomena since most measure- 
ments of time-evolving variables are discrete. More significantly, difference equations are used 
in the study of discretization methods for differential equations. The theory of difference equa- 
tions has some results that have been acquired approximately as natural discrete analogues 
of corresponding results of differential equations [35]. 

The study of rational difference equations of order greater than one is quite ambitious and 
worthwhile since some paradigms for the development of the basic theory of the global behav- 
ior of nonlinear difference equations of order greater than one come from the results of rational 
difference equations. However, there have not been any useful general methods to study the 
global behavior of rational difference equations of order greater than one so far. Therefore, the 
study of rational difference equations of order greater than one deserves further consideration. 
Many research have been done to study the global attractivity, boundedness character, peri- 
odicity and the solution form of nonlinear difference equations. For example, Agarwal et al. [2] 
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looked at the global stability, periodicity character and found the solution form of some special 
cases of the difference equation 

. dx n —ix n —k 
x n +i = a+ — . 

O CX n —s 

The form of the solutions of the difference equation 

Xn— 1 



X n +1 



a x n x n —\ 



was obtained by Aloqeili [4]. The dynamics, the global stability, periodicity character and the 
solution of special case of the recursive sequence 

_ bx n 

Xn+1 — ax n 



cx n dx n —\ 
was investigated by Elabbasy et al in [8]. 

Elabbasy et al. [9] studied the behavior of the difference equation, especially global stabil- 
ity, boundedness, periodicity character and gave the solution of some special cases of the 
difference equation 

OtX n — k 



X n +1 — - u 

P +7lli=0 X n-i 

Karatas et al. [31 ] researched the behavior of the solutions of the difference equation 

^ _ ax n -(2k+2) 

— a + rii=0 x n-i 

In [36] Simsek et al. acquired the solution of the difference equation 

X n -3 

Xn+1 = r— • 

1 + X n -1 

The dynamics of the difference equation 

Xn—m 



X n+ i = a + 



x n 



was studied by Yalgmkaya et al. in [44]. 

Zayed et al. [46], [47] looked at the behavior of the following rational recursive sequences 

bx n px n + x n —k 

Xn+1 — &Xn ~j j 2-71+ 1 — s±X n +- ±jX n —k ~r ~~ • 

CX n u-X n — Q +- Xn—fc 

Other related results on rational difference equations and systems can be found in refs. [1-45]. 
This paper aims to study the global stability character and the periodicity of solutions of the 
difference equation 

b + CXn-l m 

x n +i = ax n + — , (1) 

a + ex n -i 

where the parameters a,b,c,d and e are positive real numbers and the initial conditions x-\ 
and x are positive real numbers. 
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2 Some Basic Properties and Definitions 

In this section, we state some basic definitions and theorems that we need in this paper. 
Suppose that I is an interval of real numbers and let 

F : I x I -f 7, 

be a continuously differentiate function. Then for every set of initial conditions x e I, the 
difference equation 

x n+ i = F(x n ,x n - 1 ), n = 0, 1,..., (2) 
has a unique solution {x Il }^ = _ 1 . 

Definition 2.1. (Equilibrium Point) 

A point x G I is called an equilibrium point of Eq.(2) if 

x = F(x, x). 

That is, x n = x for n > 0, is a solution of Eq.(2), or equivalently, x is a fixed point of F. 
Definition 2.2. (Periodicity) 

A sequence {x n }^_ 1 is said to be periodic with period p if x n+p = x n for all n > -1. 
Definition 2.3. (Stability) 

(i) The equilibrium point x of Eq.(2) is locally stable if for every e > 0, there exists 8 > such 
that for all x_i,x e / with 

|x-i — x\ + \xq — x\ < 5, 

we have 

\x n — x\ < e for all n > — 1. 

(ii) The equilibrium point x of Eq.(2) is locally asymptotically stable if x is locally stable solution 
of Eq.(2) and there exists 7 > 0, such that for all x-i, x e I with 

— x\ + \xq — x\ < 7, 

we have 

lim x n = x. 

(iii) The equilibrium point x of Eq.(2) is global attractor if for all x G /, we have 

lim x„ = x. 

(iv) The equilibrium point x of Eq.(2) is globally asymptotically stable if x is locally stable, and 
x is also a global attractor of Eq.(2). 

(v) The equilibrium point x of Eq.(2) is unstable if x is not locally stable. 

The linearized equation associated with Eq.(2) about the equilibrium pointx is the linear differ- 
ence equations 

y n +\ =py n + qy n -i- 
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where 

dF 8F 

p=- — (x,x), g=- (x,x). 

OX n OX n ^i 

Theorem A [34]: (Linearized Stability) 

(a) If both roots of the quadratic equation 

A 2 -pA-g = 0. (3) 

lie in the open unit disk |A| < 1, then the equilibrium x of Eq.(2) is locally asymptotically stable. 

(b) If at least one of the roots of Eq.(3) has absolute value greaterthan one, then the equilibrium 
x of Eq.(2) is unstable. 

(c) A necessary and sufficient condition for both roots of Eq.(3) to lie in the open unit disk 

|A| < l, is 

\P\ <l-q< 2. (4) 

In this case the locally asymptotically stable equilibrium x is also called a sink. 
Now, consider the following equation 

x n+ i = g(x n ,x n -i). (5) 

The following two theorems will be useful for the proof of our results in this paper. 
Theorem B [34]: Suppose that [a, f3\ is an interval of real numbers and assume that 

g: [a,(3] 2 ^ [a,/3], 

is a continuous function satisfying the following properties: 

(a) g{x,y) is non-decreasing in each of its arguments; 

(b) The equation 

g(x,x) = x, 

has a unique positive solution. Then Eq.(5) has a unique equilibrium point x e [a, j3] and every 
solution of Eq.(5) converges to x. 

Theorem C [34]: Suppose that [a,f3] is an interval of real numbers and let 

g : [a,(3] 2 ^ [a,/3], 
be a continuous function that satisfies the following properties : 

(a) g(x, y) is non-decreasing in x in [a, f3] for each y e [a, /?], and is non-increasing in y e [a, /3] 
for each x in [a,f3]; 

(b) If (m, M) g [a, j5] x [a, (3] is a solution of the system 

M = g(M,m) and m = g(m,M), 

then 

771 = M. 

Then Eq.(5) has a unique equilibrium point x e [a, ft] and every solution of Eq.(5) converges to 

x. 
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3 Local Stability of the Equilibrium Point of Eq.(1) 



In this section, we study the local stability character of the equilibrium point of Eq.(1 ). 
Eq.(1) has equilibrium point and is given by 



x = ax + 



b + cx 
d + ex' 



or 



e(l — a)x 2 + (d — da — c)x — 6 = 0. 
Then the only positive equilibrium point of Eq.(1) is given by 



X 



__ (c-d+da)+^ (c-d+da) 2 +4be{l-a) 



2e(l-o) 

Theorem 3.1 . The equilibrium x of Eq. (1) is locally asymptotically stable if and only if 



(d + ex) 1 > 



2 \cd — be\ 



(1 " a) ' 



a < 1. 



Proof: Let / : (0, oo) 2 — ► (0, oo) be a continuous function defined by 



f(u, v) = au + 



b + cv 
d + ev' 



Therefore, 



So, we can write 



df(u,v) df(u,v) (cd — be) 

Or, 



du 



dv (d + ev) 2 ' 



df(x,x) df(x,x) (cd — be) 

= a=p, = — , 9 = q. 



du ' dv (d + ex) 2 

Then the linearized equation of Eq.(1 ) about x is 

y n +i — pyn-i - qy n = o. 
It follows by Theorem A that, Eq.(1 ) is asymptotically stable if and only if 

|p|<l-g<2. 

Thus, 



(cd — be) 



(d + ex) 



< 1, 



and so 



(cd — be) 



< (1 - a), a < 1, 



(d + ex) 2 

\cd-be\ < (d + ex) 2 (l - a), a < 1, 



or 



\cd — be\ 



< (d + ex) 2 , a < 1. 



The proof is complete. 



(6) 



(7) 
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4 Existence of Bounded and Unbounded Solutions of Eq.(1) 

Here we look at the boundedness nature of solutions of Eq.(1). 

Theorem 4.1. Every solution of Eq.(1) is bounded if a < 1. 

Proof: Let {x Il }" = _ 1 be a solution of Eq.(1). It follows from Eq.(1) that 

b + cx n _i b cx n -i 
x n+ i = ax n + — = ax n + — h 



d + exn-i d + ex n -i d + ex n -\ 

Then 

b cx n -\ b c 

x n +i < ax n + -, H = ax n + - + - for all n > 1. 

a ex n -i a e 

By using a comparison, the right hand side can be written as follows 



b c 

Vn+i = ay n + - + -. 

a e 

So, we can write 



Un = a n yo + constant, 

and this equation is locally asymptotically stable because a < 1, and converges to the equilib- 

be + cd 
num pointy = — -. 

ae(l — a) 

Therefore 

, . be + cd 

hmsupx n < — — -. 

n^oo de{l - a) 

Hence, the solution is bounded. 

Theorem 4.2. Every solution of Eq.(1) is unbounded if a > 1. 

Proof: Let {x n } n < ' = _ l be a solution of Eq.(1 ). Then from Eq.(1 ) we see that 

b + cx n -\ 

x n +i = ax n + > ax n for all n > 1. 

a + ex n _i 

The right hand side can be written as follows 

y n+1 = ay n y n = a n y , 

and this equation is unstable because a > 1, and lim y n = oo. Then by using ratio test 
{xn}^-! is unbounded from above. 

5 Existence of Periodic Solutions 

In this section we investigate the existence of periodic solutions of Eq.(1). The following theo- 
rem states the necessary and sufficient conditions that this equation has periodic solutions of 
prime period two. 

Theorem 5.1. Eq.(1) has positive prime period two solutions if and only if 

(i) [c-ad- d} 2 (1 + a) + 4 [be + (c - ad - d)ad] > 0. (8) 
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Proof: Firstly, suppose that there exists a prime period two solution 



...,p,q,p,q, 

of Eq.(1 ). We will show that Condition (i) holds. 
From Eq.(1), we get 

b + cp 

p = aq+ — , 

a + ep 

and 

b + cq 

q = ap+ — . 

a + eq 

Therefore, 

dp + ep 2 = adq + aepq + b + cp, (9) 

and 

dq + eq 2 = adp + aepq + b + cq. (10) 

Subtracting (10) from (9) gives 

d{p -q) + e(p 2 - q 2 ) = -ad{p - q) + c{p - q). 
Since p ^ q, it follows that 

c - ad - d .... 
p + q= . (11) 

e 

Again, adding (9) and (10) yields 

dip + q)+ e(p 2 + q 2 ) = adip + q) + 2aepq + 26 + c(p + q), 

e(p 2 + q 2 ) = iad - d + c)(p + q) + 2aepq + 2b. (12) 
By using (11), (12) and the relation 

p 2 + q 2 = ip + q) 2 - 2pq for all p,q G R, 

we obtain 

e((p + qf - 2pq) = [ad- d + c)ip + q) + 2aepq + 2b 
2(1 + a)epq = -2ad(p + q) - 2b. 

Then, 

— ic — ad — d)ad — be 

PQ = 77-. — • 13 

(1 + a)e z 

Now it is obvious from Eq.(1 1 ) and Eq.(1 3) that p and q are the two distinct roots of the quadratic 
equation 

2 / c — ad — d\ (be + (c — ad — d)ad\ 
et 2 - (c - ad - d)t - ( be + (c-ad -d)ad \ = 

and so 

[c - ad - of + 4[fee+( ( T + y M > 0, 
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or 



[c - ad- df (1 + a) + 4 [be + (c - ad - d)ad] > 0. 



Therefore inequality (i) holds. 

Conversely, suppose that inequality (i) is true. We will prove that Eq.(1) has a prime period two 

solution. 

Suppose that 

c — ad — d + C 
P= 2e ' 

and 

c — ad — d — ( 
q= 2e ' 

where C = y/[c -ad- df + te^EgE^M . 
We see from the inequality (i) that 

[c - ad - df (1 + a) + 4 [be + {c- ad - d)ad] > 0, 

which equivalents to 

[c-ad- df + ^+(c-ad-d)ad\ > Q 

Therefore p and q are distinct real numbers. 
Set 

x-i = p and xq = q. 

We would like to show that 

x\ = x-i = p and X2 = xq = q. 

It follows from Eq.(1 ) that 

, / c-ad-d+( \ 

Xl ~ aq+ d + ep- a \ 2e ) + d+e [^t^y 
Dividing the denominator and numerator by 2(d + ae) we get 

( c—ad—d—( \ _|_ 2eb+c(c—ad—d+Q 
2e y 2ed+e(c-ad-(i+C)' 

Multiplying the denominator and numerator of the right side by 2ed + e{c — ad — d — Q and by 
computation we obtain 

XI = p. 

Similarly as before, it is easy to show that 

x 2 = q. 

Then by induction we get 

X2n = Q and X2n+i = p for all n > — 1. 
Thus Eq.(1) has the prime period two solution 

...,p,q,p,q,..., 

where p and q are the distinct roots of the quadratic equation (14) and the proof is complete. 
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6 Global Attractivity of the Equilibrium Point of Eq.(1) 

In this section, the global asymptotic stability of Eq.(1) is studied. 

Lemma 6.1 . For any values of the quotient \ and f , the function f(u, v) defined by Eq.(6) has 
the monotonicity behavior in its two arguments. 

Proof: The proof follows by some computations and it will be omitted. 

Theorem 6.2. The equilibrium point x is a global attractor of Eq.(1) if one of the following 
statements holds 

(1) cd > be and c> d(l - a), a < 1. (15) 
(2) cd < be and a < 1. (16) 

Proof: Suppose that a and /3 are real numbers and assume that g : [a,(3] 2 — > [a,/3] is a 
function defined by 

b + cv 

g{u,v) = au+ — . 

a + ev 

Then 

dg(u,v) _ dg{u,v) _ (cd-be) 

du ~ dv ~ (d+ev) 2 ■ 

Now, two cases must be considered : 

Case (1): Suppose that (15) is true, then we can easily see that the function g(u, v) increasing 

in u, v. 

Let x be a solution of the equation x = g(x, x). Then from Eq.(1 ), we can write 



or 



then the equation 



e(l - a)x 2 + {d(l - a) - c}x - b = 0, 
has a unique positive solution when c> d(l- a), a < 1 which is 

_ (c-(2(l-a)) + ^/(c-(2(l-a)) 2 +4&e(l-a) 
X ~ 2e(l-o) ' 

By using Theorem B, it follows that x is a global attractor of Eq.(1) and then the proof is 
complete. 

Case (2): Suppose that (1 6) is true, let a and f3 be real numbers and assume that g -. [a, /3} 2 — ► 
[a, 13} be a function defined by g(u, v) = au + — — , then we can easily see that the function 
g(u,v) increasing in u and decreasing in v. 

Let (m, M) be a solution of the system M = g(M, m) and m = g(m, M). Then from Eq.(1 ), we 
see that 

b + cm b + cM 

M = aM + , m = am + — , 

d + em d + eM' 

or 

s b + cm b + cM 

M(l-o) = - , m(l-a) = - — , 

v ' d+em v ; d+eM 
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then 

d(l - a)M + e(l - a)Mm = b + cm, d(l - a)m + e(l - a)mM = b + cM. 
Subtracting we obtain 

(M - m){d(l - a)(M + m) + c} = 0, 
under the condition a < 1, we see that 

M = m. 

It follows by Theorem C that x is a global attractor of Eq.(1). This completes the proof of the 
theorem. 

7 Numerical examples 

To confirm the results of this paper, we consider numerical examples which represent different 
types of solutions to Eq. (1 ). 

Example 1. We assume that x_i = 7, xo = 11, a = 0.1, 6 = 2, c = 5, d = 3, e = 7. See Fig. 
1. 



plot of x(n + 1)= ax(n)+(b+cx(n-1))/(d+ex(n-1)) 




n 



Figure 1 . 

Example 2. See Fig. 2, since x_i = 13, x = 5, a = 0.8, b = 7, c = 2, d = 0.4, e = 2. 

plot of x( n + 1 ) = ax( n)+ (b+ cx(n-1 ))/(d+ ex(n-1 )) 

13| — j 1 1 1 1 1 

12- 
11- 
10- 




5 10 15 20 25 30 



Figure 2. 
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Example 3. We consider x-i = 2, x = 5, a = 1.2, 6 = 8, c = 5, d = 4, e = 1. See Fig. 3. 



plot of x(n+ 1 )= ax{ n)+ (b+cx(n- 1 ) )/(d+ ex(n- 1 ) ) 
700i 1 1 1 1 1 1 1 1 r- 




n 



Figure 3. 



Example 4. Fig. 4. shows the solutions when a = 2, b = 1, c = 11, d = 3, e = 4, x_i = p, 

x = g. 



Since p, g = ^- i- ^ 



plot of x(n + 1 ) = ax( n)+ (b+ cx( n - 1 ) )/(d + ex{ n - 1 )) 




2 4 6 8 10 12 14 16 18 20 



n 

Figure 4. 
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OSTROWSKI TYPE INEQUALITIES FOR to- AND 
(a, m) — LOGARITMICALLY CONVEX FUNCTIONS 

HAVVA KAVURMACI* 

Abstract. In this paper, we give some informations about the Ostrowski type 
inequality and (a, m) — logaritmically convex functions. And then, we establish 
some Ostrowski type inequalities for this class of functions. 



1. INTRODUCTION 

Let f : I C [0, oo] — > R be a differentiable mapping on 1° , the interior of the 
interval /, such that /' g L [a, b] where a,b £ I with a < b. If \f (x)\ < M, then 
the following inequality holds (see [1]). 



(1.1) 



fix) 



f(u)du 



< 



M 



(x — a) 2 + (b — x) 2 



This inequality is well known in the literature as Ostrowski inequality. For some 
results which generalize, improve and extend the inequality (1.1) see ([2]-[4]) and 
the references therein. 

Let us recall some known definitions and results which will be used in this paper. 
The function / : [a, b] — > R, is said to be convex, if we have 

f(tx+(l-t)y)<tf (x) + (1 - t) f (y) 

for all x, y g [a, b] and t € [0, 1] . 

In [13], Toader defined to— convexity as following: 

Definition 1. The function f : [0,6] — > R, b > 0, is said to be to— convex where 
to g [0, 1], if we have 

f(tx + m{l - t)y) < tf(x) + m{l - t)f(y) 

for all x, y g [0, b] and t g [0, 1]. We say that f is m— concave if — / is to— convex. 

For recent results related to above definitions we refer interest of readers to 
[5]- [7], [9], [15] and [12]. 

In [11], Mihe§an defined (a, to)— convexity as following: 

Definition 2. The function f : [0, b] — > R, b > is said to be (a, to) — convex, 
where (a,m) g [0, l] 2 , if we have 

f(tx + to(1 - t)y) < t a f(x) + mil - t a )f(y) 



Date: November 4, 2012. 

2000 Mathematics Subject Classification. Primary 26D15; Secondary 26A51. 
Key words and phrases. (a,m) —logaritmically convex functions, Ostrowski type inequalities, 
Holder inequality. 

Corresponding Author. 
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2 HAVVA KAVURMACI* 

for all i,t/£ [0, b] and t e [0, 1]. 

Denote by K^(b) the class of all (a, m)— convex functions on [0,6] for which 
/(0) < 0. If we choose (a, m) — (1, m), it can be easily seen that (a, ra) — convexity 
reduces to m— convexity and for (a, m) = (1, 1), we have ordinary convex functions 
on [0,6]. For the recent results based on the above definition see the papers [3], 
[5]- [6], [8] and [10]. 

The m— and (a, m)— logaritmically convex functions were defined in [12] as fol- 
lowing: 

Definition 3. A function f : [0, b] — > (0, oo) , is said to be m— logaritmically convex 
if the inequality 

f(tx + m (l-t)y)<f(xYf(y) m ^ 

holds for all x 7 y <E [0, 6], me (0, 1] and t e [0, 1]. 

Obviously, if putting m = 1 in Definition 3, then / is just the ordinary logarit- 
mically convex function on [0, b]. 

Definition 4. A function f : [0,6] — > (0, oo) , is said to be (a, m) — logaritmically 
convex if 

f(tx + m(l - t)y) < f(xf a f(y) m{1 - ta) 

holds for all x,y € [0,6], me (0, l] 2 and t e [0, 1] . 

Clearly, if taking a = 1 in Definition 4, then / becomes the standart m— logaritmically 
convex function on [0,6]. 

We will use the following lemma, [2], in proofs of our main results: 

Lemma 1. Let / : I C R ^ 1 fc a differ entiable mapping on 1° where a, 6 e / 
with a < b. If f e L [a, 6], then the following equality holds: 

(1.2) f( x )-J— [ f( u )du = (a-b) f 1 p(t)f(ta+(l-t)b)dt 

a J a JO 

for each t € [0, 1] , where 



P(t) = 



t-l 



t £ 

t e 



0,|=^ 



( b-x 
\b-a' 



for all x <G [a, 6] . 



2. Ostrowski Type Inequalities 

Theorem 1. Let I D [0, oo) be an open real interval and let f : I — > (0, oo) be a 
differ entiable function on I such that f'^L [a, 6] for < a < 6 < oo. If \ f (x)\ q is 
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m- AND (a,m) -LOGARITMICALLY CONVEX 3 

(a,m) — logaritmically convex on [0, ^] for (a,m) <E (0, l] 2 and \f (x)\ < M,then 



fix) 



1 



/ (u) du 



< 



b — a 
(b - a) M m 
(p+1)" 

b - x\ / r/ ' b '-» - 1 
agin 77 



6 — a 

where r] = J^TW» and \ + \ = 1 > P > L 



+ 



1+1 / aq(b-x) 

x — a \ p r\ aq — r\ b - a 



b — a 



agin 77 



Proof. By using Lemma, Definition 4 and Holder integral inequality, we have 
(2.1) 

f( X )-^- a jj(u) d u 



< (b 

< (b-a) 



t p dt 



«) t\f'{ta+{l-t)b)\dt+ [ (1 - t) \f'(ta + (1 - t)b)\ dt 

1 

\f'(ta+(l-t)b)\ q dt) 
JL (i-ty^Y [ji x \f'(ta+{l-t)b)\ q dt 

i/»r 



< (5 -a) f 



/' - 
m 



^<z(i-t a ) \ 9 



1 \ p / /.i 



+ / {l-tfdt 



fa- 
b—a 



i/»r 



mq(l—t a ) \ <? 



-«)!/' (^) I U*- 



1 + 



P / / 6- 



(p + i)' v & -« 



For 77 < 1, we have 77 9 '" < rj aqt , thereby 



i qt "dt 



b — a 



f ta dt 



b — x 
b-a 



(2.2) 



b—x b—x 

[ b ~ a v qta dt < n aqt dt 
Jo Jo 



qqQ-x) 

rq b-a _ 1 

ag In 77 
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HAVVA KAVURMACI" 



and 
(2.3) 



b — x 
b- 



V 



qta dt 



f qt dt 



=.g(b-*) 



Jj OL( i — fj fa — a 



aqlnrj 

If we write (2.2)-(2.3) in (2.1) and then use \f (x)\ < M, we get the desired result. 

□ 

Corollary 1. Let I D [0, oo) be an open real interval and let f : I —* (0, oo) be a 
differentiable function on I such that f € L [a, b] for < a < b < oo. If \ f (x)\ q is 
m—logaritmically convex on [0, ^] for m e (0, 1] and \ f {x)\ < M,then 

f(x)--^— [ f(u)du 

a J a 



< 



(b - a) M r - 



b — x 
b — a 



n 



b-a 



gin 77 



x — a 
b — a 



rj q — rj 



gin 77 



where 77 is in Theorem 1. 

Corollary 2. If in Theorem 1, we choose x — we get 

'a + b x 1 rb 



f 



< 



(b - a) M m 



2 
1+ 1 



— / /(«) 
-aj a 



du 



'if 



aqlnrj 



■if 



aq \nrj 



(p+l)5 

which is an Ostrowski type inequality. 

Theorem 2. Let I D [0, 00) be an open real interval and let f : I — > (0, 00) be a 
differentiable function on I such that f'&L [a, b] for < a < b < 00. If \ f (x)\ q is 
(a,m) —logaritmically convex on [0, ^] for (a,m) € (0, l] 2 , q > 1, \ f (x)\ < M, 
then 



1 



< (b-a)M m { 



f {u) du 









1— - r 


< 

























fa- 







\ 2 " 




} 




3. 





^(^m,-i) 



a 2 <7 2 In 2 77 



w/iere 77 is in Theorem 1. 
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Proof. By using Lemma, Definition 4 and Power integral inequality, we have 
(2.4) 



./'( 



X) -b L -aj a nu)dH 



< (b-a) t\f'(ta+(l-t)b)\dt + / (1 - t) \f'(ta + (1 - t)b)\ dt 



b — x 

b- 



< (b-a){\ I Nil 



t\f'(ta+{l-t)b)\ q dt 



+ (4 <'-<>*) [L """ ' 

\ b — a / \ b — a 



(1-t) \f(ta + (l-t)b)\ q dt 



< (b-a) 



1 (b 



2\b-a 



-i i- 1 



1 / x — a 



2 V b - a 



t\f'(a)\ 



I ( 



rn 



mq(l — t a ) 



b- 
b — a 



(i -*)!/>)! 



m 



dt 



mq(l — t a ) \ q 

dt) 



(b-a) 



f 



1 fb-x 



2 V b - a 



trf^dt 



+ 



1 / x — a 



(4 a -.>*■•■*; 



2 V & - a . 

For ry < 1, we have r] qt < r] aqt , thereby 



(2.5) 



f" ' trf^dt < f" " tr] aqt dt 
Jo Jo 

(^)l nr? _l)+l 



and 



(2.6) ^ (1 -t)77 9 *°di < ^ (l-i)r/ 



a 2 g 2 In 2 ry 
qt dt 



a 2 <7 2 In 2 77 

If we write (2.5)-(2.6) in (2.4) and then use \f (x)\ < M, we get the desired result. 

□ 
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Corollary 3. Let I D [0, oo) be an open real interval and let f : I — > (0, oo) be a 
differentiable function on I such that f'&L [a, b] for < a < b < oo. If \ f (x)\ q is 
m—logaritmically convex on [0, ^] for me (0,1], q > 1, \f (x)\ < M, then 



fix) 



b — a 



< {b-a)M m < 



1 / x — a 



f (u) du 



1 

2 \ b-a. 



1 r q(b-a;) 



+ 1 




2 \ b-a 



where r\ is in Theorem 1. 

Corollary 4. If in Thorem 2, we choose x — , we get 



a + b 



du 



< (b-a) M r ' 



(fin r7-l)+l 
a 2 g 2 In 2 77 

w/i«c/i is an Ostrowski type inequality. 



fi-rff ( 




a 2 g 2 In ry 
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1 Introduction 

Let X and Y be metric spaces. A mapping / : X — > Y is called an isometry if / satisfies 
dy(f(x), f(y)) = dx(x,y) for all x,y G X, where dx(-, ■) and dy(-, •) denote the metrics in the 
spaces X and Y, respectively. Two metric spaces X and Y are defined to be isometric if there 
exists an isometry of X onto Y. In 1932, Mazur and Ulam [1] proved the following theorem. 

Mazur-Ulam Theorem. Every isometry of a real normed linear space onto a real normed 
linear space is a linear mapping up to translation. 

Baker [2] showed an isometry from a real normed linear space into a strictly convex real 
normed linear space is affine. Also, Jian [3] investigated the generalizations of the Mazur-Ulam 
theorem in i ? *-spaces. Th.M. Rassias and Wagner [4] described all volume preserving mappings 
from a real finite dimensional vector space into itself and Vaisalii [5] gave a short and simple 
proof of the Mazur-Ulam theorem. Chu [6] proved that the Mazur-Ulam theorem holds when 
X is a linear 2-normed space. Chu et al. [7] generalized the Mazur-Ulam theorem when X is 
a linear n-normed space, that is, the Mazur-Ulam theorem holds, when the n-isometry mapped 
to a linear n-normed space is affine. They also obtained extensions of the Th.M. Rassias and 
SemrPs theorem [8]. The Mazur-Ulam theorem has been extensively studied by many authors 
(see [9, 10]). 

Recently, Moslehian and Sadeghi [11] investigated the Mazur-Ulam theorem in non- Archimedean 
spaces. Cho et al. [12] investigated the Mazur-Ulam theorem on probabilistic 2-normed spaces. 
Choy and Ku [13] proved that the barycenter of triangle carries the barycenter of corresponding 
triangle. They showed the Mazur-Ulam problem on non-Archimedean 2-normed spaces using 

* Corresponding author. Tel.: +90 368 2715520; fax: +90 368 2715524. 
E-mail addresses: baak@hanyang.ac.kr (C. Park), cihangiralaca@yahoo.com.tr (C. Alaca). 
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the above statement. Chen and Song [14] introduced the concept of weak n-isometry and then 
they got under some conditions, a weak n-isometry is also an n-isometry. Alaca [15] gave the 
concepts of 2-isometry, collinearity, 2-Lipschitz mapping in 2-fuzzy 2-normed linear spaces. Also, 
he gave a new generalization of the Mazur-Ulam theorem when X is a 2-fuzzy 2-normed linear 
space or $s(X) is a fuzzy 2-normed linear space. Choy et al. [16] proved the Mazur-Ulam theo- 
rem for the interior preserving mappings in linear 2-normed spaces and also proved the theorem 
on non- Archimedean 2-normed spaces over a linear ordered non- Archimedean field without the 
strict convexity assumption. Ren [17] showed that every generalized area n preserving mapping 
between real 2-normed linear spaces X and Y which is strictly convex is affine under some 
conditions. 

In the present paper, we show that every n-isometry without any other conditions from a 
linear n-normed space to another linear n-normed space is affine. A new version of Mazur-Ulam 
theorem is proved under much weaker conditions. 



2 A new result for Mazur-Ulam theorem 

Definition 2.1 ([18]) Let n G N and let X be a real linear space of dimension d> n. (Here we 
allow d to be infinite.) A real- valued function || «|| on X x • • • x X satisfying the following 

n 

properties 

(nNi) \\xi, X2, x n || = if and only if x\, X2,...,x„ are linearly dependent, 
(nN2) \\x±, X2, x n \\ is invariant under any permutation, 
(nN3) \\axi, X2, x n \\ = \a\ \\x±, X2, x n \\ for any a G R, 
(nN 4 )||x + y,x 2 ,...,x n _i,x n || < ||x, x 2 , x n \\ + \\y, x 2 , x n \\, 
is called an n-norm on X and the pair (X, || •[[) is called an linear n-normed space. 

From now on, let X and Y be linear n-normed spaces and / : X — > Y a mapping without 
special statements. 

Chu et al. [19] introduced the concept of n-isometry which is suitable to represent the notion 
of area preserving mappings in linear n-normed spaces as follows. 

For xo, x±, x n G X, \\x± — xo, x n — xq\\ is called an area of xo, xi, x n . We call / 
an n-isometry if \\xi - x , ...,x n - x \\ = ||/(xi) - /(x ), ...,f(x n ) - /(x )|| for all x ,Xi, ...,x n 
G X. 

A version of Mazur-Ulam theorem has been obtained in [7] as follows. 

Theorem 2.1 ([7]) Assume that X and Y are linear n-normed spaces. If / : X — > Y is an 
n-isometry and satisfies /(xo),/(xi), ...,/(x n ) are n-collinear when xo,xi, ...,x n are n-collinear, 
then / is affine. 

A natural question is that whether the n-isometry in linear n-normed spaces is also affine 
without the condition of preserving n-collinearity. In this section, we will find a reply to this 
question in linear n-normed spaces. 

Lemma 2.1 ([19]) Let Xj be an element of a linear n-normed spaces X for every i G {1, n} 
and 7 G R. Then 

Xl, Xi, Xj , . . . , Xfi || ||xi,..., Xi , . . . , Xj ~\- ^fXi , . . . , Xyi 1 1 

for all 1 < i j < n. 
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Lemma 2.2 Let xq, x\ be elements of X. Then u = X °+ Xl is the unique element of X 
satisfying 

1 1 Xq X n i X2 X n ? • ■ • 5 X n — 1 X n 1 1 

— X\ X ni %2 X ni X n —\ ^n|| 

— 2 1 1 ^ ' 1 ' ' ' ' ' ' 1 1 1 

with ||xo — x n , x\ — x n , X2 — x n , x n -i — x n \\ 7^ and u £ {txo + (1 — i)xi : t £ R}. 
Proof. From Lemma 2.1, it is obvious that u = X °+ X1 satisfies 

|| Xo Xo X n , X2 ^ni • ■ • 5 X n — 1 || 

— ||*^1 ^-1 X ni %2 X ni 3?n— 1 ^n\\ 

— 2 II ^0 ^ n ' ' 2-71 > • ■ • > -^n— 1 1 1 

with ||xo — x n , x\ — x n , X2 — x n , x n _i — x n \\ 7^ and u G {ixo + (1 — i)xi : i 6 M}. 

Now we prove the uniqueness of u. Assume that v is an element of X satisfying the above 
properties. 

1 1 %0 V, Xq X n , X2 X n , . . . , X n — 1 X n J J 

— ||*£l ^iX\ ^n? ^2 ^n? •• • 5 X n —\ X n \ \ 

— 2 1 1 ^0 ^ n > "^1 ' j • ■ • j X n — 1 1 1 

with ||xo — x n , x\ — x n , X2 — x n , x n _i — x n || 7^ and 1/ G {txo + (1 — t)x\ : t £ M}. Let v = 
txo + (1 — t)x\ for some tel. From Lemma 2.1, we get 

||xo Xni X\ X n , X2 X«, X n — 1 %n\\ 

— 2 ||xo Xo ^n? 3? 2 ^n? X n — 1 ^n|| 

= 2 ||x - (ix + (1 - t)xi) , x - x n , x 2 - x n , x„_i - x n || 
= 2 |1 - t| ||x - xi,x - x n ,x 2 - x n , ...,x n _i - x n || 

— 2|1 t|||xi X n , Xq X n , X 2 X n , X n _i X n || 



and 



||^0 X n ,X\ X n ,X2 X n , X n — 1 X n || 

= 2 ||xi - i/,xi - x n ,x 2 - x n , ...,x n _i - x n || 

= 2 ||xi - (tx + (1 - , zi - x n , x 2 - x n , x„_i - x r 

— 2 |t| ||xi xo, xx x n , X2 x n , x n _i x n || 

= 2 |t| ||xi X n , Xq X«, X2 X n , X ra — 1 Xn|| • 



Since ||xq — x n , x\ — x n , X2 — x n , x n _i — x n || 7^ 0, we have 1 = 2 |1 — t\ = 2 \t\. So i = \ and 



Theorem 2.2 Let X and Y be linear n-normed spaces. If / : X — > Y is an n-isometry, then 
/ is affine. 

Proof. Let g(x) = /(x)-/(0). Then g is an 71-isometry and g(0^ — 0. For xo, xi, x n € X 

With ||xo - X„,Xl - X„,X2 - x n , ...,X„_l - x„|| / 0, 

HfK^o) - g(x n ),g(xi) - g(x n ),g(x 2 ) - g(x n ), g(x n - 1 ) - g(x n )\\ / 0. 
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From Lemma 2.1, we get 



Similarly, 



3(^0) - 3 



X + X 1 



,g(xo) - g(x n ),g(x 2 ) - g(x n ),...,g(x n -i) - g(x n ) 



xo - 



XQ 



±Xl \ 



2 J ' 



XQ X n ,X2 X n ,...,X n —l X r 



xo — X\ 



- , Xq X n ,X2 X n ,...,X n —l X n 



— 2 1 1*^0 X±,Xq X n , X2 X n ,...,X n —l X n \\ 

— 2 11"^^ ^"tii xo X n , X2 x n , X n —\ x n \\ 

= 2 \\9( x i) -g(x n ),g(xo) - g(x n ),g(x 2 ) - g(x n ), g(x n -i) - g(x n )\\ . 



g{x\) - g + ,g(xi) - g(x n ),g(x 2 ) - g{x n ), g{x n -i) -3(2^) 
= o llf ~ 3 ' f ( x o) - g{xn),g(x 2 ) - g(x n ), ...,g(x n -i) - g(x n ) 



and 



X + X\ 



g(xi),g(x ) - g(x 1 ),g(x 2 ) - g(x ± ), ...,g{x n -i) - g(xi) 



xo + Xi\ 



Xl,Xo - Xl,X2 - Xl, ...,X n -l ~ X\ 



2 J 

= * ||x - Xl,XQ - Xl,X 2 - Xl, ...,X n -l - Xl\ 

= 0. 



So 



g 



XQ + Xl 



for some t G R by Definition 2.1. That is 

'x + Xl 



.9 



By Lemma 2.2, 



g 



g{xi) = t(g(x ) - g{xi)) 



tg(xo) + (1 - t)g{xi). 



xo + xA g{x Q ) + g(xi) 



for all xo,xi € X. Since 3(0) = 0, we have 

'x + 0\ g(x ) + g(0) 



g 



(?) 



.9 



(?) 



and 



g(xo +xi)= g 



2xo + 2xi \ 3(2x ) + 3(2xi) 3(2x ) , 3(2xi) 
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It follows that g is additive. 

Let r G M + and xq £ X. Since g(0) = and g is an n-isometry, we get 

\\g(rx ) - 0, g(x ) - 0, g(x 2 ) - 0, ...,g(x n -i) - 0|| 
= llfi'(rao) - g(0), g(x ) - g(0), g(x 2 ) - g(0), g(x n -!) - g(0)\\ 
= \\rx -0,x - 0, x 2 - 0, x n _i - 0|| 
= \\rx ,x ,x 2 , ...,x„_i|| 
= 0. 

So g(rxo) = sg(xo) for some s G R by Definition 2.1. Since dim X > 1, there exists an ^ £ I 
such that ||xo, xi, x 2 , x„_i || / 0. It is easy to see that 

r\\xo,x 1 ,x 2 ,...,x n -i\\ = \\rx ,xi,x 2 ,...,x n -i\\ 

= \\g{rxo),g(xi),g{x 2 ),...,g(x n - 1 )\\ 

= \\sg{x ),g(xi),g(x 2 ), ...,g(x n -i)\\ 

= \s\ ||g(a;o),fl'(a;i),3(x2),...,5(a;n-i)|| 

= \s\ ||xo,Xl,X2, ...,x„_i|| . 

So s = r or s = —r. If s = —r, then 

\r - 1| ||x ,xi,X2, ...,x„_i|| 
= || (r - l)x ,xi,x 2 , ...,x„_i|| 
= ||rx - x , x 1 - 0, x 2 - 0, x n _i - 1 1 

= \\(g(rx ) - g(x ),g(x 1 ) -g(0),g(x 2 ) - g(0), ...,g(x n -i) - g(0)\\ 
= \\-rg(x ) - g(x ),g(xi) - g{0),g(x 2 ) - g(0), ...,g(x n -i) - g(0)\\ 
= (r + l) \\g(x ),g(x 1 ),g(x 2 ),...,g(x n - 1 )\\ 
= (r + 1) ||x ,xi,x 2 , ...,x n _i|| . 

So \r — 1| = r + 1. This is a contradiction since r £ M + . Thus, g(rxo) = rg(xo) for every r 6 M + 
and xo G -X". 

Similarly, we can prove g(rxo) = rg(xo) for every r G M _ and xo G X. 
Hence, <7 is linear and / is affine. 

Remark 2.1 Theorem 2.1 has been substantially improved by Theorem 2.2. 

Remark 2.2 It is clear that the Mazur-Ulam theorem has been proved under much weaker 
conditions than the main result of Chu et al. [7] in the framework of 2-fuzzy 2-normed linear 
spaces. 

Acknowledgments 

C. Park was supported by Basic Science Research Program through the National Research 
Foundation of Korea funded by the Ministry of Education, Science and Technology (NRF- 
2012R1A1A2004299). 



References 

[1] S. Mazur, S. Ulam, Sur les transformationes isometriques d'espaces vectoriels normes, C.R. 
Acad. Sci. Paris 194 (1932), 946-948. 



831 



PARK ALACA 827-832 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.5, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



[2] J. A. Baker, Isometries in normed spaces, Amer. Math. Monthly 78 (1971), 655-658. 

[3] W. Jian, On the generations of the Mazur-Ulam isometric theorem, J. Math. Anal. Appl. 
263 (2001), 510-521. 

[4] Th.M. Rassias, P. Wagner, Volume preserving mappings in the spirit of the Mazur-Ulam 
theorem, Aequationes Math. 66 (2003), 85-89. 

[5] J. Vaisala, A proof of the Mazur-Ulam theorem, Amer. Math. Monthly 110 (2003), 633-635. 

[6] H. Chu, On the Mazur-Ulam problem in linear 2-normed spaces, J. Math. Anal. Appl. 327 
(2007), 1041-1045. 

[7] H. Chu, S. Choi, D. Kang, Mappings of conservative distances in linear n-normed spaces, 
Nonlinear Analysis-TMA 70 (2009), 1168-1174. 

[8] Th.M. Rassias, P. Semrl, On the Mazur-Ulam problem and the Aleksandrov problem for 
unit distance preserving mappings, Proc. Amer. Math. Soc. 118 (1993), 919-925. 

[9] Th.M. Rassias, On the A.D. Aleksandrov problem of conservative distances and the Mazur- 
Ulam theorem, Nonlinear Analysis-TMA 47 (2001), 2597-2608. 

[10] S. Xiang, Mappings of conservative distances and the Mazur-Ulam theorem, J. Math. Anal. 
Appl. 254 (2001), 262-274. 

[11] M.S. Moslehian, Gh. Sadeghi, A Mazur-Ulam theorem in non- Archimedean normed spaces, 
Nonlinear Analysis-TMA 69 (2008), 3405-3408. 

[12] Y. Cho, F. Rahbarnia, R. Saadati, Gh. Sadeghi, Isometries in probabilistic 2-normed spaces, 
J. Chungcheong Math. Soc. 22 (2009), 623-634. 

[13] J. Choy, S. Ku, Characterization on 2-isometries in non-Archimedean 2-normed spaces, J. 
Chungcheong Math. Soc. 22 (2009), 65-71. 

[14] X.Y. Chen, M.M. Song, Characterizations on isometries in linear n-normed spaces, Nonlin- 
ear Analysis-TMA 72 (2010), 1895-1901. 

[15] C. Alaca, A new perspective to the Mazur-Ulam problem in 2-fuzzy 2-normed linear spaces, 
Iranian J. Fuzzy Systems 7 (2010), 109-119. 

[16] J. Choy, H. Chu, S. Ku, Characterizations on Mazur-Ulam theorem, Nonlinear Analysis- 
TMA 72 (2010), 1291-1297. 

[17] W. Ren, On the generalized 2-isometry, Rev. Mat. Complut. 23 (2010), 97-104. 

[18] Y. Cho, P.C.S. Lin, S. Kim, A. Misiak, Theory of 2-Inner Product Spaces, Nova Science 
Publ., New York, 2001. 

[19] H. Chu, K. Lee, C. Park, On the Aleksandrov problem in linear n-normed spaces, Nonlinear 
Analysis-TMA 59 (2004), 1001-1011. 



832 



PARK ALACA 827-832 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.5, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



ON UMBRAL CALCULUS INVOLVING SPECIAL 
POLYNOMIALS 



DAE SAN KIM, TAEKYUN KIM, SANG-HUN LEE AND SEOG-HOON RIM 



Abstract. In this paper, we give some new and interesting identities involv- 
ing special polynomials which are derived from the transfer formula for the 
associated sequences. 



1. Introduction 

Let a e E, the Bernoulli polynomials of order a are defined by the generating 
function to be 

(1) {—A = Y. B{ n ] (*)-r (sec [1,11,12,18]). 

In the special ('(ISO. .'!' — are called the n-th Bernoulli numbers of 

order a. From (1), we note that 

(2) B^\ X ) = ±( n \ Bl 



J, 
i=o v 7 

As is well known, the Euler polynomials of of order a are also defined by the 
generating function to be 

(3) = T. E ^^-V (see [2,4,9,13,19,20]). 

^ ' n=0 

In the special are called the n-th Euler numbers of 

order a. 

By (3), we get 

(4) E^\x) = p (^V, (see [3,7,10,17]). 

Let T be the set of all formal power series in the variable t over C with 



? = {/(*) = E S* fe a * e c }> ( see t 5 ' 8 ' 16 ])- 



(5) 

fe=0 

Let us assume that P is the algebra of polynomials in the variable x over C and 
P* be the vector space of all linear functionals on P. (L\p(x)} denotes the action 
of the linear functional L on a polynomial p(x). For f(t) £ J 7 , we define the linear 
functional f(t) on P by 

(6) (f(t)\x n )=a n , (n>0), (see [6,10,14,15]). 

i 
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Thus, by (5) and (6), we get 

(7) (t k \x n ) = n\8 n , k , (n, k > 0), (see [8,15]), 
where S n is the Kronecker symbol. 

Let f L (t) = J2T=o ^W 1 ^- From ( 7 )> wc note that 

(8) (h(t)\x n ) = (L\x n ). 

Thus, by (8), we see that fh{t) = L. 

The map L i-> /z,(i) is a vector space isomorphism from P* onto T . 
Henceforth, T is thought of as both a formal power series and a linear functional 
(see [9,15,16]). We call F the umbral algebra. The umbral calculus is the study of 
umbral algebra. The order o(f(t)) of the non-zero power series f{t) is the smallest 
integer k for which the coefficient of t k does not vanish. If o(f(t)) = 1, then f(t) 
is called a delta series. If o(f(t)) = 0, then f(t) is called an invertible series (see 
[15,16]). Let o(f(t)) = 1 and o(g(tj) = 0. Then there exists a unique sequence 
S n (x) of polynomials such that (g(t)f(t) \S n (x)) — n\8 n .k where n,k > 0. The 
sequence S n (x) is called the Sheffer sequence for (g(t), f(t)), which is denoted by 
S n (x) ~ (g(t),f(t)). If S n (x) ~ (l,/(i)), then S n (x) is called the associated 
sequence for f(t). By (7), we easily see that (e yt |p(a;)) = p(y). For f(t) e T and 
p(x) e P, we have 

(9) /(t)-£ffl^. pM = (see [10,15]). 

fe=o K ' fc=o K ' 

Thus, by (9), we get 

(10) pW(0) = (t k \p(x)), (l\p(x))=pW(0). 
From (10), we have 

(11) t k p{x)=p^\x) = 6 ^-, (fc>0), (see [9,15,16]). 

By (11), we easily get e yt p{x) = p(x + y). 
Let S n (x) ~ (g(t),f(t)). Then we see that 

(12) -j4^e w/(t) - £ ^T**' for a11 f e C ' ( see I 8 ^ 15 ^]), 
»(/(*)) ^ fc! 

where f(t) is the compositional inverse of f(t). 
For p„(z) ~ (!,/(<)), g n (a;) - (!,#(*)), we have 



(13) q n (x) = x 



x-'pnix), (see [8,15,16]). 



Now, we introduce several important sequences which are used to derive our results 
in this paper (see [8,9,10,15,16]): 
(The Poisson-Charlier sequences) 

(14) C n (x; a) = £ (fj ~ (e^^, o(e* - 1)), 
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where a ^ 0, (x) n = x(x — 1) • • • (x — n + 1), 

(15) ^;«)-e-'= P Mfl/O^eN, 
k=o ' V a / 

(The Abel sequences) 

(16) A n (x; b) = x{x - bn) 11 - 1 ~ (1, te bt ), (b ^ 0), 
(The Mittag-Leffler sequences) 

(17) M n (x) = J2 (fc) (» - l)«-^ fc (x) fc ~ (l, ^-j 
(The Laguerre sequences) 

as, m.) - 1 (;:;) £<-.>• -(i,^). 

In this paper, we give some new and interesting identities involving special polyno- 
mials which are derived from the transfer formula for the associated sequences. 

2. On Associated Sequences of Polynomials 
Let us consider the following associated sequences: 

( 19 ) - (l. J^Y)*) ■ - (l. (^T^) > (« * °)- 

By (13), we easily see that 

n— 1 

Pn (x) = x(t - l)™^- 1 = a; ^ C a „(fc; 1)tj^(^ - I)"" 1 

fe=0 



n—l / _ -1 \ 

(20) =x^C an (fc;l)^ fc j(x-l)' 



-l-fc 



fe=0 

n— 1 / _ j\ 

= z^C a „(n-l-fc;a)( n , )( 2; - 1 ) fe ' 
fe=o ^ ' 

and 

(21) 

/ f \ « 00 j.fc 

g„(aO = a; aT 1 *" = a;(t + l) ™^" 1 = (-l) a "x £ C an (fc; -^-e"^"" 1 



(t+l)a' fe=0 
n-1 

fe=0 



5( _ 1} an £ Can[n _ 1 _ k . _ 1} (« fe J V X - l) fe . 



From (12) and (17), we can derive the generating function of Mittag-Leffler se- 
quences M n (x) as follows: 

(22) E „ 1(I) ^ . 

fe=0 v 7 
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By (13) and (19), we get 
(23) 

q n (x) = X (j^ZJ^j X ~ X Pn(x) = (^ 1 ) anX ( K \^j X ^Pn( x ) 
/n — l n jf / \ \ /Ti—1 



= (-in* C an (n - k - 1; 1) ( n ~ k ') (x - 1)*) 

n—l / _ i\ /h,\ 

= (-l) an zEE fc ){ l )M l {an)C an {n-k-l-l){x-l) k - 1 



-0 fc 
n—l n— 1— rn 



= (-1)^^ E 7+ i m )M l (an)C an {n-l-l- m -A){x-ir. 

Therefore, by (21) and (23), we obtain the following lemma. 

Lemma 2.1. For n>l,0<m<n — 1, and a e Z + = N U {0} 7 we /iave 

^Jcfn-l-m;-!) = E + j m ^jMi{an)C an (n-l-l-m-, 1). 



It is easy to show that 
(24) zi^C*)-!!, 1^— -] /]. uk . .!.- -]). 



e JT 1 
~t 

For n > 1, by (13) and (24), we get 

/V - l\ (a ~ 1)n c ^ 



( 25 ) „-i 

(/ + ( a -l)n)!(n-l-Z)! 

where 6*2 (n, fc) is the Stiring number of the second kind. 
It is known that 

71-1 

(26) (x) n = E Si(n, k + l)x k +\ (n e N), 

where S\(n,k) is the Stiring number of the first kind. Therefore, by (2), (25) and 
(26), we obtain the following theorem. 

Theorem 2.2. For n>l, < ra < n - 1, and a e Z + = N U {0}, we have 

Sifnm+lWn 1 V " v" (( ° - 1)n)!52(? + (a ~ (a ~ l)n) ( U ~ 1 ~ ^ R< a ") 
6!(n,m+l)-(n 1). ^ - (/ + (a _ 1)n)!(n _ x _ j), ^ m J^n-i-J- 

Let us consider the following associated sequences: 

Pn(x) ~ (l,t (~rzr[) ) ' ~ (l,e* - 1) , o e Z+. 
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From (13) and (24), we can derive 

(l . \ on n— 1 / ^| 

x"- 1 =xT } \. S 2 (l + an, an)(n - l)^ 1 - 1 , 

and, for n > 1, we have 

(28) p n (a;)=a;( — - — J a; _1 (a;) n = a;( — - — J (ar-l)„_i. 



By (27) and (28), we get 

(an)\(n- 1)! 



((a + l)n — to — l)!m! 



52 ((a + l)n — to — 1, an) 



(29) = "^ m fc _ ; _ m ((a+l)n)m fk\fk-l 
- ^ JL^ ' (l + { a + l)ny\l){m 

x 5 2 (Z + (a + l)n, (a + l)ra)5i(n - l,fc), 

where n > 1, < m < n — 1, and a e Z+. 

Let us consider the following associated sequences: 

(30) (x) n ~ (1, e* - 1), p„(a;)~ fl, tf^i") V oeZ+. 



From (13) and (30), we can prove the following Exercise. 
Exercise. (I) For n > 1, we have 



n-l n-l-m |/j . \| 

£i-i(* + l)=E E gJgSi(n-l,* + m)S J (fc + n 1 n)^)(4 

m=0 fc=0 ^ 



(II) For n > 1, < j < n — 1, we have 



n — 1\ ^ fan \ , 

an n — 1 m— j 



n-l- j 



an n— ± tib—j / \ / j \ ■ i 

E EE(T) ("7 <*t^*<» - '->*<*+»■»>■ 

(III) For n > 1, a e N, < j < n - 1, we have 

( , )E* B - W = £ EE( ( \ } )( , fc Vir- fc -' 

^ J ' fe=0 i=0 m=j fe=0 ^ / \ J / 

n'2" +fc TOl 
(k + n)\(m — k)\ 

Let us consider the following associated sequences: 

(31) (*)„ ~ (1, e 4 - 1), xB^lix) ~ (l, ( 6 ^ 1 ) a *)' («-« e N). 
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By (13) and (31), we get 
(32) 

/e*-l\ (a_1) ™ i \ 



n-l 

(fc + (a-l)n)!(n-fc-l)! 

n - 1 - k\ {an) (n-l)!((a-l)n)! 



{n - l)\((a - l)n)\ c ^ 

E f^f n _iuif„-^i)! ^ + n (° - ( a - ^K-i-fcW 

.(an) 

n-l-k-l'fj, + ( a _ !) n )!( n _ _ 1)! 



fc=0 

n— 1 ^n— 1 — / 



;=o k fe=o v 7 v v 

x S 2 (k + n(a - 1), (a - l)n) jx', 

and, for n e N, we have 

n-l 

(33) (x)„ = x^ S*i(n,fc + l)x fe . 

fc=0 

Therefore, by (32) and (33), we obtain the following theorem. 
Theorem 2.3. For n > 1, < I < n — 1, we have 
5i(n,Z + l) 

E 1 ' fn — 1 — k\ ^(an) (n — l)!(( a — l)n)! _ ,, . . . _ . . 

^ ( I ) B ^ (k + (a - l)n)!(n -V- 1)1 ^ + ( ° ' ^ ( ° ' ^ 

In particular, a = 1, 



Si(n,l + 1)=[ ^ 



n-l 



From (13) and (31), we can easily derive the following equation: 

n-l 

(34) B^l(x + 1) = E Si(n - 1, fc)i?," (a - 1} (x). 

fc=0 

Let us consider the following associated sequences: 

(35) xB^l{x) ~ (l, *(^^) ), ^(x;6) =x(x-6n)"- 1 ~ (l,te bt ), 
where n, a € N and 6 ^ 0. By (13) and (35), we get 

n-l _ „-bnt / e ~~ 1 \ d(o«) 



A n (x; 6) = x(x - bn)"- 1 - x e - 0nt ^ J B^>(x) 

n-l , , ( 

(36) = ^~ bnt E J^M 1 + an > an ^ n ~ l)i*!rU*) 



i 

n-l 



E(an)!(n- 1)! . , 
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Thus, by (36), we get 



< u \n-i (an)!(n-l)! >„(«») , 

(x -bn) = ^ a + an) u n _ 1 _ + an > an ) B n-!-i( x - nb )- 



n-1 

E (I + an)\{n - 1 - I) 
It is not difficult to show that 

fc=0 ^j=0 \ n I ' 

By (13), (35) and (37), we see that 
(38) 

A n {x- b) = x(x bn)^ = ^i-^-i-B^)^) 

, . ( fe )S 2 (j + an,em) , U fe , > 



(;)g 2 Q- + a«,an) . 1 (on) 



fc=0 ^=0 V j 

- ^]£(-i) t - i Vira ^: ,, " v w t - j i^^w 

^ * (*)( n r 1 )S 2 (j' + on,an) , . , , 

= ^EE J yi B t n U*)- 

k=aj=o v j ; 

Therefore, by (38), we obtain the following theorem. 
Theorem 2.4. For n > 1, a e N and b ^ 0, we have 

n-l k (k\(n-l\ 

(x bn)- 1 -EE HtT^C? + «». «n)(-«6)*-J 



fe=0j=0 V i / 



Let 



(39) xE<™l(x)~ (l, *( e ^ 1 )°). ^n(a ; ;6)=a ; (a ; -6n)"- 1 ~(l,te w ) ) 



where n, a € N and b ^ 0. 
By (13) and (39), we get 



A„(z;&) = ze- b "*('^) E™(x) 



2 

an / 

(40) =2--^(7)e(^4-iW 

an ✓ \ 

= 2— *i;(7)^(* + /-n6). 

Thus, from (40), we have 

an , s 

(41) (* - fen)- 1 = 2— ]T (™J 4°") (x + l-nb). 
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Let us assume that 

(an), , ( . .( & - 1\ \ , , , s ( . e« - 1 



(42) iBHW ~ \—r) J' M «( x ) ~ l^ 1 ' , / j 

where n, a G N. 

By (13) and (42), we get 

(43) 



e * _ \\ (° _1 ) r 



!/„(,■) =.<(^J (e' + l)"^^) 

\ / f 1 \ (a— 1)tt 



E(;j(^J 

E(n\ v-^ ((a-l)n)! , , (n-1)! 



Therefore, by (43), we obtain the following proposition. 



Proposition 2.5. For n,a eN, we have 

M (x)-x^T V M ((a - 1 ) n ) !52 ( fc + ( fl - IK ( a - - ^ p(°") + n 



Z=0 fc=0 



From (13) and (42), we note that 

and, by (17), we get 

x~ x M n {x) = x- 1 (l) ( n ~ l)n-fc2 fe (x) fc 
fc=l ^ ' 

(45) =Xj Q(«-l)n-fc2 fe (a;-l) fc _ 1 

n / \ fc— 1 

= E (I) (» - i)"-* 2 * E ^( fc - L oc* - !)'■ 

From (44), we have 

/ f i \ (a— l)n / ^ \ n 

(46) (^) = 2- (^) x- 1 ^,^). 

n fc— 1 / \ / 9 \ ™ 

RHS of (46) =££ , (n- l)„- fc 2 fc -"S 1 (fc - 1, i) — (a; - 1)' 

(47) fc=i/=oW V / 

v 7 n fc-1 , -. 

= E E (fc) (» - l)n-fc2 fe -"^i(fc - 1, l)E™ (x-1), 
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and 

(48) 

LHS of (46) = J2 J+^i) n) M k + ( a - !)». ( fl - l)n)t k B^I(x) 



(k + (a-l)n)\ 

{(a- l)n)!(n- 1)! 



fe=0 
n-l 

- g + <° - »»■ <« - d»>«h-.m- 

Therefore, by (46), (47) and (48), we obtain the following proposition. 
Proposition 2.6. For n > 1, we have 

n k— 1 ✓ \ 

= E E (fcj (" - ^n-^^S^fc - 1, l)E\ n \ X 1). 

Let 

(49) ~ (l, *( e ^ T ) a ). - (l, ^ 
For n > 1, by (13) and (49), we get 

/ f \ (a+l)" 

(50) Mn(a; ) =x ^__j (e< + l)"*" 



and 



= s( . * , a ) x 1 x n = x( e — — ) a;" 1 



(51) „_! 

= 1 E n m ^G + an, on)(n - l)^ 1 - 

From (50) and (51), we can derive 

n n — 1 / \ ( w / t m 

,((o+l)n). 



m (x) = VV ^ (an)!(n ~ 1)! 

^W(f + »)!(n-l-i)! 



S 2 (Z + an,an)x£^™(x + k). 



Let us assume that 

(52) M n (s)~ (l, ^j), p„(z)~ (l, t(^y) ), (oeN). 
It is easy to see that 

p n {x) =x( - I ) x- x x n = x2- an (e t + l)""^"- 1 

(53) 

an / \ an / \ 
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For n > 1, by (13) and (52), we get 

(t i \ n 
^— J (e* + l) {a - 1)n x- 1 M n {x). 

By (53) and (54), we get 

an y \ / t 1 \ ™ 

(55) e (TJ (x + k)n ^ = y^r 1 ) (et + 1)^"*- 1 ^)- 

Thus, from (55), we have 



an , 

' an\ I t 



fe=0 



(56) = (e* + l) (a - 1)n E ( J ( n - IJn-^^" 1 ^)* 

(a — l)n n k— 1 



in— n £.— i /— n V / V / 



m=0 fc=l Z=0 

Therefore, by (56), we obtain the following proposition. 
Proposition 2.7. For n > 1, a £ N we have 

an / 

'an 



k=0 



k 

n k-1 (o— l)r 



EE E (f) f (a ~ 1)n ) (» - - 1, u(« + m - D ; . 



fe=l Z=0 m=0 



From (45) and (55), we can also derive the following identity: 
(57) 

an / \ / t 1 \ ™ " / \ 

E (T) + fc )"" - (^r 1 ) ^ + E (I) (» - i)»-*2*(* - 



fe=0 x 7 x 7 fe=l 

fc-1 



= (^j (e* + l) (a - 1} " E E (fc) (» - l)»-*2*Si(* - 1, - 1)' 

/ * , \ n n k— 1 (a— l)n . . , . 

= (~T^) EE E (j)( ( °- 1)n )(n-l) B - fc 2*Sf l(fc - M)(* + m-D' 



fe=l ;=o m=0 

± fe-i(o-i)n ± ^)( ( °- 1)n )2 fc Si(A-l,0 



t.— i i— n m=n r-=n v 1 y \ i \ ) 



(58) M n (x)=2"a;(-^ T ) ( ) x^x). 



fe=l ;=0 m=0 r=0 

For n > 1, by (13), (52) and (53), we get 

e*^lj U* + 1 
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Thus, by (53) and (58), we see that 



(t 1 \ n / o \ (a — 1)™ an / \ 

By (59), we get 
(60) 

an / \ / t t \ n 

E (T)* + *) - 2(^)"(^) ,-M„(x) 



fe=0 

fe-i 



" re— i / \ / * 1 \ " 

- 2 (a " 1)n E E (fc) (» - l)»-*2*Si(* 1, (V) (* - !)' 

- „.(„ - 1).2(-^ VVV q)2 fc n^ 2 ( TO + n,n) _ _ 

Therefore, by (60), we obtain the following proposition. 
Proposition 2.8. For a,n e N, we have 



an / \ 

E(T)^ 1)n) ^ +fc ) 

n re — 1 ( t n \nk 



fe=l ;=o m=0 v ' K ' K ' 



For A ^ 0, let us consider the following associated sequences: 

(61) Pn(*)~(l, 1 _ A( t et _ 1) ), 

From (61), we can derive 

(62) p„(x) = z(l - A(e* - l))^"" 1 = ^E (fc) ( X + A) n ~*(-A) fc (s + fe)"" 1 . 
By (13) and (61), we get 

(63) a; n = a/- w \ tt ") ar-V(^). 



1 - A(e* - 1) 



From Boyadzhiev, we get 



( 64 ) T3A(^i) =E^i 

v ; 1=0 

where W n {x) = YJl=ok\S 2 {n,k)x k , (see [15,16]). 
Thus, by (64), we get 
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For n > 1, by (63) and (65), we see that 



(66) 



x 

n-l 



l{, 1+ ^J',- ! -.J(5 lv '- (A) )l}g(:) (i+ ^<-^ ( -^ 

-££^UJQ(V> + ^(iH) 

x (x + k)"- 1 - 1 . 
Therefore, by (60), we obtain the following theorem. 
Theorem 2.9. For n> 1, we have 

fe=0 Z=0 !!+■■■+«„=/ V l ' >'"/W\ ( / V i=1 / 

x (s + fc)"- 1 -'. 



The Boole polynomials Bl n (x; A) are Sheffer sequences for (1 + e , e — 1). That 



is 

(67) Bl n (x; A) <~ (1 + e At , e* — 1), (see [15,16]). 

From (12) and (67), we can derive the generating function of Boole sequences as 
follows: 

Bl k (x;X). (l + t) x 



( 68 ) — w * 



fe=0 



fc! (i + t) A + r 



For A = 0, we have Bl n (x; 0) = (x) n . 
Let us consider the following associated sequences: 

(69) S£(x) ~ (l, 
By (13) and (69), we get 

sz(x) = x( —^- s ) x~ x x n = x(i + ty n x n - 1 

( 70 ) / \ ™ / \ / 



fe=0 



a; . 



For A = 1, we note that S^(x) = S n (x) = L n (—x). 
Let us assume that 

(71) t n (x) ~ (l, TTT ^ p 
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By (13) and (71), we get 
(72) 



t n (x) =x[ - \ - ) x- x x n = x(l + (1 + tf) n x n - x 

-.£(> + ^-.£(;)e(?>*~ 

a=0 v 7 a=0 v 7 6=0 v 7 



n n 



a=0 6=1 

From (13), (69) and (71), we can derive 
(73) 



-EEC) („-> - - EE C) („ A _\) 



-»£{ e G S)(n B ul;A))ti:^r A °,^u t ^ 
=e{ee e L.'. t )(n^(M; 



aj\n-bj (6-1)! J Z! 



e{ee e (:)(;: 6 )( ii :.:l)C: 1 1 )^(n--<^»)}^ 



fe=l *-a=0 6=fcdH \-l n =b-k 

Therefore, by (70) and (73), we obtain the following proposition. 
Proposition 2.10. For n£N, 1 < k < n we have 
[in \ (n — 1)! 



n-fcy (fc- 1)! 

= ee e oi^-'x^m^^ 

a=0 b=k h + -+l n =b-k ^ 7 ^ / \±> ' «/ \ /V / \ i=1 

Remark Let 

(74) a;*"* = jc(a; + 1) ■ ■ ■ (x + n - 1) - (1, 1 - e - *). 
Then the generating function of x^ is given by 

(75) ' 



X k\ \l-t 

k=0 



The Stirling polynomials St n (x) are Sheffer sequences for (e *, f(t)), where f(t) 
l°g(T=l^)- 



(76) St„(a:) ~ (e"*, /(t)), where /(t) = log 



1 - e- 
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Thus, from (12) and (76), we have 

oo 

(77) J2 Stk ( 
Indeed, we note that 



fk / + \ x + 1 



X) k\ = \l-e 

k=0 



(78) St k (x) = b£ +1 \x + 1), for k > 0. 

For n > 1, we have 

x^=xl—^]"x- 1 x n = x(—^\ x n - x 



(79) n-l „ , 1 s n / 1N 

fe=0 ' k=l ^ ' ' 

As a;(") = X)fe=i l^i( n ) &)| S ' C 7 we a l so nave : for 1 < fc < n, 

|5i(n,fc)| = ^~J)st n _ fc (n-l). 

Let us consider the following associated sequences: 

4(i;o) = i(i-arj)"- 1 - (1, te at ), 
(1, e at -l), (a^O). 



_ fe (n - l)ar* 



(80) 



For n > 1, by (13) and (80), we get 



(81) 
Let 

From (13) and (82), we have 



(82) p„0r) ~ fl, t(\^)), iW ~ (1, 1 - e-% (6^0). 



n-l , 

= (-!)"* E( ^(-l)^- 1 

'n + Z-l\ j (n-l)! 



=(-i)»*E( n+ ;- i )6- 



n-l 



(n-i- 1)! 



a; 
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By (13) and (81), we get 

't-b\ \ n 



(84) =X {—) [l^) gl n-1 )m^ X 

n—1 I /„ j r.\ /7\ / /, 7 \ n 

t-b\ ,_ k 



^EEe^r 2 )©^. 

(=0 fe=o v / \ / 



{n- l)x[ —— x 



From (15) and (84), we can derive 
(85) 

*>-> =m>" e ee ( 2n r 2 ) Q (' ; *) ^%<- - ixw< - * - . » 

(=0 fe=0 r=0 v / \ / \ / 

X X(X - iy. 
Let us assume that 

(86) q n (x) ~ (l, tf^y^y (^j ~ (1, e a '-l), (a, 6^0). 

We easily see that 
(87) 



= xe-" at (-l)"^l- V 1 =a; e - a "*(-l)"^ ^ + J ~ ^"'(n - 1)^"" 1 ' 

H- 1 rE( 2 "„-. , : 2 )^-«»)'. ° 

From (13), (86) and (87), we can prove the following exercise. 
Exercise For n > 1, a, b ^ 0, we have 

e) r (-«r"EEEer-': 2 )G; r )cr)^^-') 

\ / n 1=0 k=0r=0 v / \ 1 / \ / 

x C n (k; b)x(x — na — l) r . 
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Semilocal convergence theorem by using majorizing functions 
for Harmonic mean Newton's method in Banach spaces 

Hong-Xiu Zhong 1 , Guo-Liang Chen 2 , Xue-Ping Guo 3 

Abstract: In this paper, wc study the semilocal convergence of the Harmonic mean Newton's 
method for solving nonlinear equations in Banach spaces. We establish the Newton-Kantorovich-type 
convergence theorem for the method by using majorizing functions. We obtain an existence-uniqueness 
theorem and an error estimate. In comparison with the results obtained in Chen et al., we can provide a 
larger convergence radius. Finally, some numerical applications is presented to demonstrate our approach. 

Keywords: Nonlinear equation; Banach spaces; Majorizing functions; Semilocal convergence; New- 
ton's method; A priori error bounds 

AMS classifications: 65D10; 65D99; 47H17 

1 Introduction 

Solving nonlinear operator equation is an important issue in the engineering and technology field. In this 
study, we are concerned with the problem of approximating a locally unique solution x* of the equation 

F(x)=0, (1.1) 

where F is a twice-order Frechet diffcrcntiable operator defined on an open convex subset of a Banach 
space X with values in a Banach space Y. This equation can represent differential equations, integral 
equations or a system of nonlinear equations in the simplest case. 

There are kinds of methods to find a solution of equation (1.1). Iterative methods are often used to 
solve this problem [10]. The Newton's method which has quadratic convergence is the most well known 
iterative method. Recently, a lot of research has been carried out to provide improvements in these 
methods. Third-order iterative methods such as Halley's method, Chebyshev's method, super-Halley's 
method and Newton-like methods [3, 4, 8, 12, 13] are used to solve equation (1.1). The convergence of 
these iterative methods in Banach spaces is established by using recurrence relations. An alternative 
approach is developed to establish the convergence by using majorizing functions. The approach is 
also a very popular technique to establish the convergence of iterative methods. For example, it has 
been successfully applied to the convergence analysis of Newton's method and some high-order methods 
[1, 2, 5, 6, 7, 14, 15]. 

Our goals in this paper is to increase the speed of convergence of Newton's method and not to increase 
its operational cost very much. Taking into account these goals, wc consider a multipoint Newton-type 
method called the Harmonic mean Newton's method studied by Ozban [11] and Homcier [9]. This method 

department of Mathematics, East China Normal University, Shanghai 200241, P. R. China (zhonghongxiull23@ 
yahoo.com.cn). 

2 Corresponding author. Department of Mathematics, East China Normal University, Shanghai 200241, P. R. China 
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is defined for all n > by 

1 (1-2) 

where T„ = F'(x„)" 1 and T„ = F'^)" 1 . 

Recently, Chen et al. [6] use recurrence relations to establish the convergence of third-order Harmonic 
mean Newton's method for solving nonlinear operator equations (1.1). In this paper, we apply majorizing 
functions to establish the semilacal convergence of the method to solve nonlinear equations in Banach 
spaces. We prove the Newton-Kantorovich-type convergence theorem, along with a priori error bounds, 
which demonstrates the R-order convergence of the method. In comparison with the results obtained 
in [6], we can provide a larger convergence radius. And in the process of the proving, we find that the 
R-order of Harmonic mean Newton's method can be reached at four. It is an interesting discover. 

The paper is organized as follows. Section 1 is the introduction. The convergence analysis based on 
majorizing functions is given in Section 2. In Section 3, some numerical examples are worked out and 
some simple comparisons are made. Finally, conclusions form Section 4. 



2 Analysis of convergence 

Let X, Y be Banach spaces and F : ft <Z X ^ Y be & nonlinear twice Frechet differentiable operator, 
where £1 is an open convex domain. The Harmonic mean Newton's method to solve the equation (1.1) 
given by (1.2) can be written in the following form: 

Vn %n T n _F 1 (x n ), 

H(x ni y n ) = T n [F{y n ) - F (x n )], (2.3) 
x n+\ = Vn ~ ^H(x ni y n )(y n ~ x n), n = 0, 1, 2, • • • , 

where T n = F'(x„) _1 and T n = F (y^ 1 . 
Let Xq € O, we assume that 

(ci) ||r ||</3, 

(C2) \\T F(x )\\ < v , 

(C3) ||F"(ar)|| < M, x e fi, 

(C4) there exists a positive real number N such that 

\\F" (x) - F" (y)\\ < N\\x - y\\, Vx,yefl 

We denote 

where K, /?, 77, M and N are positive real numbers and 

5N 

K>M+- — . (2.4) 



2 
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Let h = K/3r]. When h < \, t* = 1(1 - yl - 2h) and t** = 2(1 + ^1 - 2/i) are two positive roots of 
g(t). Let 

a _ , g(t n ) _ n 

/in = ff'(s„) _1 [fl''(Sn) - g'(t n )], (2.5) 
, _ , 1, gftn) 

" +1 ~ " + 2 %'(*„)' 
First, we have the following lemmas. 

Lemma 2.1. Suppose the sequences {t n } and {s n } are generated by Equation (2.5). If h < |, then the 
sequences {t n } and {s n } increase monotonically and converge to t* . Let a n = t* — t n , b n = t** — t n . 
Then, for all natural numbers n, 

.4 



a n 

(a„ + b n ){al + &„)' 

{a n + b n ){al + blY 
0<t n <s n <t n+1 <t*. (2.6) 



1 — l n+l 



Proof. By direct calculating, we have 



9(tn) = y (** - t n )(t** - t n ) = ya„6„, 

'(t n ) = -y [(f - t n ) + (t** - t n )] = -^(an + b n ). 



We also know g (t n ) — Kt n — jj, so it follows that 



Therefore, 



_ y( a « + M = Kt n - -p- 



„ _. 9(tn) _ anbn , 07 , 



h n = 



g'{t n ) a n + b n 
9 ( s n) - g (t n ) K(s n - t n ) 2a n h 



g (s n ) Kt n - \ + K(s n - t n ) 0? n + b 2 n ' 

tn+l - S n — -tl n , = —— ■ , (Z.8) 

2 g (t n ) a n + b n a? n + b 2 n 
_ _ _ aj + a n b n + b\ a n b n 

a ri+l = — = a n — (*n+l — *n) = 7 , w 9 . (2-10) 

&n+l = t** - tn+l = b n - (t n +l - t n ) = 7 ■ " „ ■ „ r - ( 2 -ll) 

(a n + b n )(a 2 n + b n ) 

By equations (2.7)-(2.11), t = < i*, and by induction, we know that equation (2.6) holds. So we get 
t n and s n increase and converge to t* (see the proof of Theorem 2.2). □ 



and 



Thus 
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Lemma 2.2. Assume that the nonlinear operator F : Q C X — > Y is continuously second- order Frechet 
differentiable, where £1 is an open set, X and Y are Banach spaces. The sequences {x n } and {y n } are 
generated by iterations (2.3), then we have 

F(x n+1 )= [ [F" (x n + t(y n - x n )) - F" \x n )]{\ - t)dt{y n - x n ) 2 
Jo 

-\f [F" \x n + t(y n - x n )) - F" \x n )}dt{y n - x n f (2.12) 
F (y n + t(x n+1 - y„)){l - t)dt(x n+1 - y n ) 2 . 



o 

Proof. By Taylor expansion, we have 

F(x n+1 ) = F(y n ) + F (y n ){x n+1 - y n ) 

+ F (y n +t(x n+ i-y n ))(l-t)dt(x n+ i-y n ) 2 . 



2 



F {y n )(x n+ i - y n ) = -^F (x n )(y n - x n ) 2 



1 f 1 

- J [F" (x n + t(y n - x n )) - F" (x n )}dt(y n 



(2.13) 



(2.14) 



F(y n ) - F(x n ) = F"(x n )(y n - x n ) 

+ [F {x n + t(y n — x n )) — F (x n )]dt(y n - x n ), 
Jo 

From iterations (2.3), we note that 

F'(y n )(x n+1 - y n ) = -^[F'(y n ) - F ' (x n )](y n - x n ), (2.15) 

F(x n ) + F'(x n )(y n -x n ) =0. (2.16) 
By Taylor expansion and equation (2.16), we obtain 

1 



F(y„) = F(x n ) + F {x n ){y n - x n ) + -F (x n )(y n - x n ) 

+ [ [F" \x n + t(y n - x n )) - F" (x n )](l - t)dt(y n - x n ) 2 (2.17) 
Jo 

1 „ f 1 „ 

= 2 F ( x n){y n ~ x n ) 2 + J [F (x n + t(y n - x n )) — F (x„)](l - t)dt(y n - x n ) 2 , 

Substituting equation (2.14) into equation (2.15), we have 

1 



(2.18) 



853 

ZHONG ET AL 850-859 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.5, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



Then, substituting equations (2.17) and (2.18) into equation (2.13), we can obtain 

1 „ f 1 

F(x n+1 ) = -F" (x n ){y n - x n f + J [F" (x n + t(y n - x n )) - F" (x n )](l - t)dt(x n+1 - y n f 

1 // 1 f'^ II II 

- 2 F "(x n )(y n - x n ) 2 - - J [F" \x n + t(y n - x n )) - F" (x n )]dt(y n - x n f 



[ F"(y n 
Jo 



+ / F (y n + t(x n+ i - y„))(l - t)dt(x n+1 - y n ) 



2 



= I [F (x n + t(y n - x n )) - F (x n )} (1 - t)dt(y n - x n ) 2 
Jo 

1 f 1 

~ 2 J ^ F "( Xn + t<yVn ~ Xn ^ ~ F" {x n )]dt{y n - x n ) 2 

+ / F (y n + t(x n+1 -y n ))(l-t)dt(x n+ i-y n ) 2 . 
Jo 

This completes the proof. □ 

Lemma 2.3. Under the conditions (C1)-(C4), equation (2.4), and h — Kfin < |, considering the 
sequences {t n } and {s n } generated by iterations (2.5), the following items are verified for all n > 0: 
(I) \\x n - x \\ < t n , 

(ii) \\F'(x n )^\\ < - 9 {t n )-\ 

(III) \\y n - x n \\ <s„- t n , 

(IV) \\x n+1 - y n \\ < t n+1 - s n , 

(V) \\x n+1 - x n \\ < t n+1 - t n . 

Proof. It can be easily proved that when n = the above formula holds. Suppose that (I)-(V) are true 
for all integers k < n. 

(I) . From the above assumptions, we have 

ll^n+l ^o|| — ||^n+l X n \\ -\- \\x n Xq\\ — tn ~l~ 

(II) . By conditions (C3) and (2.4), we can obtain 

\\F'(x n+1 ) - F'(x )\\ < M\\x n+1 - x \\ < Mt n+l < Kt* 
T ^ 1 - VI - 2h 1 1 

= Kn — \ <-< 



h ~ (3- \\F'(xo)-iW 
By perturbation lemma see [10], page45, we get that F'(a; n+ i) _1 exists, and 

up'/ x-Iik \\F\xoT3 < P 

" 1 n+1> " " l-\\F'(x )-m\F'(x n+1 )-F'(x )\\ ~ l-[3M\\x n+1 -x \ 

1 - pKt n+1 j - Kt n+1 



■5 
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(III). By lemma 2.2, and using induction hypothesis, one has 

\\F(x n+1 )\\ < / \\[F {x n +t(y n -x n ))-F (a; n )]||(l-i)dt|| Vn X n \\ 
Jo 

1 f 1 

+ 2 J \\[ F "(x n +t(y n -x n ))-F"(x n )]\\dt\\y n -x n \\ 2 
\\F"(y n + t(x n+1 - y„))||(l - t)dt\\x n+1 - y„|| : 



l 

\\r \y n -i- i\x n+ i - y n ))\\(i - b)uu\\x n+1 - y n \\ 2 

o 

N .. ,,, N .. „, M„ „o 

< "g-llj/n - aJnll + -jllVn ~ X n \\ + y |F„+1 ~ 2/n|| 

57V. ,, M , 2 

< "^(Sn -t„) + y(( n+ l - S n ) 

_ 5N(s n ~t n ) 2 , M 



... . (in+i — s„)(s„ — t n ) + — (t n+ i — s n ) 2 . 

(s„-t„) 2 _ KM 2 (a„ + 6„)(a 2 + 6 2 ) _ _ J_ 2 

fin + ®n — £ T t — , . , 



Since 



*n+l-*n K + &n) 2 KM 2 " " *T/3 " M/3 ' 

using lemma 2.1, we know 

57V I, ., . M , , 2 

||F(a; n+ i)|| < 2^" +1 ~~ Sn '^ Sn ~ tn > + Y^ n+1 ~ Sn > 
K 

< y (** - *n+i)(** - Wi) = 5(Wi)- 

Hence, we get 

||y n+ i - x n+ i|| = || - F (.T„ + i) _1 F(a;„ + i)|| < -g {tn+i)' 1 g(t n+ \) = s n+1 - t n+1 . (2.19) 

(IV). By the assumption (C3), we get 

\\F'(y n+1 ) - F'{x )\\ < M\\y n+1 - x \\ < M(\\y n+1 - x n+1 \\ + \\x n+1 - x \\) < Ms n+1 

1 



< Kt* < - 

< ~ \\F'(x )-i\\ 



So, F (y n +i) 1 exists, and 



Thus 



n F > (v r i||< \\F'(x Q )-i\\ 

" {Vn+1> ll -l-\\F'(x Q )-m\F'(y n+1 )-F'(x )\\ 

- l-(3Ms n+1 ~ l-Ks n+1 ~ 9[Sn+l) ■ 
\x n+2 -y n+ i\\ < ^'(y„ + i)- 1 ||||^'(y„ + i) - F (x n+1 )\\\\F' (x^-'Fix^W 

< '(Sn+iy 1 ■ M(s n+1 - t n+1 f 

< -^g'(s n+1 )- 1 ■ K(s n+1 - t n+1 )(s n+1 - t n+1 ) ( 2 - 20 ) 
= \g '(sn+i) _1 (5 \s n+1 ) - g (t n+1 ))g {t n+1 )- 1 g{t n+1 ) 

= t n +2 — Sn+1- 
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(V). From inequalities (2.19) and (2.20), we can obtain 



Theorem 2.1. Let X and Y be two Banach spaces and F : fl C X — > Y be a third-order Frechet 
differentiable on a non-empty open convex subset fl. Assume that all conditions (C1)-(C4) hold and 
xq € O, h = K/3rj < 2; B(xo,t*) C 0, where B(xo,t) = {x\\\x — Xo\\ < t,x € ft}, B(xo,t) is the closed 
domain ofB(xo,t). Then, the sequence {x n } generated by iterations (2.3) is well defined, x n € B(xo,t*) 
and \\x n — x*\\ < t* — t n , and {x n } converges to the unique solution x* € B(x ,t**) of (1.1). 

Proof. From Lemma 2.3, we can obtain that the sequence {x n } generated by iterations (2.3) is well 
defined, x n G B(x ,t*) and converges to the unique solution x* e B(x ,t**) of (1.1). 

Now, we prove the uniqueness. Also suppose y* is the solution of (1.1) on B(x ,t**). Then, we have 



\\Xn+2 - X n+ l\\ < \\x n+2 - y n+ l 



II + WVn+l — ^n+l| < tn+2 — *n+l- 



This completes the proof. 



□ 




< ll^'^o)- 1 !! • II / [F\x*+t{y* - x*)) - F (x )]dt\\ 




< ~if(t* +t**) < 1. 

By perturbation lemma, we get that the inverse of J F (x* + t(y* — x*))dt exists. Because 




y* = x* . This completes the proof of the unique solution. Moreover, when m > n 



x m %n || — \\ x m 



x m -i\\ + \\x m -i - x m - 2 \\ H h ||a:„+i - x n \\ < t m - t, 



and let m — > oo, we get 



This completes the proof. 



□ 



Theorem 2.2. Suppose F satisfies the conditions of Theorem 2.1. Then, 
(I), when h < \, 





7 



856 



ZHONG ET AL 850-859 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.5, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



Proof. When h < i, by lemma 2.1, we get 



t* — f 



t* - t 



n— 1 \4 



)=(: 



t n -2 a 2 / i* 



-) 4 =■■■(- 



t** — t n t** — t n -i t** — t n -2 t** ~ ^0 

Because t** = + >/n^2ft) = »?(§ + 1) and T* - t* = n{\ + 1)(1 - 0) = =(1 - 6> 2 ), we get 

(l-^W-i 



.* _ . _ 
t u n — 

When h = |, t* = t** = 2r]. By lemma 2.1, we get 

t* — t n +\ 



1 - 6» 4 " 



t* — t — 



t* - t Q _ 2r] 
4« 4« ' 



This completes the proof. 



□ 



Remark 1. From Theorem 2.2, we note that the R-order of convergence of method (2.3) is at least four 
when h < \, and for h=\, the order of convergence goes down to one. In [6], Chen obtain the R-order 
of convergence of the Harmonic mean Newton's method is third by using recurrence relations, while, we 
obtain the fourth-order convergence in this paper, it's the interesting thing. 



3 Numerical examples 

In this section, we illustrate the previous study with applications to the following two nonlinear equations. 

Example 1. Consider the root of the equation F(x) — j^x 3 — — \ = on [1, 3]. If we select the 
initial point xq = 2, then we easily get 



5 



HF'Oro)- 1 !! -1-/3, \\F'(x )- 1 F(x )\\=0.1=v, \\F"(x) 
and the Lipschitz condition with N = |, 

\\F" (x) - F" (y)\\ < ^\\x-y\\, x,yeQ. 

Note that K = 2.3556, and h = K(3n = 0.2356 < \, therefor t* - 0.1158, t** - 0.7333. This means 
that the hypotheses of Theorem 2.1 are satisfied. Hence, the solution of (1.1) exists in B(2, 0.1158) C Q, 
and the unique solution exists in the ball B(2, 0.7333) n £1 

However, by the convergence method given in [6] or [14], the solution of F(x) exists in B(2, 0.1115) 
C O, which is inferior to our result. 

We apply the method given by the iterations (2.3) to compute the solution of example 1, and then 
compare it with Newton's method. The initial values x — 2 and x — 2.5 are considered, respectively. 
In Table 1, the value of \x n — x n -\\ at each iterative step is displayed. The stopping criterion that we 
consider is |F(x„)| < le — 15. 

Table 1. Example 1 



step 


Xq = 2 


x a = 2.5 


Method (2.3) 


Newton's method 


Method (2.3) 


Newton's method 


1 


0.0945 


0.1 


0.1944 


0.2198 


2 


2.7884e-5 


0.0054 


1.1035e-4 


0.0249 


3 


8.8818e-16 


1.6639e-5 


5.9952e-14 


3.5217e-4 


4 




1.5587e-10 




6.9829c-8 
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From the numerical results, we can see that the R-order of Harmonic mean Newton's method achieves 
four, which is coincided with Theorem 2.2. 

Example 2. We now consider the nonlinear integral equation F(x) = 0, where 

7 1 f 1 



7 1 f L 

F(x)(s) = x{s) - - + - s- cos{x{t))dt, 
5 2 Jo 



where s e [0, 1] and x £ il = B(0, 2) C X. Here, X — C[0, 1] is the space of continuous functions on [0, 1] 
with the max-norm 

llxll = max |x(s)|. 

se[o,i] 

We can obtain the derivatives of F given by 

1 f 1 

F (x)y(s) = y(s) - - J s- sin(x(t))y(t)dt, y £ O, 
1 f 1 

F (x)yz(s) = -- J s- cos(x(t))y(t)z(t)dt, y,z £ ft, 

Furthermore, we have \\F (x)\\ < 5 = M, x £ SI, and the Lipschitz condition with N = 5 , 

\\F" (x) - F" (y)\\ < ^\\x-y\\, x,y£Q. 
A constant function, that is, x (t) — |, is chosen as the initial approximate solution. It follows that 

||F(*o)|| < \cos\. 

In this case, we have 

1 7 

\\I-F {xo)\\ < 2 sin 5' 
and then by the perturbation lemma, we include that r exists and obtain 

2 cos(7 /^) 

" r ""^ 2- a in(7/5) = ^ l|rof( ^^ 2-l(7/5) -^ ^ ^ = 1-34545855834295. 

Note that h = 0.44434280650540 < \, therefore t* = 0.25123688628137, t** = 0.50281849782578 
and 9 = 0.49965720705927. This means that the hypotheses of Theorem 2.1 are satisfied. Hence, 
the solution of F(x) exists in 0.25123688628137) C f2, and the unique solution exists in the ball 
B(l, 0.50281849782578) n O. 

However, by the convergence method given in [6], the solution of F(x) exists in B{\, 0.23567274887651) 
C n which is inferior to our result. 



4 Conclusions 

This paper is devoted to a fourth-order variant of the Newton's method for solving nonlinear equations 
in Banach spaces. We establish the Newton-Kantorovich-type convergence theorem for this method by 
using majorizing functions and get the error estimate. This approach is simple and efficient in comparison 
with the approach using recurrence relations in [6]. Numerical examples are worked out to demonstrate 
our approach. 



9 
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FERMIONIC p-ADIC INTEGRALS ON Z p AND UMBRAL 

CALCULUS 

DAE SAN KIM, TAEKYUN KIM, SANG-HUN LEE AND DMITRY V. DOLGY 



Abstract. In this paper wc study some properties of the fermionic p-adic 
integrals on Z p arising from the umbral calculus. 



1. Introduction 

Let p be a fixed odd prime number. Throughout this paper Z p ,Q p and C p 
denote the ring of p-adic rational integers, the field of p-adic rational numbers 
and the completion of the algebraic closure of Q p , respectively. Let N be the set of 
natural numbers and Z + = NU{0}. Let C(Z p ) be the space of continuous functions 
on Z p . For / G C(Z p ), the fermionic p-adic integral on Z p is defined by 



f(x)dn-x(x) = lim V f(x)/j,- 1 (x+p N Z p ) 



TV— ^co 

(l) x=0 
v ' P N -i 



= lim f^i- 1 )*' ( scc [1.2,11])- 

For neN, we have 

^ ^ n— 1 

(2) / fix + n^-iW + i-ir- 1 f(x)d^ 1 (x) = 2Y,(-l) n - 1 - l f(l)- 
In the special case, n = 1, we note that 

(3) / f(x + l)d0_i(aO + f f(x)dv-i(x) = 2/(0), (see [ 11]). 
Jz p Jz p 

Let T be the set of all formal power series in the variable t over C p with 

oo 

F={f(t) = T, a ±t k \a k eC p }. 

k=0 

Let P = C p [x] and let P* denote the vector space of all linear functionals on P. The 
formal power series 

(4) /(*) = E|* fc e 

k=o K - 

defines a linear functional on P by setting 

(5) (f(t)\x n ) = a n for all n > 0, (scc [ 7,14]). 
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Thus, by (4) and (5), we get 

(6) (t k \x n ) =n\8 n , k , (n, k > 0), 

where S n ^ is the Kronccker symbol (see [7,14]). Here, T denotes both the algebra 
of formal power series in t and the vector space of all linear functionals on P, and so 
an element f(t) of T will be thought of as both a formal power series and a linear 
functional. We shall call T the umbral algebra. The umbral calculus is the study 
of umbral algebra (see [7,14]). 

The order 0(f(t)) of power series /(i)(^ 0) is the smallest integer k for which aj. 
does not vanish (see [7,4]). The series f(t) has a multiplicative inverse, denoted 
by fit) -1 or j^y, if and only if 0(f(t)) = 0. Such series is called an invertible 
series. A series f(t) for which 0(f(t)) = 1 is called a delta series (see [7,14]). For 
/(*), g(t) e T, we have (f(t)g(t)\p(x)) = (f(t)\g(t)p(x)) = (g(t)\f(t)p(x)). By (6), 
we get 

(7) {e yt \x n ) = y n , (e«\p{x)) = p(y), (see [ 7,14]). 
Let f(t) G T . Then we note that 

( 8 ) m-±^*. 

fe=0 

and 

(9) p(x) = £ {tk ^ ]) x\ for p(x) E P, (see [14]). 

k=0 

Let fi(t), f 2 (t), • • • , f m (t) e T. It is known in [7,14] that 

(10) (/l(t)-WfF)=E(: " ,■ )(fl(t)\^)---(.f m (t)\x^}, 

where the sum is over all nonnegative integers i\, ■ ■ ■ , i m such that i\ +i 2 H h 

i m = n (see [7,14]). 
By (9), we get 

= ^ = E - u ■ ■ ■ a - * + u* 1 -* 

(11) ' /=fe 

Thus, from (11), we have 

(12) p^(0) = (t k \p(x)) = (l\p^(x)), 
and 

(13) ^) =P (fe) W - ( sec t 6 ' 7 ' 14 !)- 

From (13), we note that 

(14) e yt p(x) = p(x + y) (sec [7,14]). 

In this paper, s n (x) denotes a polynomial of degree n. Let us assume that f{t), g(t) € 
T with o(f(tj) = 1 and o(g(t)) = 1. Then there exists a unique sequence s n (x) 
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of polynomials satisfying (g(t)f(t) k \s n (x)) = n\5 n _k for all n, k > 0. The se- 
quence s n (x) is called the Sheffer sequence for (g(t), f(t)), which is denoted by 
s n (x) ~ {g(t), /(*))■ If s n (x) ~ i), then s n (x) is called the Appell sequence 

for g(t) (see [6,7,14]). 

Let p(x) e P. Then we note that 

(15) (f(t)\x P (x)) = (d t f(t)\p(x)) = (f'(t)\p(x)), 
and 

(16) (e»* - l|p(ar)> = - p(0), (sec [7,14]). 
Let us assume that s n (x) ~ (<?(t), /(*))• Then we have 

(17) ft(*) = E W * ) | fe ? (a!)) g(*)/(*) fc , 

fc=0 

(18) P ( X ) = ± {9{m f P{x)) s k ( X ), P (x)EP, 



fc=0 



n 1 e y/(t) - V S ^Mt fc for all v G C 

(19) g{m) e ^ fc , t, iorallyeL,, 

where /(t) is the compositional inverse of f(t), and 

(20) f{t)s n (x)=ns n - 1 (x), (see [7,14]). 

As is well known, the Euler polynomials are defined by the generating function to 
be 

(21) — -e xt = e B W = E ^nW-y, (see [1-19]), 

n=0 

with the usual convention about replacing E n (x) by E n (x). In the special case, 
x = 0, £7„(0) = E n are called the n-th Euler numbers 

Let s n (x) <~ t). Then Appell identity is known to be 

(22) s n (x + y)=jr Q Sn - k (x)y k = ^ Q Sfe (x)y"- fc . 

fc ^ fc^O 

From (21), we note that the recurrence relation of the Euler numbers is given by 

(23) E = l, (E+l) n + E n = E n (l)+E n = 25 , n . 
By (1) and (21), we get 

(24) / (x + y) n dfjL- 1 {y) = E n (x), f x n d^ 1 {y) = E n , 
Jz p Jz p 

where n > (see [1,11,16]). 

Recently, D. S. Kim and T. Kim have studied applications of umbral calculus 
associated with p-adic invariant integrals on Z p (see [7]). In this paper we study 
some properties of the fermionic p-adic integrals on Z p arising from the umbral 
calculus. 
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2. UMBRAL CALCULUS AND FERMIONIC p-ADIC INTEGRALS ON Z p 

Let s n (x) ~ (g(t), t). Then, by (19), we get 
(25) ~~ 7~T X ™ = s n( x ) if an d only if x" = g(t)s n (x). 

Let us assume that g(t) = Then we note that g(t) is an invertible functional. 

By (21), we get 

Thus, from (26), we have 

(27) ^x n = E n (x), tE n {x) = ^x n - 1 =nE n _ 1 {x). 

By (19), (20) and (27), we see that E n (x) is an Appell sequence for g(t) = 
It is easy to show that 

(28) E n+1 (x) = {x- 9 -^E n {x), (n > 0). 
From (2), (21) and (24), we note that 

(29) / e< x+ » +1 >*d/i_i(y) + f e^+^d^iy) =2e xt . 
Jz, p Ji, p 

Thus, by (29), we get 

(30) / (x + y + l) n d»- 1 (y)+ f (x + y) n d/i_i(y) = 2x n . 
From (24) and (30), we have 

(31) E n (x + 1) + E n (x) = 2x n , (n>0). 
By (28), we see that 

(32) g(t)E n+1 (x) = g(t)xE n {x) - g'{t)E n (x), (n > 0). 
Thus, we have 

(33) (e* + l)E n+1 (x) = (e* + l)xE n {x) - e*E n {x). 
By (33), we get 

(34) E n+1 (x + 1) + E n+1 (x) = (x+ l)E n (x + 1) + xE n (x) - E n (x + 1). 
Thus, from (34) and (31), we have 

(35) E n+1 (x + 1) + E n+1 (x) = x{E n (x + 1) + E n {x)). 
By (35), we get 

E n (x + 1) + E n {x) = x(E n -!(x + 1) + E n ^{x)) = x 2 (E n _ 2 (x + 1) + E n _ 2 {x)) 
= ■■■= x n (E (x + 1) + E (x)) = 2x n . 
Let us consider the functional f(t) such that 

(36) (f(t)\p(x)) = [ p{u)dn-i(u), 
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for all polynomials p(x). It can be determined from (8) to be 

(37) fit) = £ = £ / u k d^(u)^ = f e^d^iu). 
By (29) and (37), we get 

(38) f(t) = / e"*d/i-i(«) = -TT7- 

Ji p e -t- 1 

Therefore, by (38), we obtain the following theorem. 
Theorem 2.1. For p(x) <E P, we have 

( / e^-id/M*)) - / p{u)d^{u). 

That is, 

v4teo, the n-th Euler number is given by 

E n = {[ e*d/x_i(y)|a; n >. 

By (3) and (30), we get 

(39) E/ (x + y) n d»-i(y)-i= e^+y^d^iy) = E / e^x^x"-. 
From (24) and (39), we have 

(40) E n (x) = [ e^-iO/K = -t^t*". 
where n > 0. 

Therefore, by (40), we obtain the following theorem. 
Theorem 2.2. For p(x) e P, we have 

I p(x + y)dn- 1 (y)= / e yt d^ 1 (y)p(x) = —^—p(x). 
Jz p Jz p e + 1 

From (22), we note that 



E n (x + y) = j2( n k )E k (x)y n ~ k . 



fe=0 

The Euler polynomials of order r are defined by the generating function to be 

(41) (s^t) •< (s^t) •< ■ - x (s^t) «■* - (s^r)' > - £ ^'<<- 



71=0 

r times 
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In the special case, x = 0, En\o) = E^ are called the n-th Euler numbers of 
order r (r > 0), (see [1-19]). Let us take g r (t) = (^r 1 ) • Then we see that g r (t) 
is an invertible functional in T ' . By (41), we get 



-i * j-n 

(42) — -e 1 ' = V e£)( x )- 



Thus, we have 



(43) -^x n =EW(x), tE^(x) = ^x n - 1 =nE^l 1 (x). 

So, by (42), we see that En\x) is the Appcll sequence for (^ip) • From (22), we 
have 

(44) E£\x + y) = p^E^ k (x)y k . 

It is easy to show that 
(45) 

/ •••/ e ( - + -^ + ^_ 1 ( Sl )...^_ 1 ( Sr ) = (^)> t ^£i?(;)( s )^. 

By (6) and (45), we get 

E^ = (f ■■■ f e^+-^ t d^ 1 (x 1 )---d^ 1 (x r )\x n ), (n>0), 
(46) Jz p Jz p 

r— times 

and, by (10), 

(f ■ ■ f e^+-^ t d^ 1 (x 1 )---d^ 1 (x r )\x n ) 

J Zp J lip 

V (. n .)([ e^ t d^ 1 (x 1 )\x^)---([ e^d^ixr)^) 

, , • Vlj ' ' ' ! l rJ Jz-, Jz„ 



(47) = 

n=JiH h 



n— 

From (46) and (47), we have 



(48) E ,:,-":,:>•.-« 



„= il+ ... +ir Vi,--- ,h 

By (44) and (48), we see that E„\x) is a monic polynomial of degree n with 
coefficients in Q. Let r € N. Then we note that 

9 (*) = ~r 7 - ) ■ 

(49) / ••• / e(^+-^)td^_ 1 (x 1 )---d^ 1 (x r ) ~ ' 

Jz p Ji p 
s ' 
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By (49), we get 

1 f f 00 -in 

(50) ~ Fm e xt = •••/ e^+---*r+*)t d ^_ l{xi) ... d ^_ l{Xr) = Y,E^{x)-. 
9 W Jz p Ji p n=0 n\ 

From (50), we have 

E n\ x )= ■ ■ I (sH ar r + a;) n d/i_i(a;i)---d^_i(a; r ) 



(51) 



/ •••/ e( x i+- x r) t dn- 1 (x 1 )---dfi- 1 (x r ) 



r— times 



9 r (t) 

Therefore, by (51), we obtain the following theorem. 
Theorem 2.3. For p(x) e P and r e N. Then we have 

I ■ ■ I p(xi + ■ ■ ■ x r + x)d^_ 1 (x 1 ) ■ ■ ■ d^i{x r ) = ( 2 ) p(x). 
Jz p Jz p Ve' + l/ 

s v ' 

r— times 

In particular, 

Ei r \x)=(^—) r x n =[ ■■■ f e^+-^ t d^ 1 (x 1 )---d^ 1 (x r )x r ' 
Ve + 1 ' Jz p Jz p 

That is, 



k p ■ ■ ■ k p e^+-^ t d^ 1 (x 1 ) ■ ■ ■ d/i-i(av) ' 
Let us take the functional f r (t) such that 

, N (f r {t)\p(x)) = / •••/ p(xi-\ x r )d(j,- 1 (x 1 )---d(j,- 1 (x r ). 

(52) Jz p Jz p 

v ' 

r— times 

for all polynomials p(x). It can be determined from (8) to be 

r(() = g<r<*!> (4 

k=0 

°° f f t^ 

= y~] I ■ l (xi H x r ) k dii-i(xi) ■ ■ -dfj,-i(x r ) — 

(53) k=o^p_ Jz " fc - 



r— times 



/ ••• / e^+- x ^d^ 1 (x 1 )---dn-i(x r ) 



1 — times 

Therefore, by (52) and (53) , we obtain the following theorem. 



866 



KIM ET AL 860-868 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.5, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



8 DAE SAN KIM, TAEKYUN KIM, SANG-HUN LEE AND DMITRY V. DOLGY 

Theorem 2.4. For p(x) € P, we have 

(/ ••• / e (xi+ "' Xr)t d^_i(a;i) • • ■ dfj,-i(x r )\p(x)) = / •••/ p(xi+- ■ ■ x r )d/j,- 1 (x 1 ) ■ ■ ■ dfi- : 
Ji p Ji p Ji p Jz p 

v v ' v v ' 

r— times 1 — times 

Moveover, 

(( t 2 t ) \p{x))=( ■■ I p{x\ H a; r )d^_i(a;i)---d^_i(a; r ). 

s ^ ✓ 

r— times 
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Abstract 

The notions of (closed) A/"-filters, regular A/"-subalgebras and A/"-soft _BCi7- algebras are 
introduced, and related properties are investigated. Conditions for an A/"-subalgebra (resp. 
A/"-closed ideal) to be an A/"-closed ideal (resp. closed AA-filter) are provided. Characteri- 
zations of an A/"-structure with A/"-regularity are considered. A condition for an A/"-closed 
ideal to satisfy the A/"-structure is discussed. The union (resp. intersection) of two A/"-soft 
BCH-slgebr&s are discussed. 

Keywords: A/"-closed ideal, A/"-subalgebra, (closed) A/"-filter, A/"-transfer principle, Af- 
regularity, regular subset, A/"-soft -BCiJ-algebra, 

2010 Mathematics Subject Classification. 06F35, 03G25, 06D72 



1 Introduction 

A (crisp) set A in a universe X can be defined in the form of its characteristic function 
Ha '■ X — > {0, 1} yielding the value 1 for elements belonging to the set A and the value 
for elements excluded from the set A. So far most of the generalization of the crisp set have 
been conducted on the unit interval [0, 1] and they are consistent with the asymmetry 
observation. In other words, the generalization of the crisp set to fuzzy sets relied on 

* Corresponding author. 

e-mail: skywinc@gmail.com (Y. B. Jim), nalshehri@kau.edu. sa (N. O. Alshchri), lsjll09@hotmail.com 
(K. J. Lee) 
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spreading positive information that fit the crisp point {1} into the interval [0,1]. Because 
no negative meaning of information is suggested, we now feel a need to deal with negative 
information. To do so, we also feel a need to supply mathematical tool. To attain such 
object, Jun et al. [7] introduced and used a new function which is called negative-valued 
function. They studied the ideal theory in BCK/BC /-algebras based on A/"-structures. 

The real world is inherently uncertain, imprecise and vague. Various problems in sys- 
tem identification involve characteristics which are essentially non-probabilistic in nature 
[13]. In response to this situation Zadeh [14] introduced fuzzy set theory as an alternative 
to probability theory. Uncertainty is an attribute of information. In order to suggest a 
more general framework, the approach to uncertainty is outlined by Zadeh [15]. To solve 
complicated problem in economics, engineering, and environment, we can not successfully 
use classical methods because of various uncertainties typical for those problems. There 
are three theories: theory of probability, theory of fuzzy sets, and the interval mathematics 
which we can consider as mathematical tools for dealing with uncertainties. But all these 
theories have their own difficulties. Uncertainties can not be handled using traditional 
mathematical tools but may be dealt with using a wide range of existing theories such 
as probability theory, theory of (intuitionistic) fuzzy sets, theory of vague sets, theory of 
interval mathematics, and theory of rough sets. However, all of these theories have their 
own difficulties which are pointed out in [12]. Maji et al. [11] and Molodtsov [12] suggested 
that one reason for these difficulties may be due to the inadequacy of the parametrization 
tool of the theory. To overcome these difficulties, Molodtsov [12] introduced the concept 
of soft set as a new mathematical tool for dealing with uncertainties that is free from 
the difficulties that have troubled the usual theoretical approaches. Molodtsov pointed 
out several directions for the applications of soft sets. Worldwide, there has been a rapid 
growth in interest in soft set theory and its applications in recent years. Evidence of this 
can be found in the increasing number of high-quality articles on soft sets and related top- 
ics that have been published in a variety of international journals, symposia, workshops, 
and international conferences in recent years. Maji et al. [11] described the application 
of soft set theory to a decision making problem. 

In [4, 5], Hu and Li introduced the notion of -BCiY-algebras which are a generalization 
of BCK/BCI-algebras. Ahmad [1] classified £?Cif -algebras, and decompositions of BCH- 
algebras are considered by Dudek and Thomys [3] . Chaudhry et al. studied closed ideals 
and filters in .BCif -algebras. In this paper, we apply the AA-structures and soft set theory 
to .BCif-algebras. We introduce the notions of (closed) M- filters, regular A/"-subalgebras 
and AA-soft .BCif-algebras, and investigate related properties. We provide conditions for 
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an TV-subalgebra (resp. TV-closed ideal) to be an TV-closed ideal (resp. closed TV-filter). 
We consider characterizations of an TV-structure with AA-regularity. We also discuss a 
condition for an TV-closed ideal to satisfy the TV-structure, and deal with the union (resp. 
intersection) of two TV-soft i?Cif-algebras. 

2 Preliminaries 

By a BCH-algebra we mean an algebra (X, *, 0) of type (2,0) satisfying the following 
axioms: 

(HI) x*x = 0, 

(H2) x * y = and y * x = imply x = y, 

(H3) (x * y) * z = (x * z) * y 

for all x,y, z G X. 

In a .BCif-algebra X, the following conditions are valid (see [3, 4]). 

(al) x * = x, 

(a2) x * = implies x = 0, 

(a3) * (x * y) = (0 * x) * (0 * y), 

(a4) 0* (0* (0*x)) = 0*x. 

A BCH-dlgebra. X is said to be medial if it satisfies: 

(Vx, y,a,b G X)((x * y) * (a* b) = (x * a) * (y * b)). (2.1) 

A subset R of a i?Cif -algebra X is said to be regular if it satisfies: 

(Vx G R)(Vy G X)(x *y£R => y G R). (2.2) 

A nonempty subset S of a .BCif -algebra X is called a subalgebra oi X if x * y £ S for 
all x, y G S. A nonempty subset A of a .BCif -algebra X is called a closed ideal of X (see 
[2]) if it satisfies: 

(1) (Vx G X) (x G A * x G A), 

(2) (\/y E X) (Vx E A) (y*x E A y G A). 

3 
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Note that every closed ideal is a subalgebra, but the converse is not true (see [2]). Since 
every closed ideal is a subalgebra, we know that any closed ideal contains the element 
0. A filter of a BCH-algebra. X is a nonempty subset F of X satisfying the following 
conditions: 

(1) (Vx,y G X) (x G F, y G F x * (x * y) G F, y*(y*x)eF), 

(2) (Vx,y G X) (x G F, x < y => y G F). 

A filter F of a BCH-algebra X is said to be closed if * x G F for all x £ F. 
For any family {a^ | z G A} of real numbers, we define 



Denote by ^F(X, [—1,0]) the collection of functions from a set X to [—1,0]. We say 
that an element of T{X, [—1,0]) is a negative-valued function from X to [—1,0] (briefly, 
M -function on X). By an M -structure we mean an ordered pair {X,f) of X and an 
A/"-function / on X. In what follows, let X denote a 5CiJ-algebra and / an A/"-function 
on X unless otherwise specified. 

For any A/"-structure (X, /) and a G [—1,0], the set 



is called a closed (f,a)-cut of (X,f). 

Using the similar method to the transfer principle in fuzzy theory (see [6, 10]), we 
can consider transfer principle in A/"-structures. Let A be a subset of X and satisfy the 
following property V expressed by a first-order formula: 



where ti(x, • • • ,y),- ■ ■ , t n (x, ■ ■ ■ ,y) and t(x, ■ ■ ■ ,y) are terms of X constructed by vari- 
ables x, ■ ■ ■ ,y. We note that the subset A satisfies the property V if, for all elements 
a, ■ ■ ■ , b G X, t(a, ■ ■ • ,b) G A whenever ti(a, ■ ■ ■ ,b), ■ ■ ■ , c n (a, ■ ■ ■ ,b) G A. For the subset 
A we define an AA-structure (X, f^) which satisfies the following property 




max{aj | % G A} if A is finite, 
sup{aj | % G A} otherwise. 




min{aj | % G A} if A is finite, 
inf{<2j | % G A} otherwise. 



C(f;a):={xeX\f(x)<a} 



V : 



. t x (x,- ,y)eA,- ,t n (x,- ,y)eA 
t{x,-,y)eA 



V : f A (t(x 



,y)< \J{f A (ti(x,--- 



y)),---fA(t n (x,--- 



V))}- 



4 
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Theorem 2.1 ([8]). (A/"-transfer principle) An Af- structure (X,f) satisfies the property 
V if and only if for all a G [—1, 0], 

C(f; a) 7^ =>- C(f] a) satisfies the property V . 

Definition 2.2 ([8]). By an Af-subalgebra of X we mean an AA-structure (X, f) in which 
/ satisfies: 

(Vx,yeX) {f(x*y)<\J{f(x),f(y)}). (2.3) 

Definition 2.3 ( [8] ) . By an Af -closed ideal of X we mean an A/"-structure (X, f) in which 
/ satisfies: 

(Vx,yeX) {f(0*x)<f{x)< \/{f{x*y),f(y)}). (2.4) 

3 Closed TV-filters of £C#-algebras 

In what follows let X denote a .BCif -algebra unless otherwise specified. For any Af- 
structure (X, f), consider the following conditions: 

(bl) / is order reversing. 

(b2) (WxeX) (f(0*x)<f(x)). 

(b3) Wx,yeX) (\/{f{x*{x*y)),f{y*{y*x))}<\/{f{x)J(y)}). 

Definition 3.1. By an Af -filter of X we mean an A/"-structure (X, f) in which / satisfies 
(bl) and (b3). 

If an A/"-filter (X, f) of X satisfies the condition (b2), then we say (X, f) is closed. 
Theorem 3.2. For any Af- structure (X,f), thew following are equivalent: 

(1) (X,/) is a (closed) Af -filter of X. 

(2) (Va G [-1,0]) (C(f;a) ^ C(f;a) is a (closed) filter of X). 

Proof. It follows from the A/"-transfer principle. □ 

5 
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Table 1: * -operation 



* 





1 


2 


3 











3 


2 


1 


1 





3 


2 


2 


2 


2 





3 


3 


3 


3 


2 






Example 3.3. Let X = {0, 1, 2, 3} be a set with the *-operation given by Table 1. Then 
(X; *, 0) is a .BCif -algebra. Define an A/"-function / on X by 



X 


12 3 


f 


-0.8 -0.8 -0.5 -0.2 



Then (X, /) is an Af-filter of X. Since f(0 * 2) = /(3) = -0.2 > -0.5 = /(2), (X, /) is 
not closed. 

Proposition 3.4. Let (X,/) be an Af- structure satisfying conditions (bl) and (b2). Then 

(1) (Vx,t/el) (f(v*x)<f(x*y)). 

(2) (Vx,yGX) (f(x*(x*y))<f(y)). 

(3) / zs order preserving. 

Proof. (1) Using (a3), (H3) and (HI), we have (0 * (x * y)) * (y * x) = for all x, y G X. 
It follows from (bl) and (b2) that 

f{y * x) < f{0 *{x* y)) < fix * y) 

for all x, y G X. This proves (1). 

(2) For any x, y G X, we get 

/(a; * (z * y)) < f((x * y) * x) = f((x * x) * y) = f(0 * y) < f{y). 

(3) Let x, y G X be such that x * y — 0. Then 

0*x = (x*y)*x = (x*x)*y = 0*y, 

and so /(x) = /(x * 0) < /(0 * x) = /(0 * y) < f(y * 0) = /(y). Hence / is order 
preserving. □ 
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We provide conditions for an TV-subalgebra to be an TV-closed ideal. 

Theorem 3.5. Let (X,f) be an Af-subalgebra of X. If(X,f) satisfies two conditions (bl) 
and (b2), then (X,f) is an Af -closed ideal of X. 

Proof. It is sufficient to show that f(y) < \J {f(y * x), f(x)} for all x, y G X. Let x, y G X. 
Then 

/(!/) = /(y*0)</(0*y) 

= f((x *x)*y) = f((x *y)*x) 

<\J{f(x*y)J(x)} 

<\J{f(y*x)J(x)}. 

This completes the proof. □ 

We provide conditions for an TV-closed ideal to be a closed TV-filter. 

Theorem 3.6. Let (X,f) be an M -closed ideal of X. If (X,f) satisfies the condition (1) 
in Proposition 3.4, then (X, f) is a closed Af- filter of X. 

Proof. Let x, y G X be such that x * y = 0. Then * x = * y, and so 
f(y) = f(y * 0) < /(0 * y) = f(0 * x) < f(x * 0) = f(x), 

i.e., / is order reversing. Note that every TV-closed ideal is an TV-subalgebra (see [8, 
Theorem 3.5]). Hence 

f(x * (x * y)) < \/ {f{x), f(x * y)} 

< V {/(*)> \/{f(x *y)}} = V f(v)} ■ 

Similarly, we have f(y * (y * x)) < \J {/(x), f(y)} ■ Therefore 

V {f{x * (x * y)), f(y * (y * x))} < \/ {f(x), f(y)} 
for all x, y G X. Consequently, (X, f) is a closed TV-filter of X. □ 

Corollary 3.7. Let {X,f) be an Af- structure of X that satisfies (bl), (b2) and the con- 
dition (1) in Proposition 3.4- Then (X,f) is a closed Af- filter of X. 

Definition 3.8. An TV-structure (X, /) is said to satisfy the Af -regularity if it satisfies: 

(Vx, y G X) [f{y) < \J {f(x * y), /(x)}) . (3.1) 

7 
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Table 2: * -operation 



* 





1 


2 


3 








3 





3 


1 


1 





3 


2 


2 


2 


3 





1 


3 


3 





3 






Table 3: ^-operation 



* 





1 


2 


3 


4 











4 


3 


2 


1 


1 





4 


3 


2 


2 


2 


2 





4 


3 


3 


3 


3 


2 





4 


1 


4 


4 


3 


2 






An /V-subalgebra (X, /) satisfying the TV-regularity is called a regular M -subalgebra 
of X. 

Example 3.9. Let X = {0, 1, 2, 3} be a set with the *-operation given by Table 2. Then 
(X; *, 0) is a .BCif -algebra. Define an /V-function / on X by 



X 


12 3 


f 


-0.8 -0.2 -0.8 -0.2 



Then (X, /) is a regular 7V-subalgebra of X. 

Example 3.10. Let X = {0,1,2,3,4} be a set with the *-operation given by Table 3. 
Then (X; *, 0) is a .BCif-algebra. Define an TV-function / on X by 



X 





1 


2 


3 


4 


/ 




a 2 


a 3 


a 2 


a 3 
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where ati < «2 < «3 in [—1, 0]. Then (X, f) is an A/"-subalgebra of X. Since /(l) = «2 > 
«i = \/ {/(0 * 1), /(0)} , we know that (X, /) does not satisfy the TV-regularity. 

Lemma 3.11. If an Af- structure {X,f) of X satisfies the Af -regularity, then f assigns 
the least value of the image set of f. 

Proof. Taking y = in (3.1) and using (al) induce the desired result. □ 

Proposition 3.12. If an Af -structure (X,f) of X satisfies the Af -regularity and the 
following inequality: 

{Vx,yeX){f(x*y)<f(y)), (3.2) 
then f is a constant mapping. 

Proof. Using (al) and (3.2), we have f(x) = f(x* 0) < f(0) for all x 6 X. It follows from 
Lemma 3.11 that f{x) = f(0) for all x e X. □ 

Proposition 3.13. Every Af- structure (X,f) of X with the Af -regularity satisfies: 

(Wx,yeX)(x<y => f(y)<f{x)). (3.3) 
Proof. Let ijelbe such that x < y. Then x * y = 0, and so 

M < V {/(* * v)> /(*)} = V {/(°)> /(*)> = /(*) 

by (3.1) and Lemma 3.11. □ 

Proposition 3.14. Let (X,f) be an Af- structure of X satisfying the Af -regularity. If X 
satisfies the following assertion: 

{Vx,y,z<=X){z<x*y), (3.4) 
then f(y) < V {/(a?), f(z)} for all x,y,z £ X. 
Proof. Assume that (3.4) is valid. Then 

f(x * y) < \/ {/(* * (x * y)), f(z)} = \/ {/(0), /(*)} = /(*) 
for all x,y,z G X. It follows that 

/(y) < V * /(*)} ^ V {/(*). /(*)> 

for all x,y, z G X. □ 
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Theorem 3.15. For any Af- structure (X,f), the following are equivalent: 

(1) (X, /) satisfies the Af -regularity. 

(2) (Va G [-1,0]) (C(/;a) ^ => C(/; a) is a regular subset of X) . 

Proof. Assume that (X,/) satisfies the A/"-regularity. Let a G [—1,0] be such that 
C(/; a) 7^ 0. Let x, y G X be such that x G C(/; a) and x * y E C(f;a). Then /(x) < a 
and /(x * y) < a, which imply from (3.1) that 

f{y)<\/{f(x*y)J(x)}<a. 

Hence y G C(f;a), and therefore C{f\ a) is a regular subset of X. 

Conversely suppose that (2) is valid. Assume that there exist x, y G X such that 

f(y)>\/{f(x*y)J(x)} = f3. 

Then x * y G C(f; j3) and x G C(/; /?), but y ^ C(f; /3). This is a contradiction, and so 

f{y)<\/{f{x*y),m} 

for all x, y G X. Therefore (X, /) satisfies the A^-regularity. □ 
Corollary 3.16. If an Af- structure {X,f) satisfies the Af -regularity, then the set 

X w := {x G X | /(x) < /H} 
zs a regular subset of X for all w G X. 

Proposition 3.17. If an Af- structure (X,/) satisfies the Af -regularity, then the following 
implication is valid: 

(Vx, y, z E X) (/(x) > \/ {/(y * z), /(y)} => /(*) < f(xj) . (3.5) 

Proof. Let x,y,z G X be such that /(x) > \/ {/(y * z), f(y)} ■ Then y * z E X x and 
y G X x . Since X^ is a regular subset of X by Corollary 3.16, it follows that z G X x , that 
is, f(z) < /(x). □ 

Theorem 3.18. If an Af- structure (X, /) satisfies the condition (3.5), t/ien i/ie se£ X w 
is a regular subset of X for all w G X. 
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Proof. Let x, y G X be such that x G X w and x*y G X w for all w G X. Then /(x) < /(w) 
and f(x * y) < f(w), which imply that 

f(w)>\/{f(x*y),f(x)}. 

It follows from (3.5) that f(y) < f(w). Hence y G X w , and so X w is a regular subset of 
X for all w eX. □ 

Corollary 3.19. If an Af -structure {X,f) satisfies the Af -regularity, then the set X w is 
a regular subset of X for all w G X. 

Theorem 3.20. If an Af- structure (X, f) of X satisfies the Af -regularity and the condition 

(Vx, yex) (/(x) < V {/(* * y), /(y)}) , (3-6) 

i/ien (X, f) is an M -closed ideal of X. 

Proof. For any x G X, we have 

/(0 * x) < \/ {/(0 * (0 * x)), /(0)} = /(0 * (0 * x)) 
<\/{f((0*(0*x))*x),f(x)} 
= \J{f({0*x)*(0*x))J{x)} 
= \/{f(0)J(x)} = f(x) 

by using (3.1), Lemma 3.11, (3.6), (a3) and (HI). Therefore (X,f) is an A/"-closed ideal 
of X. □ 

We provide a condition for an A/"-closed ideal to satisfy the jV-regularity. 

Proposition 3.21. If X is medial, then every M-closed ideal of X satisfies the Af- 
regularity. 

Proof. Let (X, f) be an A/"-closed ideal of a medial .BCif-algebra X. Then f(0*(x*y)) < 
f(x * y) for all x, y G X. Note from [3, Lemma 1] that a medial I?C-£Z-algebra X satisfies 
the equality x * y = * (y * x), It follows from (2.4) that 

f(x) < V {/(* * y), f(y)} = V * (» * /(v)> ^ V if to * x )' • 

Therefore (X, /) satisfies the AA-regularity. □ 



11 



879 



JUN ET AL 869-886 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO. 5, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



4 Af-soft BCH-a\gebras 

Definition 4.1 ([9]). Let X be an initial universe set and E a set of attributes. By an 
M-soft set over X we mean a pair (/, A) where A C E and / is a mapping from A to 
J-(X, [—1, 0]), i.e., for each a & A, /(a) := /„ is an /V-function on X. 

Denote by M(X, E) the collection of all /V-soft sets over X with attributes from E 
and we call it an M-soft class. 

Definition 4.2 ([9]). Let (/, A) and (g,B) be TV-soft sets in M(X,E). Then (/, A) is 
called an M-soft subset of (g, B), denoted by (/, A) C (g, B), if it satisfies: 

(i) ACB, 

(ii) (Ve G A) (7 e C # e , i.e., / e (x) < g e (x) for all i6l). 

Definition 4.3. Let (/, A) be an TV-soft set over a BCH-slgehia, X where A is a subset of 
i£. If there exists an attribute u G A for which the TV-structure (X, f u ) is an /V-subalgebra 
of X, then we say that (/, A) is an M-soft BCH -algebra related to the attribute u (briefly, 
M u -soft BCH-algebra). If (f,A) is an 7V„-soft BCH- algebra for all u G A, we say that 
(/, A) is an M-soft BCH-algebra. 

Example 4.4. Let X := {apple, banana, carrot, peach, radish} be a universe, and consider 
a soft machine $ which makes X into a BC H-aAgebra as follows: 

x % x = apple for all iGl, 

x $ apple = x for all x G X, 

x $ radish = radish for all x radish) G X, 

apple if y G {banana, carrot, peach}, 

{apple if y = carrot, 
banana if y = peach, 

{carrot if y = banana, 
apple if y = peach, 

peach if y G {banana, carrot}, 

radish $ y — radish if y G {banana, carrot, peach}. 

12 
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Table 4: Tabular representation of (/, A) 



(/, A) 


apple 


banana 


carrot 


peach 


radish 


cat 


-0.8 


-0.3 


-0.6 


-0.3 


-0.8 


cow 


-0.7 


-0.6 


-0.5 


-0.4 


-0.3 


horse 


-0.5 


-0.6 


-0.2 


-0.1 


-0.3 



Consider a set of attributes 

A := {cat, cow, horse}, 

and let (f,A) be an /V-soft set over X with the tabular representation which is given by 
Table 4. Then (/, A) is an TV-soft BCH-algebra over X related to attributes "cat" and 
"cow". But it is not an TV-soft .BCif- algebra over X related to the attribute "horse" 
since 

Aourse (apple) = -0.5 > -0.6 = \J |/ hourse (banana), / hourse (banana) | . 

Proposition 4.5. Every N -soft BCH -algebra (f,A) over a BCH -algebra X satisfies the 
following inequality: 

(Vx G X)(Wu G A) (/ u (0) < / tt (a0) • (4.1) 
Proof. For any x G X and u G A, we have 

/«(0) = L{x *x)<\J [f u {x), f u {x)} = f u {x). 
This completes the proof. □ 

The problem we now discuss is: 
If (g, B) is an jV-soft i?Ci/-algebra over a .BCif-algebra X, then is every TV-soft subset 
of (g, B) an TV-soft -BCif-algebra over XI 

Unfortunately this is not true as seen in the following example. 

Example 4.6. Suppose there are four colors in the universe X, that is, 

X := {white, blackish, reddish, green} 

and E := {beautiful, fine, moderate, delicate, elegant, smart, chaste} be a set of attributes. 
Let 9 be a soft machine to mix two colors according to order in such a way that we have 
the following results. 
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Table 5: Tabular representation of (g, B) 





white 


blackish 


reddish 


green 


beautiful 


-0.9 


-0.4 


-0.7 


-0.4 


fine 


-0.8 


-0.5 


-0.8 


-0.5 


moderate 


-0.7 


-0.3 


-0.3 


-0.5 


smart 


-0.6 


-0.4 


-0.4 


-0.6 



x V white = x for all iGl, 

ytyy = white for all y E X, 

white if z = reddish, 
green if z E {blackish, green}, 



white ( s? z 



blackish "s? w 



reddish <s? u 



green l \? v 



green if w = reddish, 
redish if w = green, 

green if u = blackish, 
blackish if u = green, 

green if v = reddish, 
white if v = blackish. 



Then (X, ( v ) , white) is a BCH-algebra. Take 

B = {beautiful, fine, moderate, smart} 

and let (g, B) be an A/"-soft set over X with the tabular representation which is given by 
Table 5. Then (g,B) is an A/"- soft _BCi7-algebra over X. Now let (/, A) be an TV-soft 
subset of (g,B), where 

A = {beautiful, fine, smart} C B 
and the tabular representation of (/, A) is given by Table 6. Then 

/fine (redish 9? blackish) = / nne (green) = —0.55 
> -0.65 = \J 1 7fi no (redish), / fine (blackish) J , 

and so (/, A) is not an A/"- soft -BCiJ-algebra over X related to the attribute "fine". Hence 
(f,A) is not an A/"-soft B CH- algebra over X. 

14 
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Table 6: Tabular representation of (/, A) 



(/, A) 


white 


blackish 


reddish 


green 


beautiful 


-0.99 


-0.44 


-0.77 


-0.44 


fine 


-0.88 


-0.65 


-0.88 


-0.55 


smart 


-0.66 


-0.44 


-0.44 


-0.66 



But, we have the following theorem. 

Theorem 4.7. For any subset A of E, let (f,A) be an Af-soft BCH-algebra over a 
BCH -algebra X. If B is a subset of A, then (f\s,B) is an Af-soft BCH-algebra over X. 

Proof. Straightforward. □ 

Definition 4.8 ([9]). For any (/, A), (g,B) eAf(X,E), the union of (/, A) and (g,B) is 
defined to be the jV-soft set (h, C) in (X, E) satisfying the following conditions: 

(i) C = AUB, 

(ii) for all x G C, 

f x if x <E A\B, 

h x = { ~g x if x G B \ A, 

f x Ug x if x G A n B. 

In this case, we write (/, A) U (g, B) = (h, C). 

Lemma 4.9. If (X, /) and (X, g) are M-subalgebras of a BCH-algebra X, then the union 
(X, / Up) of (X, /) and (X, g) is an M -subalgebra of X. 

Proof. Straightforward. □ 

Theorem 4.10. If {f,A) and (g,B) are M-soft BCH-algebras over a BCH-algebra X, 
then the union of (/, A) and (g, B) is an Af-soft BCH-algebra over X. 

Proof. Let (/, A) U (g, B) = (h, C) be the union of (/, A) and (g, B). Then C = AUB. For 
any x e C, ifx e A\B (resp. x e B\A) then (X, h x ) = (X, f x ) (resp. (X, h x ) = (X,g x )) 
is an 7V-subalgebra of X. If A n B ^ 0, then (X, h x ) = (X, f x U g x ) is an A/"-subalgebra 
of X for all x G A fl B by Lemma 4.9. Therefore (h,C) is an A/"-soft BCH- algebra over 
a BCF-algebra X. □ 
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Table 7: Tabular representation of (g, B) 



(/, A) 


white 


blackish 


reddish 


green 


moderate 


-0.6 


-0.1 


-0.6 


-0.1 


elegant 


-0.4 


-0.2 


-0.2 


-0.3 



Definition 4.11 ([9]). Let (f,A) and (g,B) be two N- soft sets in (X,E). The intersec- 
tion of (/, A) and (g, B) is the TV-soft set (h, C) in (X, E) where C = A U B and for every 
x eC, 

( f x if x G A \ B, 

h x = I g x if x G B \ A, 

{ f x n ~g x if x e An B. 

In this case, we write (/, A) fl (g, B) = (h, C). 

Theorem 4.12. Let (/, A) and (g, B) be Af-soft BCH -algebras over a BCH -algebra X. If 
A and B are disjoint, then the intersection of (/, A) and (g, B) is an M-soft BCH -algebra 
over X. 

Proof. Let (f,A)n(g,B) = (h,C) be the intersection of (f,A) and (g,B). Then C = 
A U B. Since AnB = (/), if x e C then either x e A\B or x e B\ A. If x e A\ B, then 
(X,h x ) = (X,f x ) is an A/"-subalgebra of X. If x G B \ A, then (X,h x ) = (X,g x ) is an 
A/"-subalgebra of X. Hence (h, C) is an A/"- soft -BCif -algebra over a 5 C-f/- algebra X. □ 

The following example shows that Theorem 4.12 is not valid if A and B are not disjoint. 

Example 4.13. Let X and (g, B) be the .BCi7- algebra and the /V-soft .BCif-algebra, 
respectively, in Example 4.6. Take A = {moderate, elegant} and let (f,A) be an A/"- soft 
set over X with the tabular representation which is given by Table 7. Then (/, A) is 
an AA-soft BCH- algebra over X. Note that A and B are not disjoint. The intersection 
(/, A) fl (g, B) = (h, C) of (/, A) and (g, B) is not an A/"-soft -BCif-algebra over X since 

(/moderate H /moderate) (blackish 9 reddish) = /moderate (green) = -05 > -0.6 

= V { (/moderate H /moderate) (blackish), (/moderate H /moderate) (reddish) | . 
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Construction of Orthogonal Shearlet Tight Frames with 

Symmetry * 



Yan Feng 1,2 , Dehui Yuan 3 , Shouzhi Yang 2,1, 
Abstract 

Shearlet frames play an important role in describing the singularities of multidimensional 
data. In this paper, we present a simple but complete method for constructing symmetric 
orthogonal shearlet tight frames from any given shearlet tight frames. This includes a family of 
cone-adapted ones. Finally, two examples are given. 
Keywords: Shear lets, Tight frame, Orthogonality, Symmetry, 
2000 MR Subject Classification: 42C15, 94A12 

1 introduction 

It is well known that the traditional theory of wavelet is based on the use of isotropic dilations. 
It can capture a point singularity of a function or distribution /?!, effectively. However, it is 
unable to describe the geometric regularity along the singularities of surfaces and lacks directional 
sensitivity (see [1]). These limitations have led to several new schemes, such as curvelets, contourlcts 
and shearlets. Comparing to this methods, the shcarlets stands out since it is based on a simple 
and rigorous mathematical framework which not only provides a more flexible theoretical tool for 
the geometric representation of multidimensional data, but also is more natural for implementation. 
Moveover, it can provide optimally sparse representations (see [2]). As a consequence, it can be 
associated to a multiresolution analysis and then this leads to a unified treatment of both the 
continuous and discrete world, i.e., allowing a digital theory to be a natural digitization of the 
continuum theory. It therefore has become popular in many applications, such as image denoising, 
enhancement, edge analysis and detection and separation(see [1], [3-7]). 

In general, the construction of shearlet systems can be come in two classes today: One class 
is constructed through bandlimited functions on the space of R 2 , this is generated by a unitary 
representation of the shearlet group and equipped with a particulary 'nice' mathematical structure. 
For more details, we refer the reader to [1] and references therein. The other is constructed based 
on the cone, referred as cone-adapted shearlet. It is restricted to a horizontal and vertical cone 
in frequency domain, thereby ensuring an equal treatment of all direction. The interest reader is 
referred to [19] and references therein for more details. Both have their particular advantages and 
disadvantages. 

Orthogonal frames, introduced by Weber in [8], is useful in multiple access communication sys- 
tems, and has received much attention reccntly(see [9-12]). Just as the traditional theory of wavelets 
and frames, shearlet frames, as general frames, with symmetry is very desirable in various applica- 
tions, since it can preserver linear phase properties and also allow symmetric boundary conditions 
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in shearlet algorithms. Wu et al.(see [13]) constructed (anti)symmctric composite dilation multi- 
wavelet frames with any symmetric points. However, the shearlet is the special case of composite 
dilation wavelet. In [14], in order to provide the parametrization of orthogonal and symmetric mul- 
ti wavelets, Li and Yang presented a algorithms for constructing paraunitary symmetric matrices. 
Inspired by [13] and [14], we give a simple but complete method for constructing symmetric shearlet 
tight frames for L 2 (M 2 ) and for the cone from any given shearlet tight frames, respectively. 

2 Notations and lemmas 

In this section, let us introduce some notations and lemmas. The Fourier transform of a function 
/ € Li(R 2 ) is defined to be /(£) := J R2 f(x)e~ % ^' x dx and can be extended to L 2 (IR 2 ) functions 
and tempered distributions, naturally, where • denotes the standard inner product in R 2 . An r x r 
integer matrix A is called a dilation matrix if linin^^ A~ n = 0, i.e., all eigenvalues of A arc greater 
than one in modulus. For a matrix A(z), we denote A*(z) its transpose conjugate. We say that a 
matrix A(z) is paraunitary symmetric if its entries are all (anti)symmetric Laurent polynomials and 
A(z)A*(z)=I d . 

Let A a , B e GL 2 (M), where a > 0, and GL 2 (R) denotes the set of all 2 x 2 invcrtiblc matrices 
with real entries, which are defined by 

where A and B denote a parabolic scaling matrix and a shear matrix, respectively. A shearlet system 
for L 2 (R 2 ) is given by 

{D k A D™T n ->P e : fc,meZ,neZV=l,..,£}, 

where ip e L 2 (R 2 ), Da is the dilation operator, defined by Da/(x) = \detA\~ x l 2 f(A~ 1 x), T n is the 
translation operator, defined by T n f(x) = f(x — n). In this paper, we are interested in the special 
case where a = 4. It is interesting to observe that this choice gives a special case of the affinc 
systems with composite dilations introduced in [15]. In this case, the shearlet system associated 
with shcarlcts ip£ G L 2 (R 2 ) is given by the following expression 

{D h A D%T n Mx) ■= 2- 3k / 2 MB- m A- k x - n), k, m e Z, n e Z 2 , £ = 1, L}, (2.2) 

where k denotes the scale, and m, n denote the direction and position of singularities, respectively. 
Recall that a countable collection {ipe}eer € L2(R 2 ) is a tight frame for L 2 (R 2 ) if 

£|</,^>| 2 =II/I| 2 > for all/GL 2 (M 2 ). 

This is equivalent to the reproducing formula / = J2eer(f> V^)V^, for all / e £ 2 (M 2 ), T is a countable 
index set. 

With respect to characterizations of shearlet tight frames, there is the following Lemma, which 
is adapted from Theorem 5.5 in [15]. 

Lemma 2.1. Let A,B C GL 2 (Z) be given by (2.1) and * = {ipe}f =1 C L 2 (K 2 ). Suppose that 

L 

EEE / MiZ + nBA^lMtA-XB-^d^^, 

for all f eP, where V is a dense subspace o/L 2 (R 2 ) contained in the set 
{/ € L 2 (M 2 ) : / G Loo(]R 2 ) and supp f is compact}. 

Then shearlet system {D k A D^T n ^i : k,m e Z,n e Z 2 ,£ = 1, ...,L} is a shearlet tight frame for 
L 2 (M. 2 ) if and only if 

2 



888 



FENG ET AL 887-894 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.5, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



E E MHA k B)f = l, 

£=i kez 

L 



E E MZA k B)M(t + l)A k B) = 0, for 7 e I?\{1 2 A), (2.3) 
i=\ k>a 

E E MdA k B)U{Z + l)A k B) = 0, /or 7 e n fceZ (^ 2 A fc )\{0}. 
k ^=i feez 

In [13], Wu et al. constructed the symmetric composite dilation multiwavclct frames from given 
dilation multiwavclct frames. For some functions {^pt}g =1 £ L 2 (R 2 ) and points {xe}f =1 £ R 2 , 
denning new functions through 



ipj(x) = ^dx+xi)+in(x-x e ) 
i>e( x ) = -J 



',2 /„\ _ ipt(x+x e )-ipe(x-xt) 



(2.4) 



It is obvious that functions defined by (2.4) are (anti)symmetric with respect to points {xi}f =1 . 
As a special case of Theorem3.1 in [13], wc have the following Lemma 

Lemma 2.2. Suppose that shearlet system 

{D k A D%T n iP e : k,m £ Z,n £ Z 2 ,£ = 1,2, L} 

defined by (2.2) is a shearlet tight frame for L 2 (R 2 ). Then shearlet system 

{D k A D^T n ^\ (J D k A D r ST n ip 2 : k, m £ Z, n e Z 2 , i = 1, 2, L} 

is a (anti) symmetric shearlet tight frame for L 2 (IR 2 ) with symmetric points {xg}f =1 , where functions 
tpj(x) and tp 2 (x) are defined by (2.4-). 

Orthogonal frames plays an important role in multiple access communication systems and char- 
acterizations of superframes, the interested reader can find more details in [8], [9], [11]. 

Definition 2.3. Two Bessel sequence {V>£j^er and {"4>e}eer m L 2 (R 2 ) are said to be orthogonal, if, 
for any function / £ L 2 (R 2 ), 

Suppose that two sequence {il>e}eer and {ipe}eer are both tight frames and are orthogonal to 
each other. Then for any functions /, g £ L 2 (R 2 ), we have 

f = '%2((f,i>t} + (9,4>e})i>t and g = ^((f,i>e) + (g,4>t})il>t- 

That is, the frames can be used to encode two signals / and g, which can be sent over a single com- 
munications channel. Moreover, sequence {tpg, "4>e}eer is a tight frame of the space L 2 (R 2 ) © L 2 (R 2 ), 
also it is referred as superframes, where denotes the direct sum of L 2 (R 2 ) 2 times. For more 
details see [8-11]. 

The following Lemma, which be trivial deduced from Theorem 1.5 in [8], describes the orthogo- 
nality of shearlet tight frames. 

Lemma 2.4. Let {D\D%T n ipe ■ k, m £ Z, n £ Z 2 , 1 = 1,2, ...L} and {D^D^T^t : k,m£j J ,n£ 
l?,t= 1,2, ...L} be two shearlet tight frames for L 2 (R 2 ). Then they are a pair of orthogonal frames 
for L 2 (R 2 ) if and only if for a.e. £ £ R 2 , the following equations hold 



E E M^ k B)M^ k B) = o, 

e=i feez 

E E MtA k B)M(d + j)A k B) = 0, for 7 £ I 2 \ (I 2 A), (2.5) 

t=\ k>0 

E E MZA*B)M(Z + -f)A k B) = 0, for 7 £ f| (Z 2 A k ) \ {0}. 
j=ikez kei- 



889 



FENG ET AL 887-894 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.5, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



3 Construction of symmetric orthogonal shearlet tight frames 

In this section, we present a method for the construction of symmetric orthogonal shearlet tight 
frames of L 2 (M. 2 ). This also includes a family of cone-adapted shearlet system. 

Theorem 3.1. Suppose that shearlet system 

{D k A Dl l T n tP e :i,meZ,neZ 2 ,f = 1,2, ...,£} 

is a shearlet tight frame for L 2 (R 2 ). Let M(z) be a Q x P matrix with ^-periodic entries M id (e~ l €) 
and satisfy M(e~ 1 ^) x M*(e~ 4? ) = Iq, where £ e R 2 . Construct LQP functions i>t;%,j{x) through 

VQ(0 = M id (e-*We(®,£ = 1, .... L; i = 1, Q; j = 1, P. 

Then, for any integer i e {1,...,Q}, {D A DgT n ip£-ij : k,m e Z,j e Z 2 ,i? = 1,...,L} is also 
a shearlet tight frames for L 2 (R 2 ). Moreover, for any two different integers ii,i 2 € 
{D k A D'gT n ^ luJ : fc,m e Z,j € Z 2 ,* = l,...,L;j = 1,...,P} and {D k A D^T n ^ t , i2tj : k,m € Z,j G 
71? ,1= 1, L; j = 1, -P} are orthogonal to each other. 

Proof. 

PL „ PL 



EEEM^) 

feez j=i £=i 



EEE| M ^( e ~ B ) 

feez j=i <=i 

L P 



EEE \ M ^e 
kezi=i j=i L 

EE|^ fe s) 

fceZfcl 



1, 



where we use the property of M(e l? )M*(e ^) = Iq in the last equality. For a.e. £ € R 2 and 
7 e Z 2 \ (Z 2 A), we obtain 

L P 



E E E ^iij(^ fc 5)^^-(K + i)A k B) 

1=1 k>0 j = l 

L P r 

= E E E Mij{e-* AhB ) x M id (e- t( ^ AkB ) ^A k B)^ + 1 )A k B 



1=1 k>0j=l 
L 



E E M£A k B)$ t {{£ + q)a k b) = 0, 



1=1 k>0 



where in the above equality, we use the periods of the components of M(z) and the condition 
M(e-*)M*(e-*)=lQ. 

If 7 e n feeZ (^ 2 ^ fe ) \ {0}, we also deduce that 



E E E faiA£A k B)$i i i,M + i) AkB ) 
1=1 feez j=i 

L p 

= EEE 



i=i feez j=i 

L 



E E ^/(^ fc S)^(« + l)A k B) = 0. 
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Therefore, {D\D^T n tpe.ij : I = l,...,L;i = l,...,Q;j = l,...,P} is a shearlet tight frame from 
Lemma 2.1. 

In the following, we prove that they are orthogonal for any different integers ii,i2 € {1, •■•,<5}- 
In fact, 



EEE ^nA^ k B)^ l2 .^A k B) 

1=1 feeZ 3 = 1 

L P 

= EEE 



i=i ke%j=i 

L r P 



M iuj {e-^ k ^, iuj {^B) x M i2 ^ A B )i, t , i2 ^A k B) 



EE E ( M iuj {e-^ k B )M . 2 . {e -HA B) ) x ^. ii MA *B)^MA k B) 
i=i feez L i=i 



0. 



where in the second equality we use the periods of Mi j (e ^) and the condition M(e *^)xM*(e ^) = 
If 7 G Z 2 \ (Z 2 ^4), we can deduce that 



E E E ^ (M fc s)&; i2 j ((c + 7)A fc i?) 

<=i fcez j=i 

L P r 

= EEE M nj (e-^ s )^ ;llJ (^B) x M t2 ^^ AkB )^ 2 M + l)A k B) 

1=1 feeZ j=l L 

= EE [E (M il , J -(e-^^)M i2;j (e- i («+T)^ B )) x ^~^S)fe 2;j ((C + 7 )A fc B) 
Similarly, for 7 G f] keZ (Z 2 A k ) \ {0}, we can have that 

L P 

EEE ^MA k B)4,^M + 7) A k B) = 
^=1 feez j=i 

Thus we obtain the desired result. 



= 0. 



□ 



The following Corollary provides the construction of symmetric orthogonal shearlet tight frames 
from any symmetric shearlet tight frames. 

Corollary 3.2. Suppose that shearlet system 

{D'XD^TniPe :t,meZ,iieZ 2 ,f = 1,2, ...,£} 

is a symmetric shearlet tight frame for L 2 (1R 2 ). Let M(e~ % ^) be a Q x P paraunitary symmetric 
matrix with ^-periodic entries Mi_j(e~ 1 ^), where £ G R 2 . Construct LQP functions tpe-ij through 

VQ(0 - Mij(e-^)M0,t = 1, L; i = 1, Q; J = 1, P. 

Then, for any integer i G {\, ...,Q},{D\D 1 £T n ipi., i .j : k,m G Z,n G Z 2 ,£ = 1,2, ...,£} is a/so 
a symmetric shearlet tight frame for _L 2 (M 2 ). Moreover, for any two different integers G 
{1,...,Q}, {D k A D%T n i> e . 4uj : k,m G Z,j G Z 2 ,£ = l,...,L;j = 1,...,P} and {D k A D™T n ^ i2ij : 
k, m G Z, j G Z 2 , : £ = 1, L; j = 1, P} are orthogonal to each other. 

Note that if two orthogonal shearlet systems {D A DgT n ipe : k,m G Z, n G Z 2 ,£ = 1,2,...L} 
and {D^D™T„-0 £ : fc,m G Z,n G Z 2 ,£ = 1,2, ...£} are shearlet tight frames for L 2 (M 2 ). Then we 
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refer shearlet system {D k A D 7 gT n ipi (J D A DgT n ip e : k,m G Z, n G 1? J, = 1,2, ...L} as super shearlet 
frames for L 2 (R 2 ) L 2 (R 2 ) . 

Note that it is easy to see that this construction has a drawback that the directional parameter 
m runs over the non-compact set R. And then the distribution of directions becomes infinitely dense 
as m grows. In order to overcome this drawback, we can construct shearlet tight frames on the cone. 
First, we partition the frequency plane into the following four cones C\ — C4: 



C K ={ 



£1 >1, 16/61 <1}: « = 2, 
6 <-l,|6/6l <1}: « = 3, 



f{(6,6) eR 2 :6 > 1,16/61 <1}: «=1, 

{(6,6) eR 2 
{(6,6) eR 2 

6 < -1,16/61 < 1} : « = 4, 

and a centered rectangle 

ft = {(6,6) eR 2 : ||(6, 6)IU<1} (3.2) 

Through adapting the construction of Corollary 3.2, we can obtain symmetric shearlet tight 
frames on the cone. 

Proposition 3.3. Let shearlet system 

{D k A Dl l T n iP e :k 1 meZ,neZ 2 J.^ 1,2, L} 
be a shearlet tight frame for L 2 (R 2 ). Then the system 

{D k A D^T n ^ t : fc > 0,-2 fc < to < 2 fe ,n G Z 2 , £ = 1, L} 
is a shearlet tight frame for L 2 (C\ {JC^Y . Moreover, 

{D A DgT n ip^ e : k > 0, -2 k < m < 2 k , n G Z 2 , 1 = 1, L} 

is also a shearlet tight frame for L 2 (C2[jC ', where V>(6,6) = Vv(6,6), Ci ~ C4 are defined 
by (3.1). 

Based on the shearlet tight frames on the cone, we give the following theorem for constructing 
symmetric orthogonal shearlet tight frames on the same cone, which can be proved easily. 

Theorem 3.4. Suppose that shearlet system 

{D A D^T n ipe : k,m G Z,n G Z 2 ,£ = 1,2, L} 

is a symmetric shearlet tight frame for L 2 (C\ [J C3Y . Let M(e~ 1 ^) be aQxP paraunitary symmetric 
matrix with ^-periodic entries M^j(e~ % ^) and satisfy M(e~ l t) x M*(e~'£) = Lq, where £ G C\ IJC3. 
Construct LQP functions ipe-ij(x) through 

VQ(0 = Mij(e-*W e (Q,e = 1, L;i = l, Q;j = 1, P. 

Then, for any integer i G {l,...,Q}, {D A D r gT n %l)t.i,j ■ k,m G Z,j G Z 2 ,£ = 1,...,L} is also a 
symmetric shearlet tight frame for L 2 (C\ 1JC3) V . Moreover, for any two different integers i\,i 2 G 
{1,...,Q}, {D k A D^T n ^. lu3 : k,m G Z,j G Z 2 ,£ = l,...,L;j = 1,...,P} and {D k A D^T n ^ 3 : 
k, to G Z, j G Z 2 , : £ = 1, L; j = 1, P} are orthogonal to each other. 

In the same way, we can construct symmetric shearlet tight frames for L 2 (C 2 \J C 4 ) v . Comparing 
to Corollary 3.2, the benefit of this construction is that the shear parameter k ranges over a finite 
set for each j. This is a obvious advantage for the numerical implementation. 



G 
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4 Examples 



It is well known that the shearlet system {D A DgT n tp : k,m G Z, n G Z 2 } is a shearlet tight frame 
for L 2 (R 2 )(see [1]), where function ip G L2OR 2 ) satisfies 



(4.1) 



which is called classical shearlet, ipi G ^(R) satisfies the discrete Calderdn condition given by 
Ejez\M^0\ 2 = 1 for a.c. £ G R, with & G and swpp & C [-§, -^] (J^, §], and 

^2 G L 2 (M.) is a 'bump' function, i.e., for a.e. £ G [—1,1], Y^\=-i l^2(£ + ^)| 2 = 1j satisfying 
^2 G C°°(R) and supp ip2 C [—1,1]. There exist several choices of function ipi and ^2 satisfying 
those conditions. One possible choice is to set ipi to be a Lemarie-Meyer wavelet and ip2 to be a 
spline, for more details see [16] and references therein. Note that this shearlet tight frame is well- 
localized waveforms with frequency support increasing elongated at finer scale (k — > — oo) and with 
the directions depending on m and n. 



Example 1. Let functions ■0 1 (a;) and ip 2 (x) be defined by (2.4) in the case of 
classical shearlet given in (4.1). Assume that 



1, where ip is 



M(z) = (Mij(z)) 



z~+z~ 



2 

z A +z- 



where z = e l (? 1 / 2 +? 2 ), Construct functions {ip]-i t j, 7, t, i,j = 1,2} through 

^ j (C) = M 2 , j ( 2 )^(0, 



U2 2 ;2, i (a=M 2j (z)^ 2 (£). 



Then, for every integer 7 G {1,2}, {D A D™T n ip 



>-ij : 7.*.*, J 



1,2} is symmetric shearlet tight 



frame for L 2 (R 2 )- Moreover, {D A D^T n %P}. i:j : £,i,j = 1,2} and {D^D^T^j.^ : = 1,2} are 
orthogonal, namely, {D k A D r gT n ^l l;j : 7, 1, 'i, j = 1, 2} is a shearlet tight frame of L 2 (M 2 ) L 2 (R 2 ). 

Example 2. Let 1/; is also classical shearlet given by (4.1), then according to Theorem 3 in [17], 
the system 

{D A D%T n iP : k > 0, -2 fe < m < 2 fe , n G Z 2 } 

is a shearlet tight frame for L 2 (Ci 1J C^) y . In the cone of (Ci (J Ca) v , constructing functions 1 (x) 
and 2 (x) by (2.4) with t — 1, then they arc (anti)symmetric. Let 2x2 matrix N(e~^) be given 

by 

e ^+e^ e 1 ^ — e ^ 

iV(e-«) = (JVij(e-«)) = e _-^ ^c! 4 s^^ 

2 2 

where £ G Ci 1J C3 , Construct functions {^>J ;i -,7, £, i,j = 1,2} through 

g>) = ^-(#(0, 



Then, for every integer 7 G {1,2}, system {D A D'gT n 



k > 0, -2 fe < m < 2 fc , 7, i, j = 1, 2} is 



symmetric shearlet tight frame for L 2 (C\\JC 3 ) V . In the same way, let ^(^1^2) = VK&jCi), where 
■0(^1, £2) is classical shearlet, we can obtain a shearlet tight frame for L 2 (C 2 (J C4) v . 
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Abstract. In this paper we study the simultaneous approximation properties 
of the complex q-Durrmeyer type operators which were introduced by Agarwal 
and Gupta [3] . We obtain the exact orders in approximation by these operators 
and their derivatives on compact disks. 

Keywords: complex g-Durrmeyer type operators; simultaneous approxima- 
tion; exact orders; q-calculus 

Mathematical subject classification: 30E10, 41A25 

1. Introduction 

Let q > 0, for each nonnegative integer k, the q— integer [k] q and the 
g—factorial [k] q l are defined by 

(l-q k )/(l-q), q?l 

k, 9=1 

[k] q [k-l] q ---[l] g , k>\ 
1, k = 

respectively. 

Then for q > and integers n,k, n> k >0, we have 

[k+ l] q = 1 + q[k] q and [k] q + q k [n - k] q = [n] g . 
For the integers n, k, n > k > 0, the q— binomial coefficients is defined by 



[k] q \[n-k] q V 

* Corresponding authors: Mei-Ying Ren and Xiao-Ming Zeng. 
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Let q > 0, q ^ 1, we can define the derivative D q f of functions / in the 
q— calculus by 



D g f(x) = 



(q-i)x ' x r u > 
/'(0), z = 0. 



Let a > 0, the q— Jackson integrals in the interval [0,a] is defined as 
/ f{t)d q t={l-q)aY t f 0<«<1. 

JO • n 



j=0 



The q— analogue of Beta function is defined as 



B q (m,n)= [ t n, - 1 (l-gt)?- 1 d,t, m,n>0, 
Jo 



where 



Also, it is known that 



B q (m,n) 



[m-l] g ![n 
[m + n - 1],! 



All of the previous concepts can be found in [1, 4, 11]. 

In 1986, the approximation properties of complex Bernstein polynomials in 
compact disks were initially studied by Lorentz [12]. Recently, the problem of 
the approximation of complex operators has been causing great concern, which 
is becoming a hot topic of research, (for instance, see [2, 5-10, 13-16]). In 2012, 
Agarwal and Gupta [3] introduced and studied the complex q-Durrmeyer type 
operators as follows: 



n .1 

M niq (f; z) = [n+ l]q V q 1 ~ k p„. k (q; z) \ p n , k -i{q; qt)f(t)d q t 
fc=i Jo 



+ f{fyPnfi{q\z), 

where zGC,n=l,2,...,Q<q< 1 and 



(1.1) 



n 
k 



i-k-l 



k n 



s=0 



n 
k 



z k {l-z) n -K 



In [3], the upper bound for the operators (1.1) was obtained as follows: 

oo 

Theorem 1. Let f(z) — c m,z m for all \z\ < R and let 1 < r < R, then for 

m=0 



all \z\ < r, < q < 1 and n G N, we have 



\M n , q (f,z)-f(z)\ < 



Kr(f) 

In +21 ' 
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where K r (f) = (1 + r) J2 |c m |m(m+l)r m 1 < oo. 

m—l 

The aim of the present article is to obtain the simultaneous approximation 
results for the complex q-Durrmeyer type operators (1.1) in the case < q < 1. 

2. Auxiliary results 

In the sequel, we shall need the following auxiliary results. 

Lemma l.(see [3]) Let < q < 1. Then, for all e m (t) = t m , m e NU {0} 
and z € C, we have the following recurrence relation: 

, , n q m z(l — z) ^ „ , , \m] a + zq m \n] a , , . , . 

M„,, e m+1 ;^ - ^ 1 ' D q M n . q (e m ; z + 1 Jg Li ^ M n , 9 e m ; z . 2.1 
[m + n + 2],j [m + n + 2] q 



Lemma 2. If P m (z) is a polynomial of degree m, for all |z| < r, we have 

|^P ro W|<||Pi||,<^||P ro ||r, (2.2) 

where ||-P m || r = max {\P m ( z )\', \ z \ < hi- 
proof. The proof is easy by using the Bernstein inequality and the complex 
mean value theorem, the proof is omitted in this. 

The following Voronovskaja-type result with a quantitative estimate holds. 



Lemma 3. Let < q < 1, R > 1, D R = {z e C : \z\ < R}. Suppose 

oo 

that / : Dn — > C is analytic in Dr, i.e. f(z) — c k zk f°r an z G Ar- Then 

fe=0 

for any fixed r e [1, i?] and for all n e N, |z| < r, we have 



M n , q (f;z)-f(z) + 



[2} q zf(z) z{\ z)f'(z) 
[n + 2] q [n + 2], 



where M r (/) = £ |c fe |fcF fcir r fe < oo with F fe>r . = (fc - l)(fc - 2)(2fc - 3) + 4(fc ■ 
fe=i 

l)(fc - l) 2 + 2(k - l)(fc + l) 2 + 4(fc - l) 2 fc(l + r). 



Proof. Denoting efc(z) = z k , k = 0,1,2,..., by hypothesis that f(z) is an- 

oo 

alytic in Dr, i.e. f(z) = c k zk for all z € Dr, we can write M n _ q {f;z) = 

k=0 

oo 

^ CfcM„ i9 (efe; z), thus, for all z e D# and n e N, we have 

k=0 

^c/ i .)-/w+ M '* /( * ) 



[n + 2], [n + 2], 
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DC 



fc=l 

Denoting 



/ ^ / \ k[2] q z k k{k- 1)(1 -z)z k ~ 1 
M n>q (e k ; z) - e k (z) + - 1 ' 



E k ,n(q; z) = M n . q (e k ; z) - e k (z) + 



+ 2} q [n + 2} q 

k[2} q z k _ fc(fc-l)(l- z)z k ~ l 
[n + 2} q [n + 2] q 



it is obvious that E k}U (q; z) is a polynomial of degree less than or equal to k and 
that Ei <n (q; z) = ^^+2]^ • ^ OT ^ ^ 2, by simple computation and the use of 
Lemma 1, we can get 

E k , n (q;z) = ^ _|_ _|_ ^ D q E k -l,n(q; z) 

+ qk ~y gZ 1 +[k ~ 1]q E k _ hn ('l-, z) + G k , n (q; z), (2.3) 



[n + k+1] 



where 



z k-2 



G kA q; z) = [n + 2]q[n + k + 1]q I* 2 [*[» + * + 1]„([2], + k 1) 

-[n + 2} q [n+k+l} q -q k -\k-l){[2} q + k-2)[n} q 

+q k - 1 [n] q [n + 2} q + q k -\k - l)[fc - 1],([2], + k - 2) 

-q k - x [k - l] q [n + 2} q ] + z [qK-^k - l) g [n + 2} q 

-q k - X {k -l)[k- l] q ([2] q + k - 2) - q k -\k - l)(fc -2)[k- 2] q 

+[k - l] q [n + 2] q -(k-l)[k- 1],([2], + k - 2) 

+g fe - 1 (fc - l)(fc - 2)[n], - fc(fc - l)[n + fc + 1],] 

+ [g*-^*: - l)(fc - 2) [As - 2], + (As - l)(fc - 2) [As - 1] J } 

fe-2 

For all k > 2, we easily obtain |C fci „(g)| < (fc - l)(fc - 2)(2fc - 3). 
Since [n + k + 1], = [A - 1], + ^[n + 2], and [n], = [n + 2], - 9" - 
so, for all k > 2, we can get 

Bfc,n(g) = [n + 2} q [q k - 1 [k - l] q + [k- l] q - 2q k ~\k - 1)] 

- q k -\k -l)[k- l] q {[2] q + k - 2) - q k ^{k - l)(fc -2)[k- 2} q 

- q n+k -\q + l)(k - l)(k - 2) - (k - l)[k - l] q ([2] q + k - 2) 

- k{k - l)[k - l] q . 

k—2 

In view of [k - l] q - (fc - 1) = (« - 1) £ \j] g , [k - l] q - q k -\k - 1) = 

3=0 
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(1 - Q) ifbW- 1 ^ and [n + 2} q = a^=±, we have 

3=1 



[n + 2} q [q k - 1 [k - l] q + [k- l] q - 2q k -\k - 1)] 

k— 2 fc— 1 

= v+ 2 - 1) 5>1, + (i - ? n+2 )Ebi 9 ^ H - 

thus, by simple calculation, for all fc > 2, we get \Bk, n (<l)\ < 4(fc + l)(fc — l) 2 . 

Now we estimate A k ^ n (q). Similar to the calculation of the B k ^ n (q), for all 
fc > 2, we have 

fc-2 fc-l 

A fc ,„(g) = -g fc "V +2 - 1) - (1 - ?" +2 ) 5>'U fc " 1-j 

+ (1 - g")(g fe + g*" 1 )^ + 2], + k[k - 1],([2], + fc - 1) 
+ <f +fe - 1 (g + l)(fc-l)([2] 9 + fc-2) 
+ g fe - 1 (fc-l)[fc-l] 9 ([2] 9 + fc-2), 

by simple calculation, for all fc > 2, it follows that | ^4fc,n (<?) | < 2(fc — l)(fc + l) 2 + 
2(1 - g")[n + 2] 9 . Thus, for all n E N, A; > 2 and |z| < r, we can obtain 

|G fc , n («;z)| < T ^-^[(k-l)(k-2)(2k-3)+Ar(k + l)(k-l) 2 
+ 2r 2 (k-l)(k+l) 2 ]+2r k (l-q). 
By formula (2.3), for all n e N, fc > 2 and |z| < r, we have 

\Ek,n(* Z )\ < r l^li l^fc-l,n(g;-z)| 

g fc ->] g r+ [fc- i] g m-rM-uir' 

[n + fc + 1] l-^fc-l.nW 2j| + l^fc.nW 

since g fe_1 [n] g r + [fc — 1] ? < [n + fc + l] g r, it follows 
r(l + r) 

|-Efe,n(g; z)| < [ n | fc + ^j |-D g -Efc-i,n(g; z)\ + r\E k -i,„(q; z)\ + \G k , n {q; z)\. 
Using the estimate in the proof of Theorem 1 , we get 

|M„ i9 (e fe ; z) - e fc (z)| < ^ , 

for all k,n e N, \z\ < r, 1 < r. 
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Denote 



max{\f(z)\; \z\ < r}, by Lemma 2 we have 



k — 1 

\D q E k _x. n {q;z)\ < || E k -i,,. ||, 



< 



r 

k- 1 



||-Wn, 9 (efe-i; •) - e fe _i|| r 



(fc - l)[2],e fc _i (fc - l)(fc - 2)(1 - ei)e fe _ 2 



[n + 2] 9 



[n + 2] 9 



< 



fe- 1 



fc(fc - 1)(1 + r)r fe - 2 fc(fc - 1)(1 + r)r 
[n + 2] 9 + [n + 2] 9 



fc-2 



< 



4(fc- l) 2 fcr 



2i._fc-l 



[n + 2] q ' 
so, for all n g N, fc > 2 and |z| < r, we have 

|2?fc,n(9; z )l < 4 ( fc - 1 )y i + r ) rfc + r|S fc _i, n («; z)| + |G fc , n (g; z)|, 
[n + 

where \G k , n (q; z) \ < j^Dfe + 2r fe (l - g), D k = {k - l)(k - 2) (2k - 3) + 4(fc + 
l)(fc-l) 2 + 2(fc-l)(fc + l) 2 . 

On the other hand, for all n g N and |z| < r, |-Ei, n (g;z)| = | (1 ^ ) 2 [ " lgZ | < 
2r(l — g), therefore, for all k, n E N and |z| < r, we have \E kyn (q; z ) I < 
r|£Jfc_i, n (g; z)| + [^p- ffc.r + 2r fe (l - <?), where F k . r is a polynomial of degree 3 
in k defined as F k , r = D k + 4(fc - l) 2 fc(l + r). 

Since E . n (q', z) = for any z g C , therefore, by writing the last inequality 
for fc = 1,2,..., we easily obtain step by step the following 

*)l < T^T^ E + 2fcrfe ( 1 - «) ^ T^T2]f Ffe ' r + 2fcrfe(1 ~ q) - 



As a conclusion, we have 

[2] q zf'(z) z(l - z)f'(z) 



M ntq (f;z)-f(z) + 



< 



v n + 2] q [n + 2} q 

7-^12 E \ck\kF k , r r k + 2(1 - g) ]T | Cfe |fcr fc . 

[n + /J 9 fc=1 fc=1 



fc=i 



As f( 4 \z) = c k k(k—l)(k — 2)(k — 3)z k 4 and the series is absolutely con- 

k=4 

oo 

vergent in \z\ < r, it easily follows that \ c k\k(k — l)(fc — 2){k — 3)r k ~ 4 < oo, 

k=4 

oo 

which implies that \ c k\kF k . r r k < oo, this completes the proof of theorem. 
k=i 

Remark 1. Let < q < 1 be fixed. Since we have j^p^ > 1 — 9 as n — > oo, 



G 
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by passing to limit with n —> oo in the estimates in Lemma 2 we don't obtain 
convergence. But the situation can be improved by choosing 1 — ( n _^ 2 )2 — 9" < 1 

with q n — > 1 as n — » oo. Indeed, since in this case |^q4rj ► as n — > oo ( see 

Videnskii [17], formula (2.7) ) and 1 — q n < („^ 2 ) 2 — [n+2] 2 ' fr° m Lemma 2 we 
get 



M„,, n (/; *)-/(*) + 

M r (f) 2 

[n + 2]^ [r 



[2],„z/'(z) z(l-z)f"(z) 



[« + 2],„ 



< 



Z J<Z" fc=l 



that is the order of approximation , L 2 
3. Main results 



(2.4) 



In the following theorem, we will obtain the simultaneous approximation 
properties of the operators (1.1). 



Theorem 2. Let f(z) = £ c m^ m for all \z\ < R and let 1 < r < R, < q < 1. 

m=0 

If r < n < .R are arbitrary fired, then for all \z\ < r, n,peM, we have 



|MW(/; *)-/(%)| 



< 



[n + 2],(n -r)P+ r 



where tf ri (/) = (1 + n) £ |c m |m(m + l)^ 1 < oo. 

m— 1 

Proof. Denoting by L the circle of radius ri > r and center 0, since for any 
|z| < r and v G L, we have |i> — z| > r\ — r, by the Cauchy's formulas and the 
Theorem 1, it follows that for all |z| < r and n,p G N, we have 



\M%>(f;z)-f*(z)\ 



< 



p!_ f M n , g (f;v) - f(v) 
2tt J r (v-z)p+ 1 

K ri (f) P \ 27TT! 

[n + 2] q 2tt (n - r)^ 1 



pin 



[n + 2], (n - r)P+! ! 



which proves the theorem. 
Theorem 3. Let /(z) 



< 



E c m z m for all \z\ < R and let 1 — ( n _jZ 2 ) 

m— 

g„ < 1, n G N. Suppose that 1 < r < n < R and p G N be fixed. If / is not a 
polynomial of degree < p — 1, then we have 



l|M$ B (/;•)-/ 



(p)i 



1 



h. g N, 



[™ + 2] gn 

where ||/|| r = max{|/(z)|; |z| < r} and the constants in the equivalence depend 
only on /, r, n, p and on the sequence {q n }n&i- 
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Proof. Taking into account the upper estimate in Theorem 1, it remains to 
prove the lower estimate only. 

Denoting by T the circle of radius r\ > r and center , by the Cauchy's 
formula, it follows that for all \z\ < r and n <G N, we have 



M%Uf;z)-fM{z) 



p\ f M n ,,„ (/;«)-/(„) 



2m 



dv. 



Let 



H n>qn (f;z) = M n>gn (f;z)-f(z) + 



(v - z)p +1 
[2] qn zf{z) z(l-z)f"(z) 



•2], 



2], 



For all n e N, we have 

M n ,,„ (/;*)-/(*) 

whz { z{1 - z)f,{z) - [2] - zf{z) + vhz [[n + z)] } 



by using Cauchy's formula, for all v E T, we get 

M#> B (/; z) - f {p) (z) = {[z(l - z)f"(z) [2} qn zf'(z) 



(p) 



+ -, 



i P[_ f 

f 2],„ 27ri 7 r 



[n + 2]2 nJ ff„ >?n (/ ;u ) 



passing now to 



[n + 2] qn 2ni J r (v - z)p+' 1 
\ r and denoting e\{z) — z, it follows 



dv 



M%Uf;-)-f 



(p) 



> 



i 



[n + 2],„ 
1 

[n + 2],„ 



||[ ei (l- ei ).r-[2] 9 „ ei / 



'1 (p)i 



pi 



2iri 



J /■ [n + 2]2 n ^ ni9n (/ ;w ) 



(« - -) p+1 



By hypothesis on /, we have ||[e x (l - e x )f - [2] 9n ei/ / ]( p )|| r . > 0. Indeed, 
let p — 1, supposing the contrary, it follows that z(l — z)f"(z) — [2] qn zf'(z) is 
a constant. Clearly, this is possible only if / is constant ( since contrariwise 
z(l — z)f"(z) — [2] qn zf'(z) is a polynomial of degree at least 1, which cannot 
be equal to a constant ), which implies / is a polynomial of degree < p — 1, a 
contradiction, let p = 2, supposing the contrary, it follows that z(l — z)f"(z) — 
[2] qn zf'(z) is a polynomial of degree < 1. Clearly, this is possible only if / is 
a polynomial of degree < 1 (since contrariwise z(l — z)f"(z) — [2] qn zf'(z) is a 
polynomial of degree at least 2, which cannot is a polynomial of degree < 1), 
which implies / is a polynomial of degree <p—l,& contradiction. 

Now let p > 3, suppose that ||[ei(l - e x )f - [2], n ei/'] ^|| r = 0, it follows 
that z(l — z)f"(z) — [2] qn zf'(z) is a polynomial of degree < p — 1, that is z(l — 
z)f"(z) — [2] qn zf'(z) = Q p _i(z),forall |z| < r, where Q p -i{z) is an algebraic 
polynomial of degree < p — 1, with complex coefficients. 
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From above we also get Qp-i(0) = 0, which means that Q p -i(z) is neces- 

sarily of the form Q p _i(z) = A k z and that we can simplify with z in the 

fe=i 

equation. Now, denoting /' = F, the above differential equation one reduces to 
(1 - z)F'(z) - [2] qn F(z) = iJ p _ 2 (z),forall|z| < r, 

where H p _ 2 (z) = ^k+i z is a polynomial of degree < p — 2. In what follows, 

fc=0 

denote F(x) = F^x) + iF 2 {x), A k+1 = 4+i + iA^ v where 4+1 e 

p-2 

R, and H p - 2 .j(x) = J2 ^-k+i xk ' 3 = 1> 2 - Evidently we have H p - 2 (x) = 

k=0 

H p - 2 ,i(x) + iH p - 2 ^ 2 (x), for all x e [-1,1]. Note here that Fi(x), F 2 (x), 
H p _ 2 i(x) and H p ^ 2 2 (x) are real functions of real variable. Also, recall that 
* 2 = -l. 

Because r > 1, it follows that taking z = x e [—1,1] in the equation in z for 
F, the functions Fj, j = 1,2, necessarily verify the differential equations in x 

(1 - x)F' 3 (x) - [2] 9 „F,(x) = ff p _ 2;j ( a; ),for all x e [-1,1], j - 1,2. 

The standard theory says that the general solution of a linear different equa- 
tions of real functions of real variable is obtained by adding to the general so- 
lution of the homogenous equation, a particular solution of the inhomogenous 
equation. But reasoning exactly as in the proof of Lemma 3, the unique solutions 
of the homogenous equation are Fj(x) = 0, for all x € [— 1, 1], j = 1, 2. 

On the other hand, if we consider the differential equation of the form 

P-2 

(1 - x)G'(x) - [2]„ n G(x) = ^d k+1 x k M a11 x e [ -1 > 

k=0 

where G(x) is considered real- valued function and d k +i € K for all k, looking for 

p-2 

a particular solution of it, of the form G(x) — C k x , with Ck G K, simply 

fc=0 

calculation show that the differential equation one reduces to 

p-3 p-2 p-2 

J2(k + l)C k +ix k - [2} qn ]T(fc + l)C k x k = J2 d k +ix k M all x G [-1, 1], 

k=0 fe=0 k=0 

this immediately leads to the algebraic system 

Cp-2 = -J^TYyO^ - \% n C k = ^, k e {0, 1, . . . , P - 3}, 

that evidently has unique solution for the unknowns C k . 

Therefore, these considerations show that we can take F\ and F 2 as polyno- 
mials of degree < p — 2, solutions of the corresponding inhomogenous equations 
in x, which implies that necessarily these are the unique solutions of the above 
inhomogenous different equations in x. This also implies the uniqueness of F(x) 

9 
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too as polynomial of degree < p — 2 in x, solution of the corresponding differen- 
tial equation in x. Now, because F(z) is the analytic continuation of F(x), from 
the identity theorem on analytic function, it follows that F(z) as polynomial of 
degree < p — 2 in z, necessarily is the unique solution of the corresponding differ- 
ential equation in z, for \z\ < r. This implies that f'(z) is a polynomial of degree 
< p — 2, which means that f(z) is a polynomial of degree < p — 1, a contradiction 
with the hypothesis. In conclusion, 1 1 [e i ( 1 — e\)f" — [2] 9ri ei/']( p '|| r > 0. 

Since for any \z\ < r and veTwe have \v — z\ > r\ — r, so, by the formula 
(2.4), we get 



V_ 

2m 



-i It 



(v- .)P+1 



dv 



< 



< 



pi 27rr 1 [n + 2]lJH n , qn (f,-)\ 
2tt (n - r)P +1 



where N ri (f) = M ri (f) + 2 |cfe|fcrf. Taking into account j^p^ — — > as 

k=l ' " 

n — > oo, therefore, there exists an index no depending only on /, r and on 
sequence {q n }neN, such that for all n > n we have 



| ei (l-ei)/"-[2], Bei /'] 



'i(p)| 



1 



+ 2], 



_p!_ I 
2m J r 



[n + 2]lH n , q Jf,v) 



rfv; 



> 



[e 1 (l- ei )/"-[2], n e 1 / / ] 



'I(p)) 



which implies 



/ (P) ||r 



> 



2[n+2] s 



[ei(l-ei)/ ,, -[2], n ei/ , ]W|| r ,Vn>no. 



For n e {1,2, • 
W r ,n(f) = [n+2], n 



,«0 



1}, we have ||M#>„(/;-) - /^|| r > where 



l|M^ B (/;-)-/W||r>0. 



As a conclusion , we have | M„ p , n ( / ; • ) - / (p) 1 1 r > [n+2], ' for a11 n e N ' wnere 
C r (f) = min{W rA (f),W r , 2 (f) ■ ■ ■ , |ll[ei(l-ei)/M2kei/'y 



this complete the proof. 
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ON POSITIVE SOLUTIONS OF A SYSTEM OF MAX-TYPE 
DIFFERENCE EQUATIONS 



STEVO STEVIC*, ABDULLAH ALOTAIBI, NASEER SHAHZAD, 
AND MOHAMMED A. ALGHAMDI 



Abstract. The boundcdness character and global stability of positive solu- 
tions of the next system of difference equations with maximum 

x n +l = max < c, -= }, yn+l = max < c, }, z n+ i = max < c, -g }, 

I <-lJ I <-J I Vn-li 

n £ No, where j),c£ (0, oo), are studied in this paper. 



1. Introduction 

There has been some recent interest in nonlinear systems of difference equations 
(see, e.g., [8, 9, 10, 11, 12, 13, 14, 15, 17, 18, 32, 34, 35, 36, 37, 38, 39, 40]), as well as 
in difference equations containing maximum operator, so called, max-type difference 
equations (see, e.g., [1, 6, 7, 15, 23, 24, 25, 26, 28, 29, 30, 31, 33, 36, 37, 41, 42, 43]). 
However, systems of difference equations with the maximum operator are barely 
touched (see [15, 36, 37]). Another interesting direction in theory of difference 
equations is investigation of those equations containing non-integer powers of their 
variables (see, e.g., [2, 3, 4, 5, 16, 19, 22, 23, 24, 25, 26, 27, 28, 29, 31, 43]). 
Some starting points and motivations for our investigations of difference equations 
containing non-integer powers of their variables were papers [20], [21] and [22]. 
These three papers along with some results on difference equations with maximum 
motivated S. Stevic to study in [23] the next difference equation 

x n+1 = max |c, -f 5 - 1, neN , (1) 

I X n-1 ) 

where initial values x_i, xo, and parameters c and p are positive numbers. 

In view of all above mentioned investigations, it is a natural problem to study 
systems of max-type difference equations containing non-integer powers of their 
variables. 

One of the first papers in the area was [38] where S. Stevic studied solutions of 
the following max-type system of difference equations 



x n+1 = max <j c, I , y n+1 = max <j c, }• , n e N 

x n-l J I Un-1 



with positive initial values x_i, x , y_i and y and parameters p and c, which is a 
natural extension of equation (1). 



2000 Mathematics Subject Classification. Primary 39A11. 

Key words and phrases. System of difference equations, max-type system, positive solution, 
boundcdness character, convergence. 
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2 STEVO STEVIC*, A. ALOTAIBI, N. SHAHZAD, AND M. A. ALGHAMDI 

Continuing this line of research, here we study long term behavior of positive 
solutions of the next system of max-type difference equations 

x n+1 = max jc, -I 5 -}, y n +i = max jc, -^-j, z n+1 = max jc, 1, (2) 

n £ No, where parameters p and c are positive. System (2) is a natural three- 
dimensional extension of scalar difference equation (1). Solution (x n , y n , z n ) n >_i 
of system (2) is called positive if min{x n , y n , z n } > for every n > — 1. 
We say that the system of difference equations 

•^n+l ,/l (^n ; yn > > ^n— 1 ; ^n— 1 ; ^-n— 1 ) 
(*^n ; j -^n > %n — l i yn— 1 ; ^-n— 1 ) 
Zn+1 — fzi^ni yni Z n , %n — l> yn—li Z"n—l) 

is permanent with respect to a class of solutions T , if there are constants m and 
M such that for every solution (x n , y n , z n ) n >-\ e of the system the following 
inequalities hold 

m < minion, y n , z n } < max{x„, y n , z„ 

for sufficiently large n. 

Our focus in the study of system (2) will be on the permanence, the existence 
of unbounded solutions, and on the convergence in the class of positive solutions. 
Our results are presented in terms of parameters p and c. 

2. Permanence and unbounded solutions of system (2) 

The permanence and the existence of unbounded positive solutions of system (2) 
are studied in this section. 

Theorem 1. Assume p>A and c > 0. Then there are positive unbounded solutions 
of system (2). 

Proof. Assume (x n , y n , z n ) n >-\ is a positive solution of system (2). From the 
equations in (2) we obtain 

xn+i > (— ) , neNo, (3) 



Zn-l 



V 



and 



y n +i > ( — ) , n € No, (4) 

^•n — 1 



z n+ i>[—)\ neN . (5) 



Vn-l 



From (3)-(5) we easily get 



lnar n+ i >plny n -pln^„_i, (6) 

In y n +i >P In z n - p In x n _ x (7) 

lnz„+i >plnx„ -plny„_i, (8) 

for n E N . 
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Set v n = hix n y n z n , n > — 1. Then (6)-(8) imply 

v n +i -pv n +pv n -i > 0, ne% (9) 

Note that when p > 4 the polynomial P(r) = r 2 — pr + p has two real roots r\ 
and r 2 such that min{r l7 r 2 } > 1. 
From (9) we have 

v n +i - nv n - r 2 (v n - nt)„_i) > 0, n £ N , 

and consequently 

•Kn+lVn-l- ^ ( X n y n Z n \ _ ^ T 

— 7 x > 7 s ! n € N - 

{x n y n Z n ) ri \{X n -iyn-lZn-l) ri J 

This implies 

^™l/rA x a y Q z Y 2 

7 x — > 7 \ — , n € No- (10) 

(a; n -iy™-iZr l -i) ri V( x -iy-i z -i) ri / 

Now choose X-i, x , yo and £o such that 

xoVoZo > max{l,(x_iy_iz_i) ri }. (11) 

Then from (10) and (11) we get 

x n y n z„ > (a;„_iy„_iz rl _i) ri , n £ N , 

from which along with (11) it follows that 

x n y n z n > (xoyoZoYi -» +oo, asm +oo. (12) 

The existence of an unbounded solution (x n ,y n , z n ) n >-i of system (2) follows 
from (12) and by the inequality 

V x l + Vl + z l> V3$<x n y n z n . □ 



Theorem 2. Let p £ (0,4) and c > 0. Then system of difference equations (2) is 
permanent. 

Proof. First note that from equations in system (2) we immediately obtain that 
for every positive solution {x n , y ni z n ) n >-i of the system 

c < mm{x n , y n ,z n }, (13) 

for every n £ N. 

Let (pk)k>o be defined by 

p 

Pk+i = , Pa = 0. (14) 

P-Pk 

We have 
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Assume that p € (0, 1] = (po,Pi\- Then (13) and (15) imply 



x n+ i = max <^c, ^max 
for n > 3, which along with (13) imply 



c 1 

&n-\ Z n _ 1 X n _ 2 



< max < c, 1, , . 



c < x n < max <^c, 1, — 
for n > 4. 

Assume that p € {pi,P2[- By (2) and (15) we get 

( / ( / \ p ~ Pl 1 \ ps 

\ I \ c I z n -i \ I \ 
x n+ i = max < c, max ■ 



(16) 



(17) 



Zn—1 \ „P-Pl 



: max < c, max 



r T P ~ P2 



p— Pi "\ \ P> 



Zn-1 



T P2 ! P 

x ri-2 i/n-3 



(18) 



Using (13) in (18), and the facts (p2 — — Pi)p = p and P2(p — pi)p = P 2 , we get 

■\ \ p-pi -\ \ p \ 



1 



x n+ \ = max < c, max 



Zn-1 



T P2 „ ' T.P2-P P 

x n-2 £„_ 2 2/ n _ 3 



<maxjc,l,-,^ r . 

for n > 4, which along with (13) implies 

f 1 1 

c<x n < raa,x< c,l,—,-^ ( . 

for n > 5. 

Assume that p £ (p2,P3\- By (2) and (18) we get 



(19) 



P-P2 \ \ P-Pl \ \ P- 



x n+ \ =max < c, max • 



: max < c, max - 



z n-l 



Z n -1 



max ■ 



max ■ 



C / X n - 2 
X n 2 -2 \ Vn-3 



max ■ 



r V P ~ P3 
c i/n-3 



P-P2 \ \ P-Pi \ \ P > 



r P2 ' 

L n-2 



,,P3 ' P 
y n -3 Z n-4 



(20) 



for n > 5. 

Using (13) in (20) we get 

! ( { c 

%n+i =max < c, max ■ 



P-P2 \ \ P-Pl \ \ P ■< 



Z n -1 



-P2 



-3 Vn-3 Z n-4, 



< max < c, 1 



CP' C(P 3_1 )(P _ P2)(P-P1)P ' C P?,(P-P2 

for n > 5, which along with (13) implies 



I \ 

2)(P-Pl)p ' J ' 



c < x n < max 
for n > 6. 



CP' c(P 3 ~ 1 )(P~P2)(p-Pl)p ' C P3(P-P2 



1 \ 

2)(p-Pl)P ' J ' 



(21) 
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By induction we get that for each fixed I £ No 



x n+ i =max < c, max 



Zn-l 



b n-2 



r V P ~ P3 

c y n -3 

V P3 ' p 
Un-3 z n-4 



~P2 \ \ P-Pl ' 



— max < c, max ■ 



z n -i 



for n > 31 + 1 and p E (p3l,P3l+i], 



z: 



P-P31 + 1 -\\p-psi \P-Pl~V\P> 
n-(32 + l) I \ \ I \ 



r P3i+l ' P 

n-(32+l) n-(3Z+2) 



(22) 



x n +i = max < c, max • 



Zn-l 



max ■ 



max ■ 



r 1I P ~ P3 



„P3 ' P 



P~P2 \ \ p-pi \ \ P > 



= max < c, max • 



Z n -1 



P-P31 + 2 

C X n-(3i+2) 

P3i + 2 ' P 

/ C n-(3Z+2) yn-(3(+3) 



for n > 31 + 2 and p e (P3Z+i,f>3(+2]> and 
x„ +1 =max < c, max ■ 



z n -i ' 



max ■ 



max ■ 



b n-2 



r 1I P ~ P3 
V^-3 Z n-i 



P-P31 + 1 



P-Pl \ \ P" 



(23) 



P-P2 \ \ P-Pl "V \ P " 



= max < c, max • 



Z n -1 



max • 



P-P31+3 ' 

y n -(3i+3) 



P3I + 3 ' P 

y-n-(3l+3) ™-(3Z+4) 



P-P3I+2 



p-pi \ \ P^ 



(24) 

for n > 31 + 3 and p € (p3i+2,P3i+3\- _ 

If p = p s for some s G N, difference equation (14) defines for i = 0, s, and the 
method described above is finished after s + 1 steps. 

The monotonicity of f(x) = p/(p—x) on the interval (0,p), and the fact = po < 
Pi = 1, imply that Pk-i < Pk as far as pk < P- The case pk € (0,p) for every fcsN, 
is not possible. Namely if it were then it would exist limk^ooPk = P* € (0,p], and 
it would be (p*) 2 — pp* + p = 0, which for p S (0, 4) is not possible. This implies 
that there is a k £ N such that p € (Pk -i>Pfco]- 
If fc = k = 3i + 1, from (22) we get 



z 



x n+i — max < c, max ■ 



P-P3( + l 

n-(3« +l) 



p-pi \ \ P ■• 



Z n -1 



P3!n + 1 



2 



n-(3J + l) X n-(3(o+2) J 

\ \ P-P3! 



P 



< max < c, max < 1 , 



1 



p-pi \ \ p> 



c P3i + l-l ' C P3! + 1 



(25) 



for n > 3l + 3. 
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If k = ko = 31q + 2, from (23) we get 

C / | J C ^n-(3i+2) 



P-P3l +2 } \ P-P3i + 1 \ P-Pl ) \ P* 



x n+ i = max < c, max ■ 



, I , , ™ p 3 ( +2 ! P 



n-(3Z +2) y "-(3(o+3) ) / / 
P-P3l + 1 \ P-Pl \ \P S 



< max < c, max < 1 , • • • , max 



for n > 3l + 4. 

If k = k = 3l a + 3, from (24) we get 



1 1 



c P3I + 2-l ' c P3i + 2 



(26) 



x n+ i = max < c, max < , • • • , max 



/ / ( P-P3Z + 3 \ \ p-P3! +2 \ P-Pl \ \ P> 

C / I C 2/ n _( 3io + 3 ) I \ \ I \ 



•- ' x 1 1 ^-(3(0+3) n-(3( +4) 



< max < c, max < 1 , 



1 1 



P-2>3i +2 \ P-Pl \ \ P^ 



c P3i + 3-l ' c P3I +3 



(27) 



for n > 3l + 5. 

From (13), (17), (19), (21), (25)-(27) and the method of induction it follows that 
for every p G (0,4) there is a k <E No such that p G (pk -i,Pk ], and 

c < x n < max \ c, - 7;;j 1 rT - i , (28) 

[ ,fk Q n^o (p-pj) j 

for n > k + 2. 

Bearing in mind that system (2) is invariant with respect to cyclic permutations 
of variables x n , y n and z n , from (28) it follows that 

c < min{y„, z n } < max{y„, z n } < max \ c, ,-,^-1, r k ( 29 ) 

[ c Pk Ujlo (P-Pi) J 

for n > ko + 2. 

From (28) and (29) the permanence of system (2) follows, as desired. □ 

The following corollary is a direct consequence of estimates (28) and (29) in 
Theorem 2. 

Corollary 1. Letp G (0,4) andc > 1. Then every positive solution {x ni y n , z„)„>_i 
of system (2) is eventually equal to (c, c, c). 

3. Convergence of positive solutions 

In this section we prove a result on the convergence of positive solutions of system 
of difference equations (2). 

Theorem 3. If p G (0, 1) and c G (0, 1), then every positive solution of system (2) 
converges to (1, 1, 1). 
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Proof. Using (13) and (16) we get 

c < x n+ i < max |c, 1, ^| = for n > 3. (30) 

On the other hand, the invariance with respect to the cyclic permutations of vari- 
ables x n , y n and z n of system (2), implies that 

r n i 

c < Un+i < max< c, 1, — f = — , for n > 3, (31) 

and 



cP cP 



c< z n+1 < max jc, = for n > 3. (32) 

Write the equations in (2) as follows 



max 1 — ■ i-„ v t> 



Vn+l 

and 



± 1 1 

C 1 1 



max 1 — . i- p p h (34) 



X n y y n _ 1 



Using (31) and (32) in (33), as well as the assumption p e (0, 1), we get 

cP<r^±i<l, for n>5; (36) 

Dn C 

using (30) and (32) in (34), and p e (0, 1), we get 

C f<^<-, for n>5; (37) 
Zn c 

and finally, using (30) and (31) in (35), and p G (0, 1), we get 

c p<^<-, for n>5. (38) 

Xyi C 

Using p,c£ (0, 1) and (37) in the first equation in (2), we get 

c p2 <x n+1 <- for n>6; (39) 
cP 

using p,c£ (0, 1) and (38) in the second equation in (2), we get 

c p2 < y n +i < ^, for n > 6; (40) 
and finally using p, c £ (0, 1) and (36) in the third equation in (2), we get 

<? 2 <z n+1 <^, for n>6. (41) 
From (33)-(35), (39)-(41) it follows that 

<*»+!< 1 for n > gj (42) 

cP <2M+i< 1 for n > 8; (43) 
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and 

c p<^±i< _L for n > 8 . (44) 
x n cP 

Using (43) in the first equation in (2) it follows that 

2 1 
c p < x n+ i < —3, for n > 9, 
c p 

Using (44) in the second equation in (2) it follows that 

2 1 
c p < Vn+i < —3, for n > 9. 

c p 

Using (42) in the third equation in (2) it follows that 

2 1 

c p < z n +i < —3, for n > 9. 
c p 

A simple inductive argument shows that 

1 

cp 

for n > 6k + 3, and 

c p2k+2 < mm{x n+l7 y n+1 ,z n+1 } < max{x n+1 , y n+1 , z n+1 } < ^ +1 , (46) 

for n > 6fc + 6. From (45), (46) and the assumption p e (0,1) the result easily 
follows by letting k — > oo. □ 
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SOLUTION AND STABILITY OF A MULTI- VARIABLE FUNCTIONAL 

EQUATION 

JAE-HYEONG BAE AND WON-GIL PARK* 



Abstract. We obtain some combinatorial identities and investigate the monomial functional equation 
Eti (-l^ML-J - d( h _ n k _jMkx + y) + f(kx - y)] 
+n\(-l) h (l + d)f(x) - (2) (1 - d)f(y) = 0, 
, n : even 



where h :- 



n+l 



, n : odd 



and d :- 



1 , n : odd 



1. Introduction 

Throughout this paper, let X and Y be vector spaces and n a positive integer. For an integer r, 
(™) is the binomial coefficient. Here (™) := for r < or r > n. For a mapping / : X — > Y, consider 
the monomial functional equation: 



(1.1) 



Et-i)*- 1 



fc=i 



n 

h-k 



d 



+ n\{-l) h {l + d)f{x 



n 

h-k-1 

n 
h 



[f(kx + y) + f(kx-y) 
l-d)/(y) = 0, 



n : even 
^ , n : odd 



where h = h„ := < 2ii '" ' ~7T and d = d„ := 



, n : even 

1 , n : odd. 



For X = Y = M, the monomial /(x) = cx n is a solution of (1.1) for each n > 2. If n is even, then 
the monomial functional equation (1.1) can be rewritten as 

n 

(1-2) E (-I)'" 1 ( f " fc ) [/(fcx + y) + /(te - v)] + n!(-i)S/(*) - (n) /(y) = o. 

The quadratic functional equation 

f( x + y ) + f( x -y)=2f(x) + 2f(y) 

is the functional equation (1.2) for n = 2. If n > 3 is odd, then the monomial functional equation 
(1.1) can be rewritten as 



n + l 

2 



(1.3) ^(-l)*- 1 



fc=i 



n 

2 ft 



n 

n-l u 



[/(fcx + y) + /(fcx - y)] + n!(-l)^2/(x) = 0. 



2000 Mathematics Subject Classification. 39B52, 05A19. 

Key words and phrases. Monomial functional equation, Combinatorial identity. 
* Corresponding author. 
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In 2002, K.-W. Jun and H.-M. Kim [6] solved the cubic functional equation 

f(2x + y) + f(2x -y) = 2f(x + y) + 2f(x - y) + 12f{x) 

which is the functional equation (1.3) for n = 3. Note that a mapping / : X — > Y satisfies the 
functional equation (1.3) for n = 1 if and only if it is a Jensen mapping. 

The authors [2, 9] investigated some functional equations in order to induce the monomial functional 
equation (1.1). Some books [5, 7, 8, 10] provide useful information on functional equations associated 
with monomials. In this paper, we obtain some combinatorial identities and investigate the monomial 
functional equation (1.1). 

2. Combinatorial Identities 

In this section, we prove some combinatorial identities needed to investigate the monomial functional 
equation (1.1). 

Lemma 2.1. Assume that n> 2 is an even integer. Then 

(a) Forn > 4 , ^(-l)*" 1 („ " fc ) k n ~ 2j = for all j = 1, 2, 

n 

(b) 2^(-l) fc - 1 („^)^ = n!(-l)f- 1 . 
Proof, (a) Let n > 4 be even and j € {l, 2, • • • , | - l}. Note that 

n 



' 2 



fc=0 



,2 " A ' 



Since (^) = ( n " fe ) for all k = 1, 2, • • • , |, by shifting of indices, we gain 

n 

k=l V2 / fc=?+l 



2 



By equalities (2.1) and (2.2), we get 



--1 

2 - 1 - 



fc=o v x fc=f+i 



fey v 2 



Since n is even, we have 

(-I)?" 1 "* = (-l)?- 1 - fc (-l)-"+ 2fc = (-l) fc -TT- J 
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and 

(n ,\ n ~ 2j I ', n\n-2j 
U"*) ={ k -2) 
for all k = 0, 1, ■ ■ ■ , n. By equality (2.3) and the above equalities, we obtain 

-— l 

D-i)i-"(;)(=-*p= ! »E(-»«-'(;)(?-*r- 

fc=0 v 7 fe=o v 7 

By equality (2.1) and the above equality, we see that 

n 

D-i)-( ! :,)^-iEH»i-©(=-*r- 

k=l \2 / fc=0 V / 

Since n is even and (— l)~ fe = (— l)~ fe (— l) 2fc = (— l) fc for all k = 0, 1, ■ ■ ■ ,n, the above equality implies 
that 

n 

£ M) ~( ; * i )^ = i(-i).-B-i)'(;)(*-=r- 

fc=l \2 / fc=0 V / 

Note that 

N //V\ 

(2.4) (a + fcr -i = 

for A/" > m > 1, A?", m G N (see [4]). Replacing N, a and mbyn, — | and n — 2j + 1 in the combi- 
natorial identity (2.4), respectively, we get } (— 1) ( J ^A; — —J = for all j = 1, 2, • • • , | — 1. 
Hence we obtain the desired combinatorial identity. 

(b) Since n is even, we gain (— | + k) n = (§ — k) n for all fe = 0, 1, ■ ■ • , n. Shifting of indices, we 
get 

n ^ n 

£<-<) G-*)"=B-i)'-G: 1 )(i-* + i)" 

fc=0 v 7 fe=l v 7 

£H)'(;)H + .)"=EHP(,; t )r. 

fc=S+l V 7 fc=l \2 1 / 



and 



By letting = 5 — j + 1 for k = 1, • • • , \ , we have 



k = l V 7 7 = 1 V 



n 

y 

2 ^ 
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By the above equality and shifting of indices, we obtain 

n n 

k=l V2 7 k=l v 7 

--1 

= E(-)'C) (?-*)"■ 

k=o v 7 
Since n is even, the above equality implies that 

fc=l \2 / fc=0 V / 

Shifting of indices, we obtain 



Since (-l)?- fc = (-l)? +fc and („™ fc ) = („%) for all fc = 1, ■ ■ ■ , by the equalities (2.5) and (2.6), 
we see that 

n n n 

(2-7) 2 t(-^ +k (n ! k y=ty^ k (n 1 k y + t(-^ +k (n \ fc ) 

- — 1 

-b-0(5-*r + E(-OH + * 

=B-D'(;)(-f + *)"- 



Note that 



(2.8) f(-l)*(j(a + fc)» = r.l(-l)» 

for n > (see [4]). Replacing a by — § in the combinatorial identity (2.8), we have 

£<-OK+*)"^<-ir. 

fc=0 v 7 

By (2.7) and the above equality, the desired combinatorial identity holds. □ 
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Lemma 2.2. Assume that n> 3 is an odd integer. Then 

n + l 

(a) EM)*- 1 



k=i 



n + l 
2 



n 

n+l t. 
2 ft 



(b) 

fc=i 

n + l 

(c) E(- 1 ) fe " 1 



k=i 



n 

n+l 1, 
2 K 



n 

n+l h, 
2 K 



n 



n-l 



n 

n-l i, 
2 ft 



n 

n-l h. 
2 ft 



n — 1 

n—l 
2 



n — l 

n— 3 
2 



k n-2j = q y or ^ j = 1,2,- 

n — l 

fc n = (-l)^-n!. 



n-l 



Proof, (a) Let m be a nonnegative integer. Since (— l) k 1 = (— l) 2fe 2 (— 1) = (—1) k+l , we gain 

m+l s \ m+l 

( _ irE( _ ir . " ) = E( _ 1) 

fc=l v 7 fc=l 

' = £(-u 



\m— fe+1 



m — k + 1 



o - a + -- + <-»-u 



fc=0 



Since l) fc ( , j = (— l) m ( ) (see [4]), using the above equality, we get 



(2.9) 



m+l , 

^ K ' \m-k + l 
k=i v 



n—l 
m 



Replacing m by in equality (2.9), we have 



(2.10) 



n+l 

k=i v 



n 

n+l h, 
2 ft 



n—l 

n-l 
2 



n-l 

And replacing m by in equality (2.9), we obtain 2J(— l) fc_1 ( n _i k) = \ n ~ 3 )' ^ nce 

k=l ^ 2 7 V 2 / 

n + l 

(ryj^ "\ / ry^ "| 

n _ 1 fcj = y n-3 J • equality (2.10) and the above equality, 



the desired combinatorial identity holds. 
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(b) Let n is odd and j G {l, 2, ■ ■ ■ , ^2^}. Consider equality 



n + l 
2 



(2.11) J^-l)*" 1 



k=i 



n 

n+l _ 1 
2 1 



n 

2 ft 



?1 



n— 1 



n 

n-l u 
2 ft 

in-2j _ 



k n~2j 



n 

n±l_ 2 



n— 1 9 

2 Z 



+ 



n 

2 



n 



n-l 



- 3 



in-2j 



+ (-1) 



n-l 

2 



n 



2«-2jr' 

, n + 1 \ "-2j 

' 



n-l 
2 



D-d' 



fc=0 



fcj ~ U- 1 



n 

n+l t. 
2 ^ 



n 

n-l h, 
2 ft 



n + l 
2 



n \ / n 
k)~\k + l 



k n-2j 
n - l\n-2j 



Since (™) = ( n " fc ) and ( fc ^) = („4-i) for all A; = 1, 2, ■ ■ ■ , by shifting of indices, we gain 

n+l 

(2.12) izi-^ 1 

k=i 

n 

= E (-^ 

By the equalities (2.11) and (2.14), we get 

n-l 
2 

£M>' 



k=0 



- E (-D 



7, n+l 
2 



fc==±i 



n \ / n 

fcj ~ U- 1 



n\ / n 



By shifting of indices and the above equality, we have 

n+l 



n \ / n 

fcj ~ U- 1 



n + 1\ "-2j 



(*-^±i) 



n + l 



= E (-D 
= E 

n-l 
2 

- E <-» 



fc=0 



n \ / n 
fc + l) ~ \k 

n\ ( n 
k)~\k + l 

n\ ( n 
k)~\k-\ 



n — 1 \ «-2j 



n - 1\«-2j 



(-^) 



'n + l f^ n ~ 2 -' 
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So we obtain that 



(2.13) 



jl _ n+3 
K ~ 2 

n+1 

= E (-D 



2 



n-l 
2 



E (-!)' 



fc=0 

Since n is odd, we have 
and 



n \ In 
k)~\k-l 

n\ ( n 
k)~\k-l 

n\ ( n 
k) ~ \k — 1 



n + 1 \ n-2j 



(*-"-¥) 



n + l\ n - 2 3 , , n+i (n + l\"~ 2 i 
— I + (-1) 2 



/n + 1 ,\ n - 2 ^ . , ^n+i/n + ly 



(-1)- 5 



-(-i)V^(-i)- 



n + 1 



- jfc 



n-2j 



= - u- 



n + 1 



-(-1)* 



n-2j 



2 J V 2 

for all k = 0, 1, ■ ■ ■ , n. By the above equalities and using equality (2.15), we have 



E(-d 

k=0 

n-l 
2 

E(-d 



U n + 1 
2~~ 



n \ / n 
k) ~ \k- 1 



n + 1 \ ™-2i 



(*-=±i) 



n+1 
2 



fc=0 



Yn\ / n \1 /, n + l\ n - 2 i 



+ E 



n+1 
2 



n \ In 
k) ~ U-l 



n + l\"-2j 



n-l 
2 



U n+1 
K 2 



E(-d 

fe=0 

n-l 

+ E (-D 



n \ In 
k)~\k-\ 



^_n + lxn-2, 

n + 1 I \ n_2 -?' 



fc=o 



n-l 
2 



:2E(-^ 



fc=0 



n\ / n 

fcj ~ U- 1 



n\ / n 

fcj ~ U-i 



\n--zj n+i /n + l\"~2j 

2 "J +( " 1)2 (— ) 

/n + 1 1 \ ri -2j . n+i /n + 1\«- 2 J 

(— "'J +( " 1)2 (— ) • 



By equality (2.11) and the above equality, we gain 



(2.14) 



E(- 1 ) fc "^ 

k=0 

n+1 

2 E(-i) fc - 1 



n\ In 
k) ~ \k- 1 



n + 1 \ n-2j 



(*-"-¥) 



k=l 



n \ I n 

n+1 u I — \ n-l 



-k 



fc^ + (-l)^ /n+ ' V '^ 
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Replacing N, a and m by n, — and n — 2j + 1 in the combinatorial identity (2.4), respectively, 
we g et YJk=^- l ) k { n k){ k ~ ^) n ~ 2j = 0. By the above equality, we obtain 

(2.15, (;)(*-=± 

k=0 v 7 

=(-ir*E(- 1 )'f!)(*-'^)"" 2 ' = »- 



fc=o v ' 

And replacing iV, a and m by n, 1 — and n — 2j + 1 in the combinatorial identity (2.4) , respectively, 
we have ££ =0 (-l) fe (£) (fc + 1 — ™±i) n ~ 2j = and so we obtain 

B-wr)(*+'-^r= -<-0(»+i- -r^ 



fc=0 



=<-l)"«(^p. 

By shifting of indices, the fact that = and the above equality, we see that 

n + l\"-2j 



fc=0 v 7 

fc=0 v 7 

k=i v 7 

! — n \ / 



A;=0 
n-1 



=(-i) " E(- i )*y( fc + 1 -^-) 



k=0 

+1 /n + l\"-2j 



.(-D*(=ii) 



By the equalities (2.14) and (2.15) and the above equality, we obtain the desired combinatorial 
identity. 

(c) Shifting of indices, we gain 



n+l 

t— g+l v ' k=l v 2 7 

2 
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and 



re — 3 re— 1 

2 



fc=0 v 7 fe=l v 7 

Setting j = — fe for A; = 1, ■ • • , in the right hand side of equality (2.17), we get 

n — 1 n— 1 

fc=l v 7 j=l v 2 

n-l 

=(-ir 1 E(- 1 )^"(^ n >• 



Since n is odd, we have 



fc=l v 7 j = l v 2 J / 

By the equalities (2.16), (2.17) and (2.18), we obtain 

n — 1 . . / n. \ 

k 



re— 1 re-|-l 
2 / \ 2 

n 



e^-'Lt >+£(-i)^ +fe Lr 

j=l V 2 •// fc= i V 2 

fc=0 V 7 fc==+i v 7 

2 

=E(-i) l G)(-^ +t )" 

fc=0 v 7 

Replacing q by — r ^Y L in the combinatorial identity (2.8), we see that 



n— 1 re+1 
2 / \ 2 



b-u-^Gj."- + £<- 1)afl+ '(^ "+ *)*" = ( - ir " ! - 

Since (-l)^- fc = (-l)^ +fe and (n_? +fc ) = J for all k = 1, ■ ■ ■ , we have 

n— 1 n + 1 

fc=l 2 7 k=1 V 2 / 

— n + 1 

Multiplying by the both hand sides in the above equality, we obtain 

re— 1 re 4-1 

2 / \ 2 / \ 

Tl \ ,„ , n+1 



E(- 1 ) fc+1 (^ n _,) fcn + E(- 1 ) fe ( 



n+i ,k» = (-l)-rn\. 

2 ft 
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Dividing —1 by the both hand sides in the above equality and using (— = (— l) k 1 for all integers 
k and (^J = 0, we see that 



n + l 
2 



B-l)^ 1 



k=l 



n 



^-kj \^-k 



n 



k n = (-1) — n\. 



□ 



3. Solution of Monomial Functional Equations 

The following lemma is needed to investigate the monomial functional equations (1.2) and (1.3). 

Lemma 3.1. Let n > 2 and let f : X — > Y be a mapping satisfying the monomial functional equation 
(1.1) for all x,y £ X. If n is even, then so is f. And, if n is odd, then so is f. 

Proof. Assume that n is even. Then (1.1) becomes (1.2). Thus, putting in (1.2) x = y = 0, we obtain 

n 

2E(-i) fc ~ 1 G ! k )m + «k-i) ? /(o) - (t)f(o) = o. 

k=l \2 / \2/ 

Since ELo(-l) fc (Z) = and (k) = L-k) for A; = 0, • • • , n, we get 

n 

»»-«"(,"_*)-(;)■ 

Thus we have n!(— 1)2 /(0) = 0. Hence we obtain /(0) = 0. Putting in (1.2) x = 0, we get 



Et-i)*- 1 



fe=i 



n 



[f(y) + f(-y)\ 



n 



f(y) = 



for all y £ X. By equality (3.1) and the above equation, we have {^j \_fi~v) ~ f(v)] = for all 

y e X. Therefore / is even. 

Suppose that n is odd. Setting x = y = in the functional equation (1.3), we gain 



n + l 
2 



E(- 1 ) fe " 1 



k=l 



n 

n+l _ u 
2 K 



n 

n~l _ t, 
2 ft 



n+l 



/(0) + «!(-!) — /(0) = 0. 



By Lemma 2.2 (a), we get 

"("^ 1 ) -("^) /(0)=0. 
Thus we have /(0) = 0. Taking x = in the functional equation (1.3), we obtain that 



n + l 
2 



E(- 1 ) fc " 1 



fc=i 



n 

2 ft 



n 

2 ft 



[/(y) + /H/)] =0 
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11 



for all y G X. By Lemma 2.2 (a), we see that 



n — 1\ i n — 1 

n—l J \ n— 3 

2 / V 2 



+ /(-*/)] =o 



for all y G X. Therefore / is odd. 



□ 



In the following theorem, we investigate the solution of the monomial functional equation (1.2). 



Theorem 3.2. Let n > 2 be even. If a mapping f : X — > Y satisfies the functional equation (1.2) for 
all x, y G X, then there is a symmetric mapping S n : X n — > Y satisfying S n (x, ■ ■ ■ ,x) = ^f(2x) for 
all x £ X. On the contrary, if S n : X n — > Y is a symmetric multi- additive mapping and a mapping 
f : X — > Y satisfies f(x) = S n (x, • • • ,x) for all x G X, then f satisfies the functional equation (1.2) 
for all x,y G X . 

Proof. Suppose that a mapping / : X — > Y satisfies equation (1.2) for all x, y G X. By Lemma 3.1, 
/ is even. Define the mapping S n : X n — > Y by 



(3.2) S n (x 1} --- ,x n ) := n , 2n _i o-2---o- n f(x 1 + a 2 X2^ h a n x n ) 

&2,- ,o- n e{i,-i} 

for all xi, ■ ■ ■ , x n G X. For 2 < j < n, we gain 

(3.3) 

-^rj ^ cr 2 ---cr n f(xi + a 2 x 2 H h cr„x n + (cr, - l)(xi - x^)) 



n!2 r ' 



n 



| 2 n-l 



ct2,--- ,(T„e{i,-i} 

^ a 2 ---a j - 1 (l)a j+1 ---a n 

C2,--- jO-j-i^j+i,"- ,o- n e{i,— 1} 

/(xi + (T 2 X2 H h (Tj-lXj-l + Xj + (Jj+lXj+l H h CJ n X„) 

+ ^2 o- 2 - ■ ■ o-j-i(—l)o-j+i- ■ ■ cr n 

/(xi + 02X2 H h (Tj-\Xj-\ - Xj + (Tj+iXj+l H dnXn - 2xi + 2xj) 



^ 0-2 ■■ ■ O-j-lOj+l ■ ■ ■ <T n f(xi + 2 X 2 H h 0"n^n + (1 ~ 0j)Zj) 

C2,--- ,(Tj-i,(Tj +1 ,--- ,rr n e{l,— 1} 



^ o- 2 • • • Oj-iOj+i • • • <J n /( - xi + a 2 x 2 H h cr„x n + (1 - aj) xj) 

0"2,"' ^j-ljCTj + l,--- ,<T„S{1,— 1} 
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for all xi, ■ ■ ■ x n G X. Since / is even, we get 
(3.4) 

X 02 ■ • • (Tj-i(Tj+i ■ ■ ■ a n f( -xi+ a 2 x 2 H h a n x n + (1 - cr,) Xj) 

C2,--- ,«rj_i,Oj+i,-" ,<r n 6{l,— 1} 

= ^2 0"2 ■ • • • • • <?nf{xi ~ CT 2 X 2 CT n X n - (1 - <7?)Xj) 

CT2,"' j^j'-ljOj+lj" - ,<Tn6{l, — 1} 

= ^2 (-CT2) ••• (-<?j-l)(-(Tj + l) ••• (-CT n )/(xi - CT 2 X 2 <7 n X n - (1 - <Tj)Xj) 

T2,--- ,<Tj-l,<Tj + l,— ,<T n 6{l, — 1} 

= ^ T 2 ---Tj- 1 T j+1 ---T n f(x 1 +T 2 X 2 -\ \-T n X n - (1 +Tj)Xj) 

T2,— ,Tj-l,Tj + l,— ,r„6{l, — 1} 

for all xi, ■ ■ ■ ,x n G X. By the equalities (3.3) and (3.4), we have 
(3.5) 

Sn(%ji%2''' i X\, Xj-\.\, ■ ■ ■ , X n ) 

X 0-2 •• • CTj-1<7j + 1 • • • G n f(xi + (T 2 X 2 H h <T„X n + (1 - Oj)Xj) 

C2," - jfj-lj^' + lj" - >"Vl€:{l,— 1} 



n!2 



n-l 



X T2 • • -Tj-lTj+l ■ ■ -T n f(xi + T 2 X 2 H hr„X n - (1 +Tj)Xj) 

T2,'" ,T,-_l,Tj + l,"- ,T n e{l,-l} 

= !2 n-l X] °"2 • • • Pnf(%l + 0"2^2 H hVn) 

C2,--- ,<7„6{1,— 1} 
— <Sti(xi, * * * , X n ) 

for all xi, ■ • • , x n G X. For 2 < j < k < n, putting ej := <jj for z G {2, ■ ■ ■ , n} \ {j, k}, £j := a k and 
£fc := &j, we obtain 

(3.6) S^Xl, ■ ■ ■ , Xj — 1 , Xfc, Xj'+l , • • • , X/c_i , Xj , X/c+i , • • • , Xn) 

= ^J^— [ X C2 ■ ■ • 0"n/(xi + CT 2 X 2 H h CT„X„ + (cJfe - 0j)xj + (<7j - (J k )x k ) 

CT2, ••• ,cr„e{l,-l} 

= ra , 2 L „_ 1 X £ 2 • • • £nf(xi + £2^2 H 1" €j-iXj-i + CfeXj + €.j + \Xj + \ H h 

e fe _ix fc _i + ejX fe + e fc+1 x fc+ i H h e n x„ + (e,- - e k )xj + (e fc - £j)x fe ) 

= r^n 1 X £2 • • • en /(xi + e 2 x 2 H he n x„) 

=)S n (xi , • • • , x n ) 

for all xi, ■ ■ ■ x n G X. Hence 5 n is symmetric. 

By the proof of Lemma 3.1, we get /(0) = 0. Letting y = in (1.2), we have 



n 

±(-l) k - 1 L n _ k )f(kx) = ^-l)^f(x) 

k=l \2 / 
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for all x £ X. By the above equality, we have 

1 — 1 / _ 1 \ 

= ^T E ^■■■-nf((l + a 2 + ... + a n )x) = : ^J2(-l) k { n k )/((n-2fc)x) 



n ^ 

= ^ + ^£<-<;>»-*>*> + ;u^r £ (-D'(. 

fc=i v 7 fc=f+i 

+ J* e<-«'-*(j:1)/« - ^ £(-»»-*(, >** 

fc=i V2 7 fc=i V2 7 

- ^ £<-»*-*(, : - ^ d-d*- 1 ( } : 
=^^(-i) i+i /p*)=>*) 



On the contrary, suppose that there exists a symmetric multi-additive mapping S n : X n — > Y such 
that f(x) = S n (x,--- ,x) for all x G X. By Section 11.1 in [1], it suffices to show for n > 4. By 
equality (3.1) and Lemma 2.1 (b), we obtain that 

n 

Et-i)*- 1 (n ! k ) if( kx + y) + tt kx - y)] + nK-^f(x) - (l) f(y) 

k=l \2 / \2/ 

n 

= E^" 1 )^ 1 (n " k ) [ s n{kx + y, ■ ■ ■ , kx + y) + S n (kx - y, ■ ■ ■ , kx - y)] 

k=l \2 / 

+ n!(-l)*S„(av ,x) - ( ™ )5„(j/,-- - ,y) 



(kx, ■■■ ,kx,y,--- ,y) + n!(-l) 2 5„(x, • • • , x) 



n-2 j 2j 



'»-»"(r-»)£te)«.<! 

2E(-D fc - 1 (,! fc ) E (;.)^(^^,^3) 

fe - 1 2 n-2j 2j 

n 

+ 2 £ (-l)*" 1 („ H _ \ S n (y, ...,y) + n!(-l) t S n (x, • • • , x) - (f) 5 n (y, • • • , y) 

fc=l \2 / \2/ 
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n n ^ 

= 2 E(- 1 ) fe " 1 ( s ! k ) E (ly-^s^x^,^^) 

n 



n-2j 2j 



S n (y, ■■■ ,y) + n!(-l) 2 s n (x, ■■■ ,x) 



n \ x,--j ,X;V,--j ,y) +n\(-l)zS n (x,--- ,x) 

3=0 n-2j 2j 



=»b-i) m (.:*)e(^)^ 

k=l \2 / j =0 \ J / 

n n ^ 

fe_1 n-2j 2j 

n 

+ 2 ^(-l)^ 1 („ " J fe fl S„(x, • • • , x) + n!(-l)?S n (x, • • • , x) 

k=l \2 / 

n n ^ 

= 2E El-D^ 1 ^ ! fc ) ^y^S^x^^y^y) 

fc - X J" 1 2 n-2j 2j 

n ^ n 



3 ~ L n-2j 2j 

By Lemma 2.1 (a), we see that 

n 
2 



E(-l)* -1 (n ! k ) if( kx + V) + K kx ~ V)] + n\(-l)^f(x) - (l) f(y) = 0. 

k=l \2 / \2/ 



□ 



Theorem 3.3. Let n > 3 be odd. If a mapping f : X —> Y satisfies the functional equation (1.3) /or 
a/Z x,y £ X, £/ien i/iere is a symmetric mapping S n : X n — >■ Y satisfying S n (x, ■■■ ,x) = ^f(2x) for 
all x £ X. On the contrary, if S n : X n — >■ Y is a symmetric multi- additive mapping and a mapping 
f : X — ^ Y satisfies f{x) = S n (x, • • • ,x) for all x £ X, then f satisfies the functional equation (1.3) 
for all x,y £ X . 

Proof. Suppose that a mapping / : X — > Y satisfies equation (1.3) for all x,y £ X. By Lemma 3.1, 
/ is odd. Define the mapping S n : X n — > Y by equality (3.2) for all x\, ■ • • , x n £ X . For 2 < j < n, 
we gain equality (3.3) for all x±, ■ ■ ■ x n € X. Since / is odd, we get 

o"2 ■ ■ ■ 0j-i<Tj+i ■ ■ ■ cr n f( -Xi+ a 2 x 2 H h cr n x n + (1 - a,) Xj) 

C2,-" j^j'-ljOj+lj - " ,fn6{l, — 1} 

= - ^2 o"2 ■ ■ ■ 0j-i<Tj+i ■ ■ ■ o- n f(xi - a 2 x 2 a n x n - (1 - Oj)xj) 

CT2,-" ,<7j_l,<Tj + l,-" ,(7 n S{l, — 1} 

= ^2 i- a 2) ■ ■ ■ {-o-j-i)(-a j+ i) • • • {-a n )f{xi - a 2 x 2 a n x n - (1 - aj)xj) 

T2,--- ,CTj-l,<Tj + 1 ,--- ,CT„e{l, — 1} 
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15 



E T 2 ---Tj- 1 Tj + l---T n f(xi+T 2 X2-\ h T n X n - (1 + Tj)Xj) 

V2,— ,Tj-l,Tj + l,— ,T n 6{l,-l} 



for all x±,--- ,x n £ X. By equality (3.3) and the above equality, we have equality (3.5) for all 
xi, • • • , x n £ X. For 2 < j < k < n, putting £j := U{ for i £ {2, • • • ,n}\ {j, k}, €j := at and e& := Uj, 
we obtain equality (3.6) for all x±, ■ ■ ■ x n £ X. Hence S n is symmetric. By a similar method to the 
proof of Theorem 3.2, we obtain S n (x, ■ ■ ■ , x) = ^f(2x) for all x 6 X. 

On the contrary, suppose that there exists a symmetric multi-additive mapping S n : X n — > Y such 
that f(x) = S n (x, ■ ■ ■ , x) for all x 6 X. By Lemma 2.2 (c), we obtain that 



n + l 
2 



Et-i)*- 1 



fc=i 



n + l 
2 



n 

n+i j. 

2 ft 



n 



n 

2 K 



n+l 



fc=l 



n+l I. 

2 ft 



n 

n-l u 
2 ft 



[/(fcx + y) + f(kx - y)] + «!(-!) — 2/(x) 



[S n (fex + y, ■■■ ,kx + y) 



+ S n {kx - y, - ■ ■ ,kx - y)] + n!(-l) "2 1 2S n (x, • • • , x) 



n+l 
2 



=2E(-r 1 



fc=i 



n 

2 ft 



■?=° n-2j 2j 



+ n!(-l)^25„(x,--- ,x) 



n + l 
2 



= 2E(-i) fe - 1 



fc=l 



n 

n+i 1, 
2 ft 



+ n!(-l)^25 n (x,-- - ,x) 



n + l n—l 
2 2 



2EE(-d" 1 

^=1 j=i 



n + l 
2 



+ 2^(-l)*-i 



n 

2 ft 



n 

2 K 



n + l 



+ n!(-l)^25 n (x,--- ,x) 



n-l 



n 



n-l 



n 



x y ,y,-- ,y) 

n-2j 2j 



k j S n ( x, ■ • • , x , y, ■ ■ , ?/ ) 

n-2j 2j 



n 

n-l l. 
2 ^ 



k S n (x, • • • , x) 



n+l n—l 
2 2 



k=l j=l 



n 

n+l h, 
2 h 



(n_i U _ k )] (^ J )k n - 2j S n (x 1 ^,y 1 ^ 

n-2j 2j 



n — l n+l 

2 E (l) s ^^_^5^yi^y) Ec- 1 )* -1 [( 

j=1 n-2j 2j k 1 



n 

n+l 1, 
2 ft 



n 



n-l 



2.? 
k n-2j 
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By Lemma 2.2 (b), we see that 

n + l 




n-l 
2 



n 



- k 



) 



[f(kx + y) + f(kx - y)] + n!(-l)^2/(x) = 0. 



□ 



Acknowledgment 

This research was supported by Basic Science Research Program through the National Research Foun- 
dation of Korea(NRF) funded by the Ministry of Education, Science and Technology (grant number 
2013026492) 



[1] J. Aczel and J. Dhombres, Functional Equations in Several Variables, Cambridge Univ. Press, Cambridge, 1989. 
[2] J.-H. Bae and W.-G. Park, On stability of a functional equation with n variables, Nonlinear Anal. 64 (2006), 856-868. 
[3] J.K. Chung and P.K. Sahoo, On the general solution of a quartic functional equation, Bull. Korean Math. Soc. 40 
(2003), 565-576. 

[4] I.S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Products, Elsevier Inc., Amsterdam, 2007. 

[5] D.H. Hyers, G. Isac and Th.M. Rassias, Stability of Functional Equations in Several Variables, Birkhauser, Boston, 



[6] K.-W. Jun and H.-M. Kim, The generalized Hyers-Ulam-Rassias stability of a cubic functional equation, J. Math. 

Anal. Appl. 274 (2002), 867-878. 
[7] S.-M. Jung, Hyers-Ulam-Rassias Stability of Functional Equations in Nonlinear Analysis, Springer, New York, 2011. 
[8] PI. Kannappan, Functional Equations and Inequalities with Applications, Springer, New York, 2009. 
[9] W.-G. Park and J.-H. Bae, On a bi-quadratic functional equation and its stability, Nonlinear Anal. 62 (2005), 

643-654. 

[10] P.K. Sahoo and PI. Kannappan, Introduction to Functional Equations, Chapman & Hall / CRC Press, Boca Raton, 
Florida, 2011. 

[11] L. Szekelyhidi, Convolution Type Functional Equation on Topological Abelian Groups, World Scientific, Singapore, 



Jae-Hyeong Bae, Humanitas College, Kyung Hee University, Yongin 446-701, Republic of Korea 
E-mail address: jhbae@khu.ac.kr 

Won-Gil Park, Department of Mathematics Education, Mokwon University, Daejeon 302-729, Republic 
of Korea 

E-mail address: wgpark@mokwon.ac.kr 



References 



1998. 



1991. 



931 



BAE ET AL 916-931 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO. 5, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



On the Behaviour of the Solutions of Difference Equation 

Systems 

«Y. Yazlikt ( 2 3 )E. M. Elsayed* (4) N. Taskara^ 



ABSTRACT 

In this paper, we investigate the behaviour of the solutions of difference equations sys- 
tems 

Vn—5 5 
Xn+1 — T~i~, ' Vn+1 



±1 + Vn-lXn-Zy n -b ±1 + X n -iy n - 3 X n - 5 

where the initial values are arbitrary real numbers such that the denominator is always 
nonzero. 

Keywords: System of difference equation, Explicit solutions, Periodicity. 
AMS Classification: 39A10, 39A12. 

1 Introduction 

Our aim in this study is to investigate the periodic character of all solutions of the following 
difference equations systems 

Un—5 x n— 5 ^ M i-\ -\\ 

= T7- , Vn+i = —7-. , n G No, (1.1) 

±1 + y n -lX n -3yn-5 ±1 + Xn-iyn-3X n - 5 

where the initial conditions are arbitrary real numbers. Throughout this paper, we will assume 
that our solutions are well-defined, that is, the denominator is always nonzero. Also, we take 
I"™ instead of 1,2, ... ,n. 

Nonlinear difference equations have long interested mathematics as well as other sciences. 
They play a key concept in many applications such as the natural model of a discrete process. 
There have been many recent investigations and interest in the field of nonlinear difference 
equations by several authors [1-22]. For instance, in [16], Stevic obtained behaviour of the 
solutions of the following difference equation 

X-n—1 

Xn+1 = T— • 

J- r X n X n —\ 

Karatas et al., in [12], gave that the solution of the difference equation 

Xn— 5 



X n +1 



1 + X n -2X n -5 



* (1) Nevsehir University, Faculty of Science and Art, Department of Mathematics, Nevsehir, Turkey. 
t(2) King Abdulaziz University, Faculty of Science, Mathematics Department, P. O. Box 80203, Jeddah 21589, 
Saudi Arabia. 

t(3) Department of Mathematics, Faculty of Science, Mansoura University, Mansoura 35516, Egypt. 
5(4) Selcuk University, Science Faculty, Department of Mathematics, Konya,TURKEY. 
^e mail: yyazlik@nevsehir.edu.tr, emelsayed@mans.edu. eg, ntaskara@selcuk.edu.tr. 
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In [6], Elsayed dealed with the dynamics and found the solution of the following rational recur- 
sive sequences 

Xn— 5 

X n +1 



zbl -\~ X n —\X n —3X n —§ 

Grove et al., in [11], have studied existence and behavior of solutions of the rational system 

a b c d 

X n +1 = 1 , Vn+1 = 1 • 

%n Un X n Un 

Ozban [15], has investigated the positive solutions of the rational difference system 

1 Vn 
X n +1 = , Vn+1 



Un—k Xn—mUn—m—k 

In [13], Kurbanli et al. have studied the positive solutions of the system of difference equations 

Xn—l Dn—1 

Xn+1 = — 7, Vn+1 = — 7- 

DnXn—1 i 1 XnVn—1 i 1 

In [17], Touafek and Elsayed dealed with the periodic nature and the form of the solutions of 
the following systems of rational difference equations 

_ X n -3 _ Un-3 

X n +1 — | 1 | j Vn+1 I -t I 

±1 ± X n _ 3 y n _i ±1 ± Vn-ZXn-1 

Similar nonlinear system of rational difference equations were investigated; see [4,5,8,18-22]. 

Vn — b n , x n — 5 



2 On System x n+1 = 14tfa _^ B _ 81fa _ B , Vn+i - 1+Xn _ 1Vn _ 3Xn _ 5 
In this section we study the solutions of the difference equation system 

Xn+i = — ,y n+1 = — , n G No- (2.1) 

1 + y n -lX n -3yn-5 1 + X n -iy n -3X n -5 

Theorem 2.1 . Suppose that initial conditions are any positive real numbers. Let {x n , yn}^ = i 
be a solution of system (2.1). Fork = |~f] , all solutions of system (2.1) ; are given by: 

i) If k is odd andp is equal to 2 or 3, 

ii) Ifk is odd andp is equal to otherwise, 

1 VJ 1 + (3i + [11 _ l "P 1 + (3j + \h\ ~ 1) a 



n ~ y - p fi i+(3i+rii)/3 ,Vn ~ p l\ i+(3i+m)« 



iii) /f A; /s ei/en anc/p is equal to 2 or 3 



I I I Ti—i I 

L ^ J i + (3j+[i] _ L A l + (3j+^l-l)/3 

i+(3i+m)/5 ,yn " y - p M i+(3j+rii)/3 ■ 
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iv) Ifk is even andp is equal to otherwise 



Xri. — X—i 



n J i + (3j + l*l-i)" „ -„ n J i + (3j + |$l-i)« 



l/l/riere for (i = 1, 6) , n - i = (mod 6) and for (p = 0, 5) , n + p = (mod 6) , r + n = 
(mod 2), s = r + 2, t = r + 4, a = x- r y- s x-t, P = y- r X- s y-t- 

Proof. We will prove this theorem by mathematical induction on n. For n = 1, we obtain as 

= 1, i = l, p = 5, r = 1, s = 3, i = 5. 

Then, we get 



y-5 



X_5 



1 + x_iy_ 3 x_ 5 1 + x_iy_ 3 x_ 5 

Now, suppose that our assumption holds as follows: 

2n-l 1 , n , _ 2n-l 

X-5 



£l2n-5 



X\2n-A 



Xl2n-3 



X\2n-2 



X\2n-l 



X\2n 



nl + 3ja 

i=o 

2n-l 



X_4 



2n-l 



h(3j + l)a' 
1 + 3ja 



y-s n r 



1 + 3j/3 



j=0 
2n-l 



+ (3j + l)a' 



2/12ra-4 = 2/-4 



u 1 + (3j + 1) P 

x - 3 JUL i + (3 i + 2 )/3' Vl2n - 3 



2n-l 



(3j + l)/3' 

i + w 

+ (3j + l)^3 , 



2n-l 



n 



£-2 

i=o 

2n-l 

X_i 

i=0 
2n-l 

X 



1 + (3j + 1) 

+ (3j + 2)/3' 



2/12ra-2 = V-2 



yr 1 + (3j + 1) a 

V ~" jJo l + (3i + 2)a' 



1 + (3j + 1) a 
+ (3j + 2)«' 



2n-l 



Hi 



1 + (3j + 2) a 
+ (3j + 3) a 



n 

i=o 

2n-l 



, yV2n-\ 



n l + (3j + 2)/3 
M l + (3i + 3)/3' 



IK 



1 + (3j + 2) a 
+ (3j + 3)a' 



2n-l 



yi2n = yo 



IIi 



l + (3j + 2)/3 
+ (3j + 3)/T 



j=0 v J ' j=0 

where fe = 2n. To end up the proof, we have to show that the cases in {x m ,y m } hold for 



m = Yin + 1, Yin + 6. For xi 2n+ i and yi2n+i, we obtain 



i = 1, p = 5, fe 



Firstly, we consider x 12n+ i = i +yi2n _" 



12n + l 
6 

3/12n-5 



2n+ 1, 



12n 



2n, r = 1. 



£l2n-3?/12n-5 



-Therefore, we can write 



2n-l 



l+3j/3 



^12n+l 



y/ 5 II l + W+i'M 



2n-l 



2n-l 



2n-l 



1 + v , TT l+(3j+2)/3 TT l+(3j+l)fl TT l+3j^ 

11 l+(3j+3)/3 X -3 11 l+(3j+2)/3y-5 11 l+(3j+l)/3 



3=0 



2n-l 



y - 5 11 l+(3j 



(3j+l)/3 



3=0 



l+(6n+l)/3 
l+6n,3 



y-5 



j=0 



2n 



n r 



1 + 3j/3 



+ (3j + l)/T 
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Secondly, we consider yun+i = tz Xl2n ~ 5 . Then we can write 

l+(3j+l)a 



2n-l 

-5 n 



3^0 

2/l2n+l 2n-l 2n-l 2n-l 

1 + 11 1+(3i+3)a 2/-3 11 l+(3i+2)a X -5 H l+(3j+l)a 

j=0 j=0 j=0 

2n-l 

„ c TT 1+3 J a . 

f" 5 11 l+(3j+l)a 2n n , _. 

j=o -i-r 1 + 3ja 



!+(6"+l)" ^ 5 II l + (37 + l) a - 

Similarly one can prove the other relations. The proof is complete. □ 

Remark 2.1. If a = x- r y- s x-t ^ -1/n or /3 = y- r x- s y- t ^ -1/n for all n g Z + , then 
Theorem 2.1 also represents solutions of system (2.1) in the case where initial conditions are 
real numbers. 

Theorem 2.2. System (2.1) has one equilibrium point which is (0, 0). 
Proof. For the equilibrium points of system (2.1), we can write 

y , _ x 
x = - — zjTn and y = - — = ^ = . 

1 + y z x 1 + x z y 

Then we have 

x + y 2 x 2 = y and y + x 2 y 2 = x, 

or, 

y — x = x — y. 

Hence, we obtain x = y = 0, which is desired. □ 

Theorem 2.3. For all n g Z+, a = and (3 = iff the system (2.1) has periodic solutions of 
period 12. 

Proof. First, let a = and /3 = 0. By considering Theorem 2.1 , the solutions of system (2.1) is 
reduced as 

x n = y- P , y n = x- p ; k is odd, 
Xn = X-p, y n = y—p', k is even, 

where for (p = 075) , n + p = (mod 6) . Therefore, for n = l, 2, . . . , we get 



X\2n-ll 


= y-5, 


y\2n- 


11 = 


= X-5 


Zl2n-10 = 2/-4, 2/12n- 


10 = 


X-4 


X\2n-9 


= y-3, 


y\2n- 


9 = 


X-3] 


Xl2n-8 = V-2, yi2n-8 


= X- 


-2, 


X\2n-7 


= y-u 


y\2n- 


7 = 


x-i; 


X\2n-Q = yo, 2/12n-6 = 


-- Xq, 




Xl2n-5 


= X-5, 


2/12n- 


-5 = 


y-5; 


Xl2n-4 = X-4, J/l2ra-4 


= V- 


-4, 


Xl2n-3 


= X-3, 


y\2n- 


-3 = 


y-3; 


^12n-2 = X-2, y\2n-2 


= V- 


-2, 


X\2n-\ 


= X-i, 


2/l2n- 


-1 = 


y-r, 


Xl2n = Xq, y 12n = 2/0, 
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which is desired. Second assume that the system (2.1) has periodic solutions of period 12. 
Then, we have 



Xl2n-U 



and 



2/12n-ll 



2 f r 2 i+(3j+m-i)^ 

fi l + (3i+r|l-l)a _ 
y " 5 M l + (3i + [il)a 



^^i + Csi+ttl-i)/? 



2n 



+(3i+m)/3 

l+(3j+[f|-l)0 



S " 6 S i+(3i+m)^ 



yi2n+l- 



In here, in order to ensure above equalities iff = 0. Similarly one can prove the other 
conditions. The proof is complete. □ 

Theorem 2.4. Assume that a, (3^0. Then every solution of system (2. 1) converges to (0, 0) . 

Proof. In here, there are 16 different states. We will present only the case a < for x n in 
Theorem 2.1 -(i). By considering Theorem 2.1, we obtain 



I 



XV 



l+(3j+[f|-l)a 



y c::p TT m 1+(3j+m " l)a 



i=o 



y- P exp 



y-pc(no) exp 




(3j+[f|)a + l 



I 

/ 



0, n — » oo. 



Here, c(n ) is a positive constant depending on n e N. Similarly one can prove the other 
relations. The proof is complete. □ 



3 On System x 



Vn-5 



•En — 5 



In here, we investigate on the solutions of the difference equation system 

Vn—5 %n—5 



X n +1 



-1 + yn-lXn-SVn-S 



Vn+1 



-1 + X n _ iDn— 3Xn— 5 



, n G N . 



(3.1) 



Theorem 3.1 . Let {x n , y n } be a solution of system (3.1) . For each n e N, assume that a, (3^1. 
Fork = [f] , tf?en all solutions of system (3.1) 
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i) If k is even, 

%n = X—p, y n = H—p- 

ii) If k is odd andp is equal to 2 or 3 

x n = y- P (-1 + «) , Vn = X-p (-1 + a) 

iii) Ifk is odd andp is equal to otherwise, 

_ V—p _ X—p 

Xn — 1 : qi Vn 



-1 + 0' a -l + a 

where for(p = 0, 1,2,3,4,5) , n + p = (mod 6) , r + n = (mod 2) , s = r + 2, t = r + 4, a 

x- r y- s x-t, 13 = y-rX- s y-f 

Proof. By induction. For n = 1, we obtain as k = 1, p = 5, r = 1. Then we can write 

_ _ V-5 _ X-5 

Xl — X n — , J/j! 



where a = x_iy_3x_ 5 , /3 = y-ix- 3 y- 5 , and the relation holds. Suppose that our assumption 
holds as follows: 

Xl2n-b = X-5, yvin-h = 27-5! ^12ra-4 = £-4, ?/l2n-4 = 2/-4, 
XYln-Z = X-3, yi2n-3 = 2/-3I ^12n-2 = Z-2, J/12n-2 = J/-2, 
Zl2n-1 = yi2n-l = 2/-H ^12n = a?0, 2/l2n = 2/0- 



To end up the proof, we have to show that the cases in {x m , y m } hold for m = Yin + 1, 12n + 6. 
For x 12n +i and ynn+i, we obtain 



k 



Yin + 1 



2n + 1, p = 5, r = 1. 



6 

Firstly, we consider xi 2n +i = — rx Therefore, we can write that 



X-5 

X\2n+1 — 



1 + y-ixsys 

X-5 



+ 

Secondly, we consider y 12n +i = -i+x^Z^Lzx^^ • Tnen we obtain that 

y-s 



Vl2n+1 



-1 + x_iy_ 3 x_ 5 

X-5 



Similarly one can prove the other relations. The proof is complete. □ 

Corollary 3.2. Let {x n ,y n } be a solution of system (3.1) . Then all solutions of system (3.1) 
are periodic with period 12. 
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4 On System x n+1 = ... Vn ' 5 , y n+l = -rr a "~ 5 

In this section, firstly, we consider the solution of the following system 

Xn+1 = z~. , y n+ i = — — (4.1) 

1 + y n -ix n -3yn-5 -1 + x n -iy n - 3 x n - 5 

where the initial values are arbitrary real numbers such that the denominator is always nonzero. 
If we interchange x n and y n in the following theorem, then we obtain the solution of the other 
system. So, we can omit the solution of other system. 

Theorem 4.1. Suppose that {x n ,y n } are solutions of system (4.1). Then every solutions of 
system (4) are periodic with period 24 and given by the following formula torn = 0, 1, 2, 

X24n-5 = X-5, X24n-4 = x -4, ^24n-3 = X- 3 , X24n-2 = X- 2 , ^24ra-l = X-\, 

y-5 y-4 

^24n — Xq, X 2 4n+1 — Z~ t , ^24n+2 



l + y- 5 x- 3 y-i l + y-4X- 2 yo 

y-3(-l + a;_ 5 y_ 3 x_i) j/-2(-l + x_ 4 y-2Xo) 

^24n+3 = —, — ; , T - j X24n+4 



(-1 + 2x_ 5 y_ 3 x_i) ' (-1 + 2x_ 4 y_2^o) 



y-i yo 

^24n+5 = Z , X24n+G 



i - y-5X-3y-i i - y-4^-2yo 

^24n+7 = —35-5) ^24n+8 = ~X-4, X24n+9 = —X-3, ^24^+10 = ~X-2, 

-y-5 



^24n+ll = —35-1, X24n+12 = ~ ^0, ^24n+13 
»24n+14 



1 + y- 5 x- 3 y-i 

-V-4 



1 + y-4X-2yo 

-y-3(-l + a;_ 5 y_ 3 x_i) -y_ 2 (-l + a;_ 4 y-2a;o) 

^24n+15 — 7 — — — ; v , X24n+16 



(-1 + 2x- 5 y- 3 x-i) ' (-1 + 2x_ 4 y-22;o) 

-y-i -yo 

^24n+17 = i , ^24n+18 = ~, , 

1 - y- 5 x- 3 y-i 1 - y-4^-2yo 

y24n-5 = y-5, y24n-4 = y-4, y24n-3 = y~3, y24n-2 = J/-2, y24n-l = J/-1, 
y24n = yo, y24n+l = —7— , y24n+2 



-1 + X_5?/_ 3 X_l -l + X-4y-2Xo 

y24n+3 = -X-3(l + y_5£_3?/_l), y 2 4n+4 = ~X- 2 {1 + y-4X- 2 yo), 

- 2x- 5 y- 3 x-i) x (l - 2x-±y-2X ) 

y24n+5 — — f — 7— \ , y24n+6 



(-1 + X- 5 y- 3 X-l) (-1 +X-4y-2X ) 

y-5(-i + y-5^-3y-i) y-4(-i + y-4^-2yo) 

y24ra+7 = 77"- \ , y24n+8 ~ 



y24ra+9 



(1 + y- 5 x- 3 y-i) ' ' " ' (1 + y-4X-2yo) 

y-3 



(-1 + 2x_ 5 y_ 3 x_i) 



y-2 y-i(l + y-5x_ 3 y-i) 

y24n+10 = 7 — 7-7-^ 7, y24n+ll ~ 



(-1 + 2x_ 4 y-2a;o)' n (-1 + y- 5 x- 3 y-i) 

yo(i + y-4X-2yo) z_ 5 (-i + 2x_ 5 y_ 3 x_i ) 

7 1 1 7, y24 

(-1 + y-4£-2yo) 

x_ 4 (-l + 2x_ 4 y_ 2 a;o) 



y24n+12 — 7 — 7— 7, y24n+13 — / -, . s 

(-1 + y-4^-2yo) (-1 + x- 5 y- 3 x- 1 ) 

y 2 4n+14 = 



(-1 + x_ 4 y_ 2 a;o) 

y24n+i5 = ^-3(1 - y-5X- 3 y-i), y24n+ie = x- 2 (l - y-4£-2yo), 

X-l Xq 
y 2 4n+l7 — Z , y 2 4n+18 



x_ 5 y_ 3 x_i l - x_ 4 y-2^o 
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5 Numerical Examples 

In order to illustrate the results of the previous sections and to support our theoretical discus- 
sions, we consider several interesting numerical examples in this section. These examples 
represent different types of qualitative behavior of solutions to nonlinear difference equations 
systems. 

Example 1. Consider the difference system equation (2.1) with the initial conditions x_5 = 

.5, x_ 4 = .2, x-3 = .11, X-2 = -7, x-i = .4, x = -3, y_ 5 = .7, y_ 4 = .12, y_ 3 = -1.2, 
y- 2 = -2, y-i = -.11, and y = .13. (See Fig. 1). 



plot of X(n+1)=Y(n-5)/1+Y(n-1)X(n-3)Y(n-5),Y(n+1)=X(n-S)/1+X(n-1)Y(n-3)X(n-5) 

6 1 1 1 1 1 i n 




10 20 30 40 50 60 

n 



Figure 1. 

Example 2. For the initial conditions x_ 5 = 9, x_ 4 = 11, x_ 3 = 7, x_ 2 = 5, x_i = 4, x = 
3, y- 5 = 8, y_ 4 = 3, y_ 3 = 1.2, y_ 2 = 3.4, y_i = 1.9, and y = 13, when we take the system 
(2.1). (See Fig. 2). 



plot of X(n+1)=Y(n-5)/1+Y(n-1)X(n-3)Y(n-5),Y(n+1)=X(n-5)/1+X(n-1)Y(n-3)X(n-5) 

14 i 1 , 1 1 1 1 - i 




Figure 2. 

Example 3. If we consider the difference equation system (3.1) with the initial conditions x 5 = 

.7, x_4 = -.16, x_3 = 1.5, x_2 = --3, x-i = .24, x = -.2, y_ 5 = .8, y_ 4 = 1.1, y_ 3 = -1.2, 
y_ 2 = -4, y-i = 1.9, and y = -.13. (See Fig. 3). 
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plot of X(n+1 )=Y(n-5)/-1 +Y(n-1 )X(n-3)Y(n-5),Y(n+1 )=X(n-5)/-1 +X(n-1)Y(n-3)X(n-5) 




n 



Figure 3. 

Example 4. See Figure 4, since we take the difference system equation (4.1) with the initial 
conditions x_5 = —.7, x_4 = .16, x_3 = —1.5, x_2 = .3, X-% = —.24, xq = .2, y_5 = 
-.8, y_4 = 1.1, y-3 = -1-2, y-2 = 1-4, y-i = -1.9, and y = .13. 



plot of X(n+1 )=Y(n-5)/1 +Y(n-1 )X(n-3)Y(n-5),Y(n+1 )=X(n-5)/-1 +X(n-1 )Y(n-3)X(n-5) 




Figure 4. 
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Abstract 

The purpose of our paper is to deal with some uniqueness problem of meromorphic functions 
whose differential polynomials with more general form then the formers sharing a set with finite 
weight. These results in this paper complement some results given by Lin, Yi. 
Key words: Meromorphic function, small function, weighted sharing, differential polynomial. 
Mathematical Subject Classification (2010): 30D 30, 30D 35. 

1 Introduction and Main Results 

In this paper the term "meromorphic" will always mean meromorphic in the complex plane C. We 
shall use the following standard notations of the value distribution theory (see Hayman [7], Yi and 
Yang [17]). Let / be a nonconstant meromorphic function and a e C = CU {oo} and S be a subset 
of C. Define 

E(S, f) — {z : f(z) — a = 0, counting multiplicity}, 
aes 

E(S, f) = [J {z : f(z) — a = 0, ignoring multiplicity}. 

aes 

If E(S, f) = E(S, g) we say that / and g share the set S CM; if E(S, f) = E(S, g), we say that 
/ and g share the set S IM. Especially, let S — {a}, we say that / and g share the value a CM 
if E(S, f) = E(S, g); and we say that / and g share the value a IM if E(S, f) = E(S, g) (see [6]). 

Let m be a nonnegative integer, we denote by E m (a; /) the set of all a-points of / with mul- 
tiplicities not exceeding to, where an a-point is counted according to its multiplicity. Also we 
denote by E m (a; f) the set of distinct a-points of / with multiplicities not greater than to. If 
Eoo (a;/) = E QO (a;g) for some a e C, we say that f,g share the value a CM. For any positive 
integer to, we define 

E m (S, f) = |J E m (a; /), and E m (S, f) = \J E m (a; /). 
aes aes 

In 1997, Yang and Hua [16] proved the following result. 

Theorem 1.1 (see [16]). Let / and g be two nonconstant meromorphic functions, n > 11 an 
integer, and a G C — {0}. If f n f and g n g' share the value a CM, then either f = dg for some 
(n+ l)th root of unity d or g = c\e cz and f = c 2 e~ cz where c,Ci, and c 2 are constants satisfying 
( Cl c 2 ) n+1 c 2 = -a 2 . 

*This work was supported by the NNSF of China(11301233, 61202313), the Natural Science Foundation of 
Jiang-Xi Province in China(Grant No. 2010GQS0119, No.20132BAB211001). 
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In 2001, an idea of gradation of sharing of values was introduced in [8, 10] which measures 
how close a shared value is to being shared CM or to being shared IM. This notion is known as 
weighted sharing. The author studied some problem on the uniqueness of meromorphic function 
sharing some values and sets with finite weight (see [15, 14, 13]) 

In 2002, Fang and Fang [5] employed the idea of weighted sharing of values and obtained the 
following results: 

Theorem 1.2 (see [5]). Let f and g be two nonconstant entire functions, n be a positive integer. 
If Ek(l, f n (f —l)f) = Ek(l,g n (g—l)g') and one of the following conditions is satisfied: (a) k > 3 
and n>8, (b) k = 2 and n>9, (c) k = 1 and n > 14, then f = g. 

The following example shows that Theorem 1.2 is not valid when / and g are two meromorphic 
functions. 

Example 1.1 (see [11]). Let 

{n + 2){h- h n + 2 ) _ (n + 2)(l - h n+1 ) 

' ~ (n + l)(l-/i"+ 2 )' 9 ~ {n+l){l-h n + 2 Y 

where h = e z . Then /"(/ - l).f and g n (g - l)g' share 1 CM, but g ^ /. 

For meromorphic functions, Fang and Fang [5], Lin and Yi [11] obtained some unicity theorems 
corresponding to the above theorems. 

Theorem 1.3 (see [5]). Let f and g be two nonconstant meromorphic functions, n be a positive 
integer. If Ek(l, f n (f — 1) f) = Ek(l,g n (g — 1) g') and one of the following conditions is satisfied: 
(a) k > 3 and n > 13, (b) k = 2 and n > 15, (c) k = 1 and n > 23, then f = g. 

Theorem 1.4 (see [11]). Let f and g be two nonconstant meromorphic functions satisfying 
0(00, /) > ^j, n > 12. If [/"(/ - 1)]/' and [g n (g - l)]g' share 1 CM, then f = g. 

In the mean time, Lahiri and Sarkar [9] also studied the uniqueness of meromorphic functions 
corresponding to nonlinear differential polynomials which are different from the forms previously 
mentioned, and proved the following result. 

Theorem 1.5 (see [9]). Let f and g be two nonconstant meromerophic functions, n(> 13) is an 
integer. If E 2 (l, f n (f 2 — 1)/') = E 2 (l,g n (g 2 — l)g'), then either f = g or f = -g. If n is an even 
integer then the possibility of f = —g does not arise. 

In this paper, we will investigate the uniqueness of meromorphic functions when two nonlinear 
differential polynomials of more general form namely /"(/ — a)(f — b) f and g n (g — a)(g — b)g' 
where a^b and a, b ^ 0, share a set S m — {l,co, uj 2 , • • • , where u> = e~^ 1 , to is a integer. 

Now, we state our main results of the paper as follows. 

Theorem 1.6 Let f and g be two nonconstant meromorphic functions, n and to(> 2) be two 
positive integers. Let E k (S m ,f n (f - a)(f - b)f) = E k (S m ,g n (g - a)(g - b)g'), and f or g be 
meromorphic function only having multiple poles, and let the two functions ^|5^™=o(g) S — 

^PiSr=o(f) S an d Sr=o (p ) S have no common simple zeros. If one of the following conditions is 
satisfied: 

(i) k > 3: n > 4 + — when 2 < to < 3 and n > 4 + — when m > 4; 

(ii) k = 2: n > 4 + — when 2 < to < 3 and n > 4 + — when to > 4; 

(iii) k = 1: n>4+^ when 2 < m < 3 and n > 4 + ^ when m > 4. 

> ' lib Tib 
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Then f = g. 

Remark 1.1 A. Banerjee [2] obtained some theorems when m = 1, that is. S m = {1}. 

Theorem 1.7 Let f and g be two nonconstant meromorphic functions, n and m(> 2) be two pos- 
itive integers. If Ek(S m , /"(/ — a) 2 /') = Ek(S m , g n (g — a) 2 g') , and one of the following conditions 
is satisfied: 

(i) k > 3 and n > 4+ ^; 

(ii) fc = 2 and n> max {4+^,2 + 

(iii) fc = 1: n > 4 + ^ w/ien 2 < m < 3 and n > 4 + ^ iy/ien m > 4. 

> ' 7/7. 7/7. 

T/ien / = g. 

Next, some definitions and notations used in the paper are explained as follows. 

For a £ C and a positive integer fc, we denote by N(r, a; f\ = 1) the counting function of 
simple a-points of /, and denote by N(r, a; f\ < fc) (N(r,a;f\ > fc)) the counting functions of 
those a-points of / whose multiplicities are not greater (less) than fc where each a-point is counted 
according to its multiplicity(see [7]). N(r, a; f\ < k)(N(r, a; f\ > fc)) are defined similarly, where in 
counting the a-points of / we ignore the multiplicities. Set N k (r, a; f) = N(r, a; /) + N(r, a; f\ > 
2) + --- + N(r,a;f\>k). 

Definition 1.1 [1, 17] When f and g share 1 IM, We denote by N^(r, 1; /) the counting function 
of the 1-points of f whose multiplicities are greater than l-points of g, where each zero is counted 
only once; Similarly, we have N l{t, 1; ff). We also denote by N^(r, 1; /) the counting function of 

(2 

common simple 1 -points of f and g; N E (r, 1; /) denotes the counting function of those multiplicity 
1-points of f and g,each point in these counting functions is counted only once. In the same way 
,one can define N E '(r, 1; g), N E (r, 1; g). 

2 Some Lemmas 

To prove our results, we need the following Lemmas. 

Lemma 2.1 (see [12]). Let f be a nonconstant meromorphic function and let 

ELo a kf k 



R(f) = 



be an irreducible rational function in f with constant coefficient {at} and {bj}, where a p ^ and 
b q ^ 0. Then 

T(r,R(f))=dT(r,f)+S(r,f), 

where d = max{p, q}. 

Lemma 2.2 (see [17]). Let f be a nonconstant meromorphic function, then 

T (r, /<*>) < T(r, f) + kN(r, oo; /) + S(r, /), 

and 



N 



(r, 0; /(*>) < N(r, 0; /) + kN(r, ex.; /) + S(r, f). 
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Lemma 2.3 Let f and g be two nonconstant meromorphic functions and n, m be two positive 
integers such that n > 1 + — . If f or g is meromorphic function having only multiple poles and the 

two expressions f^gY^lt^i^Y ~ ^pi ST=o(f) S an ^ S™=o(f) S have no common simple zeros, 
and 

' f n + 3 (a + b)f n + 2 abf n+1 \ m _ ( g n + 3 (a + b)g n + 2 abg n+ls 



v n + 3 n + 2 + n+l ) \n + 3 n + 2 + n+l 

where a, b ^ C — {0}, then f = g. 

Proof: We propose to follow the idea in the proof of [3, Lemma 2.11]. From the assumption of 
Lemma 2.3, we have 

f n + 3 (a + b)f n + 2 abf n+1 ( g n + 3 _(a + b)g n + 2 abg n+1 \ 

^ z , 1 — * z , o z , o ' z , 1 ' W 



n + 2, n + 2 n+l \n + 3 n + 2 n+l 

where t m = 1. From (1), we get that / and g share oo CM. Without loss of generality, from the 
assumption of Lemma 2.3, we may assume that g has some multiple poles. Let h = £. From (1), 
we have 

Ag 2 (h n+3 -t) + Bg(h n+2 - t) + C(h n+1 -t)=0, 

i.e., 

a 2 o h n+2 -t h n+l -t 

A 9 = ~ B 9i—. m c ~r~ . ( 2 ) 

a y h n + 3 - 1 h n + 3 -t w 

where A = = -^±| and C = 

n+3 ' n+2 n+l 

Let zq be a pole of g with multiplicity p\{> 2), which is not a root of h — Uk = 0, where 
u k +3 = t- F rom (2), we have 2pi = p\ i.e., p\ = 0. Thus, we get a contradiction. 

Therefore, we can see that the poles of g are precisely the roots of h — Uk = 0. 

Let zi be a zero oih — Uk of multiplicity p 2 which is a pole of g with multiplicity g 2 , then from 
(2) we have 2q 2 = P\ + qi i.e., P2 = <?2- 

Since g has no simple pole, it follows that such points are multiple zeros of h — u^. 

From (2), we have 



V = - ^ J=0 T . m+2 ,, 3=0 ■ (3) 



Suppose z 2 be a simple zero of h — where k — l,2,...,n + 2, which is a zero of multiplicity 
2) of numerator of (3). Then from (3), z 2 would be a zero of order qi — 1 of g 2 . So it follows 

that z 2 would be a zero of ^ ™ =0 W . Since X) J=o ^ an( ^ X j=o ^ ma y nave a ^ mos t onc common 
factor and a meromorphic function can not have more than two Picard exceptional values, we see 
that h — Uk has multiple zeros for at least n—l values of k £ {1, 2, . . . , n + 2}. Therefore, we have 
Q(uk] h) > I for at least n—l values of fc, which implies a contradiction as n > 1 + ^. 

Thus, we complete the proof of Lemma 2.3. □ 

Lemma 2.4 Let f and g be two nonconstant meromorphic functions, n(> 3),m be two positive 
integers. Then we have 

(/"(/ - a)(f - b)f) m (g n (g - a)(g - b)g') m * L 

where a, b G C — {0}. 

Proof: Suppose (/"(/ - a)(f - b)f') m (g n (g - a)(g - b)g') m ± 1 , then we have 

/"(/ - «)(/ - b)f'g n (g - a)(g - b)g' ee t, (4) 

where t rn = 1. Without loss of generality , we suppose that there exists a set / with infinite 
measure such that T(r,g) < T(r, f), re I. Next, we consider the two following cases. 
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Case 1: a = b. From (4), we have 

r(f-a) 2 fg n (g-afg' = t. 

Using the similar method of [5, P.611], we can get that the equality is impossible. 
Case 2: a^b. 

Let zq be a zero of / with multiplicity p\ , then from (4) we can see that zq is a pole of g (say with 
multiplicity qi). Thus, we have npi+pi — l = nqi+2qi+qi + l i.e., 2qi + 2 = (n+l)(pi —q±) > n+1, 
that is, qi > Hence, from this we can deduce that 

(n + 3)(n-l) + 4 . n+1 
(«+l)pi>- — 2 i-e-, Pi>—- (5) 

Let z\ be a zero of / — a with multiplicity p2 , then from (4) we can see that z\ is a pole of g 
(say with multiplicity q 2 ). Thus, we have 

o 1 f • i\ , 1 ■ (n + 3) g2 + 2 n + 5 

2p 2 - 1 = (n + 3)q 2 + 1 i.e., p 2 = ^ ~ ~ 2~ ' ^ 

Let z 2 be a zero of / — b with multiplicity p 3 , then from (4) we can see that z 2 is a pole of g 
(say with multiplicity q 3 ). Similarly, we have 

P3 > (7) 

Let z 3 be a zero of /' with multiplicity p^ which is not a zero of /(/ — a)(f — b), then from (4) 
we get that z 3 is a pole of g (say with multiplicity qi). Therefore, we have 

Pi = (n + 3)q 4 + 1 > n + 4. (8) 

Similarly, we have the same results for the zeros of g(g — a)(g — b)g' . Thus, we have 

N(r, oo; /) = N(r, ^; /(/ - a)(f - b)f) 

< N(r, 0; g) + N(r, a; g) + N(r, b; g) + N (r, 0; g') 

< ^(r, 0; g) + ^N(r, a; g) + -^N(r, b; g) + ^_N (r, 0; g<) 
By the second main theorem and from the above inequality, we have 



2T(r, /) <N(r, 0; /) + N(r, a; f) + N(r, b; f) + N(r, oo; /) + S(r, f) 
2 " ! ! V(r, 9 ) + S(r, S ) + %,/) 



< 



n+1 n + 5 n + 4 

\n + 1 n + 5 n + 4/ 
Since n > 3, we can get a contradiction. 

Thus, we complete the proof of Lemma 2.4. □ 

Lemma 2.5 (see [5]). Let f and g be two meromorphic functions, and let k be a positive integer. 
IfEk(l,f) — Ek(l,g), then one of the following cases must occur: 
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(i) 

T(r, f) + T(r,g) <N 2 (r, oo; /) + N 2 (r, 0; /) + N 2 (r, ^;g + N 2 (r, 0; g)) 
+ N(r,l;f)+N(r,l;g)-N 1 J(r,l;f) 

+ N(r, 1; /| > k + 1) + N(r, 1; g\ > k + 1) + S(r, f) + S(r, g); 
(ii) / = ^^g+iA-B)' 1 ^ > w here A(^= 0),B are two constants. 

Lemma 2.6 Let f and g be two nonconstant meromorphic functions and n, m be two positive 
integers such that n > 4+ ^. Let F — f n (f — a)(f — b)f and G = g n (g — a)(g — b)g' , where a ^ b 
and a, b G C — {0}. // one of f and g is meromorphic function having and only having multiple 

poles and the two expressions f+§ffX]S)(f) S — ^fiY^=o(ij) S an ^ X^=o(f) S have no common 
simple zeros, and 

= (B + l)G m + A-B-l 

BG m + A-B ' 1 ' 

where 0) and B are constants, then f = g. 

Proof: Let 

P(z) = —Z n + Z - ^±^«+2 + -^- Z n+\ (10) 

v ; n+3 n+2 n+1 y ' 

Then we have 

F=(P(f)Y = f n (f-a)(f-b)f, G=(P(g)Y =g n (g-a)(g-b)g'. (11) 

By Lemmas 2.1 and 2.2, we have 

T(r, F) < T(r, /"(/ - a)(f - b)) + T(r, /') 
<(n + 2)T(r,f) + 2T(rJ) + S(r,f) 
= {n + A)T{r 1 f) + S{r,f). 

On the other hand, we have 

(n + 2)T(r,f) =T(r, /"(/ - a)(f - b)) 

<T(r, /"(/ - a)(f - b)f) + T(r, /') + 0(1) 
<T(r,F) + 2T(r,f) + S(r,f). 

Therefore, we have 

nT(r, f) + S(r, /) < T(r, F)<(n + 4)T(r, /) + S(r, f). (12) 

Thus, we get S(r, F) = S(r, f). Similarly, we can get S(r, G) = S(r, g). 
By Lemma 2.1, we have 

(n + 3)T(r,f)=T(r,P(f)) (13) 
< T{r, (P(f))') + N(r, 0; P{f)) - N{r, 0; (P(/))') + S(r, f) 
= T(r, F) + N(r, 0; /) + N(r, 7 i; /) + N(r, 72; f) 
- N(r, a; f) - N{r, b; f) - N(r, 0; /') + S(r, /), 

where 71, 72 are the two roots of the equation —r^z 2 — ^^z + = 0. 
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Similarly, we can get 

(n + 3)T(r,g)=T(r,P(g)) (14) 
< T{r, G) + nN(r, 0; g) + N(r, 71; 9) + N(r, 72; 3) 
- N(r, a; g) - N(r, b; g) - N(r, 0; g') + S(r, g). 

Without loss of generality, we suppose that there exists a set I with infinite measure such that 
T(r,g) < T(r, /), r e I. Next we consider three cases as follows. 

Case 1. Suppose B ^ 0, -1. From (9), we have N(r, ^±1 ; F m ) = N(r, 00; G m ). By the second 
main theorem and S(r, F m ) — S(r, /), we get 

mT(r,F) = T(r,F m ) (15) 

< N(r, 00; F m ) + N(r, 0; F m ) + N(r, —^—;F m ) + S(r, /) 

= N(r, 00; F m ) + N(r, 0; F m ) + N(r, 00; G m ) + S{r, f) 

< N(r, 00; /) + N(r, 0; /) + N(r, a; /) + N(r, b; /) 
+ N(r,0;f') + N(r,oo;g)+S(r,f). 

From (13) and (15), we can get 

(n + 3)T(r,/) =T(r,P(/)) 

<-JV(r, ex.; /) + (1 + -)iV(r, 0; /) + iV(r, 71; /) 
m to 

+ N(r,'y 2 ;f) + ^N(r,oo;g) + S(r,f) 
<(3+^)T(r,f) + ±-T(r,g) + S(rJ) 
<(3+^)T(r,f) + S(r,f), 

i.e., 

(n-^)T(r,f)<S(r,f). 
Since n > 4 + — , we get a contradiction. 

Case 2. Suppose B = 0. From (9), we have N(r, ^;F m ) = N(r,0;G m ). We consider two 
subcases as follows. 

Subcase 2.1. A^l. By the second main theorem and S(r,F m ) = S(r,f), we get 

mT(r,F) =T(r,F m ) (16) 

< AT(r, 00; F m ) + N(r, 0; F m ) + N (r, F m ^j + S(r, f) 

= N(r, 00; F m ) + JV(r, 0; F m ) + N(r, 0; G rn ) + S{r, /) 

< N(r, 00; /) + F(r, 0; /) + N(r, a; f) + N(r, b; /) + N(r, 0; /') 
+ N(r, 0; g) + N(r, a; g) + N(r, b; g) + N(r, 0; g 1 ) + S(r, /). 

From (13) and (16), we can get 

(n + 3)T(r,/) =T(r,P(/)) 

<(3+-)T(r,/) + -T(r, ff )+5(r,/) 
m to 

<(3+-)T(r,/) + S(r,/), 
m 



948 



XU 942-954 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.5, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



Thus, we get (n — — )T(r, /) < S(r, /). Since n > 4 + — , we can deduce a contradiction. 
Subcase 2.2. A = 1. Then we have F m = G m , that isP = tG, where t m = 1. By integration 
we have P(/) = iP(<7) + s, where s is a constant. If s ^ 0, by the second main theorem we have 

(n + 3)T(r,/) =T(r,P(f)) 

<N(r, oo; P(/)) + J\T(r, 0; P(f)) + N(r, s; P(f)) + S(r, f) 
=N(r, oo; P(f)) + N(r, 0; P(f)) + N(r, 0; tP(g)) + S(r, f) 
<N(r, oo; /) + N(r, 0; /) + N(r, 7 i; /) + JV(r, 72; /) 

+ iV(r, 0; g) + N{r, 7l ; <?) + JV(r, 72; 5) + S(r, /) 
<4T(r,/) + 3T(r )5 ) + S(r,/) 
<7T(r, /) + %,/) 

Since n > 4 + ^, we get a contradiction. Hence s = 0, that is. P(/) = tP(g). By Lemma 2.3 
we get / = g. 

Case 3. P + 1 = 0. Proceeding as in the proof of Case 2, we can get F m G m = 1, that is. 
/"(/ - a)(f - b)fg n {g - a){g -b)g' = t, where t m = 1. By Lemma 2.4, we have / = .9. 

Therefore, we complete the proof of Lemma 2.6. □ 

Lemma 2.7 (sec [4]). Let 

Q(lu) = {n- 1) V" - l)(cu n - 2 - 1) - n(n - 2)(w"- 1 - l) 2 , 

QM = (w - 1) V - /3i)(w - 13 2 ) • • • (w - /3 2n _ 6 ), 
w/iere [3j £ C — {0, 1} (j = 1, 2, . . . , 2n — 6), w/wc/i are distinct respectively. 

3 Proofs of Theorems 1.7 and 1.8 
3.1 Proof of Theorem 1.7 

Proof: Let P and G be given by (11), and P(z) by (10). From the assumptions of Theorem 1.7, 
we have E k {S m ,F) = E k (S mi G) that is. P fe (l,P m ) = P fe (l,G m ) and 

N 2 (r, 0; F m ) + N 2 (r, oo; F m ) <2iV(r, 0; /) + 2N(r, a; /) + 2N(r, b; f) + 2N(r, 0; /') (17) 

+ 2JV(r,oo;/) + S(r,/), 

N 2 (r, 0; G m ) + N 2 {r, oo; G m ) <2iV(r, 0; <?) + 2N(r, a; g) + 2N(r, b; g) + 2N(r, 0; g') (18) 

+ 2N(r,oo;g) + S(r,g), 

(i) k > 3. Since 

]V(r,l;P m ) +]V(r,l;G m ) +N(r,l;F m \ > k + 1) (19) 
+ ]V(r,l;G m | > fc+ 1) -7V^(r,l;P m ) 

<^(r, 1; P m ) + * JV(r, 1; G m ) + S(r, F m ) + S(r, G m ) 

777 777 

<-T(r, P) + -P(r, G) + S(r, P) + S(r, G). 

8 
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Suppose that F m ,G m satisfy (i) of Lemma 2.5, then from Lemma 2.1, we can get 



mT(r, F) + mT(r, G) =T{r, F m ) + T{r, G m ) 
™T(r,F)+™T(r,C 

+ N 2 {r, 0; G m ) + N 2 {r, oo; G m ) + S(r, F) + S{r, G) 



777 777 

<-T(r, F) + -T(r, G) + N 2 (r, 0; F m ) + N 2 (r, oo; F m ) 



i.e., 



T(r, F) + T(r, G) <-N 2 (r, 0; F m ) + -N 2 (r, oo; F m ) + -N 2 (r, 0; G m ) (20) 
to to to 

+ -N 2 (r, oo; G m ) + S(r, F) + S(r, G). 
to 

(h) 2 < m < 3. From (13), (14), (17), (18), (20) and the definitions of F, G, we have 
(n + 3)T(r,f) + (n + 3)T(r,g) 
<(1 + ^)W(r, 0; /) + JV(r, 7l ; /) + JV(r, 72; /) + JV(r, a; /) 

+ JV(r, 6; /) + -N(r, 00; /) + JV(r, 0; /') + (1 + -)iV(r, 0; g) 
to to 

+ N{r, 7l ; g) + N(r, l2 -g) + N(r, a; g) + N{r, b; g) 
+ ^N(r, 00; g) + N(r, 0; g') + S(r, /) + S(r, g) 

<(7 + ^)T(r, /) + (?+ ^)T(r, <?) + S(r, /) + S(r, g), 



i.e., 

'n-A-^j {T(r, f) + T{r, g)} < S(r, f) + S(r, g). (21) 

Since n > 4 + ^ , we can get a contradiction. 
By Lemma 2.5, we have 

pm ^ (B + l)G m + A-B-l 
BG m + A-B 

where A(^= 0) and B are constants. 

From Lemma 2.6 and n > 4 + — , we can get / = g. 

(i 2 ) If to > 4, then £ - 1 < 0. Thus, from (13), (14), (17), (18) and (20), we can get 
(n + 3)T(r,f) + (n + 3)T(r,g) 
<(1 + -)N(r, 0; /) + N(r, 71; /) + iV(r, 72; /) + -N(r, 00; /) + (1 + -)iV(r, 0; 5 ) 

777- 777 777 

+ iV(r, 71; 5) + W"(r, 72; g) + ~N(r, 00; g) + S(r, f) + S(r, g) 

TO 

<(3 + ^)T(r, f) + (3 + ^)T(r, g) + S(r, /) + S(r, g), 

i.e., 

'n - ^ {T(r, /) + T(r, g)} < S(r, f) + S(r, g). 

Since n > 4 + ^ , we can get a contradiction. 
By Lemma 2.5, we have 

(B + l)G m + A- B -1 



F m = 



BG m + A-B 
9 
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where A(y^ 0) and B are constants. 

From Lemma 2.6 and n > 4 + ^, we can get / = g. 
(ii) k = 2. Since 

N{r, 1; F m ) + N(r, 1; G m ) + ^N{r, 1; F m \ > 3) (22) 
+ 1 -N(r,l;G m \ >3)-^(r,l;F m ) 
<^iV(r, 1; F m ) + l -N{r, 1; G m ) + S(r, F) + S(r, G) 
<-T(r, F) + -T(r, G) + S(r, F) + S(r, G). 
Suppose that F rn ,G m satisfy (i) of Lemma 2.5, then from Lemma 2.1 and (22), we can get 

777 777 

-T(r, F) + -T(r, G) <N 2 {r, 0; F m ) + N 2 (r, oo; F m ) + N 2 (r, 0; G m ) + N 2 {r, oo; G m ) (23) 

+ l -N(r, 1; F m \ > 3) + ±N{r, 1; G m | > 3) + S(r, F) + S(r, G). 



Since 



N(r, hF™\>3)<-N \r, oo; — J = -N (r, oo; + S(r, F) (24) 

< l -N(r, oo; F m ) + ^N(r, 0; F m ) + S(r, F) 
< l -N{r, oo; /) + ±N(r, 0; /) + ij\f(r, a; f) 
+ 1 -N(r,b;f)+ 1 -N(r,0;f') + S(r 1 f), 



and 



iV(r,l;G m | >3) <*N(r, oo; g) + l -N{r, 0; g) + l -N{r, a; g) (25) 
+ pI(r,b;g) + ^N(r,Q;g') + S(r,g). 

(mi) 2 < m < 3. From (13), (14), (17), (18) and (23)-(25), we can get 

(n + 3)T(r,f) + (n + 3)T(r,g) 
<T(r,F) + T(r, G) 

~ i 1 + N{r ' ° 5 /} + N{r ' 715 /} + N{r ' 725 /) + ( : + N{r ' a '' f) 

1 + ^) iV(r, 0; 5 ) + JV(r, 7 i5 ff) + N(r, j 2 ; g) + (l + N(r, a; g) 



< 

that is, 



( 7 + ^) T(r ' /} + ( ? + ^) T(r ' 5) + 5(r ' /} + 5(r ' 9) ' 



n - 4 - - ) {T(r, /) + T(r, <?)} < 5(r, /) + 5(r, 5 ) . (26) 
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Since n > 4 + — , we can get a contradiction. 

Thus, from Lemma 2.5, we can get that F m ,G m satisfy the equality 

(B + l)G m + A-B-l 
BG m + A-B 

where A(^= 0) and B are constants. 

From Lemma 2.6 and n > 4 + ^, we can get / = g. 
(ii 2 ) m > 4. Like (i 2 ), we can get 

(n + 3)T(r,f) + (n + 3)T(r,g) 
<T{r,F) + T{r, G) 

~ i 1 + in) N{r ' ° 5 /} + N{r ' 715 /} + N{r ' 725 /} + i N{r ' a '' f) + i N{r ' b '' f) 
+ ^ JV(r, 0; /') + A jv(r, ex.; /)+(].+ ^ jV(r, 0; <?) + iV(r, 7 i 5 .9) + N(r, l2 ;g) 

+ ^-N(r 7 a; g) + -L JV(r, b; g) + ^-N(r, 0; g') + ^-N(r, 00; g) + S(r, f) + S(r, g), 
2m 2m 2m 2m 

that is, 

n ~ ^) {T(r ' /} + T(r ' 9)} ~ 5(r ' /} + 5(r ' 5) ' 
Since n > 4 + — and m > 4, then a contradiction n — — >4 — — >0 exists. 

m — ' mm 

Thus, from Lemma 2.5, we can get that F m ,G m satisfy the equality 

pm ^ (B + l)G m + A-B-l 
BG m + A-B 

where A{^= 0) and B are constants. 

From Lemma 2.6 and n > 4 + ^, we can get / = g. 
(Hi) k = 1. Since 

JV(r, 1; F m ) + N(r, 1; G m ) - iV^r, 1; F m ) (27) 
<ljV(r, 1; F m ) + ljV(r, 1; G m ) + S(r, F) + S(r, G) 

Tn Tn 

<-T(r, F) + -T(r, G) + S(r, F) + S(r, G), 

N(r, l;F m \>2)<N (r, 00; ^) = JV (r, 00; ^) + S(r, F) (28) 
<AT(r, 00; F m ) + N(r, 0; F m ) + S(r, F) 

<N(r, 0; /) + N(r, a; f) + N(r, b; f) + N(r, 0; /') + F(r, ex.; /) + S(r, /), 

and 

N(r, 1; G m | > 2) <N(r, 0; g) + AT(r, a; g) + N(r, b; g) + N(r, 0; .9') + N(r, 00; .g) + 5(r, g). (29) 
Suppose that F m , G m satisfy (i) of Lemma 2.5, then from Lemma 2.1 and (27), we can get 

Til Til 

-T(r, F) + -T(r, G) <N 2 {r, 0; F m ) + N 2 (r, 00; F m ) + N 2 (r, 0; G m ) + N 2 {r, 00; G m ) (30) 

+ N(r,l;F m \ > 2) + N(r,l;G m \ > 2) + S(r, F) + S(r,G). 
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(mi) 2 < m < 3. From (13), (14), (17), (18) and (28)-(30), we can get 

(n + 3)T(r,f) + (n + 3)T(r,g) 
<T{ ri F) + T{r,G) 

< ( 1 + -) N(r, 0; /) + N(r, 7l ; /) + N(r, 72 ; /) + ( 1 + -) N(r, a; f) 
\ m J \ m J 

( 1 + -) iV(r, 6; /) N(r, 0; /') + -N(r, ^; f) 



+ 



(l+-)N(r,a;g)+(l+-) 
\ m J \ m J 



+ N{r,-n;g) + N(r,j 2 ;g)+ 1+ - iV(r,a; 3 ) + 1+ - N(r,b;g) 



- (l ~ l^j N(r, 0; </) + ^iV: / . >: : w ) t > , , . / , - ,V( /-. ) 



m 



that is, 



20 \ 

n - 4 - - {T(r, /) + T(r, g)} < S(r, f) + S(r, g). (31) 
m / 

Since n > 4 + we get a contradiction. 

Thus, from Lemma 2.5, we can get that F m ,G m satisfy the equality 

(B + l)G m + A-B-l 
BG m + A-B 

where 0) and B are constants. 

From Lemma 2.6 and n > 4 + — , we can get / = g. 
{1112) m > 4. Like (i 2 ) and (mi), we can get 

(n + 3)T(r,/) + (n + 3)T(r,0) 
<T(r,f)+T(r, G) 

<(l + -) N(r, 0; /) + N(r, 71; /) + JV(r, 72; /) + -JV(r, a; /) + —N(r, b; f) 
\ m J mm 

+ -N(r, 0; /') + -N(r, 00; /) + ( 1 + -) JV(r, 0; 5 ) + JV(r, 71; s) + JV(r, 72; 3) 
m m \ m J 

+ -N(r, a; g) + -JV(r, b; g) + -N(r, 0; g') + -N(r, 00; 5 ) + S(r, f) + S(r, g), 
m m m m 

that is, 

n- ^) {T(r,/) +T(r, 5 )} < %, /) + S(r, g). 

Since n > 4 + — and m > 4, then n — — >4 — — > 0, a contradiction. 
Thus, from Lemma 2.5, we can get that F m ,G m satisfy the equality 

pm ^ (B + l)G m + A-B-l 
BG m + A-B 

where A{^ 0) and B are constants. 

From Lemma 2.6 and n > 4 + ^, we can get / = g. 

Thus, the proof of Theorem 1.7 is completed. □ 
3.2 Proof of Theorem 1.8 

Proof: By Lemma 2.7 and using the same argument in Theorem 1.7, we can easily get the conclu- 
sions of Theorem 1.8. Here, the process of the proof of Theorem 1.8 is omitted. □ 
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FUNCTIONS 
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Melike Aydogan 4 
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Abstract 



Let / = h(z)+g(z) be a univalent sense-preserving harmonic map- 
ping of the unit disc D = {z G C||z| < 1}. If / satisfies the condition 

\w(z)\ = |tt4 < k, (0 < k < 1), then / is called k— quasiconformal 
harmonic mapping in D. 

The aim of this paper is to investigate a subclass of k— quasiconformal 
harmonic mappings. 



1 Introduction 

Let Q be the family of functions <f)(z) regular in the open unit disc D and 
satisfying the conditions 0(0) = 0, \(f>(z)\ < 1 for every z£D, 
Next, let S* denote the family of functions h(z) = z + C2Z 2 + ... regular in D 
such that h(z) is in S* if and only if 

h'(z) _ 1 + 4>{z) 
Z ~h(zj ~ 1 - <f){z) 

2010 Mathematics Subject Classification: 30C45, 30C55 
Key words and phrases: k- quasiconformal harmonic mappings, distortion theorem, coef- 
ficient inequality 



(1.1) 
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for some function <f>(z) E f2 and every zGD. 

Moreover, let si(z) — z + d 2 z 2 + d^z 3 + ... and S2(z) = z + e 2 z 2 + e^z 3 + ... 
be analytic functions in the open unit disc D. If there exists a function 
4>(z) E Q such that Si(z) = s 2 ((f)(z)) for all z6D, then we say that Si(z) is 
subordinate to s 2 (z) and we write Si(z) -< s 2 (z). Specially if s 2 (z) univalent 
inO, then Si(z) -< s 2 (z) if and only if s^D) C s 2 (D) andsi(O) C s 2 (0) implies 
Si(B r ) C s 2 (D r ) where D r = {z E C\\z\ < r, < r < 1} (Subordination and 
Lindelof Principle [3]). 

Finally, a planar harmonic mapping in the open unit disc D is a complex 
valued harmonic function /, which maps D onto the some planar domain 
/(D). Since O is a simply connected domain, the mapping / has a canonical 
decomposition / = h(z) + g(z), where h(z) and g{z) are analytic in D and 
have the following power series expansions 

oo oo 

h(z) = an?™, 9(z) = bnZn > 

n=0 n=0 

Where a n , b n G C, n = 0,1,2,... as usual, we call h(z) the analytic part of 
/ and g(z) is co-analytic part of /. An elegant and complete account of the 
theory of harmonic mappings is given in Duren's monograph [1]. 
Lewy [4] proved in 1936 that the harmonic function / is locally univalent in 
D if and only if its Jacobien 

J f = \h'(z)\ 2 -\g'(z)\ 2 

is different from zero in D. In view of this result, locally univalent harmonic 
mappings in the open unit disc D are either sense-reversing if > 
in D or sense-preserving if |<7'(z)| < in D. Throughout this paper we 

will restrict ourselves to the study of sense-preserving harmonic mappings. 
We also note that / = h + g is sense-preserving in D if and only if h'(z) 
doesn't vanish in D and the second dilatation w(z) = (jJSj) has the property 
|iu(z)| < 1 for all z G D. Therefore the class of all sense-preserving harmonic 
mappings in the open unit disc with a = b = and a x = 1 will be denoted 
by Sh- Thus Sh contains standard class S of univalent functions. The family 
of all mappings f E Sh with the additional property g'(0) = 0, i.e, b\ = is 
denoted by S H . Hence it is clear that S C S H C Sh- 
For the aim of this paper we need the following lemma and theorem. 
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Lemma 1.1. ([6]) Let (j>(z) be a non-constant and analytic function in the 
unit disc D with 0(0) = 0. If \(f>(z)\ attains its maximum value on the circle 
\z\ = r at the point z , then zq4>'{zq) = k(p(z ), k > 1. 

Theorem 1.2. ([3]) Let h(z) be an element of S* , then 

< \h(z)\ < 



\2 



(1 +r) 2 - 1 v 71 - (1 -r) 

I — r ,,,/m 1+r 
< h'(z) < 



(1 + r) 3 - 1 v yi - (1-r) 3 

A univalent harmonic mapping is called k— quasiconformal (0 < k < 1) if 
|iu(z)| < k. For the general definition of quasiconformal mapping see [1], [5]. 
The main idea of this paper is to investigate the subclass of k— quasiconformal 
harmonic mappings 



S H(k q) = {f = Hz)+9(z) e S H I \w(z)\ < k,0 < k < l,h(z) e S*}. (1.2) 

2 Main Results 

(*) 



Theorem 2.1. Let f = (h(z) + g{zj) be an element of S H ( kq ), then 

9(z) ^ k\W -_z) 

h(z) k 2 -b lZ V 7 

Proof. We consider the linear transformation 

Mh -_z) 
1 k 2 -b lZ 

The transfromation maps \z\ < k onto itself. On the other hand we have, 

g'{z) (b lZ + b 2 z 2 + ...)' b 1 + 2b 2 z + . 

w[z) = - — - — - = — — = w{0) = Oi 

KJ h'{z) (z + a 2 z 2 + ...)' l + 2a 2 z + ... KJ 

Therefore the function 

= -_, W ) 
M 2 — b lW {z) 
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satisfies the conditions of Schwarz Lemma, then we have 



wiz) 



and the transformation 



g'(z) tfjh-z) 
h'(z) k 2 - b lZ 

k 2 (h-z). 



( 



k 2 - biz 

maps \z\ — r onto the disc with the centre 

.tfRehil-r 2 ) fc 2 Jm&i(l - r 2 ) 



C(r) = 



k 2 — \bi\ 2 r 2 k 2 — \bi\ 2 r 2 



and the radius 



p(r) = 



ki^-ibtfy 

k 2 — \bi\ r 2 



then we can write 

W(D r ) = {; 



w(z) 



k 2 (l -r 2 )^ 



< 



k 2 — |&i| r 2 

Now we define the function <f>(z) by 

g{z) = k\h -J{z)) 
h{z) " k 2 - h<j)(z) 



k{k 2 - ihfy 

k 2 — \bi\ r 2 



Then (f)(z) is analytic and 



0(0) = 







= 0. 



(2.2) 



(2.3) 



(2.4) 



\h\ ~k 2 

If we take the derivative of (2.4) and after the brief calculations we get 



wiz) 



g'(z) ^(h-^z)) k 2 {\h\ 2 + k 2 -2b 1 <p(z))z<j)(z) l-(f)(z) 



h'(z) ~ k 2 - b l( j>(z) 



+ 



(k 2 - b 1( t>{z)y 



(2.5) 

Now it is easy to realize that the subordination (2.1) is equivalent to 
\4>{z)\ < 1 for all z G D. Indeed, we assume the contrary; then there is a 
z 1 E D such that |0(^i)| = 1. So by I. S. Jack's Lemma 

z 1 4>(z 1 ) = m0(zi) 
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for some m > 1 and for such Z\ we have 
( ,_9'{zi)_ k\b l - ( t>(z l )) k 2 (\b 1 \ 2 + k 2 -2b 1 (f ) (z 1 ))z ( j ) (z 1 ) l-<P( Zl ) 

w[Zl) h'( Zl ) w-v^) (* 2 -m(*)) 2 "i + ^i) 

= w(<f)(z 1 )) G W(B) 

but this contradicts to (2.1); so our assumption is wrong, i. e, \4>{z)\ < 1 for 
every zGD, □ 

Corollary 2.2. Let f = (h(z) + g{zj) be an element of sQ kq \, then 

rF{k, |&i| ,-r) < \g(z)\ < rF{k, \h\,r) (2.6) 

G(k, \bi\ ,—r)< \g'(z)\ < G(k, \bi\ ,r) (2.7) 

where 

i, i n 1 + kr) 

F(k,\b 1 \,r) = 



G(k,\h\,r) 



(1-r 2 ) fc + |6i|r 
1+r fc(|6i|+A;r) 



(1-r) 3 fc + |6i|r 

Proof. These inequalities is a simple consequence of Theorem 2.1 and the 
defmation of S^ kq y □ 

Corollary 2.3. Let f = (h(z) + g(z)) be an element of S^ kq) , then 

(1-r) 2 (1+r) 2 

\^F 2 (k, N ,r) < Jf < \^Fi(k, |6x|,r-) (2-8) 

where 

F 1 (k,\b 1 \,r) = 



[(k + k \bi\) - (|6i| 


+ A; 2 )r]p-fc|& 1 |)-(|& 1 | 


- A; 2 )r] 


[(fc + fc |6i|) + (|6i| 


+ P)r][(/ 


r) 2 

c — A: -h 


- k 2 )r\ 


(fc + lftxl 


r) 2 



F2(k,\b 1 \,r) 

Proof. Using (2.3) we obtain 

F 2 (k, \h\,r) < (1 - |w(z)| 2 ) < Fi(k, \h\,r) (2.9) 

On the other hand we have 

■Jf = WW 2 ~ \ 9 \z)\ 2 = \h'(z)\ 2 - \h\z)\ 2 \w(z)\ 2 = \h\z)\ 2 (1 - \w{z)\ 2 ) 

(2-10) 

Considering (2.9) and (2.10) with the Theorem 2.1 we obtain (2.8). □ 
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Corollary 2.4. Let f = (h(z) + g(z)) be an element of S^ kq) , then 

i-p k (i-\b 1 \) + (\b 1 \ + e)p dp<lfl< r ji + p + N) + (N + fc 2 )p ^ 



(l+p)3 k+lhlp r - Uf -Jo (1-P) 3 fc + |6i|p 

(2.11) 

Proof. Using (2.3) we get 

(k - k \h\) + (16x1 - k 2 y (k-kihp-dhi-ky 



(k+lhlr) 
(k + k \bi\) - (|&i 


+ k 2 )r 


(A;-|6i| 


r) 



(k + k \bi\) + (|&i| 


+ k 2 )r 


(k + \bi\ 


r) 



< (l + \w(z)\) < ' 1 (2.13) 



On the other hand 

(\h'(z)\-\g'(z)\)\dz\<\df\<(\h'(z)\ + \g'(z)\)\dz\ 



\h'(z)\ (1 - \w(z)\) \dz\ < \df\ < \h'(z)\ (1 + \w(z)\) \dz\ (2.14) 

Using (2.12), (2.13) and Theorem 1.2 in the inequality (2.14) and integrating 
we obtain (2.11). □ 

Theorem 2.5. Let f = (h(z) + g(z)) be an element of S^ kq) , then 

n n 

k 4 \b m - ha m \ 2 < {\b,\ 2 - k 2 ) 2 + \hbm - k 2 a m f (2.15) 



\bib m - k"a m ' 2 

m=2 m=2 

Proof. Using Theorem 2.1, then we can write 



g(z) k 2 (h - <j>(z)) t n2 .. l2h .. - , . , 2) 



h(z) k 2 -b 1( j)(z) 
Therefore we have 



& (k 2 g(z) - k%h(z)) = (b ig (z) - k 2 h{z))<t>{z) 



n co co 

J2(k 2 b m -k 2 b iam )z m + ^ = ((\bi\ 2 -k 2 )z+J2(^ b rn-k 2 a m )z m )^) 

m=2 m=n+l m=2 

(2.16) 
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Where the coefficients d m have been chosen suitably. The equality (2.16) can 
be written in the 

F{z)=G{z)<t>{z),\<t>{z)\<l, 

then we have 

\F(z)\ 2 = |G(^)| 2 = \G(z)\ 2 \<j>(z)\ 2 =► \F(z)\ 2 < \G(z)\ 2 =► 



oo 

m=2 m=n+l 



J2(k 2 b m -k 2 b iam )z m + d * 



2 

< 



|6i| 2 - k 2 )z + ^(hbm - k 2 a m ) 



z m 



m=2 



Assume z = re 10 , 0<r<l,0<# and integrate the resulting inequality in 
the interval [0, 2ir}. Then we find the inequality 

n oo n 

5> 4 |6 m -MjV fc + \d m \ 2 r 2k <(\b 1 \ 2 -k 2 ) 2 r 2k +Y,\hb m -k 2 a m \ 2 r 2k . 

m=2 m=n+l m=2 

Hence we get 

n n 

£ k 4 \b m - b iam \ 2 r 2k < (\h\ 2 - k 2 ) 2 r 2k + W^m - k 2 a m \ 2 r 2k . 

m=2 m=2 

passing to the limit as r — > 1 we obtain (2.15). The proof of this method was 
introduced by J. Clunie [2]. □ 



References 

[1] L. Ahlfors, Lectures on quasiconformal mappings, Van Nastrand Prince- 
ton, N. J, (1966). 

[2] J. Clunie, On Meromorphic Schicht Functions, J. London Math. Soc. 34 
(1959), 215-216. 

[3] P. Duren, Univalent Functions, Springer Verlag, (1983). 

[4] P. Duren, Harmonic Mappings in the Plane, Vol. 156 of Cambridge 
Tracts in Mathematics, Cambridge University Press, Cambridge UK, 
(2004). 



961 



POLATOGLU ET AL 955-963 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.5, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



[5] D. Kolaj, Quasiconformal Harmonic Mappings and Close-to- Convex 
Domains, Filomat 24:1, (2010), 63-68. 

[6] I. S. Jack, Functions starlike and convex of order a, J. London Math. 
Soc. (2), 3, (1971), no. 2, 469 - 474. 



962 



POLATOGLU ET AL 955-963 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.5, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



Ya§ar Polatoglu 
Department of Mathematics and Computer Sciences, 
Istanbul Kiiltiir University, Istanbul, Turkey 
e-mail: y.polatoglu@iku.edu.tr 

Emel Yavuz Duman 
Department of Mathematics and Computer Sciences, 
Istanbul Kiiltiir University, Istanbul, Turkey 
e-mail: e.yavuz@iku.edu.tr 

Yasemin Kahramaner 
Department of Mathematics, 
Istanbul Ticaret University, Istanbul, Turkey 
e-mail: ykahramaner@iticu.edu.tr 

Melike Aydogan 
Department of Mathematics, 

I§ik University, Mesrutiyet Koyu, §ile Istanbul, Turkey 
e-mail: mclike . aydogan@isikun . edu . t r 



9 



963 



POLATOGLU ET AL 955-963 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.5, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



On the superstability of ternary Jordan C*-homomorphisms 



Dong Yun Shin 1 , Choonkil Park 2 * and Shahrokh Farhadabadi 3 

department of Mathematics, University of Seoul, Seoul 130-743, Korea 
2 Department of Mathematics, Research Institute for Natural Sciences 
Hanyang University, Seoul, 133-791, Korea 
3 Department of Mathematics, Urmia University, Urmia, Iran 

E-mail: dyshin@uos.ac.kr; baak@hanyang.ac.kr; shahrokh_Math@yahoo.com 



Abstract. In this paper, we prove the superstability of ternary Jordan C*-homomorphisms asso- 
ciated with the following Cauchy- Jensen functional equation: 

/ (£ + __ +z y f (_! + __ + „) 4- / (U±l + x) = 2 \f{x) + f(y) + /(*)] (1) 

and the Hyers-Ulam stability of ternary Jordan C*-homomorphisms associated with the following 
generalized Cauchy-Jensen functional equation: 




Keywords: Superstability; Hyers-Ulam stability; Cauchy-Jensen functional equation; Ternary Jor- 
dan C*-homomorphism. 

2010 MSC: 17C65, 39B52, 17A40, 20N10, 11E20. 

1. Introduction and preliminaries 

It is clear that the functional equation (2) is a generalized form of the functional equation (1). In 
order to investigate of the functional equation (2), we will suppose that p > 2, and so the simplest 
case of (2) is the Cauchy equation with p = 2. 

Definition 1.1. [25] Let A, B be C*-ternary algebras. A C-linear mapping H : A — > B is called a 
C* -ternary Jordan homomorphism if 

H([x,x,x]) = [H(x),H(x),H(x)] 

for all x £ A. If, in addition, 

H(x*) = H{x)* 

for all x £ A, then H is called a ternary Jordan C* -homomorphism. 

Definition 1.2. [25] Let A be a C*-ternary algebra. A C-linear mapping 8 : A — > A is called a 

C* -ternary Jordan derivation if 

5 ([x, x, x]) — [S(x),x, x] + [x, S(x), x] + [x, x, 5(x)] 
°* Corresponding author: baak@hanyang.ac.kr (C. Park) 
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Superstability and ternary Jordan C*-homomorphisms 
for all x € A. If, in addition, 

6(x*) = 5(x)* 

for all x £ A, then 8 is called a ternary Jordan C* -derivation. 

In this paper, we will just obtain our results for ternary Jordan C*-homomorphisms, and the 
reader can also investigate and get the results for ternary Jordan C* -derivations similarly. 

We say a functional equation (£) is stable if any function g satisfying the equation (£) approx- 
imately is near to true solution of (£). We say that a functional equation is superstable if every 
approximately solution is an exact solution of it [33] . 

The stability of functional equations originated from Ulam [37] in 1940. Ulam proposed the 
following question "When does an exact solution of functional equation (£), near an approximately 
solution of that exist?" In 1941, Hyers [18] affirmatively answered to this question of Ulam for 
Banach spaces. In 1950, Aoki [1] generalized the Hyers' theorem for approximately additive map- 
pings. In 1978, Rassias [32] generalized the theorem of Hyers by considering the stability problem 
with unbounded Cauchy differences. In 1994, a generalization of Rassias' theorem was obtained by 
Gavru^a [17]. He proved the following: 

Theorem 1.3. [17] Let G be an abelian group and E a Banach space. Denote by (p : GxG ^ [0, oo) 
a mapping such that 

oo 

4>(x, y) := 2~ (n+1 V(2 n 2, 2 n y) < oo 
for all x,y G G. Suppose f : G —¥ E is a mapping satisfying 

|| f(x + y)-f(x)-f(y) || <<p(x,y) 
for all x,y G G. Then there exists a unique additive mapping A: G — > E such that 

|| f{x)-A(x) || <<f>(x,x) 

for all x G G. 

The stability problems of several functional equations have been extensively investigated by a 
number of authors, and there are many interesting results concerning these problems. A list of 
references concerning these results can be found in [2, 3, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 19, 20, 
24, 26, 27, 28, 29, 31, 33, 35, 36]. 

2. Superstability of ternary Jordan C*-homomorphisms 

Throughout this section, we prove the superstability of ternary Jordan C*-homomorphisms as- 
sociated with the functional equation (1). 

From now on, A and B are C*-ternary algebras with norm || • \\a and || • ||s respectively. 
We will use the following lemmas in the proof of our theorems. 

Lemma 2.1. [22] Let X and Y be linear spaces and let f : X — > Y be an additive mapping such 
that f{pLx) — fJ,f(x) for all fi G T 1 := {A G C : |A| = 1} and all x G X. Then the mapping f is 
C-linear. 

Lemma 2.2. [22] Let {x n } n , {y n } n and {z n } n be convergent sequences in A. Then the sequence 
{[x n , y„, z n ]}„ is a convergent sequence in A. 
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Lemma 2.3. Let f : A — > B be a mapping such that 

\\2[f(x) + f(y) + f(z)] - f (^±» +z)-f + y) \\ g < \\f + x) \ g (2.1) 

for all x,y, z £ A. Then f is additive. 
Proof. Letting x — y = z = 0m (2.1), we get 

l|4/(0)|| B < ||/(0)|| B . 
So /(0) = 0. Letting y — z — —x in (2.1), we get 

||2/(*) + 2/(-s)|| b <||/(0)||b=0 
for all x £ A. Hence f(—x) = —fix) for all x £ A. Letting z — — 2x — y in (2.1), we obtain 

2f(x) + 2f{y) - 2f(2x + y) + f (^^j - / (^) = (2.2) 

for all x, y £ A. Letting x = ~ y ^~ z in (2.1), we get 

-2/ (U±l) + 2f(y) + 2f(z) - / (^L) - / (*±*) = 

and so 

- 2/ (^) + 2f(x) + 2f(y) - / (^) - / (§5 + ») = (2.3) 
for all x, y £ A. Now by (2.2) and (2.3), we get 

2/(2, + y) + f (^) - 2/ (£±») - / <^±y) - / {^±y) - / = 

for all £ i. Letting y = in the top line, we obtain 

/(a;) + 3/(2,) + /(3s) + f(6x) - 2/(8,) = (2.4) 

for all x £ A. 

Letting y = —3,, z = x in (2.1), and then y = 0, z = —2, and then y — 3,, z — —5, and then 
y — — \x, z = — \x and then y = 2,, z — —Ax and then y — — fa;, z = — fx, respectively, we get 

4/(x) + /(2a;) - 2/(3,) = 0, 

f{x) + 2/(2,) + /(3,) - 2/(4,) = 0, 

f{x) + 3/(3as) - 2/(5a;) = 0, 
2/(2,) - /(3,) - 2/(4,) - /(5a;) + 2/(6,) = 0, 

/(,) - 2/(2,) - 2/(4x) - /(5a;) + 2/(8,) = 0, 
2/(4,) - /(5a;) - 2/(6,) - /(7a;) + 2/(8,) = 

for all x £ A. By these equations and by (2.4), we obtain /(n,) = «,/(,) with n = 1, • • • ,8. So by 
(2.2), we have 

/(2, + y) = fix) + fiy) - i/(i, - x) + i /(3x + y) (2.5) 
for all ,, y G A. Letting a; = w + u, y = u — v, z — — 3it — v in (2.1), we get 

fiv) + 2/(u + v)- 2f(v -u) + /(2tt + w) - 2/(3u + w) = 
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and so 

f(2x + y) = 2f(3x + y) + 2f(y - x) - f(y) - 2f(x + y) 
for all x, y G A. By this equation and (2.5), we obtain that 

f(3x + y) = p(x) + p(y) + p(x + y)-p(y-x) 



and so 



f(3y + x) = p(y) + p( X ) + p( X + y)+p(y- X ) 



for all x,y G A. By (2.3), we can obtain the result. □ 
Theorem 2.4. Let (p : A A — > [0, oo) be a function such that 

lim 2 3n ip(2- n x,2' n x,2- n x) = 

n— >oc 

or lim 2- n if(2 n X ,2 n x,2 n x) = 



for all x £ A. Let f : A — > B be a mapping satisfying 

x + y \ , / x + z 



\\Mf(x) + f(y) + f(z)} - f (/i^p +nz)-f + w) || b 

\\f([x,x,x]) - [f(x),f(x),f(x)]\\ B < <p{x,x,x), (2.7) 

\mx*)-f(xr\\ B <<p(x*,x',x*) (2.8) 

for all (i G T 1 ana! all x,y,z G A. TTien the mapping f : A —¥ B is a ternary Jordan C* - 
homomorphism. 

Proof. Assume that lim^^ 2 3n ip{2~ n x, 2~ n x, 2- n x) = 0. 

Let (i — 1 in (2.6). By Lemma 2.3, the mapping / : A — > B is additive. Letting y — z — ~x in 
(2.6), we get 

|| -2 i xf(x) + 2f{ l xx)\\ B = \\2^f(x)+^f(-x)-2f(-i^x)\\ B < ||/(0)|| B = 

for all fi G T 1 and all x G A. Hence f(fxx) = nf{x) for all (iGT 1 and all a: G A. By Lemma 2.1, 
the mapping / : A — > B is C-linear. By (2.7) and Lemma 2.2, we have 

\\f([x,x,x])-[f(x),f(x)J(x)]\\ B 



a; 
,2" 



< lim 2 3 



for all fi G T 1 and all x € A. Hence f([x, x, x]) = [f(x), f(x), f(x)] for all /i G T 1 and all x £ A. 
It follows from (2.8) that 

-/(*)!* = (£*)-/(£ 

/ * * * \ / * * * \ 

- »woo ^\2" 2" 2"/ - *\2 n 2 n 2 n ) 

for all /i G T 1 and all x £ A. Hence f(x*) = f(x)* for all jigT 1 and all x £ A. Therefore, the 
mapping / : A — > B is a ternary Jordan C*-homomorphism. 
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Assume that lim^^ 2~ n ip(2 n x, 2 n x, 2 n x) = 0. 
By (2.7), (2.8) and Lemma 2.2, we have 

\\f([x,x,x])-[f(x)J(x),f(x)]\\ B 

= lim ^ n \\f([2 n x,2 n x,2 n x])-[f(2 n x),f(2 n x),f(2 n x)}\\ B 

< lim ±<p(2 n x,2 n x,2 n x) < Km ^V>(2 n x, 2 n x, 2 n x) = 0, 

n— too 2 n->oo 2 

\\f(x')-f(x)'\\ B = hm Uf(2 n x*)-f(2 n xy\\ B 

n— too 2 

< lim -*-<p(2 n x*,2 n x*,2 n x*) = 

n— >oo 2 n 

for all x G A. 

Therefore, the mapping / : A — > B is a ternary Jordan C*-homomorphism. □ 

Corollary 2.5. Let 8 be a nonnegative real number and qi,q2, <73 be positive real numbers such that 
Qi, 12, <?3 > 3 or qi,q2,qs < 1. £ei f : A ^ B be a mapping satisfying (2.6) and 

\\f([x,x,x}) - [/(*), /(*), /(sOHIb < (11x115 + \\xW2 + \\x\\%) , 
\\f(x*)-f(xy\\ B < e(\\x*\\ 9 2 + \\x*\\ q * + \\x*\\ 9 ^) 

for all x £ A. Then the mapping f : A — > B is a ternary Jordan C* -homomorphism. 

Proof. Defining ip(x, y,z) = 9 {\\x\\ 9 ^ + \\y\\ 9 ^ + IMIa) an d a PPly m g Theorem 2.4, we get the result. 

□ 

Corollary 2.6. Let 8 be a nonnegative real number and q\,q2, ?3 be positive real numbers such that 
qi + Q2 + q-A > 3 or qi + qi + qz < 1. Let f : A -» B be a mapping satisfying (2.6) and 

\\f([x,x,x])-[f(x),f(x),f(x)]\\ B < 8\\x\\ 9 2 +q2+q3 , 

\\f(x')-f(x)'\\ B < e\\x*\\ q 2 +q2+q3 

for all x £ A. Then the mapping f : A — > B is a ternary Jordan C* -homomorphism. 

Proof. Defining ip(x, y, z) — 8 (H^H^ 1 \\y\\ 9 ^ ||z||^ 3 ) and applying Theorem 2.4, we get the result. □ 

We can also put <ji = q 2 = §3 = q in Corollaries 2.5 and 2.6, and obtain better and simpler 
results. 

3. Hyers-Ulam stability of ternary Jordan C*-homomorphisms 

Throughout this section, We prove the Hyers-Ulam stability of ternary Jordan C*-homomorphisms 
associated with the functional equation (2). 

In order to do that, for a given mapping / : A — > B, we define 



for all (igT 1 and all xi, • • • ,x p € A. 



p f I p \ p 

) : = f\ ~TT » x i + HXi - 2 ^ fif(xi) 

1=1 V £i / i=1 
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Lemma 3.1. [25] A mapping f : A — > B is a C-linear mapping if and only if 

r M /(xi,-- • ,x p ) = o 

for all (iGl 1 and all xi, ■ ■ ■ ,x p G A. 

Theorem 3.2. Let (p : A v — > [0, oo) be a function. Denote by 4> a function such that 

oo 

g 2> ( 2 -(n+D ai; ... , 2 -^X v ) <0O, 



lim 2 3 > (2~ n a;, • • • , 2~ n x) = 0, 



(,X'l 



,x p ):=J2 2- (n+1 V(2"a;i, ■ ■ ■ , 2 n x P ) < oo 



/or x, xi, 



, Xp G A. Suppose that f : A — > B is a mapping satisfying 

|| F ll f(xi,--- ,x p ) ||s < ^(xi,--- ,aip), 
||/([x,x,a;]) - [/(x),/(a;),/(a;)]||s < </j(:c, • • • ,x), 
\\f(x*)-f(x)*\\ B < ifi(x*,--- ,x*) 



(3.1) 
(3.2) 
(3.3) 



(3.4) 
(3.5) 
(3.6) 



for all \x G T and all G A. Then there exists a unique ternary Jordan C* -homomorphism 

H : A-> B such that 



\\f(x)-H(x)\\ B < -4>(x,--- ,x) 



(3.7) 



for all x G A. 



Proof. Firstly, assume that (3.1) and (3.2) hold. 

Putting fi — 1 and xi = • • • = x p = x in (3.4), we get 

||/(2aO-2/(a;)|| B < ±<p(x,---,x) 

!'<*>- 2 '(f)IL * 

for all x £ A. Using the induction method, we obtain 

n-l 



N - rf (J ) IL * I £ 2V ( 2 ~ (s+1) *' • • • - 2 ~ (S+1 S 

s— 

for each n > 1 and all x € A. Now assume that m, Z are positive integers, with m > I. 
By (3.8), we have 



|*"7(£)-2«/(5)| 



= 2 1 



cym—l r i J 



1 m — 1 

< - ^2>(2-< s+1 V.. ,2"( s+1 ^) 

^ S — i 

- OO 

1 ,2-^x). 



< - 
P 



(3.8) 
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Now, the relation (3.1) shows that the right side converges to when I — > oo, and this clarifies that 
the sequence {2 n /(^)} is a Cauchy sequence. Since A is a complete space, the sequence {2 n /(^)} 
is a convergent sequence. Therefore, we can define, for all x € A, the mapping H : A — > B by 

H(x) := lim 2"/ (£) . 

Passing the limit n — > oo in (3.8) and by (3.1), we obtain (3.7). 
It follows from (3.4) and (3.1) that 

lir^xx,..., = Jim 2-fr,/ (g,- ,%)\\ a 

for all (lET 1 and all xi, ■ ■ ■ ,x p € A. By Lemma 3.1, H is C-linear. 

By Lemma 2.2 and replacing x by ^ in (3.5) and by (3.2), we obtain 

\\H([x,x,x])-[H{x),H(x),H{x)]\\ B 

= }T x 2in \\ f ([^'i^])-[ f (^)' f (^)' f (i)]\\ B 

< lim 2 3n tp( — , — ) =0 
----- ^ V 2™ 2™ / 



n — ?■ -oc 



for all x £ A. Thus #([a:, a;, a;]) = [H(x),H(x),H(x)] for all x e A. 
By (3.1) and replacing x by ^ in (3.6), we get 



IffOO - ffOiOla = lim 2 

n— Yoo 



f ( 2" J ^ ( 2" 



for all x G A. Thus H(x*) = H(x)* for all x £ A. Therefore, H : A — > B is a ternary Jordan 
C*-homomorphism. 

Let T : A — > B be another ternary Jordan C*-homomorphism that satisfies (3.7). Then we have 

H*(*)- r (*>ll* * r\\'&)- H (*)l + r\\f(£)-T(£)\\ B 



< 2 ,] 



2 / x x 
p^V2™'"' '2» 



)) 



< 2 - y 2 vf2- (s+1) -,... ,2- (s+1) -) 

p ^ ^\ 2" 2 n / 

„ oo 

= pE 2 >( 2_(s+1) ^-" ,2- (,+1) *) 



for all x £ A. Now if n — > oo, then (3.1) shows that the right side converges to 0. So H : A — > B is 
unique. 

If we assume that (3.3) holds, then by the same method as in the proof of last part, one can obtain 
a C-linear mapping H(x) := bim^oo -L/ (2 n x) satisfying (3.7), and get the desired result. □ 
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Corollary 3.3. Let 9 be a nonnegative real number and, for every 1 < j < p, qj be positive real 
numbers such that all qj > 3 or all qj < 1, and let f : A — > B be a mapping satisfying 

\\r^(x lr -- ,x p )\\ B < 0(11*111" +--- + \\x P \\ 9 i), 

\\f([x,x,x])-[f(x)J(x),f(x)]\\ B < 9{\\xn+- + \\x\\ q X), 
||/0O-/(a01 B < 0(\\xT2+-~ + \\xTM 
for all fj, €T and all 00 - 00 X 3 ^ 30 t) 

G A. Then there exists a unique ternary Jordan C* -homomorphism 

H : A —J- B such that 

!!/(*) -*(*)I| S <£J^ 

2 = 1 

for all x £ A. 
Proof. Denning 

v 

<fi(xi,--- ,x p ) = 9^2\\x j \\ q X 

2 = 1 

and applying Theorem 3.2, we get the result. □ 



Corollary 3.4. Let 9 be a nonnegative real number and, for every 1 < j • < p, qj be positive real 
numbers such that qi + • • • + q p > 3 or q 1 + ■ ■ ■ + q p < 1, and let f : A —¥ B be a mapping satisfying 

11^/(11,... ,x p )\\ B < 9(\\x 1 \\"2---\\x p \\ q n 
\\f([x,x,x])-[f(x),f(x)J(x)]\\ B < 0\\x\$ =l9i , 

||/CO -/(*)!« < e\\x*\ff= iqi 

for all fi € T 1 and all 00 * 00 1 5 * * * } oc <p G A. Then there exists a unique ternary Jordan C* -homomorphism 
H : A-* B such that 

\\f(x) - H(x)\\ B < 



2^J=i q i - 2 



for all x £ A. 
Proof. Denning 



\\xj\\ q A 



2=1 

and applying Theorem 3.2, we get the result. □ 

One can also put qi = ■ ■ ■ = q p = q in these last corollaries, and obtain better and simpler 
results. 
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Abstract 

In this paper, we establish coupled fixed point results for generalized weakly contractive 
mappings having the mixed monotone property in ordered partial metric spaces. The results 
on fixed point theorems are generalizations of the recent results of Alsulami, Hussain and 
Alotaibi [S. Alsulami, N. Hussain and A. Alotaibi, Coupled Fixed and Coincidence Points 
for Monotone Operators in Partial Metric Spaces, Fixed Point Theory and Applications 
2012, 2012:173]. 

Keywords: Coupled fixed point; Partial metric space; Generalized weakly contractive 
mapping; Coupled coincidence point 



1. Introduction and Preliminaries 

The existence and uniqueness of fixed and common fixed point theorems of operators has 
been a subject of great interest since Banach [1] proved the Banach contraction principle in 
1922. Many authors generalized the Banach contraction principle in various spaces such as 
quasi-metric spaces, generalized metric spaces, cone metric spaces and fuzzy metric spaces. 
Matthews [2] introduced the notion of partial metric spaces in such a way that each object 
does not necessarily have to have a zero distance from itself and proved a modified version 
of the Banach contraction principle. Afterwards, many authors proved many existing fixed 
point theorems in partial metric spaces (see [5]- [44] for examples). 

In recent times, fixed point theory has developed rapidly in partially ordered metric 
spaces, that is, metric spaces endowed with a partial ordering. Some of these works are 
noted in [11, 17, 18, 36]. Bhaskar and Lakshmikantham [18] introduced the concept of 
a coupled fixed point and the mixed monotone property. Furthermore, they proved some 
coupled fixed point theorems for mappings which satisfy the mixed monotone property and 
gave some applications in the existence and uniqueness of a solution for a periodic boundary 
value problem. After the publication of this work, several coupled fixed point and coincidence 



1 Corresponding author. 

Email address: rattanapornw@nu.ac.th (R. Wangkeeree), rabianw@nu.ac.th (R. Wangkeeree), and 
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point results have appeared in the recent literature. Works noted in [31, 38, 39] are some 
examples of these works. 

We recall below the definition of partial metric space and some of its properties. 

Definition 1.1. [2] A partial metric on a nonempty set A is a function p : X x X — > 
such that for all x,y,z G X: 

(pi) x = y p(x, x) = p(x, y) = p(y, y), 

(p2) p(x,x) < p(x,y), 

(p3) p(x,y) = p(y,x), 

(p4) p(x, y) < p(x, z) + p(z, y) - p(z, z). 

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial 
metric on X. It is clear that, if p(x,y) = 0, then from (pi) and (p2), x = y. But if x — y, 
p(x, y) may not be 0. The function p(x, y) = maxji, y} for all x, y G M + defines a partial 
metric on IR + . Each partial metric ponl generates a To topology r p on X which has as 
a base the family of open p-balls {B p (x, e) : x G A, e > 0}, where B p (x,e) = {y G A : 
p(x,y) < p(x,x) + e} for all x G A and e > 0. If p is a partial metric on A, then the 
function d p : A x A — ► 1R + given by 

tZ p (ar, y) = 2p(x, y) - p(x, x) - p(y, y) 

is a metric on A. 

Definition 1.2. Let (X,p) be a partial metric space. Then 

(i) A sequence {x n } in a partial metric space (A, p) converges to a point x G A if and 
only if x) = l^^oo p(x, x n ). 

(ii) A sequence {x n } in a partial metric space (A, p) is called a Cauchy sequence iff 
lim njm >ooP(x n ,x m ) exists (and is finite). 

(iii) A partial metric space (X,p) is said to be complete if every Cauchy sequence 
{x n } in A converges, with respect to r p , to a point x G A such that p(x,x) = 
\im n m — >oc p(x n ^ x m ). 

(iv) A subset A of a partial metric space (X,p) is closed if whenever {x n } is a sequence 
in A such that converges to some x G A, then x £ A. 

Remark 1.3. The limit in a partial metric space is not unique. 

Theorem 1.4. Let (Y,d f ) be a subspace of metric space (X,d). If (X,d) is a complete 
metric space and Y is a closed set in X, then (Y, d') is a complete metric space. 

Lemma 1.5. [2, 33] Let (A, p) be a partial metric space. 

(a) {x n } is a Cauchy sequence in (X,p) if and only if it is a Cauchy sequence in the metric 
space (A, d p ). 
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(b) A partial metric space (X, p) is complete if and only if the metric space (X, d p ) is 
complete. Furthermore, lim n >QO d p (x n , x) = if and only if 

p(x,x) = lim p(x n , x) = lim p(x n ,x m ). 

n >oo n,m >oo 

Let (X,p) be a partial metric. We endow the product space X x X with the partial metric 
q defined as follows: 

for (x, y), {u, v ) G X x X, q((x, y), (u, v)) = p(x, u) + p(y, v). 

A mapping F : X x X — > X is said to be continuous at (x,y) G X x X is for each e > 0, 
there exists 5 > such that 

F(B q ((x,y),5))cB p ((x,y),e). 

The concept of a mixed monotone property has been introduced by Bhaskar and Laksh- 
mikantham [18]. 

Definition 1.6 ([18]). Let (X, ^) be a partial ordered set. A mapping F : X x X — > X is 
said to be have mixed monotone property if F(x, y) is monotone non-decreasing in x and is 
monotone non-increasing in y, that is, for any x, y G X 

xi, x 2 G X, xt r< x 2 F(xi,y) r< i 71 ^, 

and 

3/1, 2/2 e X, yx ^ y 2 F(s, ^ y 2 )- 

Definition 1.7 ([18]). Let F : I x I I. An element G X x X is said to be a 

coupled fixed point of a mapping F if 

x = -F(x, y) and y = x). 

Let $ denote the set of all functions (f> : [0, oo) — > [0, oo) which satisfy 

(01) is continuous and non-decreasing, 

(02) 0(t) = if and only if t = 0, 

(03) 0(t + s) < 0(t) + 0(s) for all i, s G [0, oo), 

(04) 0(ot) < o0(t) for all a G (0, oo). 

and let \l/ denote the set of all functions ip : [0, oo) — > [0, oo) which satisfy 

lim , 0(t) > for all r > and lim ipit) = 0. 
t— *r t^o+ 

Alsulami, Hussain and Alotaibi [4] proved some coupled fixed point results for (0, <p)- weakly 
contractive mappings in ordered partial metric spaces. More precisely, they obtained the 
following results. 
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Theorem 1.8. [4, Theorem 3.1] Let (X, ;<) be a partially ordered set and suppose there is a 
partial metric p on X such that (X, p) is a complete partial metric space. Let F : X x X — > X 
be a mapping having the mixed monotone property on X . Suppose that there exists G $ 
and ip G \P such that 

<f>(p(F(x,y),F(u,v))) < ±<f>(p(x, u) + p(y, v)) - rj> U) ± PiV ' V) ) (1.1) 

for all x, y, u, v G X for which x y u and y -< v. If there exists Xq, y^ G X such that 

x di F(x ,y ) andy y F(y ,x ), 

and also suppose either 

(a) F is continuous or 

(b) X has the following property: 

(i) if a non- decreasing sequence {x n } is such that then x n <x for all n, 

(ii) if a non-increasing sequence {y n } is such that y n — > y,then y ^ y n for all n, 

then F has a coupled fixed point in X, that is there exists (x,y) G X x X such that x = F(x,y) 
and y = F(y, x). 

Starting from the results in Alsulami, Hussain and Alotaibi [4], our main aim in this 
paper is to obtain more general coupled fixed point theorems for mixed monotone operators 
F : X — > X satisfying a contractive condition which is significantly more general that the 
corresponding conditions (1.1) in [4], thus extending many other related results in literature. 
We also provide illustrative example in support of our results. 

2. Coupled fixed points for generalized weakly contractive mappings 

We start with an example which shows the weakness of Theorem 1.8. 

Example 2.1. Let X = IR + be a set endowed with order x ^ y ^ x < y. Let p(x,y) = 
max{x, y}, then (X,p) is a partial metric space. Define the mapping F : X x X — > X by 

F(x,y) = for all x, y G X. 

8 

Then the following properties hold: 

(1) F is mixed monotone; 

(2) the condition (1.1) does not hold. 

Indeed, we show that F does not satisfy condition (1.1). Assume on the contrary, that there 
exist and ip, such that (1.1) holds. Therefore it implies that there exist G $ and ip G \& 
such that, for all x > u and y < v , we have 

5x — 2y\ ( \ 5x — 2y 5u — 2v 

max 



<P(p(F(x,y),F(u,v))) 
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< ^<p{p{x,u) +p{y,v)) -ip 



2™ ' ' cy< " " \ 2 

1 . , \ . fx + v 
= -cf)(x + v) -ip l^- 
Setting x = 5,y = 1/2 and v = 1 to the last inequality, we get, since -0(3) > 0, that 
0(3) < 0(6) - ^(3) < 0(6) < 20(3) = 0(3) 

which gives a contradiction. Hence F does not satisfy condition (1.1). Notice, however, that 
(0,0) G X 2 is the coupled fixed point of F. □ 

We now state and prove our first result which successively guarantees the existence of a 
coupled fixed point and generalizes Theorem 3.1 in [4]. 

Theorem 2.2. Let (X, ^) be a partially ordered set and suppose there is a partial metric p 
on X such that (X, p) is a complete partial metric space. Let F:XxI->I be a mapping 
having the mixed monotone property on X. Suppose that there exist G $ and ip G \& such 
that 

Mp+(x,y,u,v) < 0( P (x, u) + p(y, v))-2* ^ U) ± P{V ' V) ) (2.1) 

for all x, y, u, v G X for which x >z u and y ^ v , where 

Mp*{x, y, u, v) = (f>{p(F(x, y), F{u, v))) + <f>{p(F{y, x), F{v, u))). 
If there exist two elements xo,yo G X such that 

x di F(x ,y ) andy y F(y ,x ), 

and also suppose either 

(a) F is continuous or 

(b) X has the following property: 

(i) if a non- decreasing sequence {x n } is such that x n — > x,then x n <x for all n, 

(ii) if a non-increasing sequence {y n } is such that y n — > y,then y -< y n for all n, 

then F has a coupled fixed point in X, that is there exists (x,y) G XxX such that x = F(x, y) 
and y = F(y, x). 

Proof. Let x ,y G X such that x ^ F(x ,y ) and y y F(y ,x ). We construct sequence 
{x n } and {y n } in X as 

x n+1 = F(x n , y n ) and y n+ i = F(x n , y n ) for all n > 0. (2.2) 

Next, we show that 

x n x n+ i for all n > (2.3) 
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and 

Vn h Vn+i for all n > 0. (2.4) 

For this we shall use mathematical induction. 

Let n — 0. Since xo d F(%o,yo) an d yo >z F(y ,xo) and as x\ = F(xo,yo) and y\ = 
F(y ,x ), we have x d X\ and ?/ ^ Hi- Thus (2.3) and (2.4) hold for n — 0. 

Suppose now that (2.3) and (2.4) hold for some fixed n > 0, then, since x n ^ a; n+ i and 
2/n >: Vn+i, we have 

x n+2 = F(x n+1 , y n+ i) y F(x n , y n+1 ) y F(x n , y n ) = x n+1 (2.5) 

and 

y n+2 = F(y n+1 , x n+ i) d F(y n+ i, x n ) d F(y n , x n ) = y n+1 . (2.6) 

Using (2.5) and (2.6), we get 

X n +1 d X n +2 and y n+1 y y n+2 - 

Hence, by the induction method we conclude that (2.3) and (2.4) hold for all n > 0. There- 
fore, 

Xo d Xi d X 2 d ■ ■ ■ d Xn d Xn+1 d ■ ■ ■ (2.7) 

and 

yohyiyy2y---yy n y y n +i h ■■ ■■ (2.8) 

For each n > 0, let 

= p{x n+1 ,x n ) + p(y 

ni Un+l)- 

Since x n y x n _i and y n d y n -i, using (2.1) and (2.2), we have 

<j){p(x n+ i,x n )) + (f)(p(y n ,y n+1 )) = (/)(p(F(x n ,y n ),F(x n -i,y n -i))) 

+ <f>{p(F(y n - 1> x n _i), F(y n , x n ))) 
= M^{x n ,y n ,x n _ u y n - X ) 
< 4>{p{x n , Xn-!) + p(y n , y n -i)) 

By property (03), we have 

0(p(x n+ i, X n ) + p(y n , J/n+l)) < <j>{p{Xn, X n -l) + p(Vn, Vn-l)) 

2 ^ Mx ni x n -!) +p(y n ,yn-i) \ ^ 210 ^ 
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which implies, since ip is a non-negative function, 

(j)(p(x n+1 ,x n ) +p(y n ,y n +i)) < <f>(p(x n ,x n -i)+p(y n ,y n -i)); (2.11) 
that is 

<K£n+i) < <K£ n ) foralln>0. (2.12) 

Using the fact that is a non-decreasing, we get £ n+ i < £ n for all n > 0. This shows that 
{£„} is decreasing. Therefore is some £ > such that 

lim = lim [p(x n+1 ,x n ) +p(y n+1 ,y n )} = f. (2.13) 

n^oo n— >oo 

We shall prove that £ = 0. Suppose, to the contrary, that £ > 0. Then taking the limit as 
n — > oo (equivalently, £ n — ► £) of both sides of (2.10) and remembering \xm t ^ r ip(t) > for 
all r > and is continuous, we have 



0(0 = lim 0(a) < lim U(£ n _ 1 )-2^(%i 

n— >oo n— >oo L V / 

= 0(O-2J_im^(% i ) <0(O> 
which gives a contradiction. Thus £ = 0, that is, 



lim £ n = lim [p(x n+ i, x n ) + p(y n+ i, y n )] = 0. (2.14) 

Let 

£n = d p (x n+ i, x n ) + d p (y n ,y n+ i) 

for all n6N. From the definition of d p , it is clear that < 2£ n for all n G N. Using (2.14), 
we get 

lim = lim [rf p (x n+ i, x n ) + d p (y n+1 , y n )) = 0. 

n— >+oo n— >+oo 

Now, we prove that and {y n } are Cauchy sequences in the partial metric space (X,p). 
From Lemma 1.5 (a), it is sufficient to prove that {x n } and {y n } are Cauchy sequences in 
the metric space (X, d p ). Suppose, to the contrary, that at least one of {x n } or {y n } is not 
a Cauchy sequence. Then there exists an e > for which we can find subsequences {x nk }, 
{x mk } of {x n } and {y Hk }, {y mk } of {y n } with n k > m k > k such that 

dp(x nk , x mk ) + d p (y nk ,y mk ) > e. (2-15) 

Further, corresponding to mk, we can choose n k in such a way that it is the smallest integer 
with rik > rrik and satisfying (2.15). Then 

dp(x nk -i, x mk ) + dp(y njt _i, y m J < e. (2-16) 
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Using (2.15), (2.16) and the triangle inequality, we have 

£ — '■— dp(x nk , x mk ) + dp{y nk} y mk ) 

— dp(x nk , x nfc _x) -|- dp(x nk _\, x mk ) -\- dp(y nk , y nk ^\) -\- dp(y rik —\, y-m k ) 

— dp[x nk i x nk —\) -\- dp{y nk ^y nk _\) -\- £ . 

Letting k — > oo and using (2.14), we get 

lim r\ = lim [d p (x nk ,x mk ) + d p (y nk ,y mk )} = e. (2.17) 

fc^oo fc-^oo 

By the triangle inequality, 

r k ~ dp{x nk ,x mk ) + d p [y nk ,y mk ) 

^ dp(x nk , X nfc -|_i) -|- rfp(x nt ,-|_i, X mfc ^i) -|- dp(x mk -\.\ , x mk ) 

+ d p (y nk ,y nk+1 ) + d p (y nk+ i, y mk +i) + d p {y mk +i 

— £n k + £m fc + ^(^nfc+l, ^m fc +l) + d p (y nk+ i, y mk+ l) ■ 

Using the properties of <p, we have 

) + d p {y nk+1 ,y mk+1 )) 
< 4>Hl k + fmj + 4>(d p (x nk+1 , x mk+l )) + (f){d p (y nk+1 , y mk +i)). (2.18) 

Now, let 

'"fc Py^n k i •^m k ) Piyn k i ?/m&) • 

By the definition of r^, we have 

r k ~ d p {x nk , x mk ) + d p (y nk , y mk ) 

2p(x nfe ,X mfe ) p{x nk ^X nk } p(%m k j%m k ^) 

+ 2p(yn k ,ym k ) -p(y nk ,yn k ) -p(y mk ,y mk ) 

= 2r k -p(x nk ,x nk ) -p(x mk ,x mk ) -p(y nk ,y nk ) -p(y mk ,y mk ). (2.19) 
In view of property (p2) and (2.14), we have 
lim p(x nk ,Xn k ) = lim p(x mk ,x mk ) 

fc^+oo fc^+oo 

= lim p(y nk ,y nk ) 

fc— >+oo 

= lim p(y mk ,y mk ) = 0. 

fc— >+oo 

Therefore, letting k — > +oo in (2.19) and using (2.17), we get 
lim r k = |. 

fc— >+oo z 

Since x Hk h x mk and y nfc ^ y mfc , we have 
x mh +i)) + <p{dp{y nk+1 ,y mk+1 )) 
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< <f>(2p(x„ k+1 , x mk+l )) + <f)(2p(y nk+1 , y mk +i)) 

< 2<f)(p(x nk+1 , x mk+l )) + 2cj)(p(y nk+1 , y mk +i)) 
= ^<P{p{F{x nk ,y nk )),p{F(x 

m k , Vm k ))) + 2<p(p(F(y )),P( F (ym k ,Xm k ))) 

— 2Mp (x nk , y nk , x mk , y mk ) 

< 24>{p((x nh ,x mk ))+p{(y nk ,y mk ))) 

'p((x nk ,x mk )) +p{(y nk ,ym k ))- 



_^ ( PKKXn k ,x mk )) +p{{y nk ,y mk )) j 



20(r*)-4^(^y (2.20) 



2 

Thus, from (2.18), we have 



K)<« fe +^) + 20(r fc )-#(|). 



Letting k — > +00, and using the properties of and ip together with the inequalities estab- 
lished above, we have 

0( £ )<0(O)+20(i)-4 lim V(^) < ^)-4 1im^) 

2 4 

< (j){e) - A\xmij)(t) 

< <f>{e) (2.21) 

which is a contradiction. Therefore, {x n } and {y n } are Cauchy sequences in the complete 
metric space (X,d p ). Thus, there are x,y G X such that 

lim d p (x n ,x)= lim d p (y n ,y) = 0, (2.22) 

which implies that 

lim F(x n ,y n ) = lim x n = x 

n— >+oo 

lim F(y n ,x n )= lim y n = y. (2.23) 

n— >+oo n— >+oo 

Therefore, from Lemma 1.5 (b), using (2.14) and the property (p2), we have 

p(x,x) = lim p(x n ,x) = lim p(x n , x n ) = 0, (2.24) 

n— »+oo 71— »+oo 

P(y,y)= lim p(y n ,y)= lim p(y n ,y n ) = 0. (2.25) 

On utilizing p(x, 2) = p(y,y) = in (2.1), we get 

0(p(F(z, y),F(x, y))) + <f)(p(F{y, x),F(y, x))) 
< <f){p(x,x) +p(y,y)) - 2ip' 
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10 

= 0(0) - 2^(0) = -2ip(0) < 0, 

which implies <p(p(F(x, y),F(x, y))) + <p(p(F(y, x), F(y, x))) = 0. Therefore, from the prop- 
erty (02), we get 

p{F{x, y), F(x, y)) = = p{F(y, x), F{y, x)). (2.26) 

We now show that x = F(x,y) and y = F(y,x). Suppose that the assumption (a) holds. 
For any given e > 0, the commutativity of F at a point (x,y) implies that there exists £ > 
such that if (it, v) G X x X with q((x, y), (u, v)) < q((x, y), (x, y)) + £ = £, meaning that 

p(x, u) + p(y, v) < p(x, x) + p(y, y)+£ = £, 

because p(x, x) = p(y, y) = 0, then we have 

p(F(x, y), F(u, v)) < p(F(x, y), F(x, y)) + |. (2.27) 

Since lim„^ +00 p(x n , x) = \im n ^, +00 p(y n ,y) = 0, and £ = min{|, |} > 0, there exist n G N 
such that for any n > n , 

p(x n , x) < £ and p(y n , y) < £, 

which gives that 

p(x n ,x) +p(y n ,y) < 2£ < £. 
Using (2.27), we get that 

p(F(x, y), F(x n , y n )) < p(F(x, y), F(x, y)) + |. (2.28) 

Then, for any n > no, we have 

p(F(x,y),x) < p(F(x,y),x n+1 ) +p(x n+1 ,x) 

= p{F(x, y), F(x n , y n ) + p(x n+1 ,x) 

< p(F(x,y),F(x,y)) + £ -+£ 

< p{F(x,y),F{x,y)) + e. (2.29) 
From (2.26), we have 

p(F(x,y),x) < e. 
Since e is arbitrary, we can conclude that 

p(F(x,y),x) =0. (2.30) 
Similarly, we show that p(F(y,x),y) = 0. These together with (2.26) and (pi) imply that 

F(x, y) = x and F(y, x) = y. 
Hence, (x, y) is a coupled fixed point of F. 
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11 



Finally, suppose that (b) holds. By (2.3), (2.22) and (2.24), we have {x n } is a non- 
decreasing sequence, x n — > x and {y n } is a non-increasing sequence, y n — > y as n — > oo. 
Hence, by the assumption (b), we have for all n > 0, 



By property (p4), we have 

p(F(x, y), x) < p(F(x, y),x n+1 ) + p(x n+1 , x) = p(F(x, y), F(x n , y n )) + p(x n+1 , x) 



p(F(y, x),y)< p(F(y, x),y n+1 ) + p(y n+1 ,y) = p(F(y, x), F(y n , x n )) + p(y n+1 , y) 

Therefore, 

(f>(p(F(x, y),x)) + (j)(p(F(y, x),y)) 
< (f)(p(x n+1 ,x)) + (j)(p(y n+1 ,y)) + <f>(p(F(x,y),F(x n ,y n ))) + <f>(p(F(y,x), F(y n ,x n ))) 



Taking limit as n — > oo in the above inequality, using (2.24) and (2.25) and the properties 
of (f) and if), we get <f>(p(x,F(x,y))) = = 4>(p(y, F(y,x))), which implies 

p(x, F(x, y)) = = p(y, F(y, x)). 
These together with (2.26), we have 

x = F(x, y) and y = F(y, x) 
Hence, (x, y) is a coupled coincidence point of F. This complete the proof. □ 

Remark 2.3. Theorem 2.2 is more general than [4, Theorem 3.1], since the contractive 
condition (2.1) is weaker than (1.1), a fact which is clearly illustrated by the following 
example. 

Example 2.4. Let us recall Example 2.1. Define the mappings <f>,ij) : [0, oo) — ► [0, oo) by 

<f)(t) = 2t and t/;(t) = - for all t G [0, oo), 
We show that F, </> and ift satisfy condition (2.1). For all x > u and y < v, we observe that 



x n <x and y ^ y, 



(2.31) 



and 



< (f)(p(x n+1 ,x)) + (f)(p(y n+1 ,y)) + 4>(p(x,x n ) +p(y,y n )) - 2^ 




<j>{p{F{x, y), F{u, v))) + <f>{p{F{y, x), F(v, u))) 



5x — 2y 5v — 2u 



4 4 



<f>(p(x, u) + p(y, v)) = <fi(x + v) — 2(x + v) 
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p(x,u) +p{y,v) \ =2 ^fx + v\_x + v 



and 



2 J r \ 2 J 2 

Furthermore, we can have the following fact 

x + v > —2u — 2y 6x + 6v > 5x — 2y + 5v — 2u 

3 . , 5x — 2y 5v — 2u 
^ 2 (X + V) " 4 + 4 • 

Therefore, we arrive that 

<f>{p{F{x, y), F{u, v))) + <j>{p{F{y, x), F{v, it))) = + 

< -{x + v) 
= 2(x + t») — 



/p(x,u) +p(y,v) 
(f)(p(x,u)+p(y,v)) - 2ipf 



Hence F, (j) and ip satisfy (2.1). By Theorem 2.2, we conclude that F has a coupled fixed 
point in X. Moreover, (0, 0) £ X 2 is a coupled fixed point of F. □ 

As an immediate consequence of the above theorem, by taking <fi(t) = t, we have: 

Corollary 2.5. Let (X, ^) be a partially ordered set and suppose there is a partial metric p 
on X such that (X, d) is a complete partial metric space. Let F : X x X ^ X be a mapping 
having the mixed monotone property on X . Assume that there exist two elements Xq, y$ £ X 
with 

xq di F(x ,y ) andy h F(y ,x ). 
Suppose there exist <fr £ $ and ip £ \& such that 

P{F{x,y),F(u,v)) < -{p{x,u) +p{y,v)) -tp' 



2^ K 1 ' ™ " T V 2 

for all x, y, u,v £ X with x >z u and y -< v. Suppose either 

(a) F is continuous or 

(b) X has the following property: 

(i) if a non- decreasing sequence x n — > x,then x n < x for all n, 

(ii) if a non- decreasing sequence y n — > y,then y ^ y n for all n. 
Then there exist x, y, £ X such that 

x = F(x, y) and y = F(y, x), 

that is F has a coupled fixed point in X . 
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Moreover, if we take ip(t) = h^t where k £ [0, 1) in Corollary 2.5, we get: 



Corollary 2.6. Let (X, -<) be a partially ordered set and suppose there is a partial metric p 
on X such that (X, d) is a complete partial metric space. Let F : X x X —>■ X be a mapping 
having the mixed monotone property on X . Assume that there exist two elements Xq, yo £ X 
with 



for all x,y,u,v & X with x y u and y -< v . Suppose either 

(a) F is continuous or 

(b) X has the following property: 

(i) if a non- decreasing sequence x n — > x,then x n <x for all n, 

(ii) if a non- decreasing sequence y n — > y,then y < y n for all n. 
Then there exist x,y,G X such that 



that is F has a coupled fixed point in X . 
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A note on structures of fuzzy approximation 

spaces * 

Gangqiang Zhang" 1 " Yu Han* Zhaowen Li § 
April 2, 2013 

Abstract: In this paper, fuzzy rough approximation operators are further 
established. Topological structures of fuzzy approximation spaces are given. 

Keywords: Fuzzy set; Fuzzy relation; Fuzzy approximation space; Fuzzy 
topology. 

1 Introduction 

Rough set theory, proposed by Pawlak [9], is a mathematical tool for approx- 
imate reasoning about data. It may be seen as an extension of classical set 
theory and has been successfully applied to machine learning, intelligent sys- 
tems, inductive reasoning, pattern recognition, mereology, image processing, sig- 
nal analysis, knowledge discovery, decision analysis, expert systems and many 
other fields [10, 14, 15, 16]. 

The basic structure of rough set theory is an approximation space. Based on 
it, lower and upper approximations can be induced. Using these approximations, 
knowledge hidden in information systems may be revealed and expressed in the 
form of decision rules. 

Various fuzzy generalizations of rough approximations have been proposed 
[1, 8, 18, 20]. The most common fuzzy rough set is obtained by replacing the 
crisp relations with fuzzy relations on the universe and crisp subsets with fuzzy 
sets. 

An interesting and natural research topic in rough set theory is to study the 
relationship between rough sets or approximation spaces and topologies. Many 
authors studied topological properties of rough sets or approximation spaces 
[3, 6, 13, 22]. In the study of topological properties of fuzzy rough sets or fuzzy 
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approximation spaces, Qin et al. [17] investigated the topological properties of 
fuzzy rough sets. 

The purpose of this paper is to investigate topological structures of fuzzy 
approximation spaces. 

2 Preliminaries 

Throughout this paper, X denotes a nonempty set. / denotes [0,1]. F(X) 
denotes the set of all fuzzy sets in X. For a £ I, a denotes the constant fuzzy 
set in X. 

For each A £ F(X), we denote 

R A = {(x,y)eXxX:A(x)>A(y)}. 

Obviously, Ra = -^==> A = a for some a £ I. 

A fuzzy set is called a fuzzy point in X, if it takes the value for each y £ X 
except one, say, x £ X. If its value at x is A (0 < A < 1), we denote this fuzzy 
point by x\, where the point x is called its support and A is called its height 
(see [4, 12]). Denote 

P(X) = {x x :xeX,Xe(0,l]}. 

For a fuzzy point x\ and A £ F(X), we defined x\ £ A by x\ C A. 
Obviously, 

x x £ A A < A(x). 

Definition 2.1 ([2]). a C F(X) is called a fuzzy topology on X, if 

(i) For each a £ I , a £ a. 

(ii) A,B £ a => AC\B£a, 

(Hi) {Ai : i £ J} C a [j A { £ a. 

ieJ 

In this case the pair (X, a) is called a fuzzy topological space. Every member 
of a is called a fuzzy open set in X. Its complement is called a fuzzy closed set 
in X. 

We denote a c = {A £ F(X) : A c £ a}. 

Interior and closure of A denoted respectively by int a (A) and cl a (A) for each 
A £ F(X), are defined as follows: 

int a (A) = \J{B £<t:B£A}, cl a (A) = f]{B £ a c : B D A}. 

A fuzzy topology a is called Alexandrov [5] if (ii) in Definition 2.2 is replaced 

by 

(ii)' {Ai : i £ J} C <t fl Ai £ a. 

ie.J 

Definition 2.2 ([4]). Let (X,a) be a fuzzy topological space and let x\ £ P(X) 
and A £ F(X). A is called a closed remote-neighborhood of x\, if A £ a c and 
x x <£A. 

2 
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Definition 2.3 ([4]). Let {X,o~) be a fuzzy topological space. 

(1) (X, a) is called T_i space, if for any x\,x^ G P{X) and jj, < X, there 
exists A such that x^ G A and A is a closed remote-neighborhood of x\, or, 
there exists B such that i^efi and B is a closed remote-neighborhood of x^. 

(2) (X,a) is called sub-T space, if for any x,y G X and x ^ y, there exist 
X G (0,1] and A such that y\ G A and A is closed remote-neighborhood of x\, 
or, there exist X G (0, 1] and B such that x\ G B and B is a closed remote- 
neighborhood of y\. 

Definition 2.4 ([21]). Let R be a crisp relation on X . For each x G X , denote 

R p (x) = {y G X : (y,x) G R} and R s (x) = {y G X : (x, y) G R}. 

R p (x) and R s (x) are called the predecessor and successor neighborhood of x, 
respectively. 

3 Fuzzy approximation spaces and fuzzy rough 
sets 

Recall that R is called a fuzzy relation on X if R G F(X x X). 

Definition 3.1. Let R be a fuzzy relation on X . Then R is called 

(1) reflexive, if R(x,x) = 1 for each x G X. 

(2) symmetric, if R(x,y) — R(y,x) for any x,y G X. 

(3) transitive, if R(x, z) > R(x, y) A R(y, z) for any x,y, z G X . 

Let R be a fuzzy relation on X. R is called preorder (resp. equivalence) if 
R is reflexive and transitive (resp. reflexive, symmetric and transitive). 

Definition 3.2 ([11, 17]). Let R be a fuzzy relation on X. The pair (X,R) is 
called a fuzzy approximation space. For each A G F{X), the fuzzy lower and 
the fuzzy upper approximation of A with respect to {X, R), denoted by R{A) and 
R(A) are respectively, defined as follows: 

R{A){x) = /\ (A(y) V (1 - R(x, y))) (x G X) 
y ex 

and 

R(A)(x) = \/ (A(y) A R(x, y)) (x G X). 

y ex 

The pair (R(A),R(A)) is called the fuzzy rough set of A with respect to 
(X,R). 

Remark 3.3. 

R(x 1 )(y) = R(y,x) and R(( Xl ) c ){y) = 1 - R(y,x) (x,y € X). 
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Proposition 3.4 ([17, 19]). Let (X,R) be a fuzzy approximation space. Then 
for any A,_B € F(X)_, {A t _ : i G J} C F(X) and A G I, 

(1) F(l) = 1, F(0) = 0. 

(2) A C B ==^F(A) CJ(B), F(A) C F(B). 

(3) F(^ c ) = (R(A)Y, R(A C ) = {R{A)y. 

(4) R(A r\B) = R(A) n F(F), R(A UB) = F_(A) U F(F). 

(5) F( fl Ai) = PI (^(^)), i?( U ^) = U R(Ai)- 

ieJ ieJ ieJ ieJ 

Theorem 3.5 ([7, 11, 17]). Let (X,R) be a fuzzy approximation space. Then 

(1) R is reflexive (ILR) VA G F(X),F(.4) C A. 

(IE/F) VAeF(I),iC F(A) . 

(2) F is symmetric <^=> (JLS) V(z,y) G X x X,F((:n) c )(y) - F((2/i) c )(a0- 

(Jt/S) V(x,y) eXx X,R( Xl )(y) = R( Vl )(x). 

(3) R is transitive (TXT) VA G F(JT),F(A) C R(R(A)). 

<^=> (/C/T) VA G F(X),R(R(A)) C 1(A). 

Remark 3.6. (1) For eac/i a G I, F(a) C a C F(a); 

(2) 7/F is reflexive, then for each a G /, F(a) = a = F(a). 

Proposition 3.7. Lei (X, F) 6e a /tizzy approximation space. Then for each 
A G F(X) toitft Fa 7^ 0, 

(1) a) R(A)DA4=> (FLO)V(x,y) e R A ,l - R(x,y) > A(x) V A(y). 
b) R(A) (FUO)V(x,y) G Fa, F(y,x) < A(x)A%). 

(2) 7/F is reflexive, then 

a) R(A) = A (FLR)M(x, y) G Fa, 1 - F(x, y) > A(x) V A(y). 
6) F(A) = A <^=> (FUR)\t(x, y) G Fa, F(y, x) < A(x) A A(y) . 

Proof. (1) a) Necessity. Suppose that F(A) D A. Note that for each x G X, 
/\ (A(y) V (1 - F(x, y))) = (F(A))(y) > A(x). 

Then A(y) V (1 - F(x, y)) > A(x) for any x,y e X. Since A(x) > A(y) for each 
(x,y) G Fa, we have 

1 - F(x, y) > A(x) = A(x) V A(y) ((x, y) G Fa). 

Sufficiency Suppose that (FLO) holds. Let x E X. 

(i) If y G (Fa) s (x), then 

A(y) V (1 - F(x,y)) > A(y) V (A(x) V A(y)) > A(x). 

(ii) If y ^ (Fa) s (^) 5 then A(y) > A(x) and so 

A(l/)V(l-%|/))>4(y)>i(a;). 
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Hence R{A)(x) = A ( A (v) v C 1 - R{x,y))) > A {x). 
yeu 

Thus R(A) D A. 

b) Necessity. Suppose that R(A) C A. Note that for each i/el, 
V(^)Ai?( 2/ , a; )) = S(A)( 2/ )<^( 2/ ). 

Then A{x) A R{y,x) < A(y) (x,y e X) for any x,y E X. Since i4(ar) > 
for each (ar, y) € -fiU, we have 

x) < A(y) = A(x) A A(y) ((x, y) E R A ). 

Sufficiency Suppose that (FLO) holds. Let y E X. 

(1) If x E {RA)p(y), then (x, y) E Ra and so 

A(x) V R(y,x) < A(x) A (A(x) A A(y)) < A(y). 
(ii) If x g (RA) P {y), then A(x) < A(y) and so 

A(x) A i?(y,x) < A(x) < A(y). 

Hence (i?(A))(y) = V ( A (x) A J?(j/,ar)) < A(y). Thus i?(A) C A. 

xex 

(2) This holds by (1) and Theorem 3.5(1). □ 

4 Topological structures of fuzzy approximation 
spaces 

Let (X, R) be a fuzzy approximation space. We denote 
a R = {AeF(X) : ACR(A)}; 

sr= f\ R(x,y), t R = \f R(x,y). 

x,yeX x,y£X, x^y 

Theorem 4.1. Let (X,R) be a fuzzy approximation space. 

(1) ctr is an Alexandrov fuzzy topology on X. 

(2) mt CTH (A) C and_R(A) C d CTH (A) (A e 

(3) Ae (a fl ) c A D R(A). 

(4) For each a E I, a E (o-r) c . 

Proof. (1) (i) For each a E /, by Remark 3.6(1), a C R[a). Then a € or. 

(ii) Let {Ai : i E J} C o\r. Then Ai C i£(Aj) for each i e J. By Proposition 
3.4(5), 

fl^iC f]R(A i ) = R(f]A i ). 
5 
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Hence |"| Ai G a R . 

ieJ 

(iii) Let {Ai : i G J} C <j R . Then Ai C for each i G J. By Proposition 

3.4(2), 

Then [j A^ur. 

Hence o~ R is an Alcxandrov fuzzy topology on X. 

(2) For each A G by Proposition 3.4(2), 

mi ffR (A) = (J{5 e dfi : B C A} 

C (^J{-B G (Tr : R(B) C i?(A)} 
= U{ SGjF W - B ^R(B) QR(A)}CR(A). 
By Proposition 3.4(3), 

d ffR (A) = (mt CTH (A c )) c D GR(A C )) C = i?(A) (A e F(X)). 

(3) This holds by Proposition 3.4(3). 

(4) This holds by (3) and Remark 3.6(1). □ 

Theorem 4.2. Let (X, R) be a fuzzy approximation space. 

(1) (X, cr R ) is not connected. 

(2) (X,a R ) is T_i. 

(3) a) // 4r < 1, £ften (X, <tr) is sub-T . 

b) If (X,a R ) is sub-To, then for any x,y G U with x ^ y, R(x,y) A 
R(y,x) < 1. 

(4) // i? is preorder, then 

I\ <7 fl = F(X). 

Proof. (1) This holds by Theorem 4.1(4). 

(2) For any x\,x„ G P{X) and /i < A, put it G (/i, A), we have ^ u- By 
Theorem 4.1(4), u is a closed remote- neighborhood of xa- Note that x M G u. 
Then (X,<Tij) is T_i. 

(3) a) Let x,y e X with x ^ y. By t# < 1, there exist A G (£r, 1]. Put 
A G such that 

A, f^i 



then Ra = {(t,x) : t e X — {x}}. For each (t,x) G -Ra, 



i?(x, t) < V/ i?(x, y) = t R = \M R = A{t) A A(x) . 



G 
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By Proposition 3.8(1), R(A) C A. By Theorem 4.1(3), A e (cr R ) c . Note that 
A(x) = tjt < A. Then A is a closed remote-neighborhood of x\. Obviously, 
yx G A. Hence (X,gr) is sub-T - 

(4) b) For any x, y G X and x ^ y, by (X, ctr) is sub-T , then there exist 
A e (0, 1] and A such that y x G A and A is a closed remote-neighborhood 
of iea, or, there exist A e (0, 1] and B such that x\ e _B and £> is a closed 
remote- neighborhood of y\. 

(i) If there exist A e (0,1] and A such that i/jei and A is a closed remote- 
neighborhood of x\, we can obtain that A(y) > A and A(x) < A. By Theorem 
4.1(3) and A e {a R )°, R(A) CA. By (y,x) <= R A and Proposition 3.8(1), 

i2(ar, y) < A(x) A A(y) = A(x) < A < 1. 

Then #(a;,j/) < 1. 

(ii) If there exist A e (0,1] and B such that xx E B and B is a closed 
remote-neighborhood of j/a, similarly, we can prove that R(y, x) < 1. 

So i?(x,y) A i?(y,x) < 1. □ 

Definition 4.3. Lei R be a fuzzy relation on X. R is called pseudo- constant if 
there exists a £ I such that for any x,y G X, 



R{x,y) = 



if x = y, 
if x^y. 



We write R by a* . 



Obviously, every pseudo-constant fuzzy relation is an equivalence fuzzy re- 
lation. 

Remark 4.4. (1) For any a,b £ I, a < b implies a* C b* . 

(2) For each a € I, 9 a * = a a * . 

(3) <t . - F(X), <ri. = {a:ae /}. 

Remark 4.5. Let R be a fuzzy relation on X. Then 

(1) Rct* R . 

(2) R is reflexive <==^> s* R C R. 

Lemma 4.6. Let Ri and R 2 be two fuzzy relations on U. Lf Ri C R 2 , then 
o~r 2 Q a Ri- 

Proof. Let A G o~r 2 . Then A C ^(A). Note that Rg{A) C _Ri(A) by i?i C i? 2 
and Proposition 3.9(1). Then A C i?i(A) and so A <E (7^. 
Thus CTfl 2 C cr fll . 

□ 

Theorem 4.7. Le£ (X,R) be a fuzzy approximation space. Then 

(1) o-r D <jf R . 

(2) // R is reflexive, then o t * Q tr Q cr s * . 

(3) or = a x , U {A e F(X) : V(x, y) e i?I 4(a;) V A(t/) < 1 - R(x, y)}. 



7 



995 



ZHANG ET AL 989-997 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.5, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



Proof. (1) This holds by Remark 4.5(1) and Lemma 4.6. 
(1) This holds by Remark 4.5 and Lemma 4.6. 

(3) This holds by Proposition 3.8(1), Theorem 4.1(1) and Remark 4.4(3). □ 

References 

[1] D.Dubois, H.Prade, Rough fuzzy sets and fuzzy rough sets, International 
Journal of General Systems, 17(1990), 191-208. 

[2] R.Lowen, Fuzzy topological spaces and fuzzy compactness, Journal of 
Mathematical Analysis and Applications, 56(1976), 621-633. 

[3] E.F.Lashin, A.M.Kozae, A.A.Abo Khadra, T.Medhat, Rough set theory 
for topological spaces, International Journal of Approximate Reasoning, 
40(2005), 35-43. 

[4] Y.Liu, M.Luo, Fuzzy Topology, World Scientific Publishing, Singapore, 
1998. 

[5] H.Lai, D.Zhang, Fuzzy preorder and fuzzy topology, Fuzzy Sets and Sys- 
tems, 157(2006), 1865-1885. 

[6] Z.Li, T.Xie, Q.Li, Topological structure of generalized rough sets, Comput- 
ers and Mathematics with Applications, 63(2012), 1066-1071. 

[7] J. Mi, W.Wu, W.Zhang, Constructive and axiomatic approaches for the 
study of the theory of rough sets, Pattern Recognition Artificial Intelli- 
gence, 15(2002), 280-284. 

[8] S.Nanda, Fuzzy rough sets, Fuzzy Sets and Systems, 45(1992), 157-160. 

[9] Z.Pawlak, Rough sets, International Journal of Computer and Information 
Science, 11(1982), 341-356. 

[10] Z.Pawlak, Rough Sets: Theoretical Aspects of Reasoning about Data, 
Kluwer Academic Publishers, Dordrecht, 1991. 

[11] D.Pei, A generalized model of fuzzy rough sets, International Journal of 
General Systems, 34(5) (2005), 603-613. 

[12] B.Pu, Y.Liu, Fuzzy Topology I. Neighborhood strucure of a fuzzy point 
and Moore-Smiith convergence, Journal of Mathematical Analysis and Ap- 
plications, 79(1980), 571-599. 

[13] Z.Pei, D.Pei, L.Zheng, Topology vs generalized rough sets, International 
Journal of Approximate Reasoning, 52(2011), 231-239. 

[14] Z.Pawlak, A.Skowron, Rudiments of rough sets, Information Sciences, 
177(2007), 3-27. 



8 



996 



ZHANG ET AL 989-997 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.5, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



[15] Z.Pawlak, A.Skowron, Rough sets: some extensions, Information Sciences, 
177(2007), 28-40. 

[16] Z.Pawlak, A.Skowron, Rough sets and Boolean reasoning, Information Sci- 
ences, 177(2007), 41-73. 

[17] K.Qin, Z.Pci, On the topological properties of fuzzy rough sets, Fuzzy Sets 
and Systems, 151(2005), 601-613. 

[18] A.M. Radzikowska, E.E.Kerre, A comparative study of fuzzy rough sets, 
Fuzzy Sets and Systems, 126(2002), 137-155. 

[19] H.Thiele, Fuzzy rough sets versus rough fuzzy setsAn interpretation and 
a comparative study using concepts of modal logics, in: Proc. 5th Europ. 
Congr. on Intelligent Technigues and Soft Computing, Aachen, Germany, 
September, 1997, pp.159-167. 

[20] W.Wu, J. Mi, W.Zhang, Generalized fuzzy rough sets, Information Sciences, 
151(2003), 263-282. 

[21] Y.Y.Yao, Relational interpretations of neighborhood operators and rough 
set approximation operators, Information Sciences, 111(1998), 239-259. 

[22] L.Yang, L.Xu, Topological properties of generalized approximation spaces, 
Information Sciences, 181(2011), 3570-3580. 



9 



997 



ZHANG ET AL 989-997 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.5, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



SOME OSTROWSKI TYPE INEQUALITIES VIA RIEMANN-LIOUVILLE 
FRACTIONAL INTEGRALS FOR /i-CONVEX FUNCTIONS 



WENJUN LIU 



Abstract. In this paper, some Ostrowski type inequalities via Riemann-Liouville fractional 
integrals for h— convex functions, which are super-multiplicative or super-additive, are given. 
These results not only generalize those of [24, 25], but also provide new estimates on these types 
of Ostrowski inequalities for fractional integrals. 



1. Introduction 



Let / : I — > R, where I C R is an interval, be a mapping differentiable in the interior 1° of /, 
and let a,b £ 1° with a < b. If |/' (x)\ < M for all x G [a, b], then 

>2" 



fix) 



1 



f(t)dt 



<M(b 



(b- 



V x G [a, b] 



(1.1) 



This is the well-known Ostrowski inequality (see [19] or [18, page 468]), which gives an upper 
bound for the approximation of the integral average f{t)dt by the value f(x) at point 

x G [a, b] . In recent years, a number of authors have written about generalizations, extensions 
and variants of such inequalities (see [1, 7, 8, 14, 15, 16, 21]). 
Let us recall definitions of some kinds of convexity as follows. 

Definition A. [11] We say that f : I — > R is a Godunova-Levin function or that f belongs to 
the class Q(I) if f is non-negative and for all x,y G / and t G (0, 1), one has 

fltx + (l-t)y)<M + M 

Definition B. [9] We say that / :KR- > R is a P— function or that f belongs to the class 
P{I) if f is non-negative and for all x,y £ I and t G [0, 1], one has 

f(tx + (l-t)y)<f(x) + f(y). 

Definition C. [13] We say that f : (0, oo] — > [0, oo] is s— convex in the second sense, or that f 
belongs to the class K 2 S , if for all x, y G (0, b\, t G [0, 1] and for some fixed s G (0, 1], one has 

f(tx + (l-t)y)<t s f(x) + (l-tyf(y). 

Definition D. [26] Let h : J C R — )■ R be a positive function. We say that f : / C R — >• R is 

h— convex, or that f belongs to the class SX(h,I), if f is non-negative and for all x,y G / and 
t G [0, 1], one has 

f(tx + (1 - t)y) < h(t)f(x) + h(l - t)f(y). (1.2) 
If inequality (1.2) is reversed, then f is said to be h— concave, i.e. f G SV(h,I). 

If h(t) = t, then all non-negative convex functions belong to SX(h,I) and all non-negative 
concave functions belong to SV(h,I); if h(t) = \, then SX(h,I) = Q(I); if h(t) = 1, then 
SX(h,I) D P(J); and if h(t) = t s for s G (0, 1], then SX(h,I) D K 2 S . 



2000 Mathematics Subject Classification. 26A33, 26A51, 26D07, 26D10, 26D15. 
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Remark 1. [26] Let h be a non-negative function such that h(t) > t for all t G (0, 1). If f is a 
non-negative convex function on I, then for x,y G I , t G (0, 1), one has 

f(tx + (1 - t)y) < tf(x) + (1 - t)f{y) < h(t)f(x) + h(l - t)f{y). (1.3) 

So, f G SX(h, I). Similarly, if the function h has the property: h(t) < t for all t G (0, 1), then 
any non-negative concave function f belongs to the class SV(h,I). 

Definition E. [26] We say that h : J — > R is a super-multiplicative function, if for all x,y G J, 
one has 

h(xy) > h(x)h(y). 

Definition F. [2] We say that h : J — > M is a super- additive function, if for all x, y G J, one 
has 

h{x + y) > h(x) + h(y). 

For recent results concerning h— convex functions see [5, 23, 25, 26] and references there- 
in. More recently, Tunc [25] established some new Ostrowski type inequalities for the class of 
h— convex functions which are super-multiplicative or super-additive. 

We then recall some definitions and mathematical preliminaries of fractional calculus theory 
which will be used throughout this paper. 

Definition G. Let f G L±[a, b\. The Riemann-Liouville integrals J^+f and J£_f of order a > 
with a > are defined by 



j: + f(x) = -L !\ x - tr~ i mdt, x > 

r («) Ja 



and 



J ^ /(x) = f^)i (t-x) a - l f(t)dt, x<b, 
respectively, where T(a) = e~ u u a ~ 1 du. Here, J°+/( x ) = Jb-f( x ) = f( x )- 

In the case of a = 1, the fractional integral reduces to the classical integral. For some 
recent results connected with fractional integral inequalities we refer the reader to the papers 
[3, 4, 6, 10, 12, 17, 20, 22] and the reference cited therein. In [24], Set established some new 
Ostrowski type inequalities for s— convex functions in the second sense via Riemann-Liouville 
fractional integral. 

Motivated by these results, in the present paper, we establish some Ostrowski type inequalities 
via Riemann-Liouville fractional integrals for h— convex functions, which are super-multiplicative 
or super-additive. So, new estimates on these types of Ostrowski inequalities via fractional 
integrals are provided and the results of [24, 25] are generalized. 

2. Ostrowski type fractional integral inequalities for /i-convex functions 

To prove our main theorems, we need the following identity established by Set in [24]: 

Lemma 1. Let f : [a, b] — > R be a differentiate mapping on (a, b) with a < b. If f G L\ [a, b] , 
then for all x G [a, b] and a > 0, one has 

(x - a) l^- xf m - ^ [«./w + */<»)] 



b — a 



[ t a f (tx + (1 - t)a) dt - ^— ^ f t a f (tx + (1 - t)b) dt. (2.1) 

Jo b — a J 



Using this lemma, we can obtain the following fractional integral inequalities for h— convex 
functions. 
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Theorem 1. Let h : J C R — >• M ([0, 1] C J) be a non-negative and super-multiplicative function, 
h^t) > t for < t < 1, f : [a, b] C [0, oo) -> E fe o differentiable mapping on (a, 6) wii/i a < b 
such that f £ L\ [a, b].If\f'\ is h— convex on [a, b] and \f'(x)\ < M, x G [a, b] , then the following 
inequalities for fractional integrals with a > hold: 

(,-a)° + (»-*r /(i) _ r^i) K _ /(a) + 



M 



< 



(x - a) a+1 + (6 - x) 



Q+l 



M 



< 



b — a 

(x - a) a+1 + ib- x) a+1 



b-a jo 
Proof. Prom (2.1) and since |/'| is h— convex, we have 

(x - «)" + (6 - .)» / w _ r^+i) (b) + 



[r/ l (t) + t Q /l(l-t)]dt 

[/i (t a+1 ) +/i(t a (l -*))] dt. 



(2.2) 
(2.3) 



< 



(x — a) 



b — a 
a+l r i 



< 



b-a j 

ix-a) a+1 rl 



(b-a) 
t a \f (tx + (l-t)a)\dt + 



ib-x) 



q+1 r l 



b — a 



[ [t«hit)\f'ix)\+t a hil-t)\f'i 
Jo 



b-a j 
a)\\dt 



t a \f itx + il-t)b)\dt 



f {b , X)Q+1 + * a /i(l - t) |/'(6)|] 

/o 



b — a 



< 



Mix- a) 



a) a+1 f 1 M(b-x) a+1 f L 

^ / [t a hit) + t a h(l - t)] dt + 4 '- / [t a hit) + t a h(l - t)] dt, 

a Jo b — a Jq 



a+l r l 



b — a Jq b — a jq 

which completes the proof of (2.2). 

By using the additional properties of h in the assumptions, we further have 

\t a hit) + t a hil - t)] dt< f [h (O h{t) + h it a ) h(l - t)} dt 



< C [h(t a+1 ) +hit a il-t))] dt. 
Jo 



Hence, the proof of (2.3) is complete. 



(2.4) 
□ 



Remark 2. We note that in the proof of (2.2) we does not use the additional super-multiplicative 
property of h and the condition "h (i) > t for < t < 1". In Theorem 1, if we choose a = 1, 
then (2.3) reduces the inequality [25, (2.1)], i.e., 



f (x) - 



1 



b — a 



f (u) du 



M 



< 



ix-a) 2 + ib-x) 



b — a 



[h it 2 ) +h{t-t 2 )] dt, 



which can be better than the inequality (1.1) provide that h is chosen such that 

r 1 1 

/ [hit 2 ) + hit-t 2 )] dt < -. 
Jo 2 

In Theorem 1, if we choose hit) = t, then (2.2) and (2.3) reduce the inequality in [24, Corollary 
1]. 



In the next corollary, we will also make use of the Beta function of Euler type, which is defined 



as 



P (x,y) 



/V-Mi-tr 1 cft=^M, vx, y > . 

Jo Tix + y) 
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Corollary 1. If we choose h (t) = t s , s G (0, 1], in Theorem 1, then we have 
(x - af + (i, - x)" /(x) _ Tg + V> w + ^ 



h — a 



(b-a) 



< 



< 



M 
b — a 
M 



b — a 



1 + 
1 + 



r(a + i)r(« + 1) 

r(a + s + l) 

r (as + l)T(a + l) 
T(as + s + 1) 



(x - a) a+1 + (6 - x) 
a + s + 1 

(a - a) a+1 + (6 - x) Q+1 
as + s + 1 



a+l 



due to i/te /aci that 



f 1 [h(t a+1 )+h{t a (l-t))]dt= f 1 t s(a+1) dt+ /V^l-i)'' 
Jo Jo Jo 



dt 



as + s + 1 



+ 



r (as + 1) r (s + 1) 

r(as + s + 2) 



as + s + 1 



1 + 



r(as + i)r(s + i) 

r (as + s + 1) 



T/ie /irsi inequality is the same as the one established in [24, Theorem 7]. 

Theorem 2. Let h : J C R — > R ([0, 1] C J) 6e a non-negative and super- additive function, and 
f : [a, 6] C [0, oo) -> 1 k a differentiable mapping on (a, 6) wii/i a < b such that f G Li [a, 5] . 
-tf ^s h— convex on [a,b], p,q > 1, | + ^ = 1, and |/'(x)| < M, x G [a, 6] , toen £/te following 
inequality for fractional integrals with a > holds: 

( -' ,) * + ( '-* ) °/(»)-^[JS./W + */(»)] 



M 



< 



b — a 

\0t+l 



(b-a) 



(x - a) a+L + (b-x) 



a+l 



M 



< 



(1 +pa)p (6 — a) 
(x - a) a+1 + (b - x) a+1 



[h (t) + h(l-t)]dt 



Mi). 



(1 +pa)p (6 — a) 

Proof. Prom Lemma 1 and using the well-known Holder's inequality, we have 



(2.5) 
(2.6) 



(b-a) 



b — a 

< (x 7 q)Q+1 t Q |/' (tx + (1 - t)a)\ dt + ^ t a \f (tx + (1 - t)6)| dt 



< 



b-a jo 

/ \a+l / r l 

(x — a) ■ ■ 







+ 



b — a 

(b-x) a+1 
b — a 



^ t pa dtj ^ \f (tx + (I - t)a)\ q dt 



t pa dt) 



\f (tx+ (1 -t)b)\ q dt 



Since j/'l 9 is /i— convex and \f'(x)\ < M, we get 

C \f (tx +(l-t)a)\ q dt< f 1 [h (t) \f (x)\ q + h (1 - t) \f (a)\ q ] dt 
Jo Jo 

<M q [ [h(t) + h(l-t)}dt 
Jo 

and similarly 

f \f'(tx + (l-t)b)\ q dt<M q [ [h(t) + h(l-t)]dt. 
Jo Jo 
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By simple computation, we have 

f 1 t pa dt = — — . 
Jo pa + 1 

Using these results, we complete the proof of (2.5). 

By using the super-additive property of h in the assumptions, we further have 

f [h{t) + h{l-t)]dt< [ h{\)dt = h{\). 
Jo Jo 

Hence, the proof of (2.6) is complete. 



□ 



Remark 3. We note that in the proof of (2.5) we does not use the additional super-additive 
property of h. In Theorem 2, if we choose h(t) = t, then (2.5) reduces the inequality in [24, 
Corollary 2]; in Theorem 2, if we choose a = l, then (2.5) becomes 



b — a 



f(t)dt 



M 



< 



(x — a) 2 + (b — xY 



(l+p)p (6 -a) 



[h (t) + h(l- t)] dt 



(2-7) 



which can be better than the inequality (1.1) provide thatp,q and h are chosen such that 

i 

[h(t)+h(i-t)]dtY < \{\+p)*. 

Corollary 2. If we choose h(t) = t s , s G (0, 1], in Theorem 2, then we have 
(x - af + (6 - x)" /(x) _ + } + ^ 



b — a 



< 



M 



(1 +pa)p 



s + l 



(b-a) 

{x - a) a+1 + (b - x) a+1 
b — a 



due to the fact that 



[ [h(t) + h(l-t)]dt = -^- 
Jo s + 1 



This is the inequality established in [24, Theorem 8] . 

Theorem 3. Let h : J C R — > R ([0, 1] C J) 6e a non-negative and super-multiplicative function, 
h(t) > t for < t < 1, / : [a, 6] C [0, oo) — >■ R 6e a differ entiable mapping on (a, 6) mt/i a < b 
such that f G Li [a, 6] . // \ f'\ q is h— convex on [a, b], q > 1 and |/'(x)| < M, x G [a, 5] , i/ten f/ie 
following inequalities for fractional integrals with a > /io/d: 

- „)■ + (6 - *r /(x) _ r^+i) a) + ^ 



< 



b — a [0 — aj 

M (x - a) a+1 + {b - x) a+1 



< 



(l + a) 1 5 
M 



b — a 
(x — a) + 



(it 



(b-x) 



a+l 



(l + a) ] 



b — a 



f [t a h(t) + t a h(l-t)} 
Jo 

[h (t a+1 ) +h(t a {l-t))] dt 



(2.8) 
(2.9) 



Proof. From Lemma 1 and using the well-known power mean inequality, we have 



< 



(x — a) 
b — a 



a+l r i 



r e \f (tx +(i- t )a)\dt+ {b - x)a+1 r t a \f(tx+(i- mi 

Jo ~ a Jo 



dt 
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< 



(x — a) 



a+1 



b — a 
(b-x) 



t a dt 



i-i 



t a \f (tx + (1 - t)a)\ q dt 



+ 



Fa 



t a dt 



! t a \f (tx + (1 - t)b)\ q dt 
Jo / 

Since \f'\ q is h— convex on [a, b] and \f'(x)\ < M, we get 
«i r-i 

t a \f (tx + (1 - t)a)\ q dt < / [t a h(t)\f (x)\ q + t a h(l-t)\f (a)\ q ]dt 
) Jo 



I 

■/ 



and similarly 



<M q [ [t a h(t) + t a h(l-t)]dt 
Jo 

C t a \f (tx + (1 - t)b)\ q dt < M q C [t a h(t) + t a h(l - t)} 
Jo Jo 



dt. 



Using these inequalities, we complete the proof of (2.8). 

By using the additional properties of h in the assumptions, we further have (2.4). Hence, the 
proof of (2.9) is complete. □ 

Remark 4. We note that in the proof of (2.8) we does not use the additional super-multiplicative 
property of h and the condition "h (t) > t for < t < 1". In Theorem 3, if we choose a = 1, 
then (2.9) reduces the inequality [25, (2.4)]; in Theorem 3, if we choose h(t) = t, then (2.8) and 
(2.9) reduce the inequality in [24, Corollary 3]. 

Corollary 3. If we choose h(t) = t s , s G (0, 1], in Theorem 3, then we have 



(x - a) a + (b - x) a 



r(a + l) 



< 



M 



(1 + q) 1 9 (a + s + 1)« 



< 



M 



(1 + a) i (a + s + 1) ; 



1 + 



1 + 



[JZ-f(a) + J% + f(b)] 

1 (x-a) a+1 



(b-a 

r(a + i)r(s + i 



T(as + s + l) 

r (as + i)r(s + i 



+ (b-x) 



a+1 



b — a 

(x - a) a+1 + (b - x) a+l 



T(as + s + 1) 

The first inequality is the same as the one established in [24, Theorem 9]. 

Acknowledgements 



This work was partly supported by the National Natural Science Foundation of China (Grant 
No. 11301277), the Qing Lan Project of Jiangsu Province, and the Teaching Research Project 
of NUIST (Grant No. 12JY052, 13ZYKC01). 

References 

[1] M. Alomari et al., Ostrowski type inequalities for functions whose derivatives are s-convex in the second 

sense, Appl. Math. Lett. 23 (2010), no. 9, 1071-1076. 
[2] H. Alzer, A superadditive property of Hadamard's gamma function, Abh. Math. Semin. Univ. Hambg. 79 

(2009), no. 1, 11-23. 

[3] G. Anastassiou et al., Montgomery identities for fractional integrals and related fractional inequalities, JI- 

PAM. J. Inequal. Pure Appl. Math. 10 (2009), no. 4, Article 97, 6 pp. 
[4] S. Belarbi and Z. Dahmani, On some new fractional integral inequalities, JIPAM. J. Inequal. Pure Appl. 

Math. 10 (2009), no. 3, Article 86, 5 pp. 
[5] M. Bombardelli and S. Varosanec, Properties of /i-convex functions related to the Hermite-Hadamard-Fejer 

inequalities, Comput. Math. Appl. 58 (2009), no. 9, 1869-1877. 
[6] Z. Dahmani, New inequalities in fractional integrals, Int. J. Nonlinear Sci. 9 (2010), no. 4, 493-497. 
[7] S. S. Dragomir, The Ostrowski integral inequality for mappings of bounded variation, Bull. Austral. Math. 

Soc. 60 (1999), no. 3, 495-508. 



1003 



LIU 998-1004 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.5, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



OSTROWSKI TYPE FRACTIONAL INTEGRAL INEQUALITIES FOR /i-CONVEX FUNCTIONS 

[8] S. S. Dragomir, The Ostrowski's integral inequality for Lipschitzian mappings and applications, Comput. 

Math. Appl. 38 (1999), no. 11-12, 33-37. 
[9] S. S. Dragomir, J. Pecaric and L. E. Persson, Some inequalities of Hadamard type, Soochow J. Math. 21 

(1995), no. 3, 335-341. 

[10] B. Dyda, Fractional Hardy inequality with a remainder term, Colloq. Math. 122 (2011), no. 1, 59-67. 

[11] E. K. Godunova and V. I. Levin, Inequalities for functions of a broad class that contains convex, monotone 

and some other forms of functions, in Numerical mathematics and mathematical physics (Russian), 138-142, 

166, Moskov. Gos. Ped. Inst., Moscow. 
[12] R. Gorenflo and F. Mainardi, Fractional calculus: integral and differential equations of fractional order, in 

Fractals and fractional calculus in continuum mechanics (Udine, 1996), 223-276, CISM Courses and Lectures, 

378 Springer, Vienna. 

[13] H. Hudzik and L. Maligranda, Some remarks on s-convex functions, Aequationes Math. 48 (1994), no. 1, 
100-111. 

[14] W. J. Liu and Q. -A. Ngo, A generalization of Ostrowski inequality on time scales for k points, Appl. Math. 

Comput. 203 (2008), no. 2, 754-760. 
[15] Z. Liu, Some companions of an Ostrowski type inequality and applications, JIPAM. J. Inequal. Pure Appl. 

Math. 10 (2009), no. 2, Article 52, 12 pp. 
[16] Z. X. Lii, On sharp inequalities of Simpson type and Ostrowski type in two independent variables, Comput. 

Math. Appl. 56 (2008), no. 8, 2043-2047. 
[17] K. S. Miller and B. Ross, An introduction to the fractional calculus and fractional differential equations, A 

Wiley-Interscience Publication, Wiley, New York, 1993. 
[18] D. S. Mitrinovic, J. E. Pecaric and A. M. Fink, Inequalities involving functions and their integrals and 

derivatives, Mathematics and its Applications (East European Series), 53, Kluwer Acad. Publ., Dordrecht, 

1991. 

[19] A. Ostrowski, Uber die Absolutabweichung einer differentiierbaren Funktion von ihrem Integralmittelwert, 

Comment. Math. Helv. 10 (1937), no. 1, 226-227. 
[20] I. Podlubny, Fractional differential equations, Mathematics in Science and Engineering, 198, Academic Press, 

San Diego, CA, 1999. 

[21] M. Z. Sarikaya, On the Ostrowski type integral inequality, Acta Math. Univ. Comenian. (N.S.) 79 (2010), 
no. 1, 129-134. 

[22] M. Z. Sarikaya and H. Ogunmez, On new inequalities via Riemann-Liouville fractional integration, Abstr. 

Appl. Anal. 2012, Art. ID 428983, 1-10. 
[23] M. Z. Sarikaya, A. Saglam and H. Yildirim, On some Hadamard-type inequalities for /i-convex functions, J. 

Math. Inequal. 2 (2008), no. 3, 335-341. 
[24] E. Set, New inequalities of Ostrowski type for mappings whose derivatives are s-convex in the second sense 

via fractional integrals, Comput. Math. Appl. 63 (2012), no. 7, 1147-1154. 
[25] M. Tunc, Ostrowski-type inequalities via ^-convex functions with applications to special means, J. Inequal. 

Appl. 2013 (2013), no. 326, 1-10. 
[26] S. Varosanec, On ft-convexity, J. Math. Anal. Appl. 326 (2007), no. 1, 303-311. 

College of Mathematics and Statistics, Nanjing University of Information Science and Tech- 
nology, Nanjing 210044, China 

E-mail address: wjliu@nuist.edu.cn 



1004 



LIU 998-1004 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.5, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



SOME SIMPSON TYPE INEQUALITIES FOR /i-CONVEX AND 
(a,m)-CONVEX FUNCTIONS 



WENJUN LIU 



Abstract. In this paper, we establish some Simpson type inequalities for functions whose third 
derivatives in the absolute value are h— convex and (a, m)— convex, respectively. 



1. Introduction 

The following inequality is well known in the literature as Simpson's inequality: 

(i.i) \fjm - ^ \m±m + 2/ | < JLn/M| Ui , _ a) ., 

where the mapping / : [a, b] — > R is supposed to be four time differentiable on the interval 
(a,b) and having the fourth derivative bounded on (a, b), that is ||/^ 4 ^||oo = su Pxe(a,6)l/^ 4 H a; )l 
< oo. This inequality gives an error bound for the classical Simpson quadrature formula, which, 
actually, is one of the most used quadrature formulae in practical applications. In recent years, 
such inequalities were studied extensively by many researchers and numerious generalizations, 
extensions and variants of them appeared in a number of papers (see [1, 5, 6, 10, 11, 12, 13, 19, 
21]). 

Let us recall definitions of some kinds of convexity as follows. 

Definition A. [8] We say that f : I — > R is Godunova- Levin function or that f belongs to the 
class Q (I) if f is non-negative and for all x,y £ I and t G (0, 1) we have 

(1-2) f(tx + (l-t)y)< f -^ + ^ t . 

Definition B. [7] We say that / :/ C]R->Kisfl P— function or that f belongs to the class 
P (I) if f is non-negative and for all x,y & I and t G [0, 1] we have 

(1-3) f(tx+(l-t)y)<f(x) + f(y). 

Definition C. [9] Let s G (0, 1] . A function f : (0, oo] — > [0, oo] is said to be s— convex in the 
second sense if 

(1.4) / (tx + (l-t)y)< t s f (x) + (1 - t) s f (y) , 

for all x,y G (0,6] and t G [0, 1]. This class of s — convex functions is usually denoted by Kg. 

Definition D. [22] Let h : J C R -»• R be a positive function. We say that f : I C R -»• R 
is h— convex function, or that f belongs to the class SX(h,L), if f is non-negative and for all 
x,y £ I and t G [0, 1] we have 

(1.5) / (tx + (l-t)y)<h (t) f( x ) + h(l-t)f (y) . 

If inequality (1.5) is reversed, then f is said to be h— concave, i.e. f G SV (h,I). 

Obviously, if h (t) = t, then all non-negative convex functions belong to SX (h, I) and all 
non-negative concave functions belong to SV(h,I); if h(t) = |, then SX(h,I) = Q (I); if 
h (t) = 1, then SX (h, I) D P (I); and if h (t) = t s , where s G (0, 1], then SX (h, I) D K 2 S . For 
recent results concerning h— convex functions see [3, 4, 14, 18, 22] and references therein. 



2000 Mathematics Subject Classification. 26A51, 26D07, 26D10, 26D15. 

Key words and phrases. Simpson type inequality, h— convex function, (a, m)— convex function. 
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Definition E. [20] The function f : [0, b] — > R is said to be m— convex, where m G [0, 1], if for 
every x, y G [0, b] and t G [0, 1] we have 

f(tx + m(l - %) < t/(x) + m(l - *)/(*/)■ 

Denote by K m (b) the set of the m— convex functions on [0,b] for which /(0) < 0. 

Definition F. [15] The function f : [0, b] — > R, 6 > zs sazc? to 6e (a, m)— convex, where 
(a, m) G [0, l] 2 , if for all x, y 6 [0, 6] and i € [0, 1] w/e /lave 

/(te + m(l - t)y) < t a f(x) + m{\ - t a )f(y). 

Denote by K^(b) the class of all (a, m) — convex functions on [0,6] for which /(0) < 0. 

If we choose (a, m) = (1, m), it can be easily seen that (a, m)— convexity reduces to m— convexity 
and for (a, m) = (1, 1), we have ordinary convex functions on [0,b]. 

Recently, Ozdemir et al. [16] established some Simpson type inequalities for functions whose 
third derivatives in the absolute value are m— convex. In [17], Ozdemir et al. established the 
following inequalities for functions whose third derivatives in the absolute value are s— convex 
in the second sense. 

Theorem A. Let f : I C [0, oo) — > R be a differentiable function on 1° such that f" € Li[a, b], 
where a,b £ 1° with a < b. If \ f"'\ is s— convex in the second sense on [a,b] for some fixed 
s £ (0, 1], then 

rb u , 



f{x)dx 



6 



f(a) +4/ 



+ f(b) 



(1.6) <- 



-4-s 



((1 + s)(2 + s) + 34 + 2 A+s (-2 + s) + lis + s 2 ) 
(l + s)(2 + s)(3 + s)(4 + s) 



[|r»l + |/»|]- 



Theorem B. Let f : I C [0, oo) — > R be a differentiable function on 1° such that f" G L\[a, b], 
where a,b G 1° with a < b. If \ f"'\ q is s— convex in the second sense on [a,b] for some fixed 
s G (0, 1] and q > 1 with ^ + | = 1, then 



L 



f(x)dx - b -—° L 



fifl) + 4/ 



a + b 



+ f(b) 



< 



48 



IV fr {2 P + i)r(p + i) 

T(3p + 2) 



2 s+i _ 1 



(» + i) 



< L7 ) + [^^w+ 5:TI ^n5ir(«r 



Theorem C. Suppose that all the assumptions of Theorem B are satisfied. Then 



f(x)dx — 



f(a) +4/ 



a + 6 



+ /(&) 



< 



(6 - a) 4 



1 

192 



(3 + s )(4 + s ; 



|; 1 j| + (1 + S )(2 + S )(3 + S )(4 + S ) |; W l 



(1.8) 



+ 



' 2 -4- (34 + 2 4 +*(-2 + S ) + lis + s 2 )_ + 2- 4 -* 



(l + s)(2 + s)(3 + s)(4 + s) 



(3 + S )(4 + S ; 



1 \ 



> . 



The main purpose of this paper is to establish some new Simpson type inequalities for functions 
whose third derivatives in the absolute value are h— convex and (a, m)— convex, respectively. 
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2. Simpson type inequalities for /i-convex functions 

To prove our main theorems, we need the following identity established in [2]: 

Lemma 1. Let f : I — > M be a function such that f"'be absolutely continuous on 1° , the interior 
of I. Assume that a,b G 1°, with a < b and f" G L±[a, b]. Then, the following equality holds: 



/ f(x)dx - 

J a 



b — a 



/(a)+4/(^)+/(6) 



(b - af [ p{t)f"'(ta + (1 - t)b)dt, 
Jo 



where 



^(t-^), t€[0,|], 



P{t) \ \(t-i?{t-\), tefrl]. 

Using this lemma, we can obtain the following inequalities for h— convex functions. 

Theorem 1. Let h : J C M — > R ([0, 1] C J) be a non-negative function, and f : I C [0, oo) — > M 
be a differ entiable function on 1° such that f" G Li[a,b], where a,b G 1° with a < b. If \f"'\ is 
h— convex on [a,b], then 

f(x)dx - 



(2-1) < 



6 



/(a) + 4/(^]+/(6) 



[\f"'(a)\ + \f'"(b)\] 



Proof. From Lemma 1 and h— convexity of \f"'\, we have 
f(x)dx - h —A 



<(b-a) 



/(«) • l/l".'/') 









[Jo 










to 



+/>-" 2 H) 



< 



(b-a) 4 



\f"'(ta + (l-t)b)\dt 
|/'"(ta+(l-t)6)|dt| 
t) (h(t)\f"'(a)\+h(l-t)\f"'(b)\)dt 



+ 



Jjt - I) 2 (t - (h(t) \f"'(a)\ + h(l " t) \f"'(b)\) eft J 
fjt'il-t) WW + - I) 2 (t - ^ /»(t)dt 



(6 -a) 



where we have used the fact that 



[\f'"(a)\ + \fi(b)\}, 



= / 2 * 2 (I ~ ■ * )d * + ■ 1)2 (* ■ I) k{i - t)dt 

= / 2 ^ ( 2~ ~ *) + f2 K l - t)dt. 

Hence, the proof of (2.1) is complete. □ 
Remark 1. In Theorem 1, if we choose h(t) = t s , s G (0, 1], then (2.1) reduces to (1.6). 
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Theorem 2. Let h : J C R — >• R ([0, 1] C J) 6e a non-negative function, and f : I C [0, oo) — >■ R 
6e a differentiable function on 1° such that f" G Li[a, 6], where a,b £ 1° with a < b. If \ f"'\ q is 

1 1 1 - 1 t/ien 



h— convex on [a, b] and q > 1 wit/j - + - = 1, 



/(x)da; - 



/(a) +4/ 



a + 6 



/(&) 



< 



(6 -a) 4 /1\*> /T(2p+ l)r(p+ 1)\ p 



48 



r(3p + 2) 



(2.2) 



x < 



+ 



h{t)dt\\f"'{a)\ q +\ 2 h(l-t)dt)\f'"(b)\ q 



fJh(i-t)dtur\a)\ q +ujh(t)dtUr(b)\ q 



1 \ 

'J 



Proof. From Lemma 1, and using the h— convexity of \f"'\ q and the well-known Holder's inequal- 
ity, we have 

' , : I — / r i i — i — i i \ 

f(b) 



/ f(x)dx 

J a 



6 



< 



(b-a) 4 



f(a) +4/ 
1 



+ 



< (b-a) 4 / r(2p + l)r(p + l )V 
- 6 V 2*+ 1 r(3p + 2) 



< 



£ ((« - 1) 2 (t - \)) p *) p ( Z, 1 i n** + (i - 

[Mt)i/>)r+Mi-oi/'>)H * 
[Mt)i/»r+Mi-*)i/»i 9 ]^ 

(6 - a) 4 f 1 \ p /r(2p + l)r(p + 1) \ p 
2"J V r(3p + 2) J 



+ 



48 



jjh(t)dt\ \r(a)\ q +ujh(i-t)dA \f"\b)\ q 



+ 



i h{t)dt\\f"{a)\ q +\ I h(l-t)dt\ \f 



where we have used the fact that 



j£V(H)' 



(it 



1 



dt 



r(2 P + i)r(p + i) 



2 yy " 2 3 P+!r(3p + 2) 
and T is the Gamma function. Hence, the proof of (2.2) is complete. 
Remark 2. In Theorem 2, if we choose h(t) = t s , s € (0, 1], t/ten (2.2) reduces to (1.7). 
A different approach leads to the following result. 



□ 
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Theorem 3. Suppose that all the assumptions of Theorem 2 are satisfied. Then 



f(x)dx - 



/(a) + 4/ 



a + b 



+ f(b) 



< 



(b-a) 4 ( 1 



192 



t h(t)dt 



) i/»r 



+ / t 2 \o-t )h{l-t)dt |/»|« 



(2.4) + 



t)h(l- t)dt \f"'(a)\ q + / % 2 ( - - t ) h(t)dt \f 



fin 1 7 \ I q 



Proof. From Lemma 1 and using the well-known power-mean inequality we have 

'a + o N 



f(x)dx - 



< 



(b-a) 



/(a) + 4/ 



t (it 



+ /(&) 



+ 



7> 



Since I/'"] 9 is h— convex, we have 



and 



Q (l! t2 Q-*)|n<a+(l-t)6)| 9 ^ 



--ij |r(to+(l-t)6)| 9 dt 

i-t) (^(t) ir'(a)i« + mi - *) ir'wr) * 
= [J* t 2 Q - 1) w*) l/»r + * 2 Q - *) mi - o*) l/»P 

l^t-i) 2 ir(to+(i-t)6)i 9 dt 

< - l) 2 (t - ^ {hit) \f" (a)]" + h(l - t) |/"'(6)H A 



</ t 



t 2 - *) mi - |/"»r + ( jT 5 < 2 (2 - *) h(t)dt) irw 



Hence, the proof of (2.4) is complete. □ 
Remark 3. In Theorem 3, if we choose h(t) = t s , s G (0, 1], then (2.4) reduces to (1.8). 

3. Simpson type inequalities for (a, m)— convex functions 
We use the following modified identity: 

Lemma 2. [16, Lemma 2] Let /:/—>■ R 6e a function such that f"'be absolutely continuous on 
1° , the interior of I. Assume that a,b G 1°, wii/i a < 6, m £ (0, 1] and G Li[a, &]. T/ien, £/ie 
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following equality holds: 



mb — a 



f(a) + 4/ 



i-mo 

\ f(x)da 

J a 

= (mb - a) 4 f p{t)f"'(ta + m(l - 
/o 



a + mfr^ 

~ 2 



J +f(mb) 



where 



Pit) 



Using this lemma, we can obtain the following inequalities for (a, m)— convex functions. 



Theorem 4. Ze£ / : I C [0,6*] — >■ R, 6e a differentiable function on 1° such that f" G L\[a,b] 
where a,b & I with a < b, b* > 0. If\f"'\ 9 is (a, m)— convex on [a,b] for (a,m) £ [0, l] 2 , q > 1 



with p + g = 1) 



[•mo 

/ /O^Z - 
J a 



mfe — a 



/(a) +4/ 



< 



(m6 - a) 4 /T(2p + l)r(p + 1) \p 

96 V r(3p + 2) y 



— - — I + /(m6) 

2 a (l + a) 



(3.1) 



+ 



(2 1+a - 1) [/'"(a)) 9 + m[2 a (l + a) - (2 1+Q - 1)] \f"(b)\ q 



2 a (l + a) 

Proof. From Lemma 2 and using Holder's inequality we have 



mb 



f(x)dx - 



mb — a 
6 



f(a) + 4/ 



a + mb\ 



+ /(mb) 



< 



(mb — a) 
6 



1 \ \ r 



dt\ (jj\f"'(ta + m(l-t)b)\ q dt 



dt 



dt 



+ ( [it - If (t - ^Jdtj P ( £ \f"'(ta + m(l - t)b)\ c 

Due to the (a, m)— convexity of \ f"'\ q , we have 

Jj \f'"(ta + m(l-t)b)\ q dt<jj [t a \f"'(a)\ q + m(l - F) \f'"(b)\ q ] 

_ \f"'(a)\ q + m[2-(l + a)-l]\f"'(b)\ q 
2 l + a (l + a) 

and 

C \f"'(ta + m(l - t)b)\ q dt < C [t a \f'"(a)\ q + m(l - t a ) \f'"(b)\ q ] dt 

_(2 1+a - 1) \f"(a)\ q + m[2 a (l + a) - (2 l+a - 1)] \f"'(b)\ q 
~ 2 Q (l + a) ' 

The proof of (3.1) is complete by combining the above inequalities and (2.3). 

Remark 4. In Theorem 4, if we choose a = 1, we get the inequality in [16, Theorem 4]. 



□ 



1010 



LIU 1005-1012 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 16, NO.5, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



SOME SIMPSON TYPE INEQUALITIES FOR CONVEX FUNCTIONS 
Theorem 5. Let the assumptions of Theorem 4 hold with q > 1. Then 



mb mb- a 
f{x)dx — 



/W + 4/(^) + /(m6) 



< 



1152 



(mb - a) 4 I (12 \f"'(a)\ q + m[2 a (3 + a) (4 + a) - 12] \f"(b)\ q 



(3.2) 



+ 



+m 



2 a (3 + a)(4 + a) 

12[ a 2 + lla + 34- 2 4 +"(2-a)] 

2«(l + a)(2 + a)(3 + Q)(4 + a) |J 1 >l 

{ 12[a 2 + lla + 34- 2 4+a (2-a)] 
~ 2 a (l + a)(2 + a)(3 + a)(4 + a) 



|/»r 



Proof. From Lemma 2, using the well known power-mean inequality and (a, m)— convexity of 
| f"'\ q , we have 

/•mb 



< 



/ f(x)d. 

J a 

(b-af 



mb — a 



/(«) + 4/ ( ) + /(mft) 



2 t 2 ( - - t )dt 



2 9 / 1 



< 



tj |/"'(ia + m(l-t)6)| 9 cftj 
+ (£(t - I) 2 (t - 1) eft j 9 ( £(t - I) 2 (t - 1) |/'" (to + m(l - t)b)\ q dtj 

£ t 2 Q " t) [*" |r (a)| 9 + m(l - n \f"(b)\ q ] dt 



(b-a 



2 t 2 ( X - - t] dt 



+ (j*{t - l) 2 (t - ±) d?j 9 ( j^t - I) 2 (t - ±) [t« |r(a)| 9 + m(l - i Q ) |/"'(6)H A 



By using the fact that 



2 2(1 -t) t a dt 



1 



16 x 2«(3 + a)(4 + a)' 
2 / V 7 192 x 2 a (3 + a)(4 + a)' 



2 + lla + 34 - 2 4+a (2-a) 



^ (t 1)2 (* 2)^^ 16 x 2 Q (l + a)(2 + a)(3 + a)(4 + a) 
and 

j'(t-l) 2 (t - (l-t a )dt = 2 " (1 + a)( 2 + «)( 3 + «)( 4 + «) " 12 I« 2 + lla + 34 " 24+a ( 2 " «)] 



we obtain 



i-mb 
J a 



mb — a 



(mb — a) ( 1 
- 6 Vl92 



6 



192 x 2«(1 + a)(2 + a) (3 + a) (4 + a) 

/(«) + 4/ (^) +/("*)] 

12 |/ w (a)| 9 + m[2°(3 + a)(4 + a) - 12] \f'"(b)\ q 
192 x 2«(3 + a)(4 + a) 



+ 



a 



+ lla + 34 - 2 4+Q (2 



a 



16 x 2 a (l + a)(2 + a) (3 + a)(4 + a) 



l/»r 
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1 a 2 + lla + 34- 2 4+Q (2-a) 




192 16x2 a (l + a)(2 + a)(3 + a)(4 + a)_ 
which implies the desired result. □ 
Remark 5. In Theorem 5, if we choose a = 1, we have the inequality in [16, Theorem 5]. 
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